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Abstract

This work investigates the notion of a conformal group and derives a representation
for symplectic quantum mechanics in the Galilean manifold, G, in a consistent manner
using the Wigner function method. We study two non-Lorentzian conformal symmetries:
the Conformal Carrollian group and the Schodinger group. A symplectic Hilbert space
is built and unitary operators representing translations and rotations are studied, whose
generators fulfill the Lie algebra in G. The Schrodinger (Klein-Gordon-like) equation for
the wave functions in phase space is derived from this representation, where the variables
have the contents of position and linear momentum. By means of the Moyal product,
wave functions are linked to the Wigner function, so symbolizing a quasi-amplitude of
probability. We establish the explicitly covariant form of the Levy-Leblond (Dirac-like)
equation in phase-space. In conclusion, we demonstrate how the five-dimensional phase-
space formalism and the standard formalism are equivalent. We next provide a solution
that restores the standard (non-covariant) form of the Pauli-Schrédinger problem in phase-
space. We investigate the non-relativistic part of the Stefan-Boltzmann law and the Casimir
effect for the spin 0 and spin 1/2 particles with thermofield dynamics, also within the

framework of Galilean covariance.

Key words: Conformal field theory, Galilean Covariance, Carrollian Covariance, Symplec-

tic quantum mechanics, Wigner Function.






Resumo

Teoria de Campos Conformes em Variedades Simpléticas

Este trabalho investiga a nocao de grupo conforme e deriva uma representagao para a
mecanica quantica simplética na variedade G de maneira consistente usando o método da
funcao de Wigner. Estudamos duas simetrias conformes nao Lorentzianas: o grupo Car-
rolliano Conforme e o grupo Schodinger. Um espaco de Hilbert simplético é construido e
sao estudados operadores unitarios representando translacoes e rotacoes, cujos geradores
cumprem a algebra de Lie em G. A equacao de Schrédinger (tipo Klein-Gordon) para
as funcoes de onda no espaco de fase é derivada desta representacao, onde as variaveis
tém o conteudo de posicao e momento linear. Por meio do produto de Moyal, as funcoes
de onda estao vinculadas a funcao de Wigner, simbolizando assim uma quase amplitude
de probabilidade. Estabelecemos a forma explicitamente covariante da equagao de Levy-
Leblond (semelhante a Dirac) no espago de fase. Concluindo, demonstramos como o for-
malismo do espacgo de fase pentadimensional e o formalismo padrao sao equivalentes. A
seguir, fornecemos uma solugao que restaura a forma padrao (ndo covariante) do problema
de Pauli-Schrodinger no espaco de fases. Investigamos a parte nao relativistica da lei de
Stefan-Boltzmann e o efeito Casimir para as particulas de spin 0 e spin 1/2 com dinamica

de campo térmico, também no ambito da covariancia de Galileu.

Palavras-chave: Teoria de campos conformes, Covariancia Galileana, Covariancia Car-

rolliana, Mecanica Quantica Simplética, Fun¢ao de Wigner.
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Chapter 1

Introduction

The idea of conformal symmetry in physics and mathematics is expressed as an exten-
sion of the Poincaré group. This extension includes special conformal transformations and
dilations. In 1908, Bateman and Cunningham addressed the idea of a conformal group of
spacetime [1-3]. They argued that kinematic groups are necessarily conformal, as they pre-
serve the quadratic form of spacetime and are akin to orthogonal transformations, albeit
with respect to an isotropic quadratic form. The freedoms of an electromagnetic field are
not limited to kinematic movements but rather should only be locally proportional to a
transformation that preserves the quadratic form. Bateman in 1910 studied the Jacobian
matrix of a transformation that preserves the light cone and showed that it had the confor-
mal property (proportional to a form preservation) [1]. Bateman and Cunningham showed
that this conformal group is "the largest group of transformations leaving the Maxwell
equations structurally invariant” [5]. The conformal group of spacetime was denoted as
C(1,3) [0].

Dirac, in 1936 [7], showed the invariance of conformal symmetry for massless relativistic
spin 1/2 particles. In 1998, Maldacena [3] introduced the Anti-de Sitter/Conformal Field
Theory correspondence (AdS/CFT). Discovered in the context of string theory, where
it is common to treat field theories on hypersurfaces embedded in spaces of arbitrary
dimensions, this correspondence conjectures connections between quantum field theory and
gravity. In its original form, it related a Conformal Field Theory in 4-dimensional spacetime
to the geometry of anti-de Sitter space in 5 dimensions. As it was studied further, the
correspondence was extended to consider different situations, such as strong coupling in a
quark-gluon plasma in quantum chromodynamics [9], thermodynamics of black holes [10],
and in condensed matter physics, where systems are experimentally accessible, such as

unitary fermions [11, 12]. Non-relativistic conformal symmetry in theories with Galilean
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covariance is the maximum symmetry that leaves the equations of motion invariant when
written on the light cone of a de Sitter space (4,1) [13].

In 1988, Takahashi et al. [11] began a study of Galilean covariance, developing a non-
relativistic field theory. With this formalism, the Schrodinger equation for spin-zero parti-
cles assumes a form similar to the Klein-Gordon equation but is written on the light cone of
a de Sitter space (4,1) [15, 16], amenable to explicitly covariant tensorial formalism. With
the advent of Galilean covariance, which is a particular case of conformal theory, it was
possible to deduce the non-relativistic version of Dirac’s theory, known in its usual form as
the Pauli-Schrodinger equation. Subsequently, a version of this theory in phase space was
constructed associated with Wigner’s representation of quantum theories.

Wigner’s quasi-probability distribution was introduced by Wigner in 1932 [17] to study
quantum corrections to classical statistical mechanics. The goal was to relate the wave func-
tion appearing in the Schrodinger equation to a probability distribution in phase space. In
1927, Weyl presented a mapping of the density matrix into functions of real phase space
and also of operators [18], in a context related to representation theory (Weyl quantization
in physics). In fact, the Wigner function is the Wigner-Weyl transformation of the density
matrix; hence the realization of this operator in phase space. In 1949, Moyal [19], indepen-
dently, deduced the Wigner function as the generating functional of quantum momentum.
This forms a basis for an elegant encoding of all expected values and thus of quantum
mechanics in the phase space formulation (phase space representation).

In order to deduce a phase space representation for covariantly Galilean spin-1/2 par-
ticles, a symplectic representation for the Galilei group was used, which is associated with
the Wigner approach [20-23]. These results were applied, in particular, to the Landau
problem in phase space [24], where the statistics of Landau wave functions are analyzed
through the Wigner function. Given the importance of conformal theories in gravity and
field theory, it would be interesting to extend the previous analysis to (general) conformal
theories. This has not been fullly explored in the literature, in particular for equilibrium
real time finite temperature models as Thermofield dynamics.

Thermofield dynamics (TFD) is a real time, operator-based formalism of quantum field
theory at finite temperature, proposed by Takahashi and Umezawa [37]. It incorporates
thermal effects in the theory by enlarging the Hilbert (or Fock) space. The thermal average
is measured by the expected value of arbritary operator in a thermal vacuum, (0(3)|A]0(3)).
To create this thermal state, two elements are required: doubling of the Hilbert space,

which comprises of the original and dual Hilbert spaces, and Bogoliubov transformations.

2 1 * ' Star Product
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Dual conjugation principles govern doubling. Temperature effects are introduced by the
Bogoliubov transformation, which is a rotation between the variables of the original and
dual Hilbert spaces.

The present work aims to extend the previous results (deduced in [21]) to general
conformal symmetries. The objective of this work is to explore the symplectic structure
in conformal symmetries, considering the systems: Landau Model and Cornell Potential of

quark-antiquark interaction.

1. the Landau model: describes electronic systems confined to a plane with a perpen-

dicular external magnetic field

2. non-relativistic sector of quantum chromodynamics describing the quark-antiquark

interaction (Cornell potential).

These systems have been considered in the literature due to their experimental importance.
However, the analysis of the quantum nature of the states, such as non-classicality and
quantum chaos, of these systems has only been partially explored. These characteristics can
be studied using the Wigner function, with its symplectic structure. This work is organized
as follows: In Chapter 2, a brief review of the Wigner formalism and the properties of the
star product is presented. In Chapter 3, a review of Thermofield dynamics is presented.
Conformal symmetries is analyzed, and the the Galilean and Carrollian covariant formalism
is provided in chapter 4. Chapters 5, 6, 7 and 8 discusses the new results of this work. The

Conclusion is given in chapter 9.

1 * Pt Star Product 3






Chapter 2

Wigner Function

The Wigner quasi-probability distribution was first introduced by Eugene Wigner in
1932 [17]. Its primary objective was to establish a connection between the wave function
appearing in the Schrodinger equation and a probability distribution in phase space. This
distribution serves as a generating function for all spatial autocorrelation functions of a
given quantum-mechanical wavefunction ¥ (z). As a result, it provides a mapping between
the quantum density matrix and real phase space functions, along with Hermitian operators
introduced by Hermann Weyl in 1927 [18]. Weyl’s work has its roots in representation
theory within the realm of mathematics, corresponding to the concept of Weyl quantization
in physics. This essentially involves the transformation of the density matrix into phase
space, known as the Wigner-Weyl transformation.

