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O estudo de problemas elipticos do
tipo Kirchhoff-Boussinesq nao linear



Resumo

Nesta tese, estudaremos existéncia e multiplicidade de solugoes para a seguinte classe de
problemas:

(5)

A?u =+ Apu+ V(x)u= f(u) + Blu/**2uin Q,
u € H? N HL(Q),

onde (P;) (i = 1,2,3) correspondem aos trés problemas considerados nos capitulos 1-3,

respectivamente, Q@ C R é um dominio suave, no caso 3 = 0 obtemos 2 < p < 2* = ]\2,—]_\[2,

para N > 3 e o caso f = 1 consideramos 2,, = ]\2,—]_\74 para N > 5.

O Capitulo 1 é dedicado a provar um resultado de existéncia de solugoes para o problema
(P1) quando V = 0e 3 = 0, onde Q2 C R* ¢ um dominio com fronteira suave, 2 < p < 4
e f é uma funcao continua superlinear com crescimento exponencial subcritico ou critico.
Aplicamos o método de Nehari para provar o resultado principal.

No Capitulo 2 é dedicado a provar a existéncia e multiplicidade de solugoes para o
problema (Ps) quando V =0 e 8 € {0,1}, onde 2 € RY ¢ um dominio limitado e suave e
f é uma funcao continua. Mostramos a existéncia e multiplicidade de solugdes nao triviais
usando técnicas de minimizagao na variedade de Nehari, Teorema de Passo da Montanha e
Teoria do Género.

No Capitulo 3 é dedicado a provar a existéncia de uma solucao de estado fundamental
para o problema (P3) quando 8 € {0,1}. Aqui V e f sdo fungdes continuas com V sendo
periddica ou assintotica ao infinito. A funcdo f tem crescimento subcritico ou critico.

Palavras-chave: Operador biharmonico; p-Laplaciano; problemas do tipo Kirchhoff-Boussinesq;
métodos variacionais; crescimento exponencial critico.



Abstract

In this thesis, we study the existence and multiplicity of solutions for the following class of
problems

2=2yin Q,

2'LL u T)u = u u
P {(Sudput Ve +4

u € H? N HL(Q),

where (P;) (i = 1,2,3) correspond to the three problems we considered in Chapters 1-3,
respectively, Q C RY is a smooth domain, in the case f =0 we get 2 < p < 2* = %, for

N > 3 and the case 8 = 1 we consider 2,, = % for N > 5.

The Chapter 1 is devoted to existence result of solutions for the problem (P;) when
V =0 and B = 0, where Q C R* is a smooth bounded domain, 2 < p < 4 and f is a
superlinear continuous function with exponential subcritical or critical growth. We apply
the Nehari manifold method to prove the main results.

In Chapter 2 we establish an existence and multiplicity of solutions for the problem
(P,) when V = 0 and $ € {0,1}, where @ C R¥ is a bounded and smooth domain and
f is a continuous function. In this chapter, we show the existence and multiplicity of
nontrivial solutions by using minimization technique on the Nehari manifold, the Mountain
Pass Theorem and Genus theory.

In Chapter 3 is concerned with the existence of a ground state solution for the problem
(P3) when 8 € {0,1}. Here V and f are continuous functions with V' being either periodic
or asymptotic at infinity to a periodic function. The function f has subcritical or critical
growth

Key words: Biharmonic operator; p-Laplacian; Kirchhoff-Boussinesq type problems; vari-
ational methods; critical exponential growth.
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Introduction

Partial differential equations are an important branch of mathematics with a wide range of
applications and a powerful tool to understand certain areas of applied and purely mathe-
matical aspects. For instance, they arise in physics, engineering, thermodynamics, diffusion,
electrodynamics, fluid dynamics, differential geometry, calculus of variations, numerically
approximate, etc. Despite the fundamental utility of the partial differential equations, pi-
oneer research interests have a considerable attention to this area and we encounter many
types of equations. Especially, since their discovery by Boussinesq in 1872 [23], the Boussi-
nesq equations have represented one of the most powerful tools for modelling some physical
phenomena. They are used to describe properties and time evolution of physical systems,
the propagation of water waves, the vibration in a string, waves in a plasma, nonlinear lattice
wave, Bose-Einstein condensates, geotechnical and road engineering: influence of plasticity,
etc (see [21-23,76,89] and the references therein for more details).

Later, the following model

0%u Po 9%u B
Por — ( 2L ’ )agﬂ =0 (00.1)

was used to extend the classical D’Alembert’s wave equation by Kirchhoff [51] due to the
influence of the changing in the length of the string during the vibration. The meaning of
the parameters in (0.0.1) are as follows: L denotes the length of the string, h means the
area of the cross-section, E stands for the Young modulus of the material, p is the mass
density and P is the initial tension.

The motivation for this thesis comes from evolution partial differential equations, so
we begin with a short introduction of such equations. It is worth mentioning that plate
equations have received much attention over the recent years. The plate equations originated
from engineering mechanics. In the continuous medium mechanics, they are defined as
planar structures with very small thickness. In particular, the following plate equation with
perturbation of p-Laplacian type has been widely investigated:

uge + A2u — Bdivy (a,(Vu)) = F(u,us) in Q x (1,00),
u(z,0) = up(z) in Q,

(0.0.2)
ug(x,0) = ug(x) in Q,

Au=u=0 1in 9Q x (1,00),

where A% = A(A) denotes the biharmonic operator, a(s) =~ |s|P~2s, p > 2, and F(u,u;)
represents additional damping and forcing terms.

In 1D setting, as noticed in Yang [98], this kind of problem models flows of elastoplas-
tic microstructures. The main physical justifications come from a model of elastoplastic
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microstructure flow
Ut = EUgpzr + b(ui)x, b <0, (0.0.3)

considered by An and Peirce [9].

Also Ma and Pelicer [66] were concerned with a class of weakly damped one-dimensional
beam equations with lower order perturbation of p-Laplacian type

gt + EUgzzz — (0(Ug))e + kug + f(u) =h in (0,L) x RT, (0.0.4)

where o(z) ~ [2|[P722, p > 2, k > 0 and f(u) and h(z) are forcing terms. The study
of the model (0.0.4), including the well-posedness, exponential stability and existence of a
finite-dimensional attractor, was carried out.

Qu and Zhou in [73] used the potential well method to obtain global existence and finite
time blow-up threshold results for weak solutions of the following equations with a non-local
source term:

( 1

Up + Upgzr = [uP~u — |Q|/ |ulP~ u dz in Qx (0,7),
Q

Uy = Ugze =0 in 00 x (0,7, (0.0.5)

[ w(2,0) = ug(x) in €,

where Q = (0,a), p > 1 and uy € H?(Q) with / uodr = 0 and up # 0. The model (0.0.5)
Q
is a fourth-order reaction—diffusion equation, which arises in many physical applications,

such as thin film theory, lubrication theory, phase transition, etc. They also studied the
extinction of the solutions for the problem under some suitable conditions.

The authors Li, Gao and Han [58] investigated the following thin-film equation with the
same initial and boundary conditions

1
Ut + Uggprr — (\ux]p_zur)x = ]u\q_lu — ‘Q|/ \u\q_ludac (z,t) € (0,a) x (0,T), (0.0.6)
Q

where p > 1, ¢ > max{1, p—1} and obtained similar results to those in [73] via the potential
well method.

Concerning a nonlinear 2D plate equation, also known as a Kirchhoff-Boussinesq model,
the analysis was discussed by Chueshov and Lasiecka in [29-31|. They focused on the
well-posedness and long-time behavior of the following problem by only considering a weak
damping

Uy + kuy + A2y = div [fg(Vu)} + A[fl (u)} — fQ(’LL),
(0.0.7)
u(z,0) =up(z) w(x,0)=ui(z), =€

defined on a bounded domain ©Q C R? with a sufficiently smooth boundary 9. Here k > 0
is the damping parameter, the mapping fo : R? — R? and the scalar, sufficiently smooth
functions f; and fo represent (nonlinear) feedback forces acting upon the plate. Their
main goal is to study the well-posedness and asymptotic behavior of finite energy solutions
associated with (0.0.7).

In order to motivate the structure of nonlinear terms appearing in (0.0.7), we would like
to point out that model (0.0.7) arises naturally as the limit in Midlin-Timoshenko (MT)
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equations which describe the dynamics of a plate that accounts for transverse shear effects
(see, e.g., [54], |55, Chap.1] and the references therein). More specifically, the (MT) system
is given in the following canonical form:

afvy + kv — Av + k(v + Au) + ho(v) + vhi(u) =0, (0.0.8)

ugt + kour — kdiv(v + Au) + ha(u), (0.0.9)

where v(z,t) = (vi(z,t),v2(x, )7 is a vector function and u(x,t) is a scalar function on § x
R™. The functions vy (z,t) and ve(x,t) represent the angles of deflection of a filament (they
are measures of transverse shear effects) and u(x,t) is the bending component (transverse
displacement). The parameter o > 0 describes rotational inertia of filaments. The terms
akvy and kouy represent resistance forces (with the strengths & > 0 and kg > 0). The factor
k > 0 is the so-called shear modulus. The second order elliptic differential operator A in
(0.0.8) is defined by:

1—pn 14+ p
L |t e,
N 1_H82 1_:“82 82
T xr1T2 T 3:1+ T2

where 0 < 1 < 1 is the Poisson ratio. The mapping hg : R? — R? and the scalar functions
hi and hy represent feedback forces. Here we note that the presence of the term vhj(u)
destroys the conservative character of these forces and, as we will see later, the energy of the
associated dynamical system will be no longer decreasing along trajectories. As we know,
the dynamics of Mindlin-Timoshenko plates has been widely investigated in [54, 55] and
also in [29] they proved the existence of a compact global attractor and studied its limiting
properties when the shear modulus tends to infinity. This limit corresponds to absence of
transverse shear which is one of the Kirchhoff hypotheses in the plate theory. Notice that
the Mindlin-Timoshenko system (0.0.8)-(0.0.9) subjected to nonlinear damping has been
discussed in [31, Chap.7].

In an interesting article, Chueshov and Lasiecka [32] considered the following nonlinear
plate equation referred to as Kirchhoff-Boussinesq (K-B) model:

wyy + kwg + A?w = div (|Vw|p_2Vw) + oA(w?) — f(w) (0.0.10)

defined on a bounded domain Q C R? with a sufficiently smooth boundary and a suitable
initial data. Here k > 0 is the damping parameter, the right-hand side of (0.0.10) represents
a feedback force acting upon the plate and the parameter ¢ is nonnegative.

Another high-impact model is the Schrédinger-Kirchhoff-Boussinesq equation with bound-
ary damping

Mywy + A%w + a(x) | g(ws) — adivG(Vw,) | = div(|Vw|?*Vw) + R(w). (0.0.11)
The damping functions g : R — R, and G : R? — R%_ have the following form

g(s) =15+ ‘s‘m—ls and G(S,J) = Gl(S;U)(s;J) + (‘8|m—18;0m—10)’

where g7 and (G1 are nonnegative constants. The boundary damping is the same as the
previous case, i.e., go(s) = g2s + |s|%7's, ¢ > 1. The source term R is assumed locally
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Lipschitz operator acting from H?(€2) into L?(2) when o = 0 and from H?(Q) into H~(Q)
when a > 0. The associated energy function has the form

B() = () + al Vw1 + 51800 + 7 [ [Vur(o)]'do.

The well-posedness of (0.0.11) in the case of o > 0 is standard. This is due to the fact
that div(|Vw|?Vw) € H~1(Q) for finite energy solutions w. The case a = 0 is subtle. Its
analysis requires special consideration and depends on linearity of the damping. Let us now
pay attention to the qualitative behavior of the system consisting of coupled Boussinesq and
Schrodinger equations in a smooth bounded domain Q C RY. The resulting system takes
the form:

wy + wAPw — A(f(w) + |E[*) = gi(x) in Q, (0.0.12)

iFBy + AFE 4+ iyE = go(x) inxz e, t>0, (0.0.13)

where E(x,t) and w(z,t) are unknown functions, E(z,t) is complex and w(z, t) is real. Here
the above =, and 7, are nonnegative parameters and g;(x) and go(x) are given (real and
complex) L2-functions. Equipping equations (0.0.12)-(0.0.13) with the boundary conditions

w=Aw=0, E=0, x€c0dQ (0.0.14)
and the initial data
w(z,0) = wo(x), wi(x,0)=wi(x), E(x,0)=FEs(zr) =€ (0.0.15)

The dynamics of this system was studied in [33] by the previous methods under the following
hypotheses when the (nonlinear) function f € C(R,R), f(0) = 0 and

3C,Cy>0: F(r)= / f(&)de > —Cir* — Co, V|| > 70, (0.0.16)
0

IM>0, p>1: |f(s)) =M1 +|s[P7), VsecR. (0.0.17)

The method used in [33] is the same as in the study of the (K-B) system (see (0.0.11) with
a = 0), and can also be applied to the following Schrodinger-Boussinesq-Kirchfoff model:

wy — Awy + A%w — div(|[Vw|*Vw) — A(w? + |E*) = g1(z) in Q, (0.0.18)

iEy+ AE —wE +ivE =gy(r) inzeQ, t>0 (0.0.19)

equipped with the boundary conditions (0.0.14) and initial data (0.0.15).

For N-dimensional setting, Yang et al. in [98,99,101] considered the strongly damped
equation as follows:

uy + A?u — div (U(Wu|2Vu)) — Aug = h(t,u,u) (0.0.20)

with both clamped and simply supported boundary conditions. Their results were mainly
concerned with the global existence and long-time behavior of weak and strong solutions.
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In addition, Yang in [99, 100] investigated the regularity and Hausdorff dimensions of
global attractors, also the existence of the finite dimensional global and exponential attrac-
tors for the dynamical system associated with the Kirchhoff models arising in elastoplastic
flow

Utt =+ Azu — le (\Vu|m_1Vu)) — AUt + h(Ut) + g(u) - f(x) in Q X (7—7 00)7
u(z,0) = up(z) in Q,

(0.0.21)
ug(x,0) = ui(x) in Q,

Au=u=0 in 9Q x (1,00),

where 1 <m < % and (2 is a bounded domain in R with smooth boundary 02, and the
assumptions on nonlinear terms h(u;),g(u) and external force term f are suitable.

Yang and Nascimento in [97] focused on the long-time behavior for a class of non-
autonomous plate equations with perturbation and strong damping of p-Laplacian type

uge + A%u 4 ac(t)uy — Apu — Aug + f(u) = g(z,t) (0.0.22)

in a bounded domain © C RY with smooth boundary and critical nonlinear terms. The
global existence of weak solution which generates a continuous process was proved firstly,
then the existence of strong and weak uniform attractors with non-compact external forces
was also derived. Moreover, the authors established the upper-semicontinuity of uniform
attractors under small perturbations by delicate estimate and contradiction argument.

Andrade D, J Silva and T. F. Ma in [65] studied the energy drop for a class of memory
plate equations and lower order perturbation of p—Laplacian type

¢
up + A%u — Apu + / g(t — s)Au(s)ds — Aug + f(u) =0 in Q@ x R,
0

Au=u=0 on 0 x R‘F, (0023)

u(z,0) =up(z) and wui(z,0) =ui(x) in €,
They obtained the existence of global solutions and energy decay to the mixed problem

Sun, Liu and Wu in [79] considered the initial boundary value problem for a class of
thin-film equations in RV with a p-Laplacian term and a nonlocal source term

1
ug + A%u — Apu = |ul?2u + ’Q|/ lu|?2udz in Q x (7,00),
Q

9Au _Ou _ o o (0.0.24)
oan  dn

u(z,0) = up(zr) in Q.
They obtained the upper bounds for the blow-up time, proved the existence and blow-up in

finite time of solutions for the problem with arbitrarily initial energy.

From now on, we are going to introduce the stationary equations associated with the
problems mentioned above of the perturbation of the biharmonic operator by the p-Laplacian
operator.
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Fourth-order Schrodinger equations have been widely considered due to the role of small
fourth-order dispersion terms in the propagation of intense laser beams in a bulk medium
with Kerr nonlinearity, see [48,49]. Such equations have been studied from the mathematical
view point finding existence, multiplicity, nonexistence results focusing in the nonlinear
problems driven by the biharmonic operator. In the same way, biharmonic equations or even
their higher version of polyharmonic equations hove received great attention due to their
wide application in physic and geometry. In fact, as mathematical modeling, biharmonic
equations can be used to describe some physics phenomena, which have many applications
such as engineering applications in the deformation of thin plates, the motion of fluids,
free boundary problems and nonlinear elasticity. Here we refer interested readers to the
historical details in [1,16,17,40]. The difference between these applications lies in the choice
of nonlinearities, where types could be considered: polynomial, exponential, logarithmic,
singular, etc. On the other hand, there are in some particular aspects of operators and
potentials. The latter include positive potential, potential changing sign, singular potential,
etc. The fourth order operator has been studied extensively by many authors in recent
times.

Let us now pay attention to the following biharmonic nonlinear Schréodinger (NLS) equa-
tion
OV 2 7 200—2,, 30 N
ZE—OZA U — yAY + W (2)AV = f(z, V) + B|¥|****u in RY,
(0.0.25)

U(0,z) = u for each v € RN where u € H2(RY),

where @ > 0, vy €R, § € {0,1} and W : RN — R is a continuous potential. Assume also
that f : R x C — C is a continuous nonlinearity. Hence the standing waves to the (NLS)
equation given in (0.0.25) are solutions ¥ : [0,00) x RY — R in the following form

U(x,t) =e Fu(z), t>0, zeRY, (0.0.26)

where k£ € R. Then the standing wave ¥ given in (0.0.26) is a solution for the (NLS) equation
when u : RN — R is a solution for problem (0.0.25) assuming that f(z,exp(—ikt)u) =
e~ ty(z) f(x,u) and V() = W(z) + k, » € RV, t € R. Here for the dynamic of the (NLS)
equation we refer the interested readers to [12,19,20] for more details.

For the case where Q is a bounded domain of R, the problems involving the biharmonic
operator with the Navier boundary condition are modeled in the space H = H?(Q2) (" H} (),
in which certain difficulties arise that we will mention below. In general, the principle of
the strong maximum is not fulfilled. This fact is one of the difficulties in working with
this operator, because given a function v € H, we do not necessarily have the positive and
negative parts of this function, respectively u™ = max{0,u} and v~ = min{0,u}, are in
H (see [41]). This is a very common method when working with the Laplacian operator,
as the space in question is H}(f2) and, in this case, for any u € H(Q), we have that u™
and u~ also belong to the space HE (). We also do not have Harnack-type inequalities and
the non-positivity, in general, of the Green function of the biharmonic operator. Finding a
solution to problem (0.0.25) when € is an unbounded domain becomes more difficult due to
the lack of compact embedding from Hg(Q) N H?(2) into LP(92). In general, the nolinearity
of the function f helps overcome this difficulty.

Also elliptic problems involving fourth order operators have been extensively studied.
In 1987, Mckenna and Walter [68] modeled nonlinear oscillations occurring in suspension
bridges, describing the behavior of each of these oscillations. More precisely, the study
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involved analyzing an operator of the type Lu = us + Ugzrr- Furthermore, the study of the
existence of solutions to the following linear system is still an open problem.

(0.0.27)
uw=Au=0,x € 0N,

{A2u+ bu= f(z), z€Q,
where 0 < b < |Q].

Another prominent work in the theory is that of Lazer and Mckenna from 1990 [56], in
which the authors modeled nonlinear oscillations that occurred specifically on the Golden
Gate and Tacoma Narrows bridges. In this paper, the authors described the behavior and
type of each of these oscillations, classifying them as vertical, horizontal or even torsional
oscillations.

In the case where  is a bounded domain on RY with smooth 02 and Navier boundary
conditions, Lazer and McKenna in [57] studied the following problem

{Azu +cAu = f(z,u), z€Q, (0.0.28)

u=Au=0,z € 0,

where f(z,t) = b[(t + 1)T — 1], b is a constant. They used Rabinowitz’s global bifurca-
tion method to prove the trivial existence of solutions for b < A\;(A; — ¢) and some showed
that there is a positive solution if only if b = Aj(A\; — ¢), where A; the principal eigen-
value of (—A, H}(Q). In recent times, several authors have studied this type of operator
with different boundary conditions and in unbounded domains, for which we can see some
works [42,63,90,93,103| and the references therein. We can also see such an operator with
logarithmic or exponential nonlinearity in [7,62,75,85].

The study for  C R* in this thesis is motivated by Adams (see [7]) who studied the
generalized version of Trudinger result to the Sobolev space W;"*(€2). The hypothesis (f1)
established in Chapter 1 of this thesis, implies that f in has exponential growth which
is called critical when ag > 0. This kind of growth is driven by a Trudinger-Moser type
inequalities [26,37]. The concept of criticality in R? was introduced by Yadava [95] motivated
by the classical Trudinger-Moser inequality (see [69,88]). By using this notion, perturbed
problems involving critical exponential growth were explored in bounded domains (see |71,
72,85,87]) and in the whole space (see [26,75] and references therein). There are many
recent works involving a nonlinearity with critical exponential growth, where the existence
and concentration of solutions have been considered (e.g., see [6,36,38]).