In 1949, José Enrique Moyal [19] recognized it as a functional generator of quantum
moments and as the basis for an elegant formulation encompassing all expected values,
thus providing a comprehensive representation of quantum mechanics within phase space.

The Wigner distribution finds applications across various fields such as statistical me-
chanics, quantum chemistry, quantum optics, classical optics, and signal analysis, extending
to disciplines including electrical engineering and seismology [?, 26, 27]. This chapter of-
fers a concise overview of the representation of quantum mechanics in phase space, along
with the Wigner function. It emphasizes their properties, time evolution, the equivalence
of Wigner’s formalism for the product of two operators, and delves into the characteristics

of the Moyal product. This chapter is based on the works [29-35].
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2.1 The Density Matrix

In quantum mechanics we can do a statistical approach representing the macroscopic

states through the density operator
p(t) =D wi [ ®)Xwu(D)],

)

—, is the

statistical weight for the quantum state |¢;). The density matrix is said to contain all the

where {1} are the microscopic states of the statistical ensemble and w; =

physically relevant information we can possibly obtain about the ensemble in question. For

pure states we will have

p(t) = [H(EO)Xv ()] - (2.1)

The expected value of an operator A in the formulation of the usual statistical quantum

mechanics is given by

(A) = (W[A[Y) = Tr(pA) = Tr(Ap). (2.2)

The density matrix p has the following properties
e hermeticity: p = p';
e trace: Trp = 1.

The equation that governs temporal evolution matrix densitye p it’s called the Liouville-von
Neumann equation, given by
L Op
ih22 — [H (1), p(t)]. (2.3)
ot
where H represents the total system energy.
It is possible to enter a quantum mechanics formulation in phase space from p. This for-

mulation is known as the Wigner function method.

2.2 The Wigner’s Function

The density operator p can receive many matrix representations, being the position

representation, (q|p|q’), and momentum representation, (p|p|p’), the most common ones.

6 1 * ' Star Product
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The Wigner representation is, in a way, between both. For one single particle in a dimension,

it is defined as
_ _ -1 ipz _Z z
fw(a,p) = Qp) = (27h) /dz exp ( - ) <q z‘p‘cﬁ 2>, (2.4)

or yet

Fula. ) = 52p) = ) [ oo (S) (- g\p\p e). (25)

matching the mapping Q : p — f,(q,p). Considering a quantum system described by a

pure state so that p = |¢)(v)|, Wigner’s function can then be written as
_ -1 Pz z _z
fulq,p) = (27h) /dz exp < > ) (& (q + 2) (0 (q 2) : (2.6)

Wigner’s function does not represent a probability distribution, since if fy, e f4 are two

Wigner functions associated respectively with the states |¢) e |¢), so

(W82 = (2nh) / Foa 0 ) folg, p: £)dadp. (2.7)

the left side of this equation is positive or null (in this case if the kets are orthogonal), in the
latter case we have the integral, fy(q,p;t)fs(q, p;t), is null, however f,(q,p;t) e fu(q,p;t)
they are not necessarily null, forcing them to conclude that they can assume negative values.
For this reason the Wigner function is called the quasi-probability distribution, since when
integrated it can be interpreted as a probability distribution of physical variables, as we

shall see below.

First, Wigner’s function is limited.

Demonstration:

Take for example a pure state, given by Eq. (2.4)

fularp) = ) = (20 [ dz exp (%) (0= Z|ofa+2).

If we define the normalized wave functions

1 ipz

) = ey e @l = sula- ),

1 * Pt Star Product 7
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we see that the wigner function can be interpreted as the scalar product

falan) = = [ dzol(2)enl) = = Grlea).

and therefore,

1
| fula,p)| = ﬁ“@l’%@”-

Using Cauchy-Schwarz Inequality

[{d1lw2)]? < (p1ler) (@alpa)

S0, as 1 e (o are normalized

(1)) |” < 1.

Thus,

| fula,p)| < (2.8)

%.
Inequality |fu(q,p)| < ﬂ—lhimplies that the Wigner function is nonzero in a region whose
phase space area is less than or equal to h/2 [28].Thus, Wigner’s function for a pure state

intrinsically carries information about the uncertainty scope ,q e p cannot be infinitely

located at a single point in phase space.

It follows directly from (2.4) and (2.5) that

()2 = / fudp = {alpl). (2.9)

(@) = / fudd = (lplp). (2.10)

Demonstration:

to demonstrate the Eq.(2.9) just enter a Eq.(2.4) in [ f,dp which leads us to

/dpfw = (27rh)1/dpdz <q — g‘p‘q—l— §> exp <%) , (2.11)

8 1 * ' Star Product
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if you first integrate p, we have to

/dz <q — z’p‘q + E> /dp(27rh)_1 exp Pz , (2.12)
2 2 h
where the term in parentheses is the Dirac delta, §(z). We have
z z )
az{a = Z|ola+3) =) = talola) = (o). (2.13)
analogously replacing Eq.(2.10) in Eq.(2.4)
—iqk k k
/dqfw:(27rh)1/ dkdq exp( ;Lq ) <p—§‘p‘p+§>, (2.14)
if you first integrate ¢, we have to
k k —iqk
/dk p—~lplp+= /dq @2rh) " exp ( —2) ), (2.15)
2 2 h
where the term in parentheses is the Dirac delta, §(k). With that we have
k k 9
dz{p—g|pip+ 5 )olk) = (plolp) = [¥(p)I" (2.16)
We will now show the normalization of the Wigner function, that is
/fw(q,p)dqdp =Trp=1. (2.17)
Demonstration:
Replacing Eq. (2.4) in (2.17), we obtain
_ 1Pz z z
/fw(q,p)dqdp = (2rh)~! /dzdpdq exp (7> <q b p‘q + §> : (2.18)
If we calculate first in p, we have
< < — P2z
/fw(q,p)dqdp = /dqu <q - §‘p‘q+ §> ((27Th) 1/dp€ " ) : (2.19)
¥ % T Star Product 9
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The term in parentheses is the Dirac delta. With that we have

/fw(q,p)dqdp = /dqu <q - %‘p’q + §> 4(2), (2.20)
— [ datalola) =1 = 1. (2:21)

as we wanted to demonstrate.

Now if phase space integration is performed on a two-state Wigner two-function prod-
uct, characterized by p; and po, we will find a property that concerns the product trait of

two arrays of density.

/ dqdp fu1(q,p) fuz(q, p) = %Tr(plpz). (2.22)

Demonstration:

Using Eq. (2.4), follows that
1\?
/ dqdpfur(¢,p) fuz(a,p) = (—) / dgdpdzydz, e FG1+2)

21h
Z1 z9
1+ 3 > <q 2

21
X <C] - 5‘p1

integrating in p give us a Dirac’s delta d(z; + 22), so that after integrating in zo we have

y
q+—2>,

P2 5

1 21 21 21 21
dadpfur (0.0) furlap) = (5 ) [ dadz (a— 5 -3 =)

/ qdp fur (¢, p) fw2(q, D) (%h)/ gdz (g =S |pja+ 75 ) (4= 5 |r2lat 3
Making the change of variables

r_ ﬂ "n_ ﬂ

q - q 2 9 q q + 2 )
we get

1
/ dqdp fun (¢, p) fw2(q,p) = <%) / dq'dq" (d'|prld") (d"|p2ld") - (2.23)

10 1 * ' Star Product
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Using the completeness ratio, we have

/dqdpfwl(q,p)fw(q,p) = (ﬁ)/dcf (d|p1p2ld’y

_ (%) Te(pups), (2.24)

q.e.d.

Now we wonder if it is possible to find for any quantum operator A(Q, P), where @
and P are the position and momentum operators, a corresponding function, A, (q,p), in
Wigner’s representation. The answer is positive. Similarly to what was done in defining the
Wigner function, we define the A, (g, p) functions associated with the A(Q, P) operator
given by,

Au(g,p) = /dz exp (%) <q_§

A@, P)]q + %> (2.25)

or

Au(q,p) = /dz exp (‘i_f’“) <p _ g’A(Q, P)'p+ §> | (2.26)

We will call these functions equivalent Wigner functions from the operators A(Q, P). So

we can say that the Wigner function is the equivalent Wigner function for the operator p
fo = 27R) " py. (2.27)

With the definition of Wigner equivalents to any quantum operators in the Wigner

representation, we have the expected value of an observable state [1) is represented as

(A) = ($|AJp) = / dpdqAu(a, p) fu(a.p) = Tr(Ap). (2.28)

Demonstration:

1 * Pt Star Product 11
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Replacing Eq. (2.4) and (2.26) in (2.28), we have

(A) = / dpdq Aw(q,p) fu(q,p) = Tr(pA) = (ﬁ) / dqdpdz'dz" exp <i];iZ/)

Z/
X q—E

integrating into p results in a Dirac delta §(2’ + 2”). With that, integrating into z”

2

A@, P)‘q + %> . (2.29)

A(Q,P)‘q+ %> <q - %

A — o2l N2 Z
() = [ dod' (g S|A@Q.P)a+5) (a=S|A@Q Pla+5 ). (230)
Introducing changing variables,
P A "_ 21
q — q 2 ) q q + 2 )
thus,
) = [ dgdg" ({1AQ. P} {dlold) = Te(p4), (231)
q.e.d.

The problem now is to show the univocal correspondence between a quantum operator
A(Q, P) and the reciprocal representation of Wigner A, (g, p). This can be done via the
Weyl quantization rule which is defined as follows. Given a function in phase space, a(T, o),
then there is a quantum operator in Hilbert space, A(Q, P), associated with a(, o), such
that

(ocQ+7P)

A(Q,P) = %/dnlae roa(r, o), (2.32)

where 7 is associated with the position coordinate and ¢ with the momentum coordinate

in phase space. If we write A(Q, P) in terms of A, (q,p) we get the following result

i(cQ+T1P)

a(T,a):/dqdpe o Ay(g,p). (2.33)

To verify this equivalence, it must be shown that the operator defined by W(Q, P) =
i(cQ+TP) : . . .
e~ n , satisfies a kind of orthogonality and completeness in the space of type operators

A(Q, P). Using Glauber’s formula, given by eA*5 = eAeBe 248 we rewrite then W (P, Q)
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as

icQ itP ioT

W(Q,P)=er enre2n,

where we use the fact that [, P] = ih. We can then calculate the value of the expression

0Q ZTP za'r
‘L (eQ+TP) |q> i i |q>

(¢|e*n (¢e*n

It is known that Q|q) = ¢|q), so €799 |q) = 779 |¢) and using the translation operator
property, e lg) = |qg — 7). So, we get

(q/le*r 72T P)g) = X GIE5(g — g+ 7),
which implies
Tre 2097P) = (27h)8(0)d(7),
because, by definition TrA = [ dgdp (¢'|Alq) = (2mh)~" [ dgdpA.(q,p). Thus,
Tre #(@="F)  — (2rh)~* /dqdp/dz exp(ipz) <q — g‘e_%(”Q_TP)‘q + §>, (2.34)
= (2nh)7! /dqdp/dz exp(ipz) exp(io(q —z — 7))d(z + 7).
Using the Dirac delta and integrating in z, we have
Tre #(Q~7P) — (2rh) ! /dqdp e (2.35)
Thus, we identified two deltas in the integral form, that is,
Tre MeQt™P) — (27h)5(0)d(T).
This leads us to orthogonality relations
Tre #(7@-TPe=70QTP) = (2rh)35(o” — 6)5(7' — 7). (2.36)

To prove equivalence between equations (2.26) e (2.27) and the equations (2.32) and (2.33),

1 * Pt Star Product 13



ISE Universidade de Brasilia 2.3. Operator Equivalence in Wigner Representation

we assume that the expansion
A(Q, P) = / dodr a(o, 7)ek @@+, (2.37)
exists. So, using the orthogonality relationship shown earlier, we easily notice that

]. 7 / ’
alo, ) = %Tr {A(Q, P)e*ﬁ("Q trP )} )

To prove the existence of the equation (2.37), we replace the equation

a(o,7) = / dgdpe™ 7T A, (q, p), (2.38)

in the equation itself (2.37). Calculating the matrix elements in the position representation,

we arrive at

GAQ, P)f) = (2nh)~! / dodrdg"dq" (4| A(Q, P)|g")

% <q///|€%(a'Q/+TP/)’ql/> <q|e%(0Q+TP)|q/> '
And yet with the use of Eq. (2.36), we get the following identity

(dlAQ, P)ld) = (dlA(Q, P)|d) - (2.39)

What proves the existence of expansion (2.37). This also proves that it is possible to use the
equations (2.37) and (2.38) to work in both directions: given A(Q, P), we can determine

Ay, (q, p) unequivocally and vice versa. versa.

2.3 Operator Equivalence in Wigner Representation

The purpose of this session is to demonstrate some equivalence properties between the
operators written in the usual representation and their respective equivalents in the Wigner

representation, which can be deduced from results already obtained.

If A= A(P), that is independent of @, so A, = A(p). That is, they will have the same
form, with the exception that the P operators will be replaced by the p variables..

Demonstration:
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An operator A(P) can be expanded in series of P, as
A(P) = A(0) + PA'(0) + ... (2.40)

Now, using Eq. (2.25), and replacing A(Q, P) for the expansion (2.40), we have

k

Au(q,p) = /dk exp <—?) <p— 5'A(O) + PA'(0) + ZTQAN(O) + ...‘p—i— §> . (241)

" g\ (p+5)? k| Lk
+ A(0) /dkexp( h) 5 Y 2p+2 + ...

Noting also that <p — g‘ P+ §> = 0k and using the delta property to calculate the integral

in k, one gets
2
Au(p) = A(0) + pA'(0) + T A(0) + .. = Alp). (2.42)
q.e.d.

Analogously, using Eq. (2.26), we arrive at, if A = A(Q), so A,(q,p) = A(q).

If A(Q,P) = lc, where ¢ is a constant, that is A(q,p) is a multiple of the identity
operator, thus A, = c.

Demonstration:

This property is demonstrated immediately. Just take the equation (2.25) and in place

of A(Q, P) put a constant c¢. Since a constant does not act on kets, we have

D2 z
A,lg,p) = /dz exp (%) <q—§‘c

+2)
927

Auw(gp) = c/dz exp (%) <q— g‘q+ §> (2.43)
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Using the fact <p — §|p + §> = 0k and integrating in z,

Au(g:p) =c (2.44)
q.e.d.
TrA = (2rh)~! [dqdp Aw(q,p) -
Demonstration:

Using (2rh)~! [ dqdp A, (q,p) and substituing in Eq. (2.25),

(27rh)_1/dqdp Awlg,p) = /dqdp/dz exp (%) <q— —’A Q, P) ‘qu >

Integrating in p, the Dirac delta function in its integral form is identified,

(27Th)_3/dqdp Aw(g,p) = /dqdp <q— —’A Q, P) ‘q—i— >/dz exp (%) .

Using the delta to integrate in z, we have

(ZWﬁ)_l/dqdp Au(q,p) = /dqdz <q— —’A Q,P) ‘q—k >5( ). (2.45)

We get

(2nh) ! / dadp Au(q,p) = / dq (| A(Q, P)|q) = TrA, (2.46)

q.e.d.

From the above demonstration you can see that [dp A,(q,p) = (2rh)~! (¢|A]q) e
[ dq Ay(q,p) = (27h)~* (p|A|p), we simply replace the equation (2.25) on the first property
and the equation (2.26) in the second, using the same process as in the demonstration
above.

Finally, we have (¢|A(Q, P)|¢') = (2wh)~2 [ do e* oG alo,q — q'), where a(o, T) is the
Fourier transform of A, (q,p).

Demonstration:

Using the expression A(Q, P) = f dodTt, we have

Y. (2.47)

(qlAQ, P)l¢) = /dadT alo,7) (qei "
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And using the equation (2.36), it follow that

(A@. P)a) = ey [ do o a(oq - o) (2.48)

q.e.d.

Now that we know how operator equivalence occurs in the Wigner representation, our
goal is to find out how the operator product equivalence is represented in the Wigner

representation, as this is fundamental for the development of dynamics.

2.4 Weyl-Moyal Product

The product of two quantum operators AB in Wigner’s representation is written in the

form
. pz V4 z
(AB)w:/dz o' <q—§’AB‘q—|—§>, (2.49)
introducing the closing relationship [ dg |¢)(¢| = 1, we have
pz z z
(AB)w:/dqu e'n <q—§‘A‘q> <q‘B‘q+§>. (2.50)
Using a eq. (2.48)

(AB)w _ (27Th)72 /dqu/ ez‘% /dadalei;’ﬁ(Q-&-q/((H-q/_;))a(U’ q/ —q+ g)

> e%‘ﬁ(t]ﬂ’(ﬁt]’-%))@(a/, q—q + %)

Making variable changes; 7 = ¢ — ¢+ and 7" = ¢ — ¢’ + §, we arrive to

- cr/7'+o'r/

ot+7q i o /B(O_/’ 7'/)67’7

oo, T)e

(AB), = (QWh)_Q/deJ/dTCZT, e’ (2.51)

O’l

The factor ¢:* 2+~ can be replaced in an equivalent way by €2 , where A is the bidiferential

operator

S| ot
S|l
$| ot
Sl
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The arrows indicate the direction in which the operators are to be applied. Therefore,
-o'/q+‘r/

7) e B, = [ dqdpe’™ " 3(c’,7'), the product of operators

in the Wigner representation is written as

oq+Tp (

using, A, = qu dpe’™

ihA

(AB)y = Ay(q,p)e 2 Bu(q,p),

or

ihA

(AB)y = Bu(gq,p)e” 2 Au(q,p).

Thus, the operation called star product is defined as

ihA

(AB)w = Aw(g,p)e 2 Bu(q,p) = Auw(q,p) * Bu(q, p).

Note that the star product is not commutative, and relates the formalism proposed by

Wigner to the quantization formalism proposed by Weyl.

2.5 Temporal Evolution

We can determine the temporal evolution of the Wigner function or any operator in

the Wigner representation from the Liuoville Von-Neumann equation given by
tho,p = Hp — pH, (2.52)

where p is the density matrix and H is the Hamiltonian. Using Wigner’s application, €2 in

this equation, we have

ihQ(Bp) = Q(Hp) — Q(pH). (2.53)
Como
L Ofw
ih—r = {Hy, fulums (2.54)
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where {Hy,, futy = Hu* fu — fu* Hy is Moyal’s parenthesis. Moyal’s parenthesis can also

be written as follows,
{a,b}yy = axb—bxa=2ia(q,p)sen h EE—EE b(q,p) (2.55)
where, we use the fact, e"/2 — ¢71hA/2 = 2jsen (hZ).