For more detail let us leave the following two theorems as inspiration for Chapter 1 of

this thesis.

Theorem 0.0.1. (Adams, 1988) If m is a positive integer less than N, then there is a
constant By = Bo(m, N) such that for all v € C™(RN) with support contained in Q and

p==

sup / exp (BlulP )dx < By, (0.0.29)
u€WmP(Q):||Vmu||P<1 JQ
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for all B < By = Bo(m, N) where

2 . )
o F<N—m+1> , if mis odd ,
2
Bo = Bo(m, N) = - / (0.0.30)
WN_1 N-—-m ’
r
(%)

and V"™ stands for the m order gradient of u:

if m is even

(0.0.31)

. A™/2y m=2,4,6,---,
VT =
VAM=D/2y, m =135,

here wy_1 denotes the N — 1 dimensional surface measure of the unit ball in RN and
p = p/(p — 1) is the conjugate exponent of p. Furthermore, if B > Bo, then there exists a
smooth u supported in Q with |[V™ul|, < 1, for the integral in (0.0.29) can be made as large
as desired (see [7, Theorem 1]).

We now consider a space that is of high importance in the proof of Theorems 1.0.1 and

N
1.0.2 of Chapter 1, which properly contain the space W(;n”"(Q), 1 < m < N, which we
define by

m—1

W' ™(Q) = {u € Wm%(ﬂ) : AMlu=0=wuondQfor 0<j< } (0.0.32)

An Adams-type inequality was also proved by C. Tarsi in |86, Theorem 4| on this space,
which is as follows:

Theorem 0.0.2. Let Q C RY be a smooth and bounded domain and 1 < m < N be a
positive integer. Then

sup exp (Blu| ¥ )de < fo,

N
wEW, ™ (Q):]|Vma|| v <1
moreover, the constant appearing in (0.0.31) is sharp.

The authors Wang and Mao in [91] studied the existence and non-existence of solutions
that change sign the following problem

A2y — oV (f(Vu)) — vApu = g(z,u) in Q,
(0.0.33)

0(Au)  Ou
o~ on =0on 09,

where p > 2, a, v € R, Q is a bounded smooth domain in RV, N > 1. By using a special func-
tion space with the constraint / udx = 0, under suitable assumptions on f € C1(RN, RY)

Q
satisfying f(0) = 0 and g(z,u) € C(2 x R, R), they showed the existence and multiplicity
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of sign-changing solutions of the above problem via the Mountain Pass Theorem and the
Fountain Theorem.

More recently, some authors have investigated stationary Kirchhoff-Boussinesq problems,
that is, those in which there is only a single space variable z € €2 unlike in evolution
problems, where the unknown also depends on the time variable ¢ > 0. For example, Sun,
Liu and Wu [78] were concerned with the following biharmonic equation with p-Laplacian
and Neumann boundary condition given by

M=y = (o)~ o /Q fly u()dy in O,

(0.0.34)
0A 0
g2 _ %% hon 99.
on  dn
Using the fountain theorem, the authors obtained the existence of infinitely many sign-
changing high energy solutions. . In that paper was crucial the inequalit

F(t) < tf(t) + d(z)t°, (0.0.35)

where d € L77 (Q) for 0 < o < 2.

Now we present some results when = RY. Recently, biharmonic equations on un-
bounded domain RY have attracted a lot of attention. Especially, the researchers mainly
investigated the following problems with the steep potential:

w e RN, (0.0.36)

{A2u —yAu+ AV (z)u = f(z,u) z€RVN,
With the aid of A, they proved that the energy functional possesses the property of being
locally compact, see [59,63,90,102] and their references therein. Especially, Ye and Tang
[102] assumed that f(z,u) was superlinear and subcritical at infinity, when A\ was large
enough, they obtained the existence and multiplicity of nontrivial solutions. Later, Zhang
et al. in [104] improved their results and obtained the existence of infinite nontrivial solutions
when A > 0 was large enough. Badiale, Greco and Rolando [10] obtained two nontrivial
solutions for the case f(z,u) = g(x,u) + p&(z)|ul2u when g(z,u), £(z) satisfied some
assumptions, A was large enough and p was small enough. Mao and Zhao [67]| considered
(0.0.36) with Kirchhoff terms and concave-convex nonlinearities, and proved the existence
and multiplicity of solutions by using the variational method.

As for replacing Laplacian with p-Laplacian in (0.0.36), Sun, Chu and Wu in [80] studied
the following problem

w e H2RM), (0.0.37)

{A2u — YA u+ AV (z)u = f(z,u) € RY,
where N > 1, v € R, A > 0 are parameter and A,u = div(|Vu[P~2Vu) with p > 2. Unlike
other papers dealing with this problem, the authors allowed ~ to be negative. Under suitable
assumptions on V and f(-,u) which will be presented later, one can obtain the existence
and multiplicity of non-trivial solutions for A large enough. The proof relies on variational
methods and Gagliardo-Nirenberg inequality. Where f € C(RY x R,R) and the potential
V satisty the following conditions:

(V1) V€ C(RN) and V(z) > 0 Vz € RY;
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(V2) There exists b > 0 such that the set

{(V<b}:={zeRY,V(z) < b}, (0.0.38)
has finite positive Lebesgue measure for N > 4 and

2\ —1
[{V <b}| < S2 <1 + AO) para N <3, (0.0.39)

2

where |- | is the Lebesgue measure, S is the best Sobolev constant for the embedding
H2(RY) in L®(RY) to N < 3, and Ay is the Gagliardo-Nirenberg inequality constant;

(V3) Q@ = {z € RY : V(z) = 0} is non-empty and has smooth boundary with Q = {z €
RN : V(z) = 0}.

(D) feC (]RN X R,R) and there is ¢ such that p < ¢ < 2, and two functions a,b €
L (RN) satisfying [a*| < ©5" and b(z) > 0 in Q such that

f(z,5) =a(x) and lim f(@s)

— : N
Jm T A T = b(z) uniformly on x € R™.

(Dy) There is [ such that 1 < I < 2 and a non-negative function d € L% (-1 (RN) such
that
pF (z,s) — f(z,s) <d(x)|s|' Yz e RY and, s € R,

where F(z,u) = [} f(z,s)ds.

(Dll) f € C(RY xR, R) and there is g such that 2 < g < p and three non-negative functions
go, g1 € LP"/P"=(RNY) with go(z) > 0 in Q and a € L®(RY) such that

go(z)sT 1 < f(z,5) < a(x)s + g1 (x)s? 1,
where p* 1= 5.

N-p

(D,) There is a non-negative function go € LP"/®?"~9(RY) such that
1 q
ST, 5)s — Fla,s) < ga(o)sl”

(D3) f € C(RN x R,R) with f(z,s) = 0 Ve € RN and s < 0, and there is ¢ such that
1 < ¢ < p, and two non-negative functions a € L2/(2_Q)(RN) for 1 < g < 2, or
i€ L®RYN) for 2 < ¢ < pandbe L>®RY) such that

—a(z)s?t < f(x,s) < alx)s?™t + b(x)sPL

Note that these authors proved the following theorems.

Theorem 0.0.3. Suppose that N > 1, 2 < p < 2, and conditions (V1)-(V3) are satisfied.
Assume that the function f satisfies (D1) and (D2). Then there exists Ag > 0 such that the
problem (0.0.37) admits at least one non-trivial solution for all A > Ag and v > 0.

Theorem 0.0.4. Suppose that N >3, 2 < p < min{N, 225} and conditions (V1)-(V3) are
satisfied. We also assume that the function f satisfies (D)) and (D). Then:
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(i) for v > 0, Ag > 0 such that the equation (0.0.37) admits at least one non-trivial
solution for all X = Ag;

(i1) there exists vy , Ao > 0 such that the equation (0.0.37) admits at least two non-trivial
solutions for all A > Ay and 0 < v < 7.

Theorem 0.0.5. Suppose that N > 1,2 < p < 4 and the conditions (V1)-(V3), (D2) and
(D3) are satisfied. Then

(i) if f(x,8) >0 for all (x,5) € RN xR and 1 < q < 2, then there is Ag,Ilg > 0 such that
for|a|p2/c-q) < I, then the equation (0.0.37) admits at least one non-trivial solution
for all A\ = Ag and v < 0;

(ii) if f(z,8) =0 for all (v,s) € RN xR and 1 < q < p, then there is Ag > 0 such that the
equation (0.0.37) admits at least one non-trivial solution for all A > Ay and 5 < 0.

Theorem 0.0.6. Suppose that N > 1, 2 < p < 4 and the conditions (V1)-(Va) are satisfied.
If f(z,u) = h(z)|u|9%u with h € L¥C=D(RN) and 1 < q < 2, then there exist A*,IT* > 0
such that for 0 < |h¥]g)0_q) < II*, the equation (0.0.37) admits at least two non-trivial
solutions for all X = A* and v < 0.

The authors Jiang, Sun and their collaborators in [45,46, 83| studied the existence and
multiplicity of solutions when the potential is singular and in the presence of two parameters
and A for the following problem

(0.0.40)

A%y — yApu + Vi(z)u = f(x,u) in RY,
u € H?(RN),

where N > 1, v € R, A > 0. This is different from previous works on biharmonic problems
and Ayu = div(|Vu|P~2Vu) with p > 2 and suppose that V(z) = a(x) — b(z) with A > 0
and b(x) can be singular at the origin, in the particular they allowed «y to be a real number.
Under suitable conditions on Vy(z) and f(z,u), the multiplicity of solution was obtained
for A > 0 sufficiently large. The potentials a(z) and b(z) satisfy the following conditions:

(H1) a € C(RY) and a(z) = 0 Vo € RY and there exists ag > 0 such that the set
{a<ap} = {zr R a(z) <ao}, (0.0.41)

has finite positive Lebesgue measure for N > 4 and

AT
{V <b}| < SZ2 <1 + 20> para N < 3, (0.0.42)
where | - | is the Lebesgue measure, Sy is the best Sobolev constant for embedding

H?(RN) in L®(RY) for N < 3, and Ay is the Gagliardo-Nirenberg inequality constant;
(Hy) Q = {z € RY : a(x) = 0} is non-empty and has smooth boundary with Q = {z €
RN : a(x) = 0};
(H3) b(x) is a measurable function on RY and there exists 0 < b(z) < 6 such that 0 <

b(z) < ‘iﬁ for all z € RV, where 0 = W is a critical Hardy—Sobolev constant.

As for f(z,u) = 0, the authors Sun and Wu in [83] studied the existence of nontrivial
solutions for a biharmonic equation with p-Laplacian and singular sign-changing potential.
And they showed the following theorem:
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Theorem 0.0.7. Assume that v < 0, 2 < p < 225 and the conditions (Hi), (Ha), f(z,u) =
0 and (V3) hold. Then there exists a constant Ao > 0 such that the problem (0.0.40) admits
at least one nontrivial solution for each A > Ag.

The potential b(x) could be singular at the origin by condition (Hs). Furthermore, the
improved Hardy-Sobolev inequality (see [93, Lemma 1.1]) gives

2
/ b(x)|ul*dx < bo/ Mdal: < b |Au|?dz. (0.0.43)
RN RN ]x\4 4 Jpn
Under hypotheses (Hp) and (H2), Aa(z) is called the steep potential well whose depth is
controlled by the parameter A. Such potential was first suggested by Bartsch and Wang [12]
in the study of scalar Schrodinger equations. So far, steep potential wells have been intro-
duced to the study of some other types of nonlinear differential equations. In addition, they
have also been introduced to the study of some other types of nonlinear differential equa-
tions, such as Kirchhoff type equations [81], Schrédinger—Poisson systems [47], biharmonic
equations [63,82], etc.

The authors Sun and Wu in [84] investigated a class of biharmonic equations with p-
Laplacian and singular potential as follows:

w e H2RM), (0.0.44)

{A% + Va(@)u — div(W (2)|Vu[P~2Vu) = 0 in RV,
where N >3, 1 < p < 2% except p = 2 and V)(z) = Aa(z) — b(z) with A > 0. They used
(H1), (H2) and established the following hypothesis:

(Hy) W(z) is a sign-changing weight function satisfying W € Lﬁ(RN) ifl <p<?2
and W € L®(RY) and {W(z) > 0} N Q has finite positive Lebesgue measure if
2<p< 2.

Under suitable hypotheses about the potentials a(z),b(x) and W (z), they used the Nehari
method to establish the existence of non-trivial solutions for sufficiently large A > 0.

The authors Benhanna and Choutri in [15] studied multiplicity of solutions for fourth-
order elliptic equations with p-Laplacian and mixed nonlinearity

w e H2EY), (0.0.45)

{AQu — Apu+ AV (z)u = f(z,u) + p&(x)|u/?%u in RY,
Using the Mountain Pass Theorem and Ekeland’s Variational Principle, they showed the
existence of two non-trivial solutions. To overcome the difficulty of convergence of subse-
quences for the Palais-Smale sequences of the Euler-Lagrange functional, they considered
Cerami Sequences. Later, Jiang and Zhai [46] complemented their results, when v € R
and they replaced AV (x) with the singular potential V)(z), and obtained the multiplicity
of non-trivial solutions.

The authors Silva, Carvalho and Goulart in [77] established the existence of solutions for
critical and subcritical nonlinearities by considering a fourth-order elliptic problem defined
in the entire space R™V. They also studied a class of potentials and nonlinearities that can be
periodic or asymptotically periodic. Note that they considered a general fourth-order elliptic
problem where the principal part is given by aA?u + yAu + V(x)u where a > 0, v € R
and V : RN — R is a continuous potential for the cases v negative, zero or positive. In this
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work, they used some precise estimates to demonstrate the compactness of the associated
energy functional.

Yang in [96] established a useful embedding inequality in D*2(R" R?). Benefiting from
the previous inequality, the author also obtained a nontrivial weak solution to a critical
biharmonic system involving p-Laplacian and Hardy potential

mu |l PR
A2u+ Aju — 0 —— = RN
u+ Apu 01:1:4 o oy, in ,
ol ol
A0+ Avp — 9,20 — T2 VT U i RY (0.0.46)
P TRLE T Ry
u,v € H2(RN),
where Ayu = div(|VulP™2Vu), 0 < a <4 < N, p = 2% 1= 20,0, < Oy = W,
n,n2 > 1 and n + n2 = 4*(a) = 2%\[__5). Problems involving biharmonic operator and

Hardy potential are mathematical models for describing the practical phenomena appeared
in physics and engineering (e.g. in static deflection of an elastic plate, clamped plates,
quantum cosmology and so on) via variational methods.

Motivated by all of the above, in this thesis, we study the existence, multiplicity of
solutions for the following class of problems:

A?u4 Apu+ V(x)u = f(u) + Blu/>*2uin Q,

(7)
u € H? N HL(Q),

where i = 1,2,3, © c RY is a smooth domain, f is continuous function, in the case 8 = 0

Weget2<p<2*:%forNZ?),caseﬁzlweconsiderZ**:]\%—JLforN25andVis

a continuous function.

In Chapter 1, we deal with a problem of type (P;), where  is bounded in R*, 5 = 0
and V = 0. More precisely, we study the following problem:

A?u+ Apu = f(u) in Q,
(F1)
Au=u=0o0n 01,

where the hypotheses about nonlinearity f : R — R are given as follows.

(f1) There exists cp > 0 such that the function f satisfies

ftt) [0 for a > ay,
t~+oo exp(alt]?) | +oo for a < ap;

(f2) The following limit holds:

m @ = 0;
t—0+ |t
(f3) The function t — |t‘}|;(t)2t is decreasing for t € (—o0,0) and increasing in ¢ € (0, +00);

(f1) There are r > p and 7 > 0 such that

f@t) > 7lt|""%t, forallt>0
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The main result of Chapter 1.
First, in this chapter we proof the existence of ground state solution when f has sub-
critical growth.

Theorem 0.0.8. Assume that condition (f1) holds with ag = 0 and (f2)-(f3) hold with
7 = 1.Then, problem (P1) has a ground state solution.

Secondly,in this chapter we proof the existence of ground state solution when f has
critical growth.

Theorem 0.0.9. Assume that condition (f1) with cy > 0 and (f2)-(fa) hold with T suffi-
ciently large. Then, problem (Py) has a ground state solution.

For the convenience of the readers, the hypotheses in the previous theorems will be
stated again in the corresponding chapter.

Notice that all the results obtained in Chapter 1 of this thesis have been published in
the following article:
Carlos, Romulo D and Figueiredo, Giovany M, On an elliptic Kirchhoff-Boussinesq type
problems with exponential growth, Mathematical Methods in the Applied Sciences, (2023).
https://https://doi.org/10.1002 /mma.9662.

In Chapter 2, we investigate a problem of type (P»). More presicely, we consider (2 is
bounded in RN, V =0 and 8 =0 or § =1 for the following problem

A?u 4+ Apu = f(u) + Blu/*2uin Q,
(P2)
Au=wu=0o0n 019,

among other hypotheses, the nonlinear function f satisfies:

(f1)" There exists C' > 0 such that

[f()] < C+[t17).

The main result of Chapter 2.
First, in this chapter we proof the existence of a ground state solution when f has
subcritical growth.

Theorem 0.0.10. Assume that conditions (f1)’, (f2), (f3), hold with B =0 and 2 < p <
2" < q <2 0r2<p<q<2* Then, problem (P2) has a ground state solution.

Secondly, in this chapter we proof the existence of a ground state solution when f has
critical growth.

Theorem 0.0.11. Assume that conditions (f1), (f2), (f3), (f4) hold with f = 1 and
2<p<2*<q< 24 0r2<p<q<2* Then, problem (Py) has a ground state solution.

To find multiplicity of solutions, in the next theorems, we will assume that f is equal to a
prototype, that is,
F(&) = Tlt|"2,

and it satisfies the assumptions (f1)'-(fa).
Thirdly, in this chapter we proof the existence and multiplicity of ground state solution
when f has subcritical growth.
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Theorem 0.0.12. Assume that 5 =0, 1< q <2 < p < 2*. Then, there exists T > 0 such
that problem (P3) has infinitely many weak solutions, for all T € (0,7*).

Fourthly, in this chapter we proof the existence and multiplicity of the ground state
solution when f has critical growth.

Theorem 0.0.13. Assume that =1, 1< qg <2 <p<2* Then, there exists 7* > 0 such
that problem (P3) has infinitely many weak solutions, for all T € (0,7*).

In Chapter 3, we are concern with a problem of type (P3), where Q = RY, V is periodic,
asymptotic periodic and § € {0, 1} as follows:

A?u= Apu+V(x)u= f(u) + Blu/*>2uin RY,
(Ps) u(z) #0 x e RY,

u € HX(RY),
with V' being a continuous function and satisfying:

(V1) There is a Z"-periodic function Vper RY = R, that is,

Voer (# +9) = Vper(z) for all z € RY and for all y € ZV;

(Vo) There is a constant V{ > 0 such that

Vier(z) > Vo Vo € RY;

(V3) There is a constant Wy > 0 and a function W € LN/2(RYN) with W (x) > 0 such that
V(2) = Vper(z) = W(2) > Wy Vo e RY,
where the last inequality is strict on a subset of positive measure in R¥.

The main result of Chapter 3.

First, in this chapter we proof the existence of ground state solution when f has sub-
critical growth and V' is not periodic.

Theorem 0.0.14. Assume that conditions (V1)-(Va) and (f1), (f2), (f3) hold with 8 = 0.
Then, problem (Ps) has a ground state solution.

Secondly in this chapter we proof the existence of ground state solution when f has
critical growth and V' is not periodic.

Theorem 0.0.15. Assume that conditions (V1)-(Va) and (f1), (f2), (f3), (f1) hold with 3 =
1. Then, there exist 7% > 0 such that problem (Ps3) has a ground state solution, for all
T>T

For the convenience of the readers, the hypotheses in the previous theorems will be
stated again in the corresponding chapter.

Notice that all the results obtained in Chapter 3 of this thesis have been published in
the following article:
Carlos, Romulo D and Figueiredo, Giovany M, Nonlinear perturbations of a periodic Kirch-
hoff-Boussinesq type problems in RN, Zeitschrift fiir angewandte Mathematik und Physik,
(2024). https://https://doi.org/10.1007 /s00033-023-02161-z.

The present thesis is strongly influenced by the articles [46], [77], [78], [80], [83], [84]
and [96]. Below we list the main contributions that we believe this thesis has made.

In Chapter 1, the following novelties have appeared in the study of (P;):
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(1) The argument of Nehari method is sufficient to study the two cases A% £ A,

(2) We complement the study that can be found in [78], [80] and [83] because, in our
results, we show existence and concentration solutions for subcritical and critical ex-
ponential growths in a bounded domain € in R%.

As for Chapter 2, we point out the novelties that appeared in the study of (P) as follows:

(1) In the articles [78], [83] and [80], the inequality 0.0.35 and the size of the parameter in
front of the p-Laplacian operator were crucial in their arguments. In our arguments,
the inequality 0.0.35 was not necessary, and there is no parameter in front of the
p-Laplacian operator. Furthermore, we are considering two possibilities +A,,.