Expanding in a series of powers the sine of the last expression that defines Moyal’s

parentheses, we obtain,

A RA 1 /. AN 1 /. AN°

At the limit where i — 0, we obtain as a result that the Wigner function obeys the classical

Liouville equation, with H,, in place of the Hamiltonian function, that is

0f, OH,O0f, OH,0f,

— — =1{H 2.
and

oH, . oH, .

Doy o Uy (258)

So, Wigner’s formalism recovers the canonical equations of classical mechanics, when we
take the classical limit, which shows that this formalism is compatible with the principle
of correspondence, strengthening the importance of Wigner’s description in quantum me-
chanics in the study of the classical limit and in the development of semi-classical methods.
The study presented on the Wigner method, so far, was based on Schrédinger’s description
of quantum mechanics, that is, considering that only states (and not operators) evolve
over time. However, it is possible to develop an analogous treatment in terms of operators
expressed in Heisenberg’s description (where operators evolve over time, and states are

static), without further problems.
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2.6 Star Product Properties

The star product or Weyl product between two functions f(q,p) and g(q,p) is defined
by

f(a,p) > g(a.p) = f(q,p) exp [@ (EE = EE)] 9(a.p). (2.59)
2 \0qdp Opdq
Below we will present some properties of the star product.
Let c € C. So
cx flg,p) = fa,p) xc=cf(q,p). (2.60)
Demonstration:

Expanding the star product in a series of powers, we have

ot —edra (00 0T\ iy (9F 9FN L
P = 2 \agop apaqg) T2\ 2 ) \agap " apaq) T (P

Operators that act on the left side will cancel each other out, as c is a constant. The same
happens if ¢ is on the right hand side, leaving only the identity operator 1.

The star product is non-commutative, i.e.

f(a,p) *g(q,p) # 9(q,p) * f(q,p). (2.61)

ih A

That is, f(q,p)e’s g(q,p) # g(g,p)e’* f(g,p). Because actually,

ihA ihA

fla,p)e 2 g(q,p) = g(q,p)e” = f(q,p).

Demonstration:

Case 1:

ih ih
¢xp=\at+ S0 |p=awp+ .
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Case 2:

va—(p_To Yy pg 0
prqg=(p= 50 )a=pi— 7,

q.e.d.

The star product carried out between two functions in the phase space promotes one

of them as an operator category,

fla,p)*g(q,p) = f <q+ @Em— @§> 9(q,p)

2 dp 2 0q

— f( ) _}_ﬂg _@E

Demonstration:
Letting a = % eb= %, we obtain
ih (a0 38
f(q,p)*g(q,p) = f(qg,p)e? (3 ba")g(q,p)
Considering that e f(z) = f(x + a), we have
ih ih
f(g,p) x9(9,p) = f (q +ap - Eb) 9(p, q).

Thus
i .
fla,p)xg(g,p) = f (q + @%,p - ﬂﬁ) 9(p,q).

So we define the star operator,

~

f=fla,p)*.

The complex conjugation changes the order of the star product,

(fxg)f=g"fh. (2.62)
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Demonstration:

The eq. (2.59) can be rewritten as

zh(8 0 0 0 (2.63)

f(a,p) * 9(q,p) = exp l— Ry (9_pa_q’>] flg:p)g(d,p)

2
Expanding the exponential in a series of powers, we have

q.p'=q;p

o0

ih 1 [in\"
exp {E (0gOpr — apaq’)} = Z ! (5) (0q0p — Op0y)"
n=0

And yet, writing and writing the expression (9,0, — 0,0,)" using Newton’s binomial,

a n n—m m
@3y~ 0,0, = (-1 (1) DA 0" (2:61)
m=0
Therefore, the star product can be written as
Oollhnn mf T n—m am m an—m
f(a,p) * 9(q,p) = Zﬁ (5) > (-1 (m) 10,70, f(a,p)] 970" g(q,p)] -(2.65)
n=0 m=0
Taking the complex conjugate of the above equation, we have
=1 [ih\" & n e
Fan o) = >+ (5) {(—1)“2(—1>m(m) oo £1(a.p)]
n=0 m=0
x [@T ag_mgT(q,p)} } (2.66)

where the term (—1)" arises from the complex conjugation of the term (ih/2)". This term

can be associated with the binomial, that is

(=1)"(040p — 0p0y) = (—040p + 00y ) = i(—l)m (;) [apaq’]n_m [&zap’}m-

m=0
Applying these operators in two functions in the phase space, we have

n

(0g0p — 0p0y) f(@,D)g(d . P) = ) (=) (:1) [a;l*mag”b flaq, p)} [a;”a;%"g(q, p)] .

m=0
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and

(=1)"(0,0y — 0p0y) f(q,p)9(d', 1) = i(—l)m (:@) [8§’m3fg(q,p)] [02”3;’”"” (q,p)} :

Comparing these last two equations, we obtain

(=0 o= () [0y 0y f(q,p)] [0 05 "g(q, p)]
= Som_o(=1)™(2) [87 0y g(q, p)] (070" f g, p)] - (2.67)

Replacing the eq. (2.67) in (2.66)

o0

(Fla.p) aa.n) = Z%(?)n{el)" "0<—1>m<;;) (om0 (a.0)]

n=0
< |orop i (a.p)] }

= g'(¢,p) * f1(9.p).

As we wanted to demonstrate.

The star product is associative.

Considering f, g and h as functions in the phase space, we have

(£lap)  gla.p)) % hla.p) = F(a.p) * (9(a.p) = h(g.p) ). (2.68)

Demonstration:

We have that

- — —
i i ihd  ihd
(f(qp) *g(q,p)) *h(g,p) = {f (Q+ ga%,p - ;%) g(q,p)} h (q - ga—p,w 58—(}) :

on the other hand,

4P 9\q,p p)) = q B (9p7p 2 9q 9\q,p q 5 ap,p 2 9g :
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The differential operators included here are associative. In this case, we can conclude that
the star product is also associative.

Next chapter we will introduce the Termofield dynamics. Thermo field Dynamics is
a formalism in Quantum Field Theory that incorporates thermal effects by enlarging the
Hilbert (or Fock) space, allowing calculation of thermal averages using vacuum expectation

values of local operators.
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Chapter 3

Thermofield Dynamics

This chapter delves into thermofield dynamics (TFD), a particular operator-based for-
malism used in finite temperature quantum field theory. TFD incorporates thermal effects
into quantum field theories, enabling the calculation of thermal averages using familiar
quantum field theory techniques. This is achieved by enlarging the theory’s Hilbert space,
allowing thermal averages to be computed through local operator’s thermal vacuum ex-

pectation values. For constructing this chapter we used the references [36-12].

3.1 Thermal Equilibrium and Ensemble Averages

In quantum statistical mechanics, the concepts of thermal equilibrium and ensemble
averages hold immense importance. To understand the behavior of a system in thermal
equilibrium, a key quantity known as the ensemble average of an operator plays a
vital role.

For a system in thermal equilibrium, the ensemble average of an operator A is defined

as

1
Z(P)

(A) = —— Tr(e P1 A) (3.1)

where

e H represents the system’s Hamiltonian, which encodes its total energy.

e Z(f) is the partition function, a crucial quantity that encapsulates the system’s

statistical properties at a specific temperature.

e 3 denotes the inverse temperature, a parameter inversely proportional to the

system’s temperature.
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e 'Tr refers to the trace operation, which essentially sums the diagonal elements of a

matrix.

This equation provides a powerful tool for analyzing the average value of an observable
quantity (represented by the operator A) in a system at thermal equilibrium. The partition
function Z(f) acts as a normalizing factor, ensuring that the average value accurately

reflects the system’s statistical state.

3.2 The Thermal State

In standard quantum theories, the average value of an operator is defined as

(4) = (n]Aln) (3.2)

where n represents the state of the system.
We can define a state |0(3)), such that

(4) = {(0(B)|Alo(B))

—L e PEn(n|Aln
= 2 ¢ "l (3.3)

n

One way to make this definition possible is to introduce a duplication of Hilbert space,

resulting in a tensor product of spaces. In this product space, a base vector is given by

In,m) = |n) ® |m). (3.4)

With that, we write

an )|n, ) (3.5)

such that

Z (8 (n, 7| Alm, m)
= Z | fa(B)*(nl Aln). (3.6)
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Where we have assumed that the operator A acts only on the vectors of the non-tilde

space, that is

(n,n|Alm,m) = (n| ® (n|A|lm) ® |m)
= (n|Alm)(n|m)
— Ao (3.7)

In search of producing the thermal average, we now have

1
|fn(B)F = me P, (3.8)
Which in turn allows us to write the solution
fa(B) = 70 : (3.9)

So the thermal state can be written as

_ L sE.2, ~
10(5)) ; NGOR [n, 7). (3.10)
The duplication of Hilbert space is a key feature of TFD and is present in all thermal
field theories. It allows for a convenient representation of thermal effects through the use
of Lie algebras.
The thermal state can be transformed from its non-thermal counterpart, |0,6), using a

Bogoliubov transformation

0(8)) = U(B)|0,0). (3.11)

This transformation introduces thermal effects and is defined through a Bogoliubov
operator U(f).