(2) Unlike the results found in [78], [83], [80], [96] , here we are considering subcritical and
critical growths. Moreover, in order to consider different values for ¢, we use Nehari
method, Mountain Pass Theorem and Genus Theory

(3) Since in the Kirchhoff-Boussinesq type problem appear the term +A,,, some estimates
are more refined. See for example, Proof of Theorem 0.0.10. Furthermore, in the
critical case, these two possibilities imply the definition of two Sobolev constants that
are used to overcome the difficulty of studying a problem with critical growth. Other
refined estimates can be observed in the proofs of Theorems 0.0.12 and Theorem 0.0.13.

As for Chapter 3, we point out the novelties that appeared in the study of (Ps) as follows:

(1) The two cases of A%u4 Ayu that we are studying that are different from those of [46],
[78], [80], [83], [84] and [96]. Furthermore we are considering critical and subcritical
nonlinear growth without parameters and another kind of potential V.

(2) Furthermore, our results complete the results that can be found in [11], [12], [13], [60]
and [77] because we consider a quasilinear and nonhomogeneous operator which is the
combination of Biharmonic operator and p-Laplacian operator.

(3) Moreover, we study the critical case which has additional difficulties to overcome lack
of compactness produced by the critical exponent.

The major challenge in the study of problems involving this operator lies in estimates
with the L-infinity norm. This is because the presence of the biharmonic operator does not
allow the use of the Moser iteration method. The presence of the p-Laplacian operator does
not permit estimates that can be found in the article [53], for example. The authors of this
article already have partial results in this direction, but they are not sufficient for regularity
results, for example.

It is worth stressing that ground state solutions play an important role in this thesis,
which will be established in most of our theorems. For a better understanding of the readers
we will give the following Remark.

Remark 1. A solution u is a ground state of the equation (P;) (i = 1,2,3) correspond to the
three problems that we have consider in Chapters 1-3, respectively, it is the least among all
nontrivial critical value of the functional I associated to problems (P;) (i = 1,2,3), namely,
u has the least energy among nontrivial solutions. A natural method of searching for the
ground state is to minimize the I on the Nehari manifold of equations defined by

N ={ue H\{0} : I'(u)u=0}.
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The corresponding ground state energy is given by

c= irélj\r}f(u)

In the following, I will list two other problems that have developed with other collabo-
rators during the doctoral period.

Beyond the scope of this thesis, on the one hand, in my joint work with Figueiredo and
Ruviario in [27], we have studied existence of solutions for the following class of elliptic
Kirchhoff-Boussinesq type problems given by

A%y — Apu+u = h(u) inRY

and
A%y — Apu = f(u) in RY,

where 2 < p < 2L N > 3, 2, = 00 if N = 3,4, 2,, = 2L if N > 5, h and f
are continuous functions satisfying hypotheses considered by Berestycki and Lions in [18].
More precisely, the problem with the nonlinearity h is related to Positive mass case and the
problem with the nonlinearity f is related to Zero mass case. The main argument is to find
a Palais-Smale sequence that satisfies a property related to Pohozaev identity, as in [43],
which was used for the first time by [44].

On the other hand, in joint work with Figueiredo and Costa, we have studied existence
of a ground state solution for the following class of elliptic Kirchhoff-Boussinesq type prob-
lems given by

A%+ Aju+ (1+ AV (2)u = f(u) + Blu/>*"2u in RY,

Wher62<p<2*:1\2,—]j2if]\723, 2**:ooifN:3,4and2**:A2,—iV41fN25. Here f
is a continuous function and the term 1 + SV (x) is the steep potential well introduced by
Bartsch and Wang in [12]. The function f has subcritical growth and behaves like |u|9~%u
with p < g < 24.. Using variational methods, we have established the existence of a ground
state solution in the subcritical case, i.e, 5 = 0 and the critical case, i.e, § = 1.

We remark that the above results give rise to article that was accepted for publication
in the Journal Complex Variables and Elliptic Equations:
R. D. Carlos, G. M. Figueiredo and Gustavo S. A. Costa, Ezxistence and concentration
of solutions for a class of biharmonic and p-Laplacian equations with steep potential well,
Complex Variables and Elliptic Equations, (2023).
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Notation

In this work we use the following notations:

ou ou
Tun (2 )
Au = — =div(Vu)

Apu = div(|VulP~2Vu)
A2y = A(Au)

—\

17 ()]«

gradient of the function wu;

Laplacian of u;

p-Laplacian operator of u;
Biharmonic operator of u;

weak convergence;

strong convergence;

almost everywhere;

support of the function f;

open ball of radius R centered at 0;
periodic potential ;

dual space of the Banach space X;

space of all classes of functions which are in L® on every
compact subset of RY:

norm in the normed space Xy ;

norm in the space H2(RY);

norm of the derivative of I restricted to V at the point wu;
Nehari manifold of I;

Nehari manifold of 1.



Chapter 1

On elliptic Kirchhoff-Boussinesq type
problems with exponential growth

In this chapter, we are concerned with existence of nontrivial solutions for the following
class of problems

A?u=+ Apu = f(u) in Q,

(P1)
u=Au=0on 01,

where  C R* is a bounded smooth domain and 2 < p < 4 and f is a continuous function
satisfying the following:

(f1) There exists cp > 0 such that the function f satisfies

fit) [0 for a > ay,
t—+oo exp(alt]2) | +oo for a < a,

(f2) The following limit holds:
S
lim —= =0.

t—0t &

f(t)

|t[p=2t

(f3) The function t — is decreasing in (—00,0) and increasing in (0, +00).

(f1) There are r > p and 7 > 0 such that

f(t) > 7[t|""%t, forall t > 0.

In our first result, we establish the existence of a nontrivial solution for (Pj) in the
subcritical case.

Theorem 1.0.1. Assume that conditions (f1) with ag = 0 and (f2)-(f3) hold with T = 1.
Then, problem (P1) has a ground state solution.

The next result provides the existence of a nontrivial solution when f has critical growth.
Theorem 1.0.2. Assume that conditions (f1) with ag > 0 and (f2)-(fa) hold with T suffi-

cient large. Then, problem (Py) has a ground state solution.
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We remark that our theorems can be applied for the model non-linearity
f(s) = mt" Ltexp(apt?).
The plan of the chapter is the following: In section 1.1 we describe the variational

framework and we prove some technical lemmas. The subcritical case is studied in section
1.2 and the critical case in section 1.3.

1.1 The variational framework and some technical lemmas

Motivated by the works of Adams in [7, Theorem 1|, F. Sani in |75, Theorem 4,1] and C.
Tarsi in [86, Theorem 3|, in this first chapter of the thesis, we will consider the following
space H := H?(Q) N H}(Q). We have a well defined inner product

(v,w) = / AvAwdz, Vu,v € H*(Q)N HH (),
Q

and associated norm given by

1/2
llu|| = (/ Au|2d$) . Yu € H* Q)N HY (),
Q
From now on we denote by H = (H?(Q) N H}(Q), (-,-)) is a Hilbert space.
Let us start with the following important result due to Adams |7, Theorem 1].
Theorem 1.1.1. For every u € H and o > 0,
exp(au?) € L(Q) (1.1.1)

and there is a constant M > 0 such that

sup /exp(auQ)d:L‘gM, (1.1.2)
lull<1JQ

for every a < 32m2.

Another important result in this chapter is a Gagliardo-Nirenberg interpolation inequal-
ity [39], [70]:

Theorem 1.1.2. Suppose that N, j, m are non-negative integers and that 1 < k1, kg, k3 < 00
and Y € [0,1] are real numbers such that

and

Then, there exist C,Co > 0 independent of u such that
DI, < Ch|D™ulf uli, T YV ue L2(RY) 0 W3 (RY).
Under assumptions for 0 be a bounded Lipschitz domain, we have

|Dju|,.Cl < ()’1|Dmu|g3\u|}i2_T + Csluls Vue L®(Q)NnW™R(Q) fors>1.
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Consider the functional I : H — R associated to problem (P;) is given by
1

1
I(u) = / \Au!dei/ \Vu]pdx—/F(u)dx.
2 Ja pJa Q
t
where F(t) = / f(s)ds. Since 2 < p < 4, using Theorem 1.1.2 with j =1, k1 = p, m = 2,
0

3 <T <1, N=4and k3 = 2, we have that the injection H — Wol’p(Q) is continuous for

2 < p < 4 and, as a consequence, I is well-defined and of C! class. Moreover, we get

I'(u)p = /Q AuAgdr + /Q |Vu|P~2VuV ¢dx — /Q f(u)pdz,

for all ¢ € H. Then, the critical points of I are weak solutions of (P;). The Nehari manifold
associated to the functional I is given by

N ={ue H\{0}: I'(u)u =0}.

Note that, from (f2), for any € > 0, there exists 6 > 0 such that
|f)] < elt] (1.1.3)

and
I 2
F®)] < gl (1.1.4)

for all 0 < ¢t <.
Moreover, from (f1), there exists K > 0 such that.

|f(t)] < eexp(at?),

for all t > K and a > agp. In particular we get
1f(t)] < %texp(atQ) (1.1.5)

and

()] <

sK exp(at?), (1.1.6)

for all t > K and a > «ag. Consequently, using (1.1.3), (1.1.4), (1.1.5) and (1.1.6), for all
e > 0 and for all & > «, there exists C. > 0 such that

/ fuw)udr < 6/ lu|?dx + CE/ |u|? exp(ar|u|?)da (1.1.7)
Q Q Q
and
€ 2 Ce 2
Fu)dr < - [ |u|*de+ — [ |ul]?exp(a|ul®)dz, (1.1.8)
Q 2 Ja q Ja
for all w € H and for all ¢ > 0. In particular, in this chapter, we will use ¢ > p.

Lemma 1.1.3. If condition (f3) holds, then the map
s+ sf(s) — pF(s) is increasing for s € (0,00)

and decreasing for s € (—00,0). In particular, sf(s) — pF(s) >0 for all s € R\ {0}.
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Proof. Suppose 0 < s < t. Hence, we obtain

1) —pFis) = T - +p/ fr
f (t) o ) W
=tf(t ) - pF (t)
The proof in the case ¢t < s < 0 is similar and this proves the lemma. O

In the next result we prove that N is not empty and that I restricted to A is bounded
from below.

Lemma 1.1.4. For each w € H \ {0} there exists a unique t > 0 such that tu € N.
Moreover, I(u) > 0 for every u € N.

Proof. Given u € H \ {0}, let v,(t) = I(tu) for t > 0. Then tu € N if and only if 7/(t) = 0.
Note that, by € > 0 sufficiently small in (1.1.8) and Sobolev embedding, there exists C' > 0
such that

2 P
(0 = Gl / VulPdz / F(tu)dz

—-9q
1 S
> (Lo s = [ 1vurds = S2men [ juptespaleal®)da

Using Cauchy—Schwarz’s inequality, we get

1 eS;t tP
W) > (5 — =2 )¢ Qj:/ Pq
i) = (3-S5 )l el [ vupas

R 1/2 2
_ G5 ——t1 {/ ]u\qux} /exp [2@\\tu!2<u> ]dm
q Q Q [

Choosing a > ap, € € (0,1) and #; > 0 such that 2a|[t;ul|? < 3272, using (1.1.2) we get

1/2

Yu(t) > Dyt? & DytP — D3t

for all 0 < t < t; and for some D1, Dy, D3 > 0. Thus, since 2 < p < ¢, we have 7, (t) > 0
for 0 < t; sufficient small.

Now, for all ¢ > 0 anf by 7 fixed by (f4), we have

t 1
Yult) < Hu\|2i/ |Vu]pd:z:—7't’"p/ lul"dz.
tP 2tr—2 Q Q
Therefore, since 2 < p < r , we conclude lim ~,(t) = —oo. Then, there exists at least one

t—+00

t(u) > 0 such that ~,,(t(u)) = 0, i.e. t(u)u € N.
Suppose that there exist ¢(u) and s(u) such that t(u)u, s(u)u € N. Then,

2

+ [ |[VulPdx = f(tu)udx _
Q Q tr—1 tp—2

2

:I:/ |Vu‘pdx=/ f(su)udaz— lu .
Q Q sp—1 sP—2
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Since

/[(f(tu) ~ f(su) }upd:c—”“”Z_W
0

tu)P~1  (su)p~! 2 g2

and using (f3), we conclude that ¢ = s. Moreover, note that

I(w) = I(u) — 21 (w)u = (; - ;) lall? +/Q (;f(u)u - F(u)> da.

p
From Lemma 1.1.3 we obtain I(u) > 0 for all u € N. O

Lemma 1.1.5. There exists a constant C' > 0 such that ||u|| > C > 0, for every u € N.

Proof. Suppose, by contradiction, that there is (u,,) C N such that
U, — 0 in H. (1.1.9)

Since that (u,) C N, we get

el ? /Q VunPde = /Q Flun)unde.

Then, using (1.1.7), we have

\un|]2:|:/Q]Vun]pdx = /Qf(un)undxS5/Q|un\2dx—l—06/g|un|qexp(a]un|2)dx.

Using Sobolev embedding, there exists C' > 0 such that

—1 2
(1= Yt = [ (vapar <. | ualresp [alunl?({221) ] e
2 Q Q |||

Using Cauchy—Schwarz’s inequality, we get

55«71 1/2 |U | 2
<1 - 2> ]| :i:/ |VulPdz < C. {/ |un|2qdaz} / exp [2a\|un|]2< = ) }dm
2 Q 0 Q [[n |

Note that there is ng € N such that

1/2

1672
|un||* < ojor , for all n > nyg.

Then, from (1.1.2) and Sobolev embedding again, we have

552_1 2 2 2
1-— - lul|*£ [ |VulPde < MC: |un|*9dx < MCe||ug 9.
Q Q

In the case that the second term in [ is positive, this inequality implies

£S5 ! Sy
(1 - 22 >”U'n”2 < <1 - 22) l[n 1> + /Q |VulPdz < MCel[un||?.

Consequently

1/(g—2)

< - (1.1.10)

(2—e571)
0< [ 2MC.
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Since g > 2, the above inequality contradicts (1.1.9) and the lemma is proved.

In the case that the second term in I is negative, using the embedding H — W&’p(Q),
we get

—P
eSy ! Sp?
(1= =2 Yhual? < e+ MCn
p
-_p
Sp?
< max , MC.| ||unl|?
p
Since 2 < p < ¢, this implies that
1/(¢—2)
2—eS;t
0< = 2 < HunH
QFﬁ MC
p 9 3
and the above inequality contradicts (1.1.9) and the lemma is proved. O
Set ¢ := infar 1. In the next result we will prove that the minimizing sequences are

bounded.
Lemma 1.1.6. If (u,) C N is a minimizing sequence, then (uy,) is bounded in H.

Proof. Suppose, by contradiction, that up to a subsequence, we imply ||u,| — “+oo as
n — 4o00. Using Lemma 1.1.3, I(u,) — ¢ and I'(uy)u, = 0, we have

1
ct+on(Dunl = I(un)—EI’(un)un

(p—2) (r—2)
2p 2p
Therefore, we conclude that (uy,) is bounded on H, the result follows. O

Note that 0 > when |lu,|| — 4o00. This is a contradiction with > 0.

To end this section, let us prove that if the minimum of I on N is achieved at some
u € N, then u is a critical point of I. This follows from some arguments used in [64].

Lemma 1.1.7. If u € N is such that
I(u) = n}\ifn[,
then I'(u) = 0.

Proof. Suppose, by contradiction, that u is not a weak solution of (P;). Then we find a
function ¢ € C5°(€2) such that

I'(u)p < —1.
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Choose € > 0 small such that
1
I'(tu + o¢)p < —3 for [t — 1|+ |o| <e. (1.1.11)

Let n be a cut-off function that n(t) =1 for |t — 1| <&/2 and n(t) =0 for |t — 1| > .

Now we estimate sup I(tu + en(t)¢). Observe that for all (t,0) # (1,0) we have I(tu +
£>0

eng) < I(u). In fact, for |t — 1| > &, we have I(tu + en¢) = I(tu) < I(u) by Lemma 1.1.4.
For 0 < |t — 1| <e, from (1.1.11) we have

1
I(tu+eng) = I(tu) +/0 I'(tu + oen(t)d)en(t)pdo < I(tu) — %577@) < I(tu) < I(u).

1
Now for t =1, I(tu+en(t)p) = [(u+en(l)p) < I(u)— 5€ < I(u). Hence, we concluded

sup I (tu+eng) < c= inj{/ I(u). Now it is sufficient to find # > 0 such that tu+en(t)p € N,
t>0 ue,

which is a contradiction by definition of ¢. For this, consider the function Y : [1—¢, 14+¢] — R
given by Y(t) = I'(tu + en(t)p)(tu + en(t)$). Note that Y(t) = P(t) — Q(t) where P is a
polynomial and

Q) = | f(tu+en(t)g)(tu +en(t)p)dr.

RN
Note that T is a continuous function. Moreover, one has T(1—¢) = I'((1—¢)u)(1—¢&)u > 0
and Y(1+4¢) = I'((14+¢&)u)(1+¢)u < 0, hence we conclude that there exists t € (1—¢,1+4¢)
such that Y(¢) = 0.
O

1.2 Subcritical case

The first result in subcritical case is related to the convergence of functions f and F.

Lemma 1.2.1. If (u,) C N is a minimizing sequence for ¢, then there exists u € H such
that

/Qf(un)undx%/ﬂf(u)udx

/Q F(un)dz — /Q F(u)dz.

Proof. We prove only the first convergence, because the second follows by the same reason-
ing. By Lemma 1.1.6, we have

and

|lun| < K. (1.2.1)
So, up to a subsequence,
U, = u in L*(Q) and wu,(z) = u(z) ae. in Q
and, by continuity of f,
flup(x))up(z) = flu(x))u(z) ae in Q.

It is sufficient to prove that there is g : R — R such that |f(uy)u,| < g(uy,) with (g(uy))
convergent in L'(€2), because, in this case, using [24, Theorem 4.9 and Theorem 4.2] we get

/Qf(un)undCC%/Qf(u)udx.
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Note that by the inequalities (1.1.3) and (1.1.5), for any € > 0, @ > 0 and ¢ > 2, we have

[ (un(@))un(z) < €!un(x)\2+Cslun(x)qexp(@!un(x)\2>:— 9(un()).

We now prove that (g(uy)) is convergent in L*(Q). First note that

/\un\2d$—>/\u\2d1‘
Q Q

lun|? — Jul? in L%(Q), (1.2.2)

and

since the embedding H < L"(€) is compact for r > 1. Moreover, using (1.2.1) and choosing
_ 16x?

we conclude by Theorem 1.1.1 that

e o e O
c [onf(52)o
< M. (1.2.3)
Since

exp<a|un($)|2)—> exp(a|u(:n)|2) a.e. in €,
we use [50, Lemma 4.8] and conclude that
exp<a|un\2)4 exp(a\u!2> in L?(Q). (1.2.4)

Now using (1.2.2), (1.2.4) and [50, Lemma 4.8] again, we conclude

/Qf(un)undx—)/ﬂf(u)udx.

Lemma 1.2.2. There exists ug € N such that I(uy) = c.

Proof. Consider (u,) C N a minimizing sequence. Then, by Lemma 1.1.6, (u,) is bounded
in H and, up to a subsequence,
Up, — ug in H.