3.3 Generators and symmetries

To establish a formalism based on |0(5)), we begin with the premise that the set of
kinematical variables, V), is a vector space of mappings in a Hilbert space designated by
Hrp. The set V is made up of two subspaces and is expressed as V = Vs @ Vyen, Where

Vs represents the set of kinematical observables and Ve, represents the set of kinematical
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generators of symmetries. In both quantum and classical theory, Vg, and Vg, are frequently
identical with each other and with V. Let us go over this subject in further detail. Often,
each symmetry generator has a matching observable, and both are characterized by the
same algebraic element. Here we consider the identical one-to-one correspondence between
generators and observables, but this time we look at the scenario when Vs and Ve,
disagree [37]. In other words, Vs and Vg, correspond to distinct mappings in Hyp. To
underscore these points, we designate an arbitrary element of V,,, by A and the equivalent

element in V., by A.

3.4 Thermal Algebras

Within the enlarged Hilbert space Hp, we can define Lie products for operators as

follows
(A, 4] = iCk A (3.12)
A Aj] = iCE A (3.13)
[4;, Aj] = iCEA,, (3.14)

where A € Vs and Ac Vyen. From the above equations, we may find the same algebra

written now in terms of the operators A and A. Taking the genarators’ comutator

and substituting A=A- ,ZL we have

(A= A)(A=A); = (A=A (A= A); = iClHA- A),
A Ay — AAy — LA+ A Ay — A+ A+ AjA — A, = iCEA, — iCyk AL

Rearranging the terms, we write

(A, Aj) + [Ai Aj) = [A Aj] - [AL Aj] = iCEA), —iCE A,

as we have [A;, A;] = —[4;, A;], thus
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[Ai, Aj) + [As, Aj) = 2[A, A)] = iCE A, —iCE A,

From this we can identify that

[Ai, Aj] = iCEA, (3.15)
[Ai, A)] = —iCEA, (3.16)
A, 4] =0, (3.17)

where A; and AVZ represent operators acting on the original and conjugate spaces, respec-
tively, and C’fj are structure constants. This properties are called tilde conjugation rules,
and can be onbtained from the algebra (3.15-3.17). Thus, as it is a conjugation, (A)” = A,
so, from (3.15)

((CEAL = —iCEAy,
where we have used (cA)” = c* A, therefore
(A A])7 = A, Ay
(A;A; — AjA)T = AA — AjA.
For the last equality to be true we need that
(A A; — A A = (LA — (AjA), and  (AA;) = AA;. (3.18)

These Lie products, along with Tilde conjugation rules, define the thermal algebra on

the enlarged Hilbert space.
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3.5 Thermal Propagator

The propagator at the thermal vacuum |0(a)) = B(a)[0,0) is

Gy (g —d.p—pia) = i(0(@)r[(q.p)¥"(d,p)]|0(a)),

_ d'p —ip(g—q') ¥(ab) ¢
= / ) G\ (p; @), (3.19)
where
Gy (ps ) = B~ () GS™ (k) B(a), (3.20)
with

G (p) = ( Golp) - > . (3.21)

Then Gy(k) is given as

1

G = . 3.22
o0 = (322)

Then the non-tilde variable is

G (p @) = Golp) + €03 (p; @)[Gy(k) — Go(p)], (3.23)

where v?(p; ) is the generalized Bogoliubov transformation given as

d 00 s
lpia) =Y Y 270 Y (=)l exp [— Zaajlgjp"j] : (3.24)
s=1 {os} logyilog=1 J=1

with d being the number of compactified dimensions, n = 1(—1) for fermions (bosons) and
{0} denotes the set of all combinations with s elements.
Next chapter we will give a brief introduction to conformal symmetries and in special

conformal Galilean symmetry via Galilean Covariance.
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Chapter 4

Conformal Symmetry

The studies of conformal symmetry in physics have gathered a lot of interest in the
last fifteen years because they are relevant to at least three different areas of modern
theoretical physics They serve as toy models for truly interacting quantum field theories,
represent two-dimensional critical phenomena, and are important to string theory. Also,
numerous aspects of contemporary mathematics, including as number theory, finite groups,
low-dimensional topology, the theory of vertex operator algebras and Borcherds algebras,
and finite groups, have been influenced by conformal field theories [14].

The first part of this chapter is devoted to a comprehensive review of conformal symme-
tries in physics, guided Fulton’s approach [15]. It also draws upon several other significant
works [13,44,16-18]. The second part focuses on a thorough review of Galilean covariance,
based on the references [14,16,19-53]. The Conformal Carrollian Covariance is introduced

in the third part and is based on the following works [51-50].

4.1 Conformal Transformations

Conformal transformations are a fascinating area of study in physics, particularly in
the field of quantum field theory. In these transformations, angles are preserved, but not
necessarily distances [57], which can lead to some intriguing results.

There are various forms of conformal transformations, each with its own set of character-
istics and implications. Each form of transformation can have different physical interpreta-
tion on the system being studied. The diverse implications of these distinct transformations
become particularly important when considering observers and observables.

Therefore, it’s important to clarify the nature of the conformal transformation being
used in any given context. Understanding the specific form of the transformation and its
implications can help ensure that the physical interpretations drawn from the system are

accurate and meaningful.
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B4 Universidade de Brasilia 4.1. Conformal Transformations

4.1.1 Conformal Point Transformation

Following Fulton’s method [15], it is necessary to differentiate between spatial points
and the coordinate system that defines their positions. To differentiate between points in
space and their corresponding coordinate systems, we will use the notation z, z, Z, and so
on to represent distinct points. Meanwhile, we will employ indices to represent the coor-
dinate systems, indicating covariant and contravariant components of various quantities.
For instance, z#, 2"/, and so forth represent the components of point  measured in coor-
dinate systems S, S’, and so on. Occasionally, we may use x and 2’ to refer to the point x
measured in the respective coordinate systems S and S’.

Let’s consider the point transformation, often referred to as an“active transformation,”

7= "), (4.1)

which determines the point component the Z in the S coordinate system. By definition,
this is a one-to-one and analytical transformation in a given domain D.

In the forthcoming discussion, our focus will primarily revolve around points in Riemann
space and the metric tensor g, (x). It is essential to note that this discussion encompasses
a broader context; however, for the purposes of this work, our attention will be directed
toward these specific aspects. Notably, the metric tensor is characterized by the fundamen-
tal condition that, in a local geodesic coordinate system, it assumes the form of Minkowski
metric 7,

The expression that represents the line element of a curve with time-like characteristics

can be expressed as follows,
dr?(x) = — g, (v)datdz”, (4.2)
where Einstein summation notation is used. The point transformation (4.1) give us
dzt = 0,21 dx", (4.3)

where 0, = %. The mapping between two infinitesimally close points x and z + dx can
be used to express the connection that establishes the distinction between two components
Z and T + d, according to Eq. (4.1).

A key feature of a conformal point transformation is its ability to link the line element

dr(Z) at a given point T and the line element dz at point x through the mediation of a
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scalar function o(z),

dr(z) = \/o(x)dr(z) (4.4)
This implies
G (Z)dTHdT” = o(x)g,, (x)dxtdx” (4.5)
with the restriction
o(z) >0

Therefore, this relation can be expressed as

9 () 00" 0" = 0()ga(2), (4.6)

It is evident that Eq. (4.4) is equivalent to eq. (4.6), and hence this equation can be used
to define conformal point transformations.

It is important to highlight that all the quantities presented in the aforementioned
equations relate to the same coordinate system. If we associate a coordinate system S with
an observer, we can interpret it as a mapping from a domain D of points in the observer’s
space to a domain D of points.

Furthermore, it is crucial to distinguish the structure on the left-hand side of Equation
(4.6) from a coordinate transformation S — S’, where the same point P is represented by

’ . . .
components z* and z* in two different coordinate systems.

G (') 0a” gz = gaB(2).

4.1.2 Conformal Coordinate Transformations

A coordinate transformation is defined by a one-to-one correspondence that establishes
a bijective mapping between points in distinct coordinate systems. This mapping guaran-
tees that each point in one coordinate system uniquely corresponds to a single point in
another coordinate system, leaving no room for ambiguity or overlap.

The coordinate transformation can be mathematically represented as

' = ht (x) (4.7)

This equation captures the interrelation between the components of points x within

a domain D, as observed by different observers or coordinate systems. It’s important to
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B4 Universidade de Brasilia 4.1. Conformal Transformations

note that we assume the transformation possesses the quality of analyticity, ensuring its
mathematical rigor. Points that are infinitesimally close to each other transform according

to
dzt = dyat dx®, (4.8)
while the metric tensor transforms as
G (7)) = O 2 0y 27 gu (). (4.9)
These relationships imply that
dr?(z') = dr*(x), (4.10)

in contradistiction to (4.4), unless o = 1.

Equation (4.8) is a general feature of transformations for any tensor field 7", which

transforms according to
TSZEI.'.'.' (') = 8u9c“'(91,x”/...8a/xa85/xﬁ...T§g::: (x). (4.11)

To establish the definition of a conformal coordinate transformation correspodent of
the conformal point tranformation (4.6),, we need to first establish the general relationship
between coordinate transformations and point transformations.