We claim that ug # 0. Indeed, if ug = 0 then, from Lemma 1.2.1, we get

i ? /Q Yy Pz = /Q Flttn)tnda = 0,

which implies

]2 i/ Vup[Pdz — 0. (1.2.5)
Q
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From Theorem 1.1.2 for j =1, k1 =p, m=2,7T = %, kg3 =2, N =4 and k9 = ffpp, there

exist Cl,CQ >0
1/p 1/4
([1vur) <o ([ 1aum?) s + Caful,
Q Q

U, =0 in H,

for s > 1. Since

we have that
:I:/ |Vu,|Pdz — 0,
Q

which implies by (1.2.5) that ||uy,||*> — 0, contradicting Lemma 1.1.5. Then u,, — ug # 0 in
H. Note that |luo||? < liminf |lu,||*. We are going to prove that
n—oo

o> = lim. un (1.26)

Applying Ekeland’s Variational Principle [92, Theorem 8.5|, we may suppose that (uy,)
is a (PS). sequence for I. Suppose, by contradiction, that (1.2.6) does not hold. Using a
density argument we have that I'(ug)ug = 0, which yields vy € AN. From Lemma 1.1.3,
Lemma 1.2.1 and Fatou’s Lemma, we obtain

¢ = I(ug) — ~I'(uo)ug

- (3- ;p full = [ (5 s~ F) o
< tmint | (5= Y nl? = [ (57t~ Flan) )]

1
= liminf|I(uy) — =I'(up)uy,
p

n—-+o0o

= C7

which is a contradiction. Hence, u,, — ug in H and consequently I(ug) = c. O

1.2.1 Proof of Theorem 1.0.1

Proof. The equality I'(ug) = 0 is a consequence of Lemma 1.1.7. Thus, ug is a ground state
solution of (Py). O

1.3 Critical case

The critical case differs from the subcritical one mainly due to the more refined estimates
about the minimization level ¢ (Lemma 1.3.1), which permit to state the convergence result
of Lemma 1.3.3. Once this convergence is established, the argument for the existence of a
weak solution is the same as in the subcritical case. In this section, in order to prove the
existence result in the critical case, we consider the auxiliary problem given by

A?u+ Apu = Ju["2uin Q,
(4)
u=Au=0,
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where r is the constant that appears in the hypothesis (f4). Associated to problem (A),
one has the functional

1 1 1
I(u) = 2/ |Au|dx + / |VulPdx — / |u|"dz,
Q P Ja rJa

and the Nehari manifold
Ne={ue Hyu#0:TI(uu=0}

Taking r > 4, we have H < L"(Q2) with compact embedding. Then, considering problem
(A), we can use Theorem 1.0.1 for the case f(t) = |t|" 2t and we conclude that there exists
w, € H such that

L(w.) =¢p, I'v(w,) =0

o > (Tp> / w,|"dz, (1.3.1)
br Q

where ¢, = ij{l[f I,.. The next result is an estimate to ¢ = ijr\lff I.

r

and

Lemma 1.3.1. The value ¢ = i/I\lffI satisfies

c<

p(r—2) ¢
2= p) D

Proof. Note that, considering problem (A) and by the hypothesis (f4) with 7 > 1, we have

wy||? + Vw,|Pde = w,|"dx
([l Q\ \ A

< T/ |wy|"dz

Q
< /Qf(wr)wrdx.

This inequality implies that I’(w,)w, < 0. Then, there exists 8 € (0, 1) such that fw, € N.
Using (f4) again, we obtain

2 D
c < I(fw,) < B—HwTHQ + B/ |Vw, [Pdx — TBT/ |wy|"dzx.
2 ? Ja T Ja

Since 5 € (0,1), we get

52 T
c < 5 [ / Aw,[Pdz + / Vwrpdx] = / for|"dz.
2 Q Q r Q

Since I (w,) = 0, we conclude that

2
e < 5 [lwlar-T5 [ julra
2 Jo rJa

2 r
= [276}/Q|w7«|rdx.
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Using (1.3.1), we have

c< [62 - 7‘6? b
2 r

By some lementary algebraic manipulations, we get

c < pr=2) ¢ .
= %r = p) 270D
O
Lemma 1.3.2. If (u,) C N is a minimizing sequence, then
1672
lim sup [|u, ||* < -
n—00 «
Proof. Using the estimate from Lemma 1.1.6, we have
2cp
o < 25 + on(1).
By the estimate on the value ¢ in Lemma 1.3.1, we get
2
9 pe(r —2) Cr
< .
HUnH > (p — 2)(7’ — p) 7—2/(7“—2) + On(l)
Taking 7 > 7* where 7* is given by
(r—2)/2
I e
(p—2)(r—p) /1672 "/?
%y
and the result follows. O

The next result is the counterpart of Lemma 1.2.1 for the critical case.

Lemma 1.3.3. If (u,) C N is a minimizing sequence, then

/Qf(un)undx%/gf(u)ud:c

and

/Q Flun)dz — /Q Fu)da.

Proof. We prove only the first convergence, because the second follows by the same reason-
ing. By the Lemma 1.3.2, we have

1672

lim sup ||uq ||* < (1.3.2)

n—oo

Then, exists ng € N and a > ag such that

167°
[|un|* < 2T foralln > no.
@
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Up to a subsequence,
U, —u in L*(Q) and w,(z) = u(z) ae. in Q
and, from continuity of f,
flup(x))up(z) = flu(x))u(z) ae in Q.
Arguing as in Lemma 1.2.1, it is sufficient to prove that there is ¢ : R — R such that

|f (up)un| < g(un) with (g(uy,)) convergent in L'(€2). Note that by the inequalities (1.1.3)
and (1.1.5), we have

Flun(@)un(z) < s|un<x>|2+cg|un<x>Qexp(awn(wn?)::g(un@:)).

/|un\2da§—>/\u|2daj
Q Q

lun|? — ul? in L*(Q). (1.3.3)

First note that

and

Moreover, using (2.4.1) and choosing o > «, we conclude by Theorem 1.1.1 that

/Qexp(as\un(a:)|2>d:c < /Qexp[:),%?(“ﬁﬁ')'ﬂdxgM. (1.3.4)

exp(oz|un(:v)|2>—>exp(a|u(:n)|2> ae. in

we use [50, Lemma 4.8] and conclude that

Since

exp<a|un|2>—\exp<a|u|2> in L*(Q). (1.3.5)

Now using (3.2.5), (3.2.6) and [50, Lemma 4.8] again, we conclude

/Qf(un)undx%/gf(u)udx.

1.3.1 Proof of the Theorem 1.0.2

Proof. Considering Lemma 1.2.2, there exists ug € N such that I(ug) = ¢. Now, by Lemma
1.1.7, we conclude I'(ug) = 0. Thus, ug has a ground state solution of (P). O
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Chapter 2

Existence and multiplicity of
nontrivial solutions to a class of
elliptic Kirchhoff-Boussinesq type
problems

In this chapter we are concerned with the existence and multiplicity of nontrivial solutions
for the following class of problems

A?u+ Apu = f(u) + Blu/**2uin Q,

(P2)
Au=u=0o0n 09,

where Q C RY is a bounded smooth domain, 2 < p < 2* = %7 for N > 3. In this chapter

we also use 24, = % if N > 5. We consider the subcritical case § = 0 and the critical

case § = 1. The hypotheses on the function f are the following:

(f1)" There exists C' > 0 such that the function f satisfies

[f(B)] < CL+[t17h).

(f2) The following limit holds:

f(t)

-2t is decreasing in (—o00,0) and increasing in (0, +00).

(f3) The function t —

(f1) There are p < r < 2,, and 7 > 0 such that
OEE 2
for all t > 0 and for all 7 > 7*, where 7* will be fixed in Lemma 2.3.2.

Our main results are:

Theorem 2.0.1. Assume that conditions (f1)', (f2), (f3), (f1) hold with B = 0 and 2 <
P <2*<q< 2 0r2<p<q<2* Then, problem (Py) has a ground state solution.
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Theorem 2.0.2. Assume that conditions (1), (f2), (f3), (f1) hold with B =1 and 2 <
P<2*<q< 2 0r2<p<q<2* Then, problem (Py) has a ground state solution.

Since now we intend to find a multiplicity of solutions, in the next theorems, we will assume
that f is equal to a prototype that satisfies the assumptions (f1)’, (f2), (f3), (f1), that is,

() =7]t]1>t.

Theorem 2.0.3. Assume 8 =0, 1 < q <2 <p<2* Then, there exists 7" > 0 such that
problem (P3) has infinitely many weak solutions, for all T € (0,7%).

Theorem 2.0.4. Assume f=1,1< q <2 <p <2* Then, there exists T* > 0 such that
problem (P3) has infinitely many weak solutions, for all T € (0,7%).

The plan of the chapter is the following: in Section 2.1 we show the variational framework
and we prove some technical lemmas. Using Nehari technique in Section 2.2 we study the
subcritical with 2 < p < 2* < ¢ < 24, or 2 < p < ¢ < 2*. In section 2.3, using the
Mountain Pass Theorem, let us consider the critical case with 2 < p < 2* < ¢ < 24, or
2 < p < q<2* In section 2.4 using the Krasnoselskii genus we study of multiplicity with
B=0and 1 <q<2<p<2* In Section 2.5, we show the existence and multiplicity for
thecase S=1land 1 < g <2< p<2*%

2.1 The variational framework and some technical lemmas

Motivated by the work of F. Gazzola, H. C. Grunau and G. Sweers in [41, Theorem 2.30], in
this second chapter of the thesis, we will consider the following space H := H?(Q) N HE ().
We have a well defined inner product

(v,w) = / AvAwdz, Vu,v € H*(Q)N H (),
Q
and associated norm given by
1/2
Jul| := (/ Au|2d:c> ., Yue H*(Q)NH(Q),
Q

From now on we denote by H = (H?(Q) N H}(Q), (-,-)) is a Hilbert space.

Consider the functional I : H — R associated given by

1 1
Iw) = 2/Q|Au|2da:j:p/g|vu|pd$_ /QF(u)d:r— 26 /Q|u|2**dx.

Since 2 < p < 2%, using Theorem 1.1.2 for j =1, m = 2, % <T<1,k1=p, Kky3=2,58=2,

we have that H — VVO1 P(Q) is a continuous embedding and as a consequence we obtain that
I is well-defined and of C! class. Moreover,

I’(u)qbz/QAuA¢dxj:/Q]Vu\p_2VuV¢ dw—/gf(u)¢ dx — Qi/ﬂ\uy?**—%qbdx,

for all ¢ € H. Then, the critical points of I are weak solution of (P;). The Nehari manifold
associated to the functional I is given by

N = {ue H\{0}: J(u) =0},
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where J(u) = I'(u)u, for u € H. Note that, from (f1)" and (f2), for any £ > 0 there exists
C(g) > 0 such that

()] < el + Coltfe. (2.1.1)
and

€ C.
O (2.1.2)

Since  is bounded and f has subcritical growth, if (u,) C H is such that u, — u in
H, then

/gjlun)undx—é‘l;fhﬁudx (2.1.3)

AFWM%%AF@M. (2.1.4)

In order to use critical point theory, we firstly derive results related to the Palais-Smale
compactness condition. We say that a sequence (u,) is a Palais-Smale sequence for the
functional I at level ¢, if

and

I(uy) — c.
and
I'(up) = 0in (HY,
where
¢ = Inf max I(n(t)) >0
and

I':={necC(o,1],H) : n(0) =0, I(n(1)) < 0}.

If every Palais-Smale sequence of I has a strong convergent subsequence, then one says that
I satisfies the Palais-Smale condition ((PS) for short).

22 Thecase f=0and2<p<2"<qg<2,0r2<p<qg<?2*

In the next result we prove that A is not empty and I restricted to N is bounded from
below.

Lemma 2.2.1. For each u € H, there exists an unique t > 0 such that tu € N'. Moreover,
I(u) > 0 for every u € N.

Proof. Given u € H\{0}, let v,(t) = I(tu) for t > 0. Then tu € N if and only if 7/,,(t) = 0.
Note that, taking ¢ > 0 sufficiently small in (2.1.2) and using best Sobolev embedding
9

H < L*(Q) and H < Lq(Q), there exists S, ' > 0 and Sy 2 such that

lt) = H 12+ / VulPdz / F(tu)da
> t2(§ €5y >H 12+ / Vards - S / ulda
J
>

1 &St q°
25 S £ 2 [ vupds - S5 e
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Thus, since 2 < p < ¢, we have 7, (t) > 0 for all 0 < ¢ sufficiently small.

Now, from (f;) and using 2 < p < r, for all 7 > 0, we have

wlt =P
W) o L /\Vu|pd:c—7 /|u!’"d:v

(72— 2tp 2

Hence, tligl ~Yu(t) = —oo. Then, there exists at least one t(u) > 0 such that ~/,(t(u)) = 0,
—+00
ie. t(u)u € N. Moreover, in the case 2 < p, we get
1] 1 (tu)
Yu(t) = gl £ [ [VulPdz — —
tp 0 o 1P

dm} .
t 'Yu (t)

From (f3) we conclude that Ji=7 is decreasing. Then, it vanishes exactly once, and conse-
quently there is no other ¢ > 0 such that tu € N. Note, in particular, that ¢(u) is a global
maximum point of 7, and v, (t(u)) > 0, i.e. I(t(u)u) > 0. Since t(u) = 1 if u € N, we
deduce that I(u) > 0 for every u € N. O

We set
= inf I.
N

In the next result, we prove that minimizing sequences in N does not converge to 0.
Lemma 2.2.2. There exists a constant C' > 0 such that 0 < C < ||lu|| for every u € N.

Proof. Since that v € N, we get

/|Au!2dx:|:/ Vu|pdm:/f(u)udx
Q Q Q

By the inequality (2.1.1)

/]Au|2dx:|:/|Vupdx< /[u]Qd —l—/]uqdm
Q

—4g
Using Sobolev embedding H < L?*(2) and H < L9(Q), there exists Sy ' > 0 and S, 2, we
get

-9
2

<1—“'S)H Pt [ (Ve < e

In the case that the second term in the associated functional I is positive, this inequality

Ce|[ull?.

implies
S—l -1 S_Tq
€
(1—§>Huu2é<1 >lu||"’+ / VupPde < 2 C ).
Q q
Consequently
( ) 1/(¢—2)
2—¢e5, " )q
0< |22 ) < Jlull. (2.2.1)
2C.54°
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Since 2 < ¢ the result follows. In the case that the second term in the associated functional
I is negative, using Theorem 1.1.2 for j =1, m = 2, % <Y <1, ki=p, k3=2,5s=¢qand
by continuous embedding, we get

—r
2

wl
hQ

Sy ! S S,
R L AT
p q
oF o7
< max | =—, ==Cc| [Ju?
p q
Since 2 < p < ¢, this implies that
1/(q—2)
2 — e85!
0< T < [full
T g7
p q
2 P’ q Ce
the lemma is proved. O

In the next lemma, we prove that all minimizing sequences in N are bounded in H.
Lemma 2.2.3. If (u,) C N is a minimizing sequence to I, then (uy) is bounded in H.

Proof. Note that I(uy) — ¢ and I'(u,)u, = 0. Then, from Lemma 1.1.3, we have

1
c+on(D]un] = I(un)—;I’(un)un
=) et [ )
= | === ) lunll” + —flup)u — Fuy,) |dz
(3-3) huall+ [ (5 slumyu— Fiun)
1 1
> (573 I’
b
and the result follows. O

To end up this section, let us prove that if the minimum of I on N is achieved in some
u € NV, then in fact u is a critical point of I. This follows from some arguments used in [64].

Lemma 2.2.4. If ug € N is such that
I = min [
(u0) = min
then I'(up) = 0.

Proof. The proof follows in the same spirit as in Lemma 1.1.7.

2.2.1 Proof of the Theorem 2.0.1

Proof. Consider (u,) C N a minimizing sequence for ¢. Then, by the Lemma 2.2.3, (uy,) is
bounded in H and, up to a subsequence,

Up — ug in H.
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We claim that ug # 0. Indeed, if ug = 0 then, from (2.1.3), we get

\Iun\\2i/9\vun\pdm:/Qf(un)undxéo, (2.2.2)

which implies
]2 i/ (VP — 0. (2.2.3)
Q

From Theorem 1.1.2 for j =1, k1 =p, m =2, T = %, k3 = 2 and kg = 22
that there exist C7,Cy > 0

l/p 1/4
([1var) <o ([ 1aum?) ks + aful,
Q Q

U, = 0 in H,

for s > 1. Since
we have that
:l:/ |Vu,|Pde — 0,
Q

which implies by (2.2.2) that ||u,||*> — 0, contradicting Lemma 2.2.2. Then u,, — ug # 0 in
H.
Note that |lug||? < liminf ||u,||?. We are going to prove that

n—o0

o2 = Tim > (224)

Applying Ekeland’s Variational Principle [92, Theorem 8.5|, we may suppose that (u,) is
a (PS). for I. Suppose, by contradiction, that (2.2.4) does not hold. Using a density
argument we have that I'(ug)ug = 0, where we conclude that ug € . From Lemma 1.1.3,
Fatou’s Lemma and (2.1.4) we obtain

1
¢ < I(up) — =1I'(up)ugp

_ . . ot _
= Egligg I(uy) pI(un)un ¢,

which is a contradiction. Hence, u,, = up in H and consequently, I(ug) = c.

2.3 Thecasef=1land2<p<2"<qg<2,0or2<p<qg<2*
In this subsection, we use the Mountain Pass Theorem to show the existence of a solution,

taking into consideration the condition (PS) for the functional I is satisfied under certain
constants that will be constructed.
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Lemma 2.3.1. The functional I satisfies the following conditions:
(i) There exist p1, pa > 0 such that:

1(w) > po with ull = pr
(ii) There exists e € By (0) with I(e) < 0.

Proof. i) Note that, taking € > 0 sufficiently small in (2

.1.2) and using Sobolev embedding,
_4a
H < L*(Q) and H < LI(f), there exists Sy * > 0 and S, >

> 0, we get

1 1 1
I(u) = / |Au|2dx:|:/ |Vu]pdx/F(u)dm /|u\2**d:ﬂ

2 Ja pJa Q 2 Jo
1 1 a 1
/ IAulzd:ri/ IVu!pd:r—/ <6Iu\2+clulq>dx—/ Ju|** dx
2 Ja p o \2 % Jo

1 Syt S =

= (355 e, [ rwurae - e e -

In the case that the second term in the associated functional I is positive

v

2k

[ u

— 2%
1 &S5 C- Sz
1> (5 - S5 il - S e - £ e

Since 2 < ¢, we have

koK

I(u) > pa >0, for all ||u|| = p1,

where

1 eSy\ O, ST,
p2=[<2— ;)—;Sqr"p({ - - pr 2| ol

This establishes (7).

In the case that the second term in the associated functional I is negative, using Theorem
1.1.2for j =1, m =2, % <T <1, k1 =p, kg =2, s =q and by continuous embedding, we
get

1 &Sy Ce STz
> (- )n 12 = 257 el = Sl = 25—l

where

2 2 2ix

1 6571 1 =2 5 C. = -2 S 22** _
p2 = [( - =2 > e quz pl P2 ot

This establishes (7).
(1) Fixed ¢ € C5°(2). Now, from (f4) and for all 7 > 0, we have

I(to 1 1 =P . t2exP
) < ot [ vopds 722 [opas - S [ upea.

tr T otp—2

Since 2 < p < r, there exists ¢ > 0 large such that e = {¢ satisfies I(e) < 0 and
llell > p- O

46



We devote the rest of this section to show that c, is attained by a positive function. As
in [25], we are able to compare the minimax level ¢, with a suitable number which involves
the constants

and

/Au| da:+/ VolPdz
S = inf

vEH v#£0 2/ 20
</ |v|2**dx>

Lemma 2.3.2. If the conditions (f1)', (f2), (f3), (f1) hold, then there exists 7. > 0 such

that
. 1 1 \=ona 11 1 1 1 1
e <minf (5= 50) 873 (53 ) mn{ s (2 3))

for all T > 7*.

Proof. If we define n,(t) = te for t € [0, 1], where e = t¢ is the function given by Lemma
2.3.1. It follows that 7, € I' and thus

0<ece < I(n,
G S max (n(1))

< Iglggf(m( )

< max[ le|l? + /|ve\pdx—”/ \e|"dx].

In the case that the second term in the associated functional I is negative, we have

t"'
0<co < max {He\|2 u /|e]’"dm}

A

>0
12 tr
= Flelp =T [ feras,
T Jo
where
1/(r—2)
le]?
/|e|rdx
Then,
2/(r—2) r/(r-2)
1 2 1 2
0<c, < || ” HeH2_7_7 ||€|| /|€’le'
T

/]e\rdx 7'/ le|"dx
Q
r/(r—2
ooy [l
2 r T

2/(r—2) +2/(r—2)"
[/ |e]rdx}
Q
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For
(r—2)/2

N A I o
\2 2/(r-2) (1
[/Q|e’rd$] (p—2)m1n{cp,5}

SRS AN I
CTzzpmlnCp,.

In the case that the second term in the associated functional I is positive, we have

we have 7 > 7* for

0<ec, < I(n.(t
<c max (74(1))

2 r
max [(M) = <H€H2+/ |Ve]pdx> _ T / |e]7"da:}
t€[0,1] P 2 Q T Jo
9 2 T
= (") 5 (e + [ veras) - [ fera,
P 2 Q T Jo

IN

where
1/(r—2)
el + [ Vel
ty = 2
7'/ le|"dx
Q
Then,
” ”2 /’v ‘pd 2/(r—2)
el + elfax
2
0<c, < (p—i— ) Y (||e||2+/|Ve\pdac>
p 7'/ le|"dz &
Q
r/(r—2)
1 <H6H2+/|Ve]pdx>
S Q /]e\rdx
" 7'/ le|"dx @
Q
) r/(r—2)
p
B pi2 1 [He” -l—/Q]V6| d:c] ]
- D r 2/(r—2) 7—2/(7“—2) :
[/ ]e\rdac]
Q
For )
) r/(r—2) 2
VelPd
e el + [ velras] .
P r

2/(r—2 —=N/4
[[eraa] 7 ComST
Q

1 1\ =
. < ( - ) V4,
p .

we have 7 > 7* for
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Lemma 2.3.3. Let (u,) be a sequence in H such that I(u,) — ¢« and I'(u,) — 0 as
n — oo. Then

(1) up = uw in H;
(i1) The weak limit w € H is a critical point of I, that is, I'(u) = 0;

Proof. Now we prove (i). Note that from Lemma 1.1.3, we have

1
c+on(D]un] = I(un)—gll(un)un

_ <;_;> ||un||2+/ﬂ<]19f(un)u—F(un)>d:L‘

1 1
D —— A1 2.3.1
> (3-3) Il (2.3.)

which implies that (u,) is bounded in H. Then, up to a subsequence, u,, — u in H.

Now we prove (ii). As a consequence of weak convergence, for all ¢ € H, we have that

/AunAgbda: = / AulApdx + op(1).
Q Q
From [50, Lemme 4.8], for all ¢ € H, we get

/ |V, [P 2V u,Vodr = / |Vu|P2VuV¢dx + 0,(1)
Q Q

/]un|2**_2un¢d:p:/ |u
Q Q

Since () is bounded and f has subcritical growth, for all ¢ € H, we obtain,

and
2o =2u¢dx + on(1).

/Qf(un)qbd:c:/Qf(u)gédanOn(l).

Since I'(up)¢ = o,(1), for all ¢ € H, using these convergence above, I'(u)¢ = 0, for all
o€ H.

Now we prove 4ii). Consider v, = u, — u. Then, from [50, Lemma 4.6] and arguing
as |5, Lemma 3.1]), we have

I(vy) = I(un) — I(u) + 0p,(1) = ¢ — I(u) =¢.

We also know that the following expression is true
/ [F(un) — F(u) — F(up — u)]dz = on(1) (2.3.2)
Q

and

sup [ [f(ua) = Fu) = Flu ~ wliods = 0,(1). (2.3.3)
Q

peH,|o]=1
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Here, we only show (2.3.2) since the verification of (2.3.3) is similar. Let v, := u, — u.
Then, v, = 0 in H and u(z) — u(z) a.e. in Q. It follows from (2.1.1) that

Flnt ) = Fl < [ 1500+t
< /01 (gm + tul[a] + C(e)|on + tu|q_1\u|> d
< C(5|vn|u| + elul® + C(e)|vn |7 u] + C(a)|u|‘1>.
By Young inequality, we get that
|F'(vp +u) — F(u)] < C’<€]vn|2 + elul? 4+ C(e)|vn|? + C(a)\u|q>.
With combining with (2.1.2) yields that
|F(vn +u) — F(v,) — F(u)] < C<5vn]2 + elul® + C(e)|vn|? + C’(5)|u|q>7 Vn € N.

Let
R, (z) := max {\F(vn +u) — F(v,) — F(u)| — C’(e)(]vn]2 + |vnl9), 0} .

Then 0 < R, (z) < C(e)(Jun)? + |u|?) € L1(Q). Thus, the Lebesgue dominated convergence
theorem implies that

/ R, (z)dz — 0, asn — oo. (2.3.4)
Q

Furthermore, by the definition of R, (x), we have
|F(vy +u) — F(v,) — F(u)] < C@E)(|Jval* + [va]?) + Rn(z), YneN
which together with (2.1.1) and (2.3.4) shows that
/Q |[F(vn +u) = F(vg) = F(u)ldz < C(e)([[vall3 + [lvnllg) + ¢
< CE)(lvall® + lvall?) + ¢ < Ce

for n sufficiently large. Hence, (2.3.2) holds.
By the weak convergence, (2.3.2) and [3, Theorem 1] , it follows that

I0) = 1)+ 10) = 5 [ (18— AuP = |Aw,f? + [AuP)da
_ ;/ﬂ(|Vun — VP — [Vun|? + [Vul?)dz
- /Q(F(un —u) — F(up) + F(u)) dx
= (u,u) — (up,u) + on(1) (2.3.5)

taking limit,
I(v,) = ¢ — I(u) =¢., asn— +oo.
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In order to prove that
I'(vy) =0, n— o0, in H .

Note that
[ 1) = 500 = )l = 0,(1) (2:3.6)
and
/ Vi, [P2Vu, Voda :/ |Vu|P2VuVodz + 0,(1) (2.3.7)
Q Q
and

I
Q

From the weak convergence, (2.3.6), (2.3.7) and [3, Theorem 1] , it follows that

T2y, pdr = / lu|?* ~2ugdx + 0, (1). (2.3.8)
Q

I'(0n)p — I'(un)p = /]R (Bt — Du)Ag — AunAg)da
+ /Q <|V(un — )PV (1, — 1) — |V, |P~?Vu, ) Védz
— [ (=0 = fun)o)da
+ [ (= 020 = 0 =

= —<u790>+/9f(U)s0d96
= —T'(we

2**_2un)¢)dm

taking limit,
Note that for (2.3.1), ¢, > ¢. Moreover, for all ¢ € H, we get

I'(vn)¢ = I'(un)¢ — I'(u)d = on(1),

||vn||2j:/ |an|pda::/ o
Q Q

In the case that the second term in (2.3.9) is positive, we have

which implies that

2o dx 4 0, (1). (2.3.9)

2o dy — L.

||UnH2+/|VUn|pd;U—>L and /|Un
L Q

- 1 1
Fton(l) = an||2+/ (Vo [Pz — /|vn|2**d:r:
P Jo 2k Q

1 1 1
*anHz + / |Vo,|Pdz — / |on, 2 dy
b bJa 2. Jo

1 1
_ ! [anm / \wn\pd:c] — 5 [ ol
p Q 2** [¢)

o1

Note that

Y




In this case, considering L > 0 we obtain

1 1\ —
i> <_ >L.
D 2

Now using the definition of S, we have

lon | + / |V, |Pdx
Q

2/2**
Q

- 1 1\ =
6, >E> (—) R
D 24

—4/N

S < =L

+ on(1).

Then, ?N/ ! < L. We conclude

which is a contradiction with Lemma 2.3.2. Then, L = 0 and ||v,||> — 0, which implies that
Up, — w in H.

In the case that the second term in (2.3.9) is negative, we have
un|> = L and / unIZ**d:c—i—/ |V [Pdz — L. (2.3.10)
Q Q
with L = El + 527 where

/|Vun|pd:c—>f/1 and /|un
Q Q

Since 2 < p < 244 and / F(uy)dz — 0, we have

2o dy — Lo

RN
1 1 1
Frou(t) = gl = [ (Volrdo— 5 [ fofda
1, . 1 1
> = —— [ |V, |Pdx — Pd
> gl = [ Vepde— o [ e

Letting n — oo and using (2.3.10) we get

> (; - ;) L. (2.3.11)

If L > 1, then,

p

> (; - 1) : (2.3.12)

which is a contradiction by the hypotheses.
On the other hand, we can use the definition of S to get

S(/ |un\2**d:c> S/ |Au, |2da (2.3.13)
Q Q
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Now from Theorem 1.1.2, there exits C' > 0 such that

1/p 1/2
</ |Vun|pdx> <C </ |Aun|2da:> .
Q Q

1 2/p
Cp(/RN ]Vun]pdm> g/RN |Au, |2da (2.3.14)

Using (2.3.13) and (2.3.14) we obtain

lun? > Smind . apr) 4 ([ opdz)

Suppose that 0 < L < 1. In this case 0 < El, Eg < 1. Then, since 2 < p < 2,4, we have

|un|* > 1rnin 1 S |V [Pde + | |up|*dex o
n - 2 Cp’ Q n Q n .

Taking the limit we conclude that

Then,

ol 1 T2/p
L> 2mm{Cp,S}L

Since L > 0, we obtain

and from (2.3.11) that

1 1 1 1 p/(p—2)

which is a contradiction with Lemma 2.3.2. Then, L = 0 and ||v,||2 — 0, which implies that
up, — uin H. L]

2.3.1 Proof of Theorem 2.0.2

Proof. The proof of Theorem 2.0.2 is a consequence of Lemma 2.3.1 and Lemma 2.3.3. O

24 Thecase f=0and 1 <g<2<p<2*

We will start by considering some basic notions on the Krasnoselskii genus which we will
use in the proofs of our main results.

Let F be a real Banach space. Let us denote by 2 the class of all closed subsets
A C E\ {0} that are symmetric with respect to the origin, that is, u € A implies —u € A.

Let A € 2. The Krasnoselskii genus 7(A) of A is defined as being the least positive
integer k such that there is an odd mapping ¢ € C(A, R¥) such that ¢(x) # 0 for all z € A.
If k& does not exist we set y(A) = co. Furthermore, by definition, v(0) = 0.

In the sequel we will establish only the properties of the genus that will be used through
this work. More information on this subject may be found in the references [2], [28], [35]
and [52].
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Proposition 2.4.1. Let A and B be sets in 2.

(1) If there exists an odd application ¢ € C(A, B) then v(A) < ~(B).

(13) If there exists an odd homeomorphism ¢ : A — B then v(A) = ~v(B). (iii) If A is a
compact set, then there exists a neighborhood K € A of A such that yv(A) = v(K).

(iv) 1 1(B) < oo, then ~(A\B) > ~(A) - (B).

Proposition 2.4.2. Let E = RN and 0Q be the boundary of an open, symmetric and
bounded subset Q2 C RN with 0 € Q. Then v(9Q) = N.

Corollary 2.4.3. v(SV~1) = N where SV~ is a unit sphere of R,
Proposition 2.4.4. If K €A, 0¢ K and v(K) > 2, then K has infinitely many points.

The proofs of these results can be found, for example, in Proposition 7.5, Remark 7.6
and Proposition 7.7 from [74]. We now present a result due to Clark [34].

Theorem 2.4.5. Let J € C*(X,RIl) be a functional satisfying the Palais-Smale condition.

Furthermore, let us suppose that

(A1) J is bounded from below and even;

(A2) there is a compact set K € 2 such that v(K) = k and sup J(x) < J(0). Then J
zeK

possesses at least k pairs of distinct critical points and their corresponding critical values c;
are less than J(0).

Since we intend to find a multiplicity of solutions, in the next sections, we will assume that
f is equal to a prototype that satisfies the assumptions (f1)’, (f2), (f3), (f4), that is,

() =7]t]1t.

In this section we study some properties related to the C lfunctional I, given by
1 1
Ir(u) = = |lul? £ / VulPdx — T/ lu|9dz.
2 D Ja qJo

2.4.1 The case that the second term in the associated functional I. is
positive

Lemma 2.4.6. I is bounded from below.

Proof. From Sobolev embedding, there is a positive contant C' > 0 such that

1 1
L) = sl [ vapde =T [ s
2 P Ja q Ja
1
> Sl - Ol
showing that I, is coercive and, therefore, I is bounded from below. O

Lemma 2.4.7. I, satisfies the (PS) condition.

Proof. Let (uy) be a sequence in H such that
I (up) = ¢ and I’ (u,) — 0.

Since I is coercive, we conclude that (uy,) is bounded in H. Thus, passing to a subsequence,
if necessary, we have
U, —u in H
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up — u in LY(Q)

and
up(x) = u(xz) aein Q.

Thus, from convergence in LI(£2) we get

/ |un|? dx —/ [ |7 2upu dz = op(1), (2.4.1)
Q Q
and from the weak convergence
/ Ay Audz — ||ul|? = 0,(1). (2.4.2)
Q
Hence, from (2.4.1) and (2.4.2) we obtain

0 < [lun —ul* < flun —ull? +Cp/ |V (un — u)|Pdz
Q

IN

|]unH2—/AunAud:c+/ |Vun|pdaf—/ |Vun|p*2vunvudg;
0 0 0

L (up)un — I (up)u + 0, (1)
on(1),

IN

where C), is a constant which appears the standard inequality in given by
(J2lP 22 — [ylP?y) (@ — y) = Cplz — ylP,

if p > 2. Thus, we conclude that u,, — w in H and the proof is complete. O

2.4.2 Proof of Theorem 2.0.3 in the case that the second term in the
associated functional [ is positive

Proof. Let X = span{ey,ea,...,ex} be a subspace of H with dim X; = k. Thus, since
that X} is continuously embedded in L%(2) and using Theorem 1.1.2 for j = 1, m = 2,
% <Y <1, kK =p, kg =2, s=q, we get that the norms of H and LI({2) are equivalent on
X}, and there exists a positive constant C'(k) which depends on k, such that

Ck)|ull? < / |7 dz, for all u e X).
Q
Thus, we conclude that
1 ~1 1
I(w) < =lul]®> + C=|u||P = 7C(k)=|lul|?,
(u) < S flu] Sl (k)
for some C > 0. Let 0 < R < 1 and u € H be such that ||u|| < R. Thus

1

1 ~1
I (u) §IIUHQ+C§HUII”—TC(k)5IIUI|"

IN

1 =1 1
ul/ +C’> ul[*71 — 7O(k)~
[ul [(2 5 ) el (k)7

IN
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5—g
Since 1 < ¢ < 2, choosing 0 < R < min {1, <To(k)2p> q} we have

q(p+20)
L(u) < Rr[<;+6;>R2—q_Tc(mﬂ
< 0=1(0),

for all w € K = {u € X, : ||ul| = R} and for all 7 > 0. This inequality implies

sup I (u) < 0= 1,(0).

ueK
Since Xj, and R* are isomorphic and K and S*~! are homeomorphic, we conclude that
v(K) = k. Moreover, I, is even. By Clark’s Theorem (Theorem 2.4.5), I has at least k
pairs of different critical points. Since k is arbitrary, we found infinitely many critical points
of I, that is, problem (P;) has infinitely many solutions. O

We point out that in order to apply the Clark’s Theorem in the previous proof, we use
Lemmas 2.4.6 and 2.4.7.

2.4.3 The case that the second term in the associated functional I. is
negative

Since I is not bounded from below, in this case, to apply genus theory, we will need to
make a truncation in the functional I. In fact, the idea is to get a truncated functional J;
such that critical points u of J, with J-(u) < 0 are also critical points of I.

Using Theorem 1.1.2 for j = 1, m = 2, % <YT <1,k =p, k3 =2, s =qand by

continuous embedding, there are positive constants C, C > 0 such that

1 C T
L-(u) > =|lul]? = Z||lul|P — C=|lul|? = ul|), 2.4.3
(w) 2 5] pll | qll 17 = g(l|ull) (2.4.3)

where g(t) = 1% — %tp — C7t9. So, there exists 7 > 0 such that, if 7 € (0,7%), then g
attains its positive maximum. We denote by 0 < Ry(7) < R1(7) the unique two zeros of g.
The next lemma is essential to construct the truncated functional.

Lemma 2.4.8. Ry(7) = 0 as T — 0.

Proof. Indeed, from g(Ro(7)) = 0 and ¢'(Ro(7)) > 0, we have

1
—Ro(1)* = CIRQ(T)(] + gRQ(T)p (2.4.4)
2 q p
and N
Ro(1) > 7CRo(1)7™" + CRy(r)P, (2.4.5)

for all 7 € (0,7*). From (2.4.4), we conclude that Ry(7) is bounded. Suppose that Ry(7) —
Ry > 0as7— 0. Then,

1 C ~
533 — ER{)’ and Ry > CRy(r)P™ 1,

a contradiction, because 2 < p. Therefore Rg = 0. [ |
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Now we consider the following truncation in the functional I.. From Lemma 2.4.8,
we have Ro(7) < 1 for small 7. So Ro(7) < Ri(7) and we can take ¢ € C§°([0, +00)),
0 < ¢(t) <1, for all t € [0,400), such that

[ 1,t€[0,Ro(1)],
o(t) = { 0,te [Rl(g),—i-oo).

We define the functional
1 1 1
3w = gl = o [t do = () [ VP o
q.Jq P Ja

Note that J € C'(H,R) and, as in (2.4.3), J-(u) > g(||lu|)), for all u € H, where

gu)ziﬁ-;ﬂ—iﬁuﬁpzo,Vte(mRﬂﬂy (2.4.6)

By definition, if |lu|| < Ro(7) then J-(u) = I;(u) and if ||u||> > Ri(7), then

1 T
Jr(u) = = ||lul|® — = Udz.
) = gl =T [ e
Thus, we conclude that the functional J, is coercive and, hence, J is bounded below.
Now, we will show that J, satisfy the local Palais-Smale condition.

Lemma 2.4.9. If J;(u) < 0, then ||u||?> < Ro(t) and J;(v) = I;(v), for all v in a small
enough neighborhood of w. Moreover, J, verifies a local Palais-Smale condition for ¢ < 0.

Proof. Since g(||u||) < J,(u) < 0, then |Ju||> < Ro(7) and J,(u) = I-(u). Moreover, since .J,
is a functional continuous, we conclude that J;(v) = I-(v), for all v € Bp/2(0). Moreover,
if (up) is a sequence such that J-(u,) — ¢ < 0 and J'(u,) — 0, for n sufficiently large,
L-(up) = Jr(up) = ¢ < 0 and I/(u,) = J;'(un) — 0. Since that J; is coercive, we get
that (u,) is bounded in H. The result follows using the same argument used in Lemma
2.4.7. O

Now, we will construct an appropriate mini-max sequence of negative critical values for
the functional J. Thus, for each real number ¢, we consider the set

Jf={ueH:J(u) <—c}e

Lemma 2.4.10. Given k € N, there exists ¢ = €(k) > 0 such that

Proof. Given k € N, we can consider a k-dimensional subspace

Xk = span{ey, ..., e}

of H, such that
(/WW&SC%WWQVueXh
Q

Thus,
1 1
L@JS?WW—Tgc%WW?
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We can argue exactly as proof of Theorem 2.0.3 to conclude there exists R € (0,1) small
enough, such that defining K = {u € X, : ||u|| = R}, we get

Jr(u) <sup Jr(u) = —e < J;(0) =0, VueK,
ucK

for some € > 0. Since y(K) = k and K C J~¢, it follows from (i) in Proposition 2.4.1, that
2(I%) > . :

We define now, for each k£ € N, the sets
I'n={CCH:Ce2 and ~(C) > k},

K.={u€eH:J (u)=0 and J;(u) =c}

and the number

¢, = inf sup J(u).
CEFk uelC

Lemma 2.4.11. Given k € N, the number cy, is negative.

Proof. From Lemma 2.5.7, for each k € N there exists € > 0 such that y(J-¢) > k. Moreover,
0¢ J-¢and J € €T On the other hand

sup Jr(u) < —e.

ucJr
Hence,
—00 < ¢ = inf sup Jr(u) < sup Jr(u) < —e<0.
Cely, wueC UEJT_E
O

The next lemma allows us to prove the existence of critical points of J;.
Lemma 2.4.12. If ¢ = ¢y = k1 = ... = Cpyr for some r € N, then there exists 7% > 0
such that

’Y(Kc) >r+1,

for 7 € (0,7%).
Proof. Since ¢ = ¢, = cpy1 = ... = Cpyr < 0, from Lemma 2.5.6 and Lemma 2.5.4, we get

that K. is a compact set. Moreover, K. = —K,.. If y(K.) < r, there exists a closed and
symmetric set U with K, C U such that v(U) = v(K.) < r. Note that we can choose
U C J? because ¢ < 0. By the deformation lemma [14] we have an odd homeomorphism
n: X — X such that n(J¢T0 —U) € J¢0 for some § > 0 with 0 < § < —c¢. Thus, J¢T C JY

and by definition of ¢ = ¢k, there exists A € Ty, such that sup J-(u) < ¢+ 4, that is,
u€A

A C JeH and
n(A—-U) cn(Jt —U) c J&°. (2.4.7)

But y(A=0) > 7(4) — 4(U) > k and 1(f(A=0)) > /(A= T) > k. Then n(A—1T) € T
and this contradicts (2.5.10). Hence, this lemma is proved. O
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2.4.4 Proof of Theorem 2.0.3 in the case that the second term in the
associated functional [ is negative

Proof. If —00 < ¢1 <2 < ... < ¢ < ... <0 with ¢; # ¢j, since each ¢, is critical value of
Jr, the we obtain infinitely many critical points of J;.

On the other hand, if there are two constants ¢y = cg4r, then ¢ = ¢ = cx11 = ... = Cprr
and from Lemma 2.5.9, we have

YK)>r+1>2

for all for all 7* > 0. From Proposition 2.4.4, K, has infinitely many points, that is, problem
(P») has infinitely many solutions. O]

25 Thecasef=1land 1 <g<2<p<2*

In this section we study some properties related to the C! functional I, given by

1 1 1
IT(U):‘UHZ:t/ ‘VU|de_T/ ’u‘de_/ |UI2**d.Z‘.
2 pJa qJo 2es Jo

For this, we need the following technical result. We denote by S the best constant of
the Sobolev embedding H < L?~ ().

Lemma 2.5.1. Let (uy,) be a sequence in H such that Ir(u,) — ¢x and I'(u,) — 0 as
n — 00. Then

(1) up = u in H;
(17) The weak limit uw € H is a critical point of u, that is, I.'(u) = 0;

(i1i) There exists a positive constant M > 0 such that I-(u) > —7%+/Z==ONM where M
depends p,q, N and €;

(iv) If
¢y < min {Tl,TQ, Tg}, (251)
where
D 2ux
L A . 220/ (20na)
T2_2(2_p)mln{C’P’S}_T M
and

T3 = (1 — 1) — 7-2**/(2**_(])M.