A point transformation can be associated with each coordinate transformation by de-

manding the relationship
=zt or T = (4.12)

This indicates that a point ¥ is linked with x in such a way that the components of &
with respect to S’ are the same as the components of x with respect to S for a particular
relation of components of the point z in two coordinate systems. This equality only holds
in the selected coordinate system, as indicated by the equal dot notation in (4.8). This
establishes a clear association between the labels p and g/ [15].

By Eq. (4.8) the relationship between the coordinate transformation (4.7) and the point
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transformation (4.1) is as follows

This shows that the function A* in (4.7) is the inverse transformation to (4.1). If (4.1)

implies
at = F*(z), (4.13)
then (4.7) becomes
o = F* = h¥(x). (4.14)
These relations can also be expressed as
7 = fr(a) = (@)

which, by using (4.12), leads to

oz oT*
— = — (4.15)
oxr®  Jx>
This establishes the connection between point transformations and coordinate transforma-
tions.
The conformal coordinate transformation can be inferred from the corresponding point

translation (4.6). It takes the form
ot = fH(z)) (4.16)

where f* is the same function as (4.1), implying (4.6).
Importantly, we observe that (4.7) and (4.10) are mutually consistent equations. By

replacing (4.15) into (4.6), we obtain

_ 0x* 0z
guu(f’@)ww = 0()Gap; (4.17)

using (4.5) for z, this leads to

g (2') = 0 (%) gap (). (4.18)
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Hence, with (4.6),
dr?(z') = o(1)gus(x)dr* (). (4.19)

This confirms the coherence of (4.7) and (4.10).
4.1.3 Conformal Transformations of Tensor Fields

Let’s consider a vector field A,(z). The covariant components of this field undergo a

coordinate transformation as given by (4.11)
A (') = 0,2" A, (Z), (4.20)
where 0, = 8%. By employing Eq. (4.15), this can be simplified to
Ap(T') = 0,3" A, (T). (4.21)
We can now introduce a new field A, () such that
A (Z') = Au(2). (4.22)

However, it is now deduced from (4.6) and (4.22) that the equivalence between A%(z) and
A%(x), as well as A, (z) and A, (x), is precluded. Instead, only one of the following can be
established

{ A%(w) = A () (4.23)
Ay(z) = 0Au(z)

{ A%(x) =A%) (4.24)
An(x) = An(z).

The validity of identities (4.23), and similarly (4.24), can be verified by substituting the
Eq. (4.23) or Eq. (4.24) into (4.6).

The outcomes (4.23) and (4.24) can be concisely expressed If the components of a field
A(x) transform as a covariant vector under a conformal point transformation, then the
contravariant components transform analogously to an affine contravariant vector with a

factor of o1,
Ar(z) = Lo, A (). (4.25)
o

Conversely, if a contravariant vector is subject to a conformal point transformation, then
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the corresponding covariant components transform as
A, (Z) = 00,2 A% (). (4.26)

As a result, the magnitude of a vector A(x) transforms under a conformal point trans-
formation (4.1) and (4.6) as

Au(E) A(7) = —— A" (2) A, (1), (4.27)
while the magnitude of a contravariant vector transforms as
A, (2)A*(z) = o(x) A" (z) A, (). (4.28)

These considerations can, of course, be extended to tensors of arbitrary rank.
4.1.4 Conformal Transformations of the Metric Tensor

Let’s consider the conformal point transformations as defined by (4.6). When we utilize

the symbol
9 (@) = 0(2) g (@), (4.29)

thus, Eq. (4.6) becomes
gfw('x) = aﬂj}aauiﬁgaﬁ- (430)

At first glance, this might seem reminiscent of a coordinate transformation. However, it’s
important to note that here, x and Z refer to two distinct points within the same coordinate
system, rather than belonging to different coordinate systems of the same point.

The conformal coordinate transformation characterized by Eq. (4.7), by means of

Eq. (4.29) can be expressed as
v = Gurw (T') (4.31)

for the case of Eq. (4.12)
x =7 (4.32)

This insight points us towards a definition of conformal transformations that does not
explicitly reference either point or coordinate transformations. Nevertheless, it remains

consistent with both concepts
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%4 Universidade de Brasilia 4.2. The Special Conformal Algebra

Given a metric manifold described by the metric tensor g,,,, we define

(@) = 0(2) g (),

ge" (1) = ——=g"(x), (4.33)

o(x)

where o is an arbitrary positive differentiable function of xz. We refer to Eq. (4.33) as
the conformal transformation of the metric tensor. These transformations form a group
denoted as C,.

The collection of all manifolds differing from each other solely due to elements of C,
constitutes a conformal space. It’s important to recognize that the magnitudes of lengths
ds* = g, dz*dz” in such a space lack absolute meaning. This is because comparing lengths
at two different points involves the arbitrary function o. However, the ratio of two infinites-
imal lengths is well-defined when both lengths refer to the same point. Furthermore, angles

maintain their well-defined nature at each point

Guvdatox”
GapdrdxP)L/2(g,0xrdz)t/2’
B p

cosa = (4.34)
and this remains invariant under Cj, justifying the term ”conformal.”

As we delve deeper into the subject, we come to realize that the conformal point and
coordinate transformations are combinations of the conformal transformation of the metric
(4.29). We'll refer to the corresponding group transformation as C', which includes C,; and
the entire coordinate transformation group as subgroups. We term this expanded group C'
as the extended conformal group.

From these insights, we draw the conclusion that when dealing with equations invariant
under coordinate transformations, it suffices to assess transformations under C; to ensure
covariance under C.

In the ensuing discussion, our primary focus will be on Cj; and coordinate transforma-

tions.

4.2 The Special Conformal Algebra

We narrow our attention to the subset C, of special or restricted conformal transforma-
tions. This subset includes transformations in C' that map flat space into flat space. This

means that the functions o(x) are no longer entirely arbitrary; they are now constrained
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by
Ry,,=0 — RJ =0,
where Rf_ is the Riemann curvature tensor. Haantjes [10] classified the corresponding

transformations from Minkowski space g, = 7, to a flat space with metric g5, = o7,
These transformations form the special conformal group C,. Moving forward, we’ll restrict
our focus to this significant case C,, while for additional information about the C, group,
refer to [15].

The C, group consists of a 15-parameter Lie group commonly referred to as conformal
transformations. It aligns with the perspective of Bateman and Cunningham |[2, 3].

This group encompasses space-time translations
" ="+ 0", (4 parameters)
proper homogeneous Lorentz transformations
" = A'z¥, (6 parameters)
dilatation (or scale) transformations
" = szt (1 parameters)
and acceleration transformations

2" = (1 +2a%xq + 2°a®) (2 + a*2?) (4 parameters)

2 = 2%, and a®> = a“a, refer to Minkowski space. The 15 pa-

In the latter equation, =
rameters encompass b,, A*,, s, and a”. Through an extension to Riemann spaces with
non-definite metrics, Haantjes [10] established that every element of Cyy can be expressed

using motions and inversions alone.
4.2.1 Invariance of Derivatives

In our exploration of the group C, particularly its subgroup Cj, it proves valuable to
define quantities that lay bare their transformation properties under Cj. Therefore, the
subsequent concepts will be useful.

A tensor in a Weyl manifold with weight n and k indices signifies a Riemannian manifold
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tensor with k indices, transforming as dictated by Eq. (4.33)
T.=o"T. (4.35)

[lustrative instances encompass the metric tensor g,,, a tensor in a Weyl manifold of

weight +1; dz*, a Weyl vector with weight zero; and dr, a Weyl scalar with weight 1/2.
For the formulation of a conformally invariant covariant derivative, the presence of an

affine connection in a Riemann space, derived from the metric tensor g, is pivotal. The

covariant derivative of a vector V* is then established as

av

V, V=0,V + va{ a } (4.36)

This left-hand side assumes the form of a Riemannian manifold tensor due to the Christoffel

symbol being a solution to the transformation equation of linear connections
L'ty = 06t (0 a1 Oya Ly, + 0L,05270). (4.37)

The fulfillment of Eq. (4.37) by the Christoffel symbol under the coordinate transforma-
tion (4.7) is evident. It’s noteworthy that any other solution of (4.37), utilized in (4.36),
will similarly yield a V, such that V,V# takes the form of a Riemannian manifold tensor.

The transformation under Cy can be expressed as

1
VLV = 0,V va{ p } =V =0, 5 (Vi + 0V s - ), (138)

av

assuming that V*# serves as a Weyl vector with weight zero.

Introducing the symmetric connection

7 1
Iy = {O”/} — 5(53%5 + 0ka — K" Gap), (4.39)
this yields
cH
Fas=T0s (4.40)

given that k* transforms as
ki, = ku + s, (4.41)
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under Cy. Consequently, the expression
vV, Vit =9, VF+ VeIt (4.42)

will be a tensor in a Weyl manifold with weight zero when I’Zﬁ fulfills the conditions
stipulated by (4.37).
4.3 Conformal Invariance in Quantum theories

Let start with the massive Klein Gordon equation in flat space
P'Pap = m*y (4.43)

or

0" By Pp = m*y, (4.44)

where m is a number and represents the mass of a particle. By Eq. (4.33) and (4.44)
transform as )
—n" P, P = m*1, (4.45)
o

Where we considered P, as a Weyl vector of weight zero, W,. Clearly this equation is not

form-invariant. A simple fix is to set m = 0, now Eq.(4.44) transforms as

1
;nwjpupzﬂ/} = O,
n" PPy = 0. (4.46)

The Eq. (4.46) is form-invariant under C,,.
Haantjes [58] proposed a character W_, 5 for m that makes the Eq. (4.46) invariant
even with m # 0, but for this case m is not invariant under Cy, but takes on a continuum.

Only m = 0 remains invariant under C|.

4.4 Galilean Covariance

Galilean Covariance refers to a method of treating Galilean and Newtonian physics
using the same tools used in Lorentzian physics. The theory is written in a Light cone of

a five dimensional space with Minkowski metric.
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4.4.1 Light cones coordinates

A five-dimensional Mikowski metric is given by

-1 0 0 0 O
0 1000
NAB = 0 0100 (4.47)
0 0010
0 00 01
Making the following changes
0 4 0_ 4
Ao O Vedt s 20— eat (4.48)
V2 V2
Therefore, we have
ds* = dr'dr; — 2dx*da®. (4.49)

The coordinates z* and 2° are null coordinates and together with the spatial coordinates
2" they are known as the light-cone coordinates.

We can express Eq. (4.49) as

ds* = g, datdx”, (4.50)
with
1 00 O
01 0 O
gw=1_10 01 0 0 ; (4.51)
000 0O -1
000 -1 0

with pu,v = 1,2,3,4,5. So, this metric is know as the Minkowski metric in light-cone
coordinates.

The dispersion relation in the Minkowski light-cone coordinates are
Py = gup'p” = ') = 20"p” = K, (4.52)

this dispersion relation resembles the nonrelativistic dispersion relation, and as we will see

can be interpreted as such in the appropriated embedding.
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4.4.2 Embedding
1. The first embedding considered is defined by

A2
(C/’1A — A= A,A4, — | ; A € 51, Aeqg. (453)
2A,
Thus, the square of the norm A is
(AJA) = A% —2A*A° = 0. (4.54)

Embedding &; establishes a correspondence of E3 with null-norm vectors of G. One

example is the vectors associated with Galilean invariance in G.
2. The second possible embedding is
EA — A= (A, A0). (4.55)
Hence the square of the norm of A is not null in (A|4) = A® An example is
x=(x,vt,0).
3. A third embedding possibility is

Ay A
AR,
7\/57\/5)

Thus, we have (A|A) = A? — (A4)?. This embedding thus leads to a Minkowski space
M3.1 n g

EA = A= ( (4.56)

4.4.3 Galilei-Lie Algebra

Consider a vector ¢* € GG that obeys the set of linear transformations of the type
7' =G",q" +d". (4.57)

Using the unitary representation under the function space in a point in G, the generators

are defined by

M},LV - (quV_QVpu)7 (458)
P, = p,. (4.59)
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4.4. Galilean Covariance

where M, are the generators of homogeneous transformations and P, of non-homogeneous

transformations. We then get the following Lie algebra

[M/J,I/7 Mpo] = _i<nupMua - nupMuo + n;,LO’MI/p - nVJMMp)v
[P Myo] = —=i(nup Lo — My by),
[P, P,] = 0.

A particular case of interest of these transformation, given by

n
4/
q

/
¢ =

R;qj Foigt 4 df
q4+a4
q5 o (R;q])vz _|_ §V2q4.

In the matrix form, the homogeneous transformations are written as

RY

R?

Gt = R31
0

%
UiR]

4.4.4 The Schrodinger Group

R, RL o 0
R, R% 0
R, R%, 4 0
0 0 1 0
- uRYy uRy Y1

(4.60)

(4.61)

(4.62)

(4.63)
(4.64)

(4.65)

(4.66)

Consider the massless dispersion relation on the five dimensional Minkowski space (4.47)

pipa = 0.

(4.67)

This equation is conformally invariant, using the light-cone coordinates defined by the

metric (4.51), the dispersion relation becomes

pipi —

Psps — paps = 0.

This is the non-relativistic dispersion relation.

(4.68)
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Since the original dispersion relation has conformal symmetry, this means that the

symmetry group of the Eq. (4.68) is a subgroup of the conformal group.
The conformal algebra is

|:/-\/ —_— — — —_— —_—

My, Mo | = —=i(pMpuo — Moo + Mo Mup — 1up Moo ),
[Pua MPU_ = —i(MupBo — Mo Bp),

E,MU-:Z'(U Ea_naé)a

[ u~ p~: ~up o Bp (4.69)
[PM, D| =i,

[57 éu] = iéu

7. ) — a3 i

where M, . are the generators of homogeneous transformations and ﬁu of non-homogeneous
transformations, D generates scaling transformations (also known as dilatation) and B/#
generates the special conformal transformations.

Doing the following identification

1 Ki:MF)i)
Jz:_i‘M ) 5}
g ClkHik p_bs (4.70)
Pu:P,u: ,? —
D =D + Ms,.

Hence, the non-vanishing commutation relations can be rewritten as

[Ji, Jj] = i€k Ik, b, Bl = Z:EiijM .

JC)] = iesnCh. (K, Cj] =0, D + i€ Ik,

D, K;] = iK, (. D =G

[Py, D] = iPy, o Bl =t (4.71)
K = id P [P, C;] =10, Py,
[Py, Ki] = iP;, [[;7 C;ﬂ : zil

[Ps, D] = —iP, v v

[P, B] = —iK;
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A special subalgebra is given by

Jiy K| = 1€, Ky,
[le Jj] = ieljkjk7 [ j] e
D, K] = iK o i) = e

, NG| = 1L\,

[Py, Bl =iD,
[P47D] - 21P47 (472)

(B, D] = —2iB,
[Pz', Kj] = Z5ijP5> [P' D] _ip
Py, K] = iP;, ) )

i = —iny
[P;, B] K;,

all others commutations relation being zero. This algebra can be interpretes as the Schrédinger-
Lie algebra if we make the following associations, P; are the generators of spacial transla-
tion, thus can be interpreted as linear momenta operators, P® = — P, is the time translation
generator, terefore is intepreted as the Hamiltonian operator, .J; are related to rotations and
can be associated with angular momenta, K; are the generators associated with Galilean
boosts, B and D are the generators of special conformal transformations and dilatations
respectively. In fact, we can observe that egs. (4.63) and (4.64) are the Galilei transfor-
mations with z* = ¢. The Eq. (4.65) is the compatibility condition which represents the
embedding
A2

TA > A=A A, — |; Ac& Aed.
24,

The commutation of K; and P; is naturally non-zero in his context, so P5 can be interpreted
in association with mass.

The invariants of this algebra in this context are

I = PP (4.73)
L = P (4.74)
I; = WSMW;7 (475)

where W, is the Pauli-Lubanski matrix in five dimensions.
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The Schrodinger Equation

Using the Casimir invariants Iy, (4.73) e I, (4.74) and applying in ¥, we have

plp, ¥ = 0, 4.76)
sV = —mV. (4.77)
Using the correspondence, p,, = —i0,, and applying ¥, we have
0,0MV =0
g R (4.78)
o5V = —imW¥
where m is a constant and using ¥(x,) = exp(—ima®)(¢(x,t), we obtain
V60, 1) = ik (x. ) (1.79)
- x,t) = 10,0(x :
om ) t s V)
which is the time dependent Schrodinger equation of a free particle of mass m.
The 5-current is
() = == (V" @)"p(w) — 00" (@) w(x) ) (4.80)
and is conserved because the 5-divergence is null, i.e.
Ouj" = 0. (4.81)
So the 5-current is equivalent to the usual 4-current,
7: * *
i@ = =5 [V @V (¥(0) - VU (@) (@)
7= pla) = =5 | = W (@35(¥(g) + BV ()0 (g))| = [
where j(z) is the probability current and p(q) is the probability density.
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4.4.5 The Pauli-Schrodinger Equation

In this context, we present a construction of the spin wave equation 1/2; defining a new

pentavetor v such that,
(0,0") = (v"0,)(7"0,) (4.82)
so, for Eq. (4.82) to be valid v# must obey Clifford’s algebra, that is,

{97} = 29" (4.83)

where ¢g" is our H-dimensional metric.

Taking one of the parts and acting on the wave function v (x)

(7*Ou)b(x) = 0. (4.84)

For convenience, we will use the following representations of y*

A A s [0 V2

5 _ 0 0 .
5 _(_\/5())’ (4.86)

where o are the Pauli’s matrices and v/2 is the 2x2 identity matrix multiplied by v/2.

Adding a potential V', we have

o-p —(E-V)V/2 P* B
() e
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which leads us to

o pYt — (B V)V2p® =0,

g Pws - \/§m¢L = 07
these are known as Levy-Leblond equation. In Eq. (4.89) we have
L_9"P s
(4 p~ \/§¢ :
Substituting in Eq. (4.88) and using the fact (o - p)(o - p) = p?, we have
P
Byt = Lyt vyt
2m
Similarly,
s_ P s s
Ey” = —° + V~.
2m
What is the Schrodinger equation for 1° and ¥ respectively.

4.5 Conformal Carrollian Covariance

Another subalgebra that can be achieved from Eq. (4.71) is given by

Ji, Csi] = i€;1.Ch,
[Jza J]] = iezgkt]kv [ ]] e
. [‘]17 PJ] = ZEZ]]CP]{H
D, C;] = iCy, P B| = iD
) = /l/ )
[Ps, D] = 2iP;, ’
(B, D] = —2iB,
[P57 Cl] - Z-PZ?
[-qu C]] = Z(SZJP47

(4.88)

(4.89)

(4.90)

(4.91)

(4.92)

(4.93)

This is a conformal Carrollian algebra isomorphic to the Schrédinger algebra (4.72).
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Chapter 5

The Landau Problem and non-Classicality

In this chapter, we delve into the exploration of the extended Galilei group denoted as
G and its representations within the context of field theories on a symplectic manifold. We
establish a connection between these representations and the Wigner function. Specifically,
we focus on the representation written on the light-cone coordinates of a de Sitter spacetime
in five dimensions, constructing a Hilbert space equipped with a symplectic structure as
the representation space for the Lie algebra of G.

We derive the spin-zero Schrodinger equation, which describes wave functions in phase
space. Additionally, we obtain the Pauli-Schrodinger equation in phase space, accounting
for gauge symmetry and addressing spin % particles. To demonstrate the practical applica-
tion of this theory, we examine the behavior of an electron in the presence of an external
field, leading to the recovery of the non-relativistic Landau Levels.

Furthermore, we embark on a study of the parameter of negativity associated with
the system’s non-classicality. By analyzing this parameter, we gain insight into the extent
to which the system deviates from classical behavior. Overall, this chapter presents a
comprehensive investigation of the extended Galilei group, its representations, and their
relevance to field theories on a symplectic manifold, offering valuable insights into the
quantum dynamics of physical systems.

The presentation of this chapter is organized as follows. In Section 5.1, we construct
a symplectic structure within the Galilean manifold. Utilizing the commutation relations,
we establish the Schrodinger equation in the phase space of a five-dimensional light-cone.
By proposing a solution, we restore the Schrédinger equation in phase space to its non-
covariant form in (3+1) dimensions.

In Section 5.2, we delve into the analysis of gauge symmetry for non-relativistic spin

% particles in phase space. We investigate the behavior of Galilean spin % particles in the

o1
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presence of an external field, proposing and discussing potential solutions. Furthermore,
we calculate the negativity parameter and explore its physical implications.

Moving on to Section 5.3, we explicitly construct the covariant Pauli-Schrodinger equa-
tion. We focus on the representation of spin % particles within the symplectic framework.

The results of this section are taken from work by Petronilo et al.(2020) [21].

5.1 The Galilei Group and Quantum Mechanics in Phase Space

To establish a connection between the Hilbert space H and the phase space I', we
consider a set of complex-valued square-integrable functions, denoted as ¢(q, p), defined on

I'. These functions satisfy the condition

/dpdq; ¢*(q,p)é(q, p) < 0. (5.1)

We can express ¢(q,p) as (q,p|¢) using the following relationship

/dpdq; lq,p)(q,p| =1, (5.2)

where (¢| represents the dual vector of |¢). This space is called symplectic Hilbert space and
is denoted as H(I'). Now, let us examine the Galilei group within the representation space
H(T"). To accomplish this, we introduce unit transformations denoted as U : H(I') — H(T")
that preserves the inner product (1]1s).

Using the operator A, we define a mapping ei2 =% : IxI — I', which can be expressed

frg=fla.p)exp |- 079 03 (4.p)
9=1@ree |5\ o, ~ aprag, || Y0P

as

where we have set h = 1.
In order to establish a representation of the Galilei algebra within H, we introduce the

following operators

Pt = phlx=pt— %8%, (5.3a)

QY = ¢"'~=¢"+ %8,,“, (5.3b)
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and

— ~ o~ A~

MI/O‘ = Mua* = QVPU - @UPIM (530)

whew = 1,2, 3,4, 5. Here, ]\/ZW represents the generators of homogeneous transformations,
while ]3” corresponds to the generators of non-homogeneous transformations. Through
straightforward calculations, we derive the following commutation relations from this set

of unitary operators:

[Muw Mps| = —i(gupMus — gupMyo + guoMup — guoMoyp),
[P;u Mpa_ = _i(g[LpPO' - guaPp)a
[13“, Bl = o

These relations give rise to a closed algebra, which is the Lie algebra of the extended Galilei
group (Bargmann group). Within this context, we define J; = %eijk]\/ijk as the generators
of rotations and l/(\'z = ]/\Zg,i as the generators of pure Galilei transformations. Moreover,
P, represents spatial and temporal translations. Notably, in this setting, the commutation
between K; and P; is naturally non-zero, with P; being associated with mass.

The invariants of this algebra can be expressed as follows

I, = PP (5.4)
L, = D (5.5)

By utilizing the Casimir invariants I; and Iy and applying them to W, we obtain the

following equations

P, PrU = k20,
PV = —mU.

From these equations, we derive the expression

, 1 { {
(p2 —ip-V — ZVQ - k2> v = (p4 - 5&6) (p5 - 5&5) v,
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where a solution to this equation is given by
U — 6721[(p5+m)fJ5+(p4+E)t]@(Q’p>. (5.6)

Consequently, we arrive at the following form

2m 4 m

i(pQ—ip-V—1V2>q>= <E+2k—2><1>,

which is the Schrodinger equation in phase space for a free particle with mass m [20],
including an additional kinetic energy term of % We can always choose this term to be
the zero energy reference.

This equation, along with its complex conjugate, can be obtained from the Lagrangian

density in phase space (where 0" = 0/0q,,)

. .
L= 10"V(g,p)9, 0" (g,p) + %p“[‘lf(q,p)a"\ll*(q,p) — U*(q,p)0"¥(q. p)] + [p'p. — K] 0.

The connection between this representation and the Wigner formalism is established through

the expression

fula,p) = ¥(q,p) » V'(q,p),

where f,(q,p) denotes the Wigner function.
The Wigner function, f,(q,p), satisfies the 5-dimensional Galilean covariant Liouville-

von Neumann equation in phase space, which can be expressed as follows

Pu0q, fu(q,p) = 0. (5.7)

Moreover, in the Galilean covariant formalism, the Pauli-Schrodinger equation exhibits a

structure reminiscent of the Dirac equation,

(v’ﬂ - k) ¥(p.q) =0 (5.8)

or

oa (pu - %(%) V(p,q) = k¥ (p,q). (5.9)

Equation (5.8) can be derived from the Lagrangian density governing the dynamics of the
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spin 1/2 particles in phase space, can be expressed as

L= = (@)Y — B0, )) — Wk~ 77p,) ¥,

Here, U = (U where ¢ is given by

(= —%{74‘*‘75} = (S _OZ> :

In the context of the Pauli-Schrodinger equation, the association with the Wigner func-

tion can be expressed as follows
fo=YxV,

where each component of the equation satisfies Eq. (5.7).

5.2 U(1) Gauge Theory in Phase Space

The Lagrangian density governing the dynamics of Galilean covariant spin 1/2 particles
in phase space is given by
L= Uyt (p,x)V — kU, (5.10)

—_~—

here A(p,*)B = L[A(p, * B) — (p. » A)B].
The aim of this section is to examine the invariance of Eq. (5.10) under local gauge

transformations
U=e%0, U=1Uxe" (5.11)

where Q = Q(q,p). In the context of infinitesimal transformations, we can express the
variations as U = —iQ « U and dU = iU x ), such that

I(pur V) = —ip, *Qx W, (5.12)

and
§(pu*x V) =ip, x U Q. (5.13)

It is important to acknowledge that the transformations of (p, * ¥) and 6(p, * ¥) do not

exhibit covariance. To address this issue, we introduce the operator

D, % = p, *x —iA,* (5.14)

nxs
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which allows us to modify the Lagrangian density as follows

—~—

L =TUy*(D,*)¥ — kT, (5.15)

By utilizing the identity p(f * g) = f % (pg) — %(@ f) * g, we can express the infinitesimal

variation of D, x ¥ as

I(DyxV)=—iQx (pu*x¥) —0,QxV¥ — A, % (Q* V) —i(6(A,) * . (5.16)
Considering the transformation of A, as
Al = Ay +i{ Ay, Qa4 10,9, (5.17)
where {a, b} = a*b — b* a denotes the Moyal Brackets, we find
(D, * W) =—iQdx (D, x V). (5.18)
Likewise,

§(D,*x V) = —i(D,x V) x Q. (5.19)

Therefore, the Lagrangian density presented in Eq. (5.15) is invariant under the transfor-
mation described in Eq.(5.11). Consequently, the rule for minimal coupling is to substitute
pux with D, * = p, x —iA,x. In the subsequent section, we apply this formalism to analyze

the Pauli-Schrodinger equation with electromagnetic interactions.

5.3 Electromagnetic Interactions in Pauli-Schrodinger fields

The equation describing the dynamics of spin 1/2 particle in the Galilean covariant

phase space with electromagnetic interaction can be written as

oy (13“ - e/TM) kv =0 (5.20)

By introducing the following definition

= |y(P, - ed,) + k|v, (5.21)
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where P, = (p, — £9,), we