Then u, — u in H.
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Proof. Now we prove (7). Note that from Lemma 1.1.3, we have

1
et on(Dflunll = Ir(un) — ];I,T(Un)un

11 ) (1 1 ) / )
= M unll*+ | = = Up|“**dx
1 1
-7 < — ) / |up|Tdz. (2.5.2)
a pjJa

From Sobelev embedding, there exists C' > 0 such that

A\

1 1 1

1
2
= — = |lun STC(—) Un||T+ ¢+ op(1)]|un ]|

Since 1 < ¢ < 2, we have that (u,) is bounded in H. Then, up to a subsequence, u,, — u
in H.

Now we prove (ii). As a consequence of weak convergence, for all ¢ € H, we have that

/AunAqux = / AuApdr + o, (1).
Q Q
From [50, Lemme 4.8], for all ¢ € H, we get

/ Vi, [P2Vu, V oda :/ |Vu|P2VuV odz + 0,(1)
Q Q

/]un|2**_2un¢d:c:/ |u
Q Q

Since € is bounded and f has subcritical growth, for all ¢ € H, we obtain,

and
2o 20uhdx + o,(1).

/]unlq_2un¢dx:/ lu|?2updz + o0, (1).
Q Q

Since I-(up)$ = on(1), for all ¢ € H, using these convergence above, I/(u)¢ = 0, for all
¢e€H.

In order to prove (éii), note that

L) = L= 1w

1 1 1 1
< - ) / |u|?*dx — T < - > / |u|dz.
p 2.4 [¢) q p Q

Using Holder’s inequality we get

q/2xx
Q q P Q

R q p

This function attains its absolute minimum, for ¢ > 0, at the point

_ 244 /(245 —0)
(2xx—q) —
to = |:T‘Q| 24 (ép_q])?)]

1

zmmE(—

1
D 24

Let
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Thus, we conclude that

IT(’LL) > _7_2**/(2**—q)]\47

11 @u—a) (p—q) 9¥/CmD oy
M= (_> [mﬁmq(pq) 5.
q p (24 — )

wehere

Now we prove (iv). Consider v,, = u,, — u. Then, from [50, Lemme 4.6] and arguing
as [5, Lemma 3.1]), we have

L (vy) = I (un) — Ir(uw) + 0p,(1) = ¢ — I(u).
Moreover, for all ¢ € H, we get

I/T('Un)d) = IT/(un)¢ - I/T(u)¢ = On(1)7

ol [ [Vonlrde = [ o,
Q Q

In the case that the second term in (2.5.3) is positive, we have

which implies that

Zecdx 4 0, (1). (2.5.3)

anHz—i-/\an\pdx%L and /|vn\2**da?—>L.
Q Q

1 1
o= Iw) +on(1) = glunll+ [ [Voude = 5= [ funPrda
** J Q)

> van||2 /|an|pda:—/|vn 2ex oy

> - {anHz—i-/ \an\pda:] —/ |vn\2**d:c.
p Q . [¢)

In this case, considering L > 0 we obtain

1 1\ =
e — Ir(u) > <— >L.
p 2y

Now using the definition of S, we have

Note that

Then, gN/ ! < L. We conclude
ce > (1 - 1) SV ().

p 2x

Using the item (7i7), we get

Cyx > §N/4 — 72**/(2**_‘1)M,
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which is a contradiction with (2.5.12). Then, L = 0 and [|v,|> — 0, which implies that

up, — uin H.

In the case that the second term in (2.5.3) is negative, we have
|vn||? = L and / |Un\2**dx+/ Vo, |Pdz — L.
Q Q
with L = l~)1 + Eg, where

/ |Vup|Pdz — Ly and / |up|?*dz — Lo
Q Q

Since 2 < p < 244 and / F(un)dz — 0, we have
RN

1 1
s — Ir(u) = §||vn\|2 - p/ Vo |Pdz — 5 /Q|vn\2**d:v
kk

1
> = 2_Z
> ||vnH / "
= *H vn|* = = [/ ’UnIQ**dm-i-/ ]an]pdx] )

Letting n — oo and using (2.3.10) we get

If L > 1, then,

which is a contradiction by the hypotheses.
On the other hand, we can use the definition of S to get

2/2.s
S</ \un\Q**dm> S/ | Auy,|?dx
Q Q

Now from Theorem 1.1.2, there exits C' > 0 such that

1/p 1/2
(/ |vun|de> §C</ |Aun|2dﬂc> .
Q Q
1 2/p
— </ ]Vun]pcm) S/ | Auy,|?dx
Cp RN RN

Using (2.5.6) and (2.5.7) we obtain

Then,
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Suppose that 0 < L < 1. In this case 0 < Zl, E2 < 1. Then, since 2 < p < 2,4, we have

|un|* > }min 1 S \Vun[Pde + | |up|*de o
n - 2 Cp’ Q n Q n .

Taking the limit we conclude that

ol . 1 T2/p
L> 2mm{cp,S}L

Since L > 0, we obtain

and from (2.5.4) we get

1 1 1 1 p/(p—2)
_ S22 ) 2mi _
e — I-(u) > <2 p> 2m1n{cp,5’} ,

Using the item (iii), we get

p/(p—2)
Cx > <;—1> 1min{1,5} — 72ee/Zem0) o
p

which is a contradiction with (2.5.1). Then, L = 0 and |jv,||2 — 0, which implies that
up, — uin H. ]

Remark 2. Note that there exists 7* > 0 such that, for all T € (0,7%), then

VA _ 120 /Ce=d) 1 s 0

and

L -2
min {C'p’ S} _ 7_2**/(2**7Q)M _ TQ**/(Q***(])M > 0.

2.5.1 The case that the second term in the associated functional I, is
positive

Since I is not bounded below, arguing as subsection 5.3, we will make a truncation in the
functional I, as follows:
From Sobolev’s embedding, there exists C' > 0 such that

1

5 gzl = g(llul)), (2.5.8)

1
Ir(w) 2 5 ull® = Ol -
where S is the best constant of the Sobolev embedding H < L2+ () and

- 15 T .4 1 2%,
g(t) = 5t —th — gt

Hence, there exists 7* > 0 such that, if 7 € (0,7%), then g attains its positive maximum.

Let us assume 7 € (0,7%), denoting by Ro(7) < R1(7) the only roots of g, we make the
following of the truncation I. Take ¢ € C§°([0,+00)), 0 < ¢(t) < 1, for all t € [0, +00),

63



such that ¢(t) = 1 if t € [0, Ry(7)] and ¢(t) = 0 if t € [R1(7), +00). Now, we consider the
truncated functional

1 1 1
Jr(u) = 5”””2 + p/Q \Vul|P dx — g /Q lul? dx — ‘b(HUHQ)Z* /Q > d.

Note that J, € C1(H,R) and, as in (2.5.8), J-(u) > g(||ul|), where

glt) = 5t Ct o)y szt

Note that, if ||u||? < Rp, then J,(u) = I;(u) and if ||ul|> > Ry, then
1 1
Jr(u) = = ||lul|® + / |VulP dx — T/ |ul? dx.
2 pJo q.Ja

Thus, we conclude that the functional J; is coercive and, hence, J is bounded below.
Now, we will show that .J. satisfy the Palais-Smale condition.

Lemma 2.5.2. If J-(u) < 0, then |[ul|* < Ro(7) and J,(v) = I.(v), for all v in a small
enough neighborhood of w. Moreover, J; verifies a Palais-Smale condition for ¢ < 0.

Proof. Since g(||ul|) < Jr(u) < 0, then ||Ju||?> < Ro(7) and J,(u) = I-(u). Moreover, since J,
is a functional continuous, we conclude that J;(v) = I;(v), for all v € Bg, /5(0). Moreover,
if (uy) is a sequence such that J;(u,) — ¢ < 0 and J.'(u,) — 0, for n sufficiently large,
L (up) = Jr(up) — ¢ < 0 and I/ (u,) = J;'(u,) — 0. Since that J; is coercive, we get that
(up) is bounded in H. From Lemma 2.5.1 and Remark 2, for 7 sufficiently small,

¢ <0< min{Ty,Ts, T3}, (2.5.9)

where
T = (1 _ 1) GV 2ef@ea
P 2us
T, = % <; _ ]19> min{c%p’s} _ 72 /2= ) g
and
Ty = (1 _ 1) 220/ (20— p
2. p

and, hence, up to a subsequence, (u,) is strongly convergent in H. O

Now, we will construct an appropriate mini-max sequence of negative critical values for
the functional J,.

Lemma 2.5.3. Given k € N, there exists ¢ = ¢(k) > 0 such that
1(J75) = K,

where J-¢ ={ue X : J;(u) < —¢}.
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Proof. Fix k € N, let X}, be a k-dimensional subspace of H. Thus, there exists C(k) > 0
such that

Ck) ul < / ul de,
Q

for all u € Xj.
Considering p > 0 such that ||u]| = p < 1 and using Theorem 1.1.2 for j = 1, m = 2,
% < 7T <1, k1 =p, ks = 2, s = q and by continuous embedding, there are positive constants

C, C > 0 such that , we derive that

1 C T
Jr(w) < (4= )p*— =Ck)p?
w < (3+5)7-Towp

Choosing

there exists e = ¢(k) such that
Jr(u) < —¢,

for all u € X}, and with u € S, where S = {u € X}, : ||u|| = p}. Hence, we conclude that
S C J=¢. Since J-° is symmetric and closed, from Corollary 2.4.3,

V(7)) = 7(S) = k.

We define now, for each k € N, the sets
I'y={C CH:C isclosed,C =—-C and ~(C) >k},
K.={ueH:J (u)y=0 and J.(u) =c}
and the number

¢, = inf sup J;(u).
CEFk ueC

Lemma 2.5.4. Given k € N, the number ci is negative.

Proof. From Lemma 2.5.7, for each k € N there exists € > 0 such that v(J-¢) > k. Moreover,
0¢ J-¢and J-¢ € I'y. On the other hand

sup Jr(u) < —e.

ueJ; ©
Hence,
—00 < ¢ = inf sup Jr(u) < sup J-(u) < —e <0.
Cely weC UEJT_E
O
The next Lemma allows us to prove the existence of critical points of J.
Lemma 2.5.5. Ifc=cp = cx11 = ... = cxur for some r € N, then there exists " > 0 such

that
v(Ke) >r+1,

for T € (0,7%).
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Proof. Since ¢ = ¢, = ¢cgy1 = ... = Cpyr < 0, from Lemma 2.5.1 and Lemma 2.5.4, we get
that K. is a compactness set. Moreover, K, = —K.. If v(K.) < r, there exists a closed
and symmetric set U with K. C U such that y(U) = y(K.) < r. Note that we can choose
U C J? because ¢ < 0. By the deformation lemma [14] we have an odd homeomorphism
n: H — H such that n(Jt0 —U) C J¢9 for some § > 0 with 0 < § < —c. Thus, J+° C JY

and by definition of ¢ = ¢k, there exists A € 'y, such that sup J-(u) < ¢+ 4, that is,
u€A

A C JH and
n(A—U) cn(J® —U) c Je°. (2.5.10)

But y(A—-U)>~v(A) —y(U) > k and y(n(A—-U)) >v(A—-U) > k. Then n(A—-U) € Ty
and this contradicts (2.5.10). Hence, this lemma is proved. O

2.5.2 Proof of Theorem 2.0.4 in the case that the second term in the
associated functional I, is positive

Proof. If —00 < ¢1 <2 < ... < ¢ < ... <0 with ¢; # ¢j, since each ¢, is critical value of
Jr, the we obtain infinitely many critical points of J and, hance problem (P;) has infinitely
many solutions.

On the other hand, if there are two constants ¢y = cg4r, then ¢ = ¢y = cx41 = ... = Cppr
and from Lemma 2.5.9, there exists 7" > 0 such that

Y(Ke)>r+1>2

for all 7 € (0,7*). From Proposition 2.4.4, K, has infinitely many points, that is, problem
(P») has infinitely many solutions. O

2.5.3 The case that the second term in the associated functional I. is
negative

Since I is not bounded below, arguing as subsection 5.3, we will make a truncation in the
functional I, as follows:

Using Theorem 1.1.2 for j = 1, m = 2, % <T <1,k =p, k3 =2, s =¢q and by

continuous embedding, there are positive constants C, C > 0 such that

C 1

L2 T 2 _
Ir(u) 2 Sllull” — EHUHP - C;HUHQ - m”u” = g(|ul]), (2.5.11)
where
1, C T 1
t) =t — —tP — C—t1 — —— %,
9=y p g 2..8%/2

Hence, there exists 7% > 0 such that, if 7 € (0,7"), then g attains its positive maximum.

Let us assume 7 € (0, 7*), denoting by Ro(7) < R1(7) the only roots of g, we make the
following of the truncation I.. Take ¢ € C§°([0,400)), 0 < ¢(t) < 1, for all ¢ € [0,400),
such that ¢(t) = 1 if t € [0, Ro(7)] and ¢(t) = 0 if t € [R1(7), +00). Now, we consider the
truncated functional

T

1 1 !
Io(w) = 3l = % [ Jultda = o(]ul?) [p J vz 5 [ o
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Note that J, € C1(H,R) and, as in (2.5.11), J-(u) > g(||u||), where

C 1
SR
p

_ o 1 2 z q __ 2

Note that, if ||u||?> < Ry, then J;(u) = I;(u) and if |Ju||> > Ry, then

1 T
3w = 5l == [ Jul? da.

Thus, we conclude that the functional J, is coercive and, hence, .J is bounded below.
Now, we will show that J, satisfy the Palais-Smale condition.

Lemma 2.5.6. If J-(u) < 0, then |[ul|?> < Ro(7) and J,(v) = I.(v), for all v in a small
enough neighborhood of w. Moreover, J; verifies a Palais-Smale condition for ¢ < 0.

Proof. Since g(||ul|) < J-(u) < 0, then |Ju||?> < Ro(7) and J,(u) = I-(u). Moreover, since J,
is a functional continuous, we conclude that Jr(v) = I-(v), for all v € Bp2(0). Moreover,
if (uy) is a sequence such that J-(u,) — ¢ < 0 and J;/(u,) — 0, for n sufficiently large,
I (up) = Jr(up) — ¢ < 0 and I/ (u,) = J'(u,) — 0. Since that J; is coercive, we get that
(uy) is bounded in H. From Lemma 2.5.1 and Remark 2, for 7 sufficiently small,

c <0< min{Th,T»,T5}, (2.5.12)

where
T = <1 _ 1> g/ _ 7200/ Qo=
P 2
T= ] @ - ;) min {01 s} Y,
and
T — (1 _ 1) _2/Ce—a)
2 p

and, hence, up to a subsequence, (uy,) is strongly convergent in H. ]

Now, we will construct an appropriate mini-max sequence of negative critical values for
the functional J,.

Lemma 2.5.7. Given k € N, there exists ¢ = (k) > 0 such that

1J75) =k,

where J7¢ ={ue X : J (u) < —¢}.

Proof. Fix k € N, let X}, be a k-dimensional subspace of H. Thus, there exists C'(k) > 0
such that

Ck) ul” < / ] dz,
Q

for all u € X.
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Considering p > 0 such that [Jul| = p < 1, we derive that

Jr(u) < *ﬁz—aC(’f)ﬁq

Choosing

1/(2—q)
p<min{1, [27—0(@} }7
q

there exists € = (k) such that
Jr(u) < —¢,

for all u € X}, and with u € S, where S = {u € X}, : ||u| = p}. Hence, we conclude that
S C J-¢. Since J- € is symmetric and closed, from Corollary 2.4.3,

V(%) = y(S) = k.

We define now, for each k£ € N, the sets
I'y={CCH:C isclosed,C =—-C and ~(C) > k},

Ke={u€eH:J (u)=0 and J;(u) =c}

and the number

¢, = inf sup J-(u).
CEFkueg T( )

Lemma 2.5.8. Given k € N, the number ¢y, is negative.

Proof. From Lemma 2.5.7, for each k& € N there exists € > 0 such that y(J-¢) > k. Moreover,
0¢ J-¢and J-¢ € I'y. On the other hand

sup Jr(u) < —e.

ueJr
Hence,
—00 < ¢ = inf sup Jr(u) < sup Jr(u) < —e <0.
Cel'y, wueC UEJT_E
O

The next Lemma allows us to prove the existence of critical points of J.
Lemma 2.5.9. Ifc=c; = cx+1 = ... = Ckyr for some r € N, then there exists " > 0 such
that

’Y(Kc) >r+1,

for T € (0,7).
Proof. Since ¢ = ¢, = cpy1 = ... = Cpyr < 0, from Lemma 2.5.1 and Lemma 2.5.8, we get
that K. is a compactness set. Moreover, K. = —K.. If v(K.) < r, there exists a closed

and symmetric set U with K. C U such that y(U) = v(K.) < r. Note that we can choose
U C J? because ¢ < 0. By the deformation lemma [14] we have an odd homeomorphism
n: H — H such that n(J¢t —U) C J¢9 for some § > 0 with 0 < § < —c. Thus, J+° C J9
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and by definition of ¢ = ¢k, there exists A € 'y, such that sup J-(u) < ¢+ 4, that is,
u€A

A C Jt and

n(A—-U) cn(Jt —U) c Je°. (2.5.13)
But y(A—U) >~(A) —y(U) > k and y(n(A—U)) > y(A—-U) > k. Then n(A—-U) € Ty,
and this contradicts (2.5.13). Hence, this lemma is proved. O
2.5.4 Proof of Theorem 2.0.4 in the case that the second term in the

associated functional I, is negative

Proof. If —00 < ¢1 <2 < ... < ¢ < ... <0 with ¢; # ¢j, since each ¢, is critical value of
Jr, the we obtain infinitely many critical points of J, and, hance problem (P;) has infinitely
many solutions.

On the other hand, if there are two constants ¢y = cg1y, then ¢ = ¢y = cp11 = ... = Cppr
and from Lemma 2.5.9, there exists 7" > 0 such that

YK)>r+1>2

for all 7 € (0,7**). From Proposition 2.4.4, K, has infinitely many points, that is, problem
(P») has infinitely many solutions. O
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Chapter 3

Nonlinear perturbations of a periodic
Kirchhoff-Boussinesq type problems
in RY

The purpose of this chapter is to investigate the existence of nontrivial solutions for the
following class of problems given by

A%+ Apu+ V(x)u = f(u) + Bluf>>"2uin RY,
(P3) u(z) #0 € RV,

u € HX(RN),

in the case 8 =0 we get 2 < p < 2* = 1\2,—]_\[2, for N > 3 and the case 8 = 1 we consider

4 = % for N > 5. V is a continuous function satisfying:
(V1) There is a Z"- periodic function Vper RN — R, that is,

Vper(z +y) = Vper(x) forall o € RN and for all y e Z".

(Va) There is a constant Vj > 0 such that

Vier(x) > Vo Vo € RV,

(V3) There are constant Wy > 0 and a function W € LN/?(RN) with W (z) > 0 such that
V(2) = Vper(z) = W(z) > Wy Vo € RY,
where the last inequality is strict on a subset of positive measure in RY.
On the continuous function f, we assume that:

(f1) Moreover, we also suppose that

(@)

Iim —— =0

(f2) There exists ¢ € (p,2.«) such that




f(t)

|t[p=2t

(f3) The function ¢ — is decreasing in  (—o00,0) and increasing in (0, 400).

(f1) There are r > p and 7* > 0 such that
F(8) = 7t %,
for all t > 0 and for all 7 > 7*, where 7* will be fixed in Lemma 3.2.1.

A typical examples
Example 3.0.1. A function satisfying the conditions (f1), (f2), (f3), (f1) is

N
7 = Gt
=1

with p < q; < 24, Cj are positive constants for each 2 < i < N.
Example 3.0.2. A function satisfying the conditions (V1)-(V3) is

Vper () = 2 + sin[2m (21, 22, -+, zN)]. (3.0.1)
It is easy to verify that Vper is a I-periodic continuous function. Moreover, the function

1
V(z) = (1 — 2(14_|%D>V},er(w), forz e RN (3.0.2)

satisfies our hypotheses (V1) — (V3).

Our main results are the following :

Theorem 3.0.3. ( Subcritical case ) )
Assume that conditions (V1)-(V3) and (f1), (f2), (f3), (fa) hold with B = 0. Then, problem
(P3) has a ground state solution.

Theorem 3.0.4. ( Critical case ) )
Assume that conditions (V1)-(V3) and (f1), (f2), (f3), (fa) hold with B = 1. Then, problem
(P3) has a ground state solution, for all T > T*.

This chapter is organized as follows. In section 3.1 we show the existence of a ground
state solution to the problem when V' = V., that is, V is a periodic potential with sub-
critical nonlinear growth. In section 3.2 we consider the periodic potential with critical
nonlinear growth. In section 3.3 we study the ground state solution for the non-periodic V'
potential.

3.1 The periodic problem

In this section, we study the existence of solution for the following periodic problem

R A?u 4 Apu + Vier(z)u = f(u) + Bluf>>2u in RV,
(P) u(z) #0 in RY
u € HX(RN).

where 8 € {0,1}. Moreover, we assume that the conditions (V;)—(Va) and (f1), (f2), (f3), (f4)
hold.

71



In this subsection we consider the space H?(RY) with with the inner product
(U, V) per = / (AuAv + Ve (z)uv) dz,  for all u,v € HA(RY)
RN

and associated norm given by

1/2
wa—(/ me+/‘anw%Q
RN RN

Note that H?(R") is a Hilbert space.

From now on, we say that v € H?(R") is a weak solution of the problem (]3) if

AuAd)dx:l:/ |Vup_2Vqubdx+/ Vier (x)ugpdx
RN RN RN

~ [ fwode=5 [ P ug dr =0
RN RN

for all ¢ € H?(RN).
Note that from (f1) — (f2), given € > 0, there exists a positive constant C/(¢) such that

[F(0)] < elt] + Cle) e (3.1.1)
and
£ CE),q
|F(t)] < iw + T!t! : (3.1.2)

Consider the functional e, : H2(RY) — R associated given by

1 1 1
Tper(u) = / |Au\2dx:l:/ |Vu|pda:+/ Vier ()| ul?dz
2 RN P JRN 2 RN
—/ F(u)dx — 2 |u|?* dz.
RN Z% RN

Since 2 < p < 2%, using Theorem 1.1.2 for j = 1, m = 2, % <Y <1, kg =p, kg = 2,
we have that H2(RY) — W1P(RY). Moreover, from (3.1.2), I, is well-defined and of C*
class and

per(u)p = AuApdr £ / \Vu|P2VuV¢ dx + / Vier ()| ul*dz
RN RN RN

[ fwode=5 [ s,

f
RN
for all ¢ € H2(RY). Then, the critical points of I, are weak solution of (]3)

Remark 3. A direct computation shows that ||-|| is a norm in H*(RY), with it is equivalent
to the usual norm of H*(RY), because Vi, is bounded from below and above in whole RY .
The next two lemmas show that functional I, verifies the mountain pass geometry.

Lemma 3.1.1. Assume that (f1) and (f2) hold. Then, there exist positive numbers p and

«a such that,
Lyer(u) > a >0, Yu € H*RY) . |Julper = 7.
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Proof. Note that, taking ¢ > 0 sufficiently small in (3.1.1) and using Sobolev embedding,
there exists C1,Cy > 0 such that

1 1
o) = 5 [ (80P 4 Vo @luP)o+ 2 [ [Tupds
2 RN P JrN
—/ F(u)dm—ﬁ |u|?** dx
RN 2** RN

v

1 € 9
gl s> [ Valde =5 [ juPds

o) / juftdz — - |u\2**dx
q 2 RN

= (53 Mz [ vupas =SS,

In the case that the second term in the associated functional I, is positive, since 2 < p <

ek

q < 244, We have

28

H ||per - 7” o

per

brl) > (5 = 5 ) il - S5

Hence, by choosing ¢ € (0,1), there exists a small » > 0 such that
Iper(u) > p >0, forall ||ul[pe =1,

where

This establishes (7).

In the case that the second term in the associated functional I, is negative, using
Theorem 1.1.2 for j =1, m = 2, % <7T <1, k1 =p, k3 = 2, and by continuous embedding,
we get

C’lC( ) Cgﬂ

2**

]l fer

Br) > (5= 5 ) e - :u P -

for some C' > 0. Hence, by choosing € € (0,1) and using 2 < p < g < 2., there exists a
small » > 0 such that

Iper(u) > p >0, forall ||ul[pe =1,

where

p q 24 '

This establishes () O

Lemma 3.1.2. Assume that (fs) hold. Then, there exists e € H?(RY) such that Iper(e) < 0
and |le|]| > p .
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Proof. Fixed ¢ € CP(RN), ¢ #0 and t € R\ 0.

2o dg

2 » 2%
Lyer(t§) = 5||¢||§er + ” /RN |V p|Pda — /RN F(tg)dz — 52** /RN ¢

In the case that the second term in the associated functional I, is positive, from (f4) and
for all 7 > 0, we have

Lper (t) < 1
tp = 2tp—2

r—

1 t
H¢H12)er + - / ]Vd)\pdx -7
P Jsuppy T

suppe

Since 2 < p < r < 24, there exists ¢ > 0 large such that e = ¢¢ satisfies Iper(e) < 0 and
lellper > p-
In the case that the second term in the associated functional I, is negative, from (f4)
and for all 7 > 0, we have
Tper(t9) < 1

tp = 2tp—2

/ |67 dx
suppy

tQ** —-p

—Cylsuppy)| — B

ﬁtQ** —p

tr—p
16]|2e, — 7—— / 9" dx — Cylsuppy)| — / |¢|* d
" Jsuppy suppy

Since 2 < p <1 < 24, there exists ¢ > 0 large such that € = t¢ satisfies Iy, (€) < 0 and
[€llper > p- O

Using a version of the Mountain Pass Theorem without (PS) condition found in [92],
there exists a sequence (u,,) C H?(RY) satisfying

Tper(Un) — cper and I;Der(un) — 0,

where

Cper = };glf“ tren[(z)*’}f] Tper(n(t)) >0

and
Fper = {77 € C([Oa 1]7H2(RN)) : 77(0) =0, Iper(n(l)) < 0}

The above sequence is called a (PS).,., sequence for I,,.

Cper

The next lemma is a key point in our arguments, because it establishes an important
characterization involving the mountain pass level for elliptic problem. Hereafter, M,
denotes the Nehari Manifolds, associated with I, that is,

Miper = {u € HARN)\ {0} / Iy, (u)u = 0}. (3.1.3)

Lemma 3.1.3. Assume that (V1) and (f1)- (f1) hold. Then, for each v € H*(RYN) with u #
0, there exists a unique to = to(u) > 0 such that tou € Mpey and Lyey(tou) = max Tper (tu).

Moreover cpey = Cper = Cper > 0, where

_ _ inf I
Cper uEHQ%IEN)\{O} I?Zag( per(tU)

and

Cper = Inf Ipep.

per
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Proof. Given u € H2(RY) with u # 0, let hy : (0,00) — R as hy(t) = Lper(tu) for t > 0.
Then tu € Mpe, if and only if h’,(t) = 0. Note that, taking ¢ > 0 sufficiently small in
(3.1.1) and using Sobolev embedding, there exists C1,Co > 0 such that

tP t2**
) = Sl [ vupdr— [ Feie -5 [ e
**x JQ

1 {2
t2(2—)|| e £ [ wupds - D [ pupras = 57 [ s

1 e C C BC
255 e £ 5 [ wupas - S ey, - 2

Thus, since 2 < p < g < 24, we have hy,(t) > 0 for all 0 < ¢ sufficiently small.

v

2**

v

Now, from (f;) and using 2 < p < r, for all 7 > 0, we have

hoy (T 1 1 {rp
ult) < l|w||?, £ = |VulPde — 7 |u|"dx.
— per p RN r RN

tp 2tp—2

Hence, . h+m ~yu(t) = —o0. Then, there exists at least one to(u) > 0 such that b, (to(u)) =
—+00
0, i.e. to(u)u € M. Moreover, in the case 2 < p, we get

I (t) — 1 LHUHZ + ’vu|pdx . f(tu)uda: — 2D |u’2**d11 ‘
u tp—2 RN RN tp—1 RN

From (f4) we conclude that ’;;:Stl) is decreasing. Then, it vanishes exactly once, and conse-
quently there is no other ¢ > 0 such that tu € M. Note, in particular, that ¢y(u) is a global
maximum point of h, and h,(t(u)) > 0, i.e. Lper(to(u)u) > 0. Since to(u) =1 if u € Mper,
we deduce that Ipe,(u) > 0 for every u € Mpe,.. Now, the proof follows by using similar
arguments found in Willem [92]. O

The following result presents an interesting property involving the (P.S)
of Iper, for the subcritical case, that is, 8 = 0.
Lemma 3.1.4. Let (u,) C H*(RY) be a (PS),,.. sequence for Ipey with up — 0 weakly in
H2(RN). If B =0, there is a sequence (yn) C RN and constants R, n > 0 such that

cper SEQUENCES

n—oo

liminf/ un|? dz > n > 0.
Br(yn)

Proof. Suppose that the lemma does not hold. Then, a result due to Lions [61, Lemma
I.1] gives u, — 0 in L9(RY). This limit combined with (3.1.1) yields / f(up)updz — 0.
RN

Thus, since I, (un)un = on(1), we obtain

et 20r / VunlPdz = on(1).
]RN

From Theorem 1.1.2 for j =1, k1 =p, m=2, T = %, =2 and kg = , we have that
there exists C; > 0 such that

1p 11
(/ |vun|p> e </ |Aun|2> 2.
RN RN
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Since
u, =0 in H*RY),

we have that
j:/ |Vuy|Pde — 0,
RN

which implies that Hun||12)w — 0, leading to cpe, = 0, which is an absurd in view of Lemma

3.1.3. O

The next result establishes the existence of solution for problem (ﬁ) for the subcritical
case, that is, 8 = 0.

Theorem 3.1.5. Assume that conditions (V1)-(Va) and (f1), (f2),(f3), (f1) hold. Then,

~

problem (P) with =0 has a ground state solution, for all T > 0.

Proof. Using a version of the Mountain Pass Theorem without (P.S) condition found in [92],
there exists a sequence (u,) C H?(RY) satisfying

Iper(upn) = cper and Illm(un) — 0.

Then, from Lemma 1.1.3, we have

1
Cper + On(l)Huaner = Iper(un) - ];I,per(un)un

(; - ;) [unzer + /Q (;f(un)u _ F(%))dw

1 1
> (53 Il (3.0

Hence (u,) is bounded in H?(R"). From boundedness of (u,), there are a subsequence of
(un), still denoted by itself, u € H*(RY) verifying

V

Uy — u in H2(RY),
Un(x) = u(zx), a.e RY,
Uy, — uin L, (RY) for all t € (2,24s).

Without loss of generality, we can assume that u # 0, because by Lemma 3.1.4, there exist
n >0 and (y,) C RY such that

liminf/ lun|? dz >n > 0. (3.1.5)
n—o0 BR(yn)
A direct computation shows that we can assume (y,) < ZV. Considering

U () = Up(T+Yy), once that Vi, is Z¥-periodic function, we have that (v;,) is also bounded
in H2(RY) and its weak limit denoted by v is nontrivial, because the last inequality together
Sobolev embedding implies that

/ [v|* dz > 1 > 0.
Br(0)

Furthermore, a routine calculus leads to

Lper (V) = Cper and I per (v5) = 0, (1).
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As a consequence of weak convergence, for all ¢ € H2(RY), we have that

Av, A¢dzx + / Vper (2)vnddr = AvApdx + / Vper (2)vopdz + 0,(1).
RN RN RN RN

From [50, Lemme 4.8], for all ¢ € H2(RY), we get
/ |V |P2Vv, Védr = / \VoP~2VuVdz + o,(1)
RN RN
and by a density argument, for all ¢ € H?(R"), we obtain,

F(vn) gk = /R  @)sdr+ on(1)

RN

Since I’ per(vn)d = on(1), for all ¢ € H?(RY), using these convergence above, I’pe,(v)¢ = 0,
for all ¢ € H?(RY), and the theorem proved. O

3.2 Ciritical and periodic case

In this section motivated by [25]|, we study the case where the nonlinearity has a critical
growth, that is, § = 1. To this end, we begin studying the behavior of mountain pass
level ¢, related to the parameter 7. We denote that S in the best constant to the Sobolev
embedding D?2(RY) <« L?+(RY), namely

/ |Av|?dx
S = inf RY

0£ueD2:2(RN) ﬁ
( / ’u‘Q** dw)
]RN

The infimum S > 0 is archived by the functions

1 N—-4

_ 4-N =

where ¢ > 0 and ay = (N + 2)N(N — 2)(N — 4))% for N > 5. Now, we defined the
following constant

/ \Av|2dx+/ \Vo|Pdx
S=  inf RY RT 3.2.1
vGHQ(l]lI(3N),v7£O 9 2/ 2 ( )
</ lv **dfv)
RN
Notice that S > 0. In fact, since that
/ |Av[2dz / \Av\Qdm—i—/ VolPda
RY RY RY (3.2.2)

<
2/20 2/ 20
(/ |v!2**dx> (/ \U|2**d1‘>
RN RN
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This implies that

/ |Av|?dx
0<S = inf RY 5
0£ueD2%2(RN) PP
RN
/ Av!de—l—/ \Vo|Pdx

inf RY RN

UEH2(RN),U;£O / |U 2**dx 2/2**
RN

=S

IN

Consequently, we get 0 < S5 < S.

Lemma 3.2.1. If the conditions (f1),(f2),(f3),(f1) hold with B = 1, then there exists
T+ > 0 such that

(1 1 Nona 11 1\ . (1 11
o cnnf(3- ) (Do) (D)

forall T > 7*.

Proof. 1f we define n.(t) = te for t € [0, 1], where e = t¢ is the function given by Lemma
3.1.2. It follows that 7, € I' and thus

0 <cCrper < rgaé( Lper(m«(t))

t tP t"
e[Sl 2 [ veras -0 [ erras].
P JrN T RN

In the case that the second term in the associated functional I, is negative, we have

T' Tt'f'
o<c7pergmax[ Jeler = 2 [ |e|fda:]= el -7 [ lelas
RN RN

IN

where
1/(r-2)
| el
;=
T/ le|"dx
RN
Then,
2/(r—2) r/(r—2)
L] el lell3
0< rper < 5 |~ lellZer 7 [ [ Jeras
T/ le|"dx 7'/ le|"dz RY
RN RN

r/(r—2
1oy (el
o\2 7 2/(r=2) 72/(r=2)"
[/ ]e[rdx}
RN
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For
(r—2)/2

2 r/(r=2)
7_*: <]- 1) |: [Herer] 4p

o 2/(r-2) . 1
/RN\ede] (p—2)m1n{cp,5}
for all 7 > 7*, we have that,

2
1/1 1 ) 1
Cr,per < 5 5 — Z; min @, S .

In the case that the second term in the associated functional I, is positive, we have

0 < Cr,per < tren[(z)i,)l(] Iper(n* (t))

2 2 r
< max [<p—|—> © <||e||12)er+/ |Ve|pd$> - Tt/ |e|rdzn}
te[0,1] P 2 RN r JrN
+2) 2 tr
= (") 5 (el + [ 1vepae) =75 [ jera,
P RN T RN

where
1/(r—2)
el + [ | IVepds
ty = RY
7’/ le|"dx
RN
Then,
el vepas]”
e + el"ax
2 per /
0<enme < (22) a2 (1eter+ [ 1verac)
p T/ le|"dx RY
RN
< ) r/(r-2)
llell +/ Ve|pd$>
1 per
—T= RY / le|"dz
" T/ le|"dx RY
RN
) r/(r—2)
p
a1y e [ 1ePas 1
=\ 202 72/(—2)
{/ |e|rdx]
RN
For
, r/(r—2) 2
p
e el + [ | 19ePs -
=5

2/(r—2 —N/4
/ e Jr—2) 2 )5
RN

for all 7 > 7%, we have that,

1 1\ 5n/4
Crper < <p—2**>s /
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Lemma 3.2.2. Let (u,) be a sequence in H*(RY) such that Lper (un) = Crper and I' pey (up) —
0 as n — oco. Then

(1) up — u in HX(RN);
(i4) The weak limit w € H*(RY) is a critical point of u, that is, I'per(u) = 0.

Proof. Now we prove (7). Note that from Lemma 1.1.3, we have

1
Cper + On(l)Huaner = Iper(un) - Z;I/per(un)un

= (5 2] e+ [ (S~ Fun) )
p Q \P
la) Lt

1 1
(5-3) ol (323)

which implies that (u,) is bounded in H2(RY).

2ex o

v

Now we prove (7). Hence (uy,) is bounded in H?(R"). From boundedness of (u,), there
are a subsequence of (uy), still denoted by itself, u € H2(R™) and using [8,94] verifying

up — u in H2(RY);

Vun(z) = Vu(zr) a.e in RY;

Auy(z) — Au(zr) a.e in RY; (3.2.4)
Up — u, strongly in LfOC(RN), for 2 <t < 24

un(z) = u(z) a.e in RV,

Afirmation 1. The following convergent are valid
/ |V, [P 2Vun,pd :/ |V|P~2Vupdz + o,(1)
RN RN
First let’s show the convergence in C5°(RY)

lim |V, [P~ 2Vu, Vodr = / |VulP2VuVedz, Ve e CFPRY).
RN

n=oo Jpn
Indeed, consider hy,(z) = |Vuy,(2)|P~2Vu,(z) and h(z) = |Vu(z)[P~2Vu(x),

|Vt () [P 2Vun (2)p(z) — |Vu(z) P2 Vu(z)p(z), ae x € suppp
up to a subsequence

up(x) = u(x), a.e. x € suppy

hence
h(up(x))e(z) = h(u(x))p(x), a.e. € suppp.

It is sufficiently to prove that there is g : R — R such that |h(uy,)e| < g(uy) with (g(uy))
convergent in L!(suppy), because, in this case, using [24, Theorem 4.9 and Theorem 4.2]
we get

/ h(un)p dz — h(u)p dz.
suppyp suppy
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Note that by the inequality (3.1.1) we have
|1 (2))p ()] < [Vun(@)[P~ ()] := glun(@)).
Considering s,s” > 1 such that é + é =1, we get
©—p in le(suppcp), (3.2.5)
we use [50, Lemma 4.8] and conclude that
|V ()P~ — |Vu(z)P~! in L (suppyp). (3.2.6)

Now using (3.2.5), (3.2.6) and [50, Lemma 4.8] again, we conclude

/ h(up)pdr — h(w)pdz.
suppyp suppy
Therefore

L Pu@l Y @ea) » [ [Vu@pu@ee). Ve e CERY).

By a density argument, for all ¢ € H?(RY), we obtain,

/ |Vun|p_2Vun<p:/ |VulP2Vup + 0, (1).
RN RN

Afirmation 2. The following convergent are valid

F(un) bz = /R  F()ode + on(1).

RN
Let’s also show the convergence in C§°(RY)
flun)odo — [ fu)ods VoCF®Y)
RN RN
Indeed. Since C$°(RY) is dense in H2(RY), fixed ¢ € C§°(RY), then

flun(@))o(x) = flu(@))e(z), ae x € suppp

and
|f (un (@) ()] < (lun(@)] + C(&)un(@)|" (), ae. € suppp.

By Lebesgue Dominated Convergence Theorem

lim flup(x))p(x)dx — f(u(z))p(x)de, Ve CPRY)dz.

By a density argument, for all ¢ € H?(R"), we obtain,
flup)opde = / fu)pdzr + o, (1).
RN RN

On the other hand gives weak convergence of u, — u in H?(R"), we have

Aup,Addr +/ Voer () unpdr — AuAgdx +/ Vper (z)ugpdz, Vo € CS(RY).
RN RN RN

/ ]un|2**_2un¢>d:ﬂ:/ |u
RN RN

Since I’ per (un )¢ = 0, (1), for all ¢ € H2(RY), using these convergence above, I' e (u)d = 0,
for all ¢ € H?(RYN). O

RN
Also, we get
2o =2ypdx + 0,(1).
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The next lemma is a version of Lemma 3.1.4 for the critical case, that is, § = 1.

Lemma 3.2.3. Let (u,) C H*(RV) be a PS).. ..

H2(RN) and 7 > 7.. If B = 1, there exist a sequence (y,) C RY and constants R, n > 0
such that

sequence for Ipe, with u, — 0 weakly in

liminf/ lun|? dz > n > 0.
Br(yn)

n—oo

Proof. Suppose that the lemma does not hold. Then, it follows from [61, Lemma I.1] that
u, — 0 in LI(RY), and thus, / f(un)un = 0,(1) . Recalling that the limit I’ pe, (un)uyn =
RN

on (1) implies that which implies that

ot 2o / Vuun|Pdz = / ot
RN RN

In the case that the second term in (3.2.7) is positive, we have

2o dx 4 0, (1). (3.2.7)

[ [ +/ |V, |Pde — L and / |t |***da — L.
RN RN
Note that

1 1 1
Cr per + On(l) = 5”“””12’67" + }; /]R{N |vun|pdl' B 2k /]R{N |un

1 ) 1
> - Vup|Pdz| — -— 2o da.
S e e ey I

Since ¢y per > 0, we have that L > 0. Then,

1 1)\ =
> -- L.
Cr,per el (p 2**)

Now using the definition of S, we have

2o dy

et 2o + / VaunPdz
RN

2/2x
</ |un‘2**>
RN

I 1\ on/a
T. > s S Y
Cr.per = <p 2**>

which is a contradiction with Lemma 3.2.1.

—4/N

S < =L

+on(1).

Then, ?N/ ! < L. We conclude

In the case that the second term in (3.2.7) is negative, we have

|unlZ, — L and / \un\g**dm—i—/ [V up|[Pdz — L. (3.2.8)
N ]RN

R

With L = El + EQ7 where

/|Vun|pd:c—>zl and / |t
RN RN
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Since 2 < p < 244 and / F(up)dz — 0, we have
RN

1 1
cr+op(l) = fHunHz + / |Vu,[Pde — / |un\2**dx
P JRrN 2** RN

1 9 1 9 1
—= — |- **d — Vu,|Pd
2||uaner [p /]RN || T+ D /RN| Up| :U}

— 1 2 1 Dexe p
= 2||UTLHpeT D |:/RN ‘Un‘ de'"‘/RN |Vun| d$:| .

Letting n — oo and using (3.2.8) we get

v

1 1\~
Cijer 2 <2 — p> L. (329)
If L > 1, then,
1 1
CT,per 2 (2 - p> 3 (3210)

which is a contradition by the hypotheses.
On the other hand, we can use the definition of S to get

2/24s
S (/ |un|2**dx> §/ |Auy,|?dz < Hun||12,€T (3.2.11)
RN RN

Now from Theorem 1.1.2, there exits C' > 0 such that

1/p 1/2
(/ |Vun|pd:v> <C </ |Aun|2d:r) .
RN RN

1 2/p , ,
@ </I\§N ‘vun‘pdflj) S /}%N \Aun\ dx S Hu””per (3212)

Using (3.2.11) and (3.2.12) we obtain

1 1 2/p 2/ 20
2 > - : _ P 2** .
Junlr > Qmm{cp,s}{%vwm o)k ([ fuafeao)

Suppose that 0 < L < 1. In this case 0 < El, Eg < 1. Then, since 2 < p < 2,4, we have

1 1 2/p
lunller > 2min{cp,5} {/RN |Vun|pdx+/RN \unQ**dx} '

Taking the limit we conclude that

Then,

Since L > 0, we obtain

- 1 1
(P=2)/P > = 1pin 4 —
L > 5 mln{cp, S}

1 1 1 1 p/(p—2)
> (2 —-2) Zmind —
(el

which is a contradiction. Hence L = 0 and therefore (i) holds. O

and from (3.2.9) that
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Theorem 3.2.4. ( Critical case ) )
Assume that conditions (V1)-(V3) and (f1), (f2), (f3), (f1) hold. Then, there is 7. > 0 such
that (P) with B =1, has a ground state solution for all T > 7.

Proof. This is a consequence of the Lemma 3.2.3 and minor adaptations of the Theorem

3.1.5. O

3.3 Variational framework on nonperiodic problem

The main tool used to prove Theorems 3.0.3 and 3.0.4 is the variational method, in which
solutions to (Ps) are critical points of the functional given by

1 1 1
I(u) = 2/ |Au|2d:c:|:/ |Vu|pd$+/ V(z)|ul>dx
RN P JrN 2 Jrw

—/ F(u)dx — ﬂ/ |u|?** da.
RN 2.6 JRN

It is well known that I is well defined on the Hilbert space F given by

E = {u e HXRN): | V(a)u|? dz < oo}

RN

with the inner product
(u,v)y = /RN (AulAv + V(z)uv)dz, for all u,v e E
and associated norm given by
2 = /RN(AUP V@) uP)dz forall u € E
and I belongs to C*(H?(RY),R) with
I'(uw)g = /RN Aule + /RN V(z)ug dx + /RN \Vu|P2VuV ¢pda

[ rwsde =y [ s o
RN RN
for all ¢ € E. In this section, N denotes the Nehari manifold related to I, that is,
N = {u e HX(RM)\ {0} : I'(w)u = o}.

Arguing as Lemma 3.1.1 and 3.1.2, it is easy to prove that the functional I has the mountain
pass geometry. Thus, using again a version of the Mountain Pass Theorem without (PS)
condition that can be found in found in [92], there exists a (P.S)4 sequence (uy) C E, that
is, a sequence satisfying

I(up) = d and I'(u,) — 0,

where

d = inf I(n(t)) > 0.
Inf max (n(t))

Arguing as Lemma 3.1.3, it follows that

d= inf max I (tu) = inf I.
u€H2(RN)\{0} t>0 N

The next lemma shows an important inequality involving the levels d and cpe,.
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Lemma 3.3.1. The levels d and cper verify the inequality
d < cper,

for all T > ~,.

Proof. From Theorems 3.1.5 and 3.2.4, there is u € My, such that Ipe,.(u) = cper and
I’ . (u) =0 for all 7 > ~ 7. Hence, there is ¢ > 0 such that tu € N, and so,

per

0 < d < supI(tu) = I(tu).
t>0

Using (V3), we conclude that

0 < d<I(tu) < Lper(tu) < sup Lper(tu) = Lper(u) = cper.

>0
O
Remark 4. Ifu, — 0 in E and W € LN/2(RN). Then,
ox W (z)|un|?dz — 0, n — 4oo0.
Proof. Since that u, — 0 in E, then u,(z) — 0 a.e. in RY, this implies
lun(z)]> = 0 ae in RY (3.3.1)

For other hand, since that H?(R™) < L"(R™) for 2 < r < 2., in particular is valid for
L% (RY), consequently [|uy|l2+ < M for all n in N, this implies

(Jtn|*)n, is bounded in LN/ (N=2)(RN) (3.3.2)
By (3.3.1) and (3.3.2), we have
lup|? =0, in LNEN=2(RN) (3.3.3)

By definition of weak convergence, it follows that

/ hlup|?dz — 0, Vh e L*(RY) (3.3.4)
RN
where s = (%)’ = %, in particular considering h = W we have
/ W (z)|un|*dz — 0 (3.3.5)
RN
and so,
1 2
Tper (un) = I(un)| = ) (Vper(x) = V(2))|un|"dz
1
= 5 )| u,|2de
- (3.3.6)
O
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Lemma 3.3.2. Let (u,) C E be a (PS)y sequence for I in E such that u, — 0 weakly in
E. If u, - 0 strongly in E, then

Cper < d.

Proof. Affirmation, (¢,) is bounded. In fact, since t,u, € Mpe,, we get I;er(tnun)(tnun) =
0, this is

2**d:n,

OZﬁMM%iﬁ/'mem—/ ﬂm%wwmw—m%/’mn
RN RN RN

this implies

2ex o

t%HunHI%eT + tfl/ |Vun|pdm = / f(tnun)(tnun)dﬂf + ﬁti** / |’LLn
RN RN RN

In the case that the first term in the associated equality is positive, we have

t
t%p\lunHﬁeﬂr/ [Vup|Pdz = / ftntin) upderﬁti**p/ g | d
RN RN ( RN

tnun)pil "

R

Assuming by contradictions that t,, — +o00, we get C' > 400, this is contradictions. There-
fore (t,) is bounded.
In the case that the first term in the associated equality is negative, we have

f(tau )
R R L
R

RN tnun

Zerdp + th2 / |V, |Pdx
RN

2 Bti**_p/N |’U/n|2**dx
R

Assuming by contradictions that ¢, — +o0o, we get C7 > +oo, this is contradictions.
Therefore (t,) is bounded. Since that (t,) is bounded, there are exist ¢ > 0, such that
t, — t.

We start by proving that

limsupt, < 1. (3.3.7)

n—o0

In fact, suppose by contradiction that there exist a subsequence (u,) and 6 > 0 such that
t, >1+4+46, VneNlN. (3.3.8)
Using the facts that I’ (up)u, = 0,(1) for all n € N, we have

/ (]Aunl2+V(:E)ui)da::i:/ ]Vun]pdx:/ f(un)unda:—f—/ [t |2 d + 0,,(1)3.3.9)
RN RN RN RN

and I (tpup )tnu, = o, (1) for all n € N, we have

per
2 / (1Atn]? + Vyorti2)da + 2 / Vup [Pdz
RN RN

:/ f(tnun)(tnun)d:cﬂi**/ |ty | > dz 4 0, (1),
RN RN
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then
ti_p/ (| Au, | + Vperu%)daz:t/ |Vuy, Pdx
RN RN

= f(tnUn) D 24x—D ek
- /RN a1 e T80 |un| ™ dz + on(1), (3.3.10)

Hence (3.3.9) and (3.3.10)
(2P —1) /]RN | Auy|?dz + /RN(tZ_prer(x) — V(x))dz

_ / Mu”dm _ I (un ) updz + (ti**_p — 1)/ |y |2 dz 4 0,(1)
RN (

—1Yn
tnun)f’ 1 RN RN

_ /RN < f(tnun) . f<un)>u§’zd:v + (ti**_p _ 1)/ |un|2**da: + on(l)

(tnun)P~t Uﬁ_l RN

using (3.3.8), we get t2 7 < 1, we get

/ (te P Vper(z) — V(@) |un|*dz S/ (Vper (@) — V (2))|un|*da (3.3.11)
RN RN

and
(2P — 1)/ |Auy,|*de < (277 — 1)/ |Auy,|*de <0 (3.3.12)
RN RN
for other hand, using 2P > (14 0)27P > 1+, we get 2P 1> §

(t2—P 1)/ |2y, |2+ d > 5/ [t
RN RN
consequently, using (3.3.11), (3.3.12) and (3.3.13), we get

[ G- VeDplias > [ (L0 £ s [
punl)) ubd (3.3.14)

/ ( f(tnun) _ f(
— Jry \(tqun )Pt Up
By (3.3.5), (3.3.6) and (V3)

/RN ((552?5—)1 B f(punl)) uhde < /]R (Vper(@) = V(@) |ug *de

Un

Lo e (3.3.13)

\Y

= W (z) w2 da
RN
= o,(1) (3.3.15)
On the other hand, we can use the fact u,, - 0 to obtain R;,3 > 0 and a sequence
(yn) € RN such that

lim inf/ [un|*dz > B > 0. (3.3.16)
Bpr, (Yn)

n—oo

Let v, () = v (x + y,) and note that v,) is a bounded sequence in E. Hence v,, — v in
E along a subsequence. By (3.3.16), v # 0 in a positive measure subset A C Bp, (0).

JGoags ) = L (g ) e o
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Taking the limit as n — +oo and using Fatou Lemma, (f3), (3.3.8) and (3.3.15) it follows

that
Vo< /(((1((4—5)U));))1_£]D(1_}2>vpdx

= Jmir (g - )

< e (2552 ) e

we obtain a contradictions. Therefore lim ¢, < 1.
n—oo
Therefore, we have two cases to consider:

(1) lim ¢, =1t < 1;

n—o0
(ii) lim t, =t =1.
n—oo

If (i) occurs, then there exists a subsequence (u,) such that ¢, — ¢t < 1. We can also
consider that ¢, < 1 for all n € N, we get

d+on(1) = J(un)—;f’(un)(un)

_ (; _ ;) /RN(]Aunlz + V(@) un|?)dz + /RN (;f(“”)“” - F(“)>dx

1 1
+B< - >/ |ty |2 d.
p 2** RN

Recalling that t,u, € Mpe,, and using (f3) we obtain

Cper < Lper(tnun) — I;er(tnun)tnun

(1 1 ) 1
— <2 p> [tnun||per + /RN (pf(tnun)tnun F(snvn)> dz
+ﬁ<1 - ) / |t tn| > da
p 2** RN
11 ) 1
5 n - n)%n = F n
(53 Il [ (G tunun = Fw)) o
11
+l8<p - 2**> /RN |Un

IN
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On the other hand, we can use (3.3.5) in the above inequality to get

11 2 11 )
< R J——
Cper = (2 p> /RN |Aun| dr + <2 p) /]RN %er(x)’un| dx
+/ <1f( ) F( ))d +ﬁ<1 ! >/ [un|?d
—J(Un)Un — Unp X - — Up, X

< @ - ;) /RN (A 2 + <; - ;) /RN(V(:C) W (@) Pz
+/RN <;f(un)un - F(un)> do + ﬁ@ - 21> /RN |2 dz
< <; _ ;) /RN(\AU,@P V(@) un ) de + @ - ;) [ W@l

2ex oy

[ oot 2) [

— I(u) - ;I’(un)un + <; - ;) /RN W () |un 2d

1 1
< d+|=—- w W |%d
< o (3-) [ wiomar

- o (3=

Taking n — oo, we obtain thad c,e, < d as required, Which is the desired conclusion.

Suppose that (i7) holds. Up to a subsequence, we may suppose tha ¢, — 1. Taking into
account that I(u,) — d, we get

d+ o0n(1) = I(up) = Iper (tpun) + I(un) — Iper(tnun)
which implies that
d+ 0n(1) = I(up) > cper + I(upn) — Iper (tnun) (3.3.17)
Therefore, it remains to prove that I(uy) — Iper(thun) = 0n(1). Note that

1 1
Tu) = Drltu) = 50 =8) [ 1BunPdat 5 [ (V@) = EVper ) s P

L p Pdx up) — F(u T
(=) [ Vuldot [ (Pt = Flu)d

1
5= t2) [ funedo
2** RN
Using (V3), we get
1 2 2 1 2 2
I(up) — Iper(tnun) = (1-t,) |Auy|*dz + (1 —1;,) %er($)|un‘ dx
2 RN 2 RN
1
+-(1— tﬁ)/ |Vug|Pdx + / (F(tpun) — F(uy))dz
p RN RN
B 2 2 ty 2
+—(1—tr) |t [T de — 2 W (x)|up|*dz (3.3.18)
2** RN 2 RN
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Since (uy) is bounded E and t, — 1, we get

1

5(1 — t%) /]RN |Aun|2d:ﬁ = o,(1),
1 p p

;(1 —tP) . |Vuy|Pdz = o,(1),

1
5(1 - tfzz)/ Vper(x)|un‘2dx = on(1)
RN

1
o (=) [
*k RN

Hence, using that (v,) is bounded and Sobolev embedding, yields

and

Zedr = 0,(1).

[(tn) = Dper(tutin) > 0n(1) + /R (Ftaun) — Fun))dr, (3.3.19)

By the mean value theorem

/ |F(tnun)—F(un)|dm§Cl|1—tn|/ |un|2dx+0211—tg|/ |9l

Thus, we can use the bounded of sequence (uy,) and t, — 1

/R P (i) ~ o) dz = 0,(1) (3.3.20)

By (3.3.17), (3.3.19) and (3.3.20), we have
Cper <d,

and the result follows after passing to the limit n — oo. O

3.3.1 Proof of Theorems 3.0.3 and 3.0.4

Proof. Let (u,) be a (PS)4 sequence for I. Arguing as in the proof of Theorem 3.1.5, we
can prove that (u,) is bounded in E. Thus, there exists u € E such that

up, —u in F.

Hence, if u # 0, arguing again as in the proof of the Theorem 3.1.5, u is a ground state
solution of the problem (P3) for the cases § =0 and 5 = 1.

Now, we will prove that u = 0 can not occur. Indeed, if v = 0, then u, — 0 in E. On
one hand, since W e LN/ 2(RY), the Holder’s inequality leads to

/ W (@) un |2 dz — 0,
RN

and so,

W(x)\unlz dx
RN

|Iper(un) = I(uy)| = = on(1),
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showing that
Lper(un) — d. (3.3.21)

On the other hand, taking ¢ € E with ||¢|| < 1, we obtain

1/2
(I 1) = ol <€ ([ Wl ) = 00)
Thus,
I}',er(un) = o,(1). (3.3.22)
Let t,, > 0 such that t,u, € M. Using Lemma 3.3.2, it follows that ¢,, — 1. Therefore,

Cper < Iper(tnun) = Iper(un) + On(l) =d+ On(l)

Letting n — +o00, we get
Cper <d

obtaining a contradiction with Lemma 3.3.1. This completes the proof of the Theorems
3.0.3 and 3.0.4. O
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Appendix A

Some Classical Results

This section is devoted to recall some classical results that were used throughout this work.
As this section is just for viewing the results, we will not give any demonstrations.

Theorem A.0.1. (Dominated Convergence Theorem, Lebesgue). Let (fy) be a sequence of
functions in L*(Q) that satisfy

(@) fu(x) = f(x) a.e in Q,
(b) there is a function g € LY(Q) such that for all n, |fn(z)| < g(z) a.e. on €.
Then, f € LY () and || f, — f|| — 0.
Proof. See |50] O
Theorem A.0.2. (Fatou’s lemma). Let (f,) be a sequence of functions in L'(Q) that satisfy
(a) for allmn, fn(x) >0 a.e. in ),

(b) sup, [ fn < +oc
For almost all x € 2 we set f(x) lig_iirnf fn(z) < +00 Then, f € L' () and

Proof. See |3] O

Theorem A.0.3. Let 1 < p < +oo and (fy) is bounded in LP(Q) and fn(z) — f(z) a.e
in Q Then, f, — f in LP(2).

Proof. See [50] O

Theorem A.0.4. Let (f,) be a sequence in LP(Q2) and let f € LP(Q?) be such that ||f, —
fllp = 0. Then, there exist a subsequence (fy,) and a function h € LP(QY) such that

(@) fn,(x) = f(z) a.e. in Q,

(0) |fn,(x)] < h(xz)VneN ae onl.
Proof. See |24] O
Theorem A.0.5. Assume that f,g € LP(Q) with 1 < p < +oo. Then, f+ g € LP(Q?) and

(/ ,f+g|,,dx>1/p§ (/ ’f\pdx>1/p+ (/ lgrpd)l/p
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Proof. See [24] O

Theorem A.0.6. Assume that f € LP(Q2) and g € LPI(Q) with 1 < p < 4o0o0. Then
f.g € LY(Q) and

/umms</wvm)w(/mW¢QUﬂ

Proof. See |24] O

Theorem A.0.7. Let Q € RY with n € NT be a bounded domain and 9Q € C?™7. Then
there emist the following embeddings for p € [1,00) and m € N*:

(i) for (m —1)p <n < mp: WHP(Q) < C™H(Q) with 0 < pp < m — %

(i1) forn < (m — 1)p: W2™P(Q) — C"™H(Q) with 0 < p < 1,
(iii) for n < 2mp: W2™P(Q) < LY(Q) with p < q < p}, := oo,
(iii) for n = 2mp: W2™P(Q) — LY(Q) with p < q < p}, := oo,
(iv) forn > 2mp: W*mP(Q) — LI(Q) with p < q < p, = oD
Proof. See [24]. O

Lemma A.0.8. Let z,y € RY and let (-,-) be the standard inner product in RY
(el 2e — [yl ?y,z —y) > Cplz —yP ifp>2

or

_ _ Cylx —y|P .
(ol 2 |y 2y~ ) = ¢ it | TS S

] + |y[)>~P

Definition A.0.1. Let V and H be Hilbert spaces such that V. C H with injective, dense
and continuous embedding. Let V' denote the dual space of V; a scheme of this type (namely
V C H C V') is called a Hilbert triple.

Definition A.0.2. We say that a bounded domain Q C RN satisfies an outer ball condition
if for each y € 0N there exists a ball B C RN \ {0} such that y € OB. We say that it
satisfies a uniform outer ball condition if the radius of the ball B can be taken independently
of y € 0N2.

Theorem A.0.9. Assume that Q C RN is a Lipschitz bounded domain which satisfies a
uniform outer ball condition. Then the space H?(Q2) N HE(Q) becomes a Hilbert space when
endowed with the scalar product

(v,w) = / AvAwdz, Yu,v € H*(Q) N HY(Q),
Q

This scalar product induces a norm equivalent to || - || .

Proof. See |41, Theorem 2.30]. O
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Lemma A.0.10. The best constant D>?(RY) to L2+ (RY)

/ | Au|?dz
S = inf RY

0£u€ D22 (RN) 5oy
< / |’LL|2** d:E>
RN

is a minimum and (up to nontrivial real multiples) it is attained only on the functions

an
(1 + |£ZZ — x0|2

Uz (x) == N

) 2

and it is also reached by dilations and translations of the function,
N—-4

4-N 1 5
U = g 2 ( ) )
20 () 1= an g2 + |z — xo|?

where ¢ > 0 and ay = (N +2)N(N — 2)(N — 4))% for N > 5. Also U, 4, are the only
positive solutions of the equation satisfies the following problem

AQUIU% in RN (A.0.1)
u € D>?(RV). -
Also note
ST = / |Au,|?de = / |ug |> dx (A.0.2)
RN RN

Consider a cutoff p(x) > 0 function, smooth, as that, p(x) = 1 if z € B,(x0), p(z) = 0 if
x € By (x0); where we take r > 0. More precisely, define

us () = p(z)Uc ()

We denote by O(e®) a function (which depends on ) such that there is a constant C' > 0
(independent of ¢) satisfying |[e~*O(e*)| < C for € small,

/ Aw|2dz = ST +0(eN) (A.0.3)
Q

2

< / |u€|2**dﬂc> oY oM (A.0.4)
Q

and for some C' > 0

(N—4)r (N—4)r . N
Ce 2 + O(E 2 ) ifr< N_4>
r - N— (N—-4)r N— (N—4)r . N
[ue"de = ¢ CeN="7 |Ine| + OV~ 7 |Ine|) ifr = 1Yy, (A.0.5)
Q

(N—4)r
N5 +O0(ENTTT ) ifr > 5

IIHEQ2
||u5||2**

Then, we have ||v||? = , this implies that [[ve||? = S + O(eN—4).

Proof. See ( [4] and [41]). O
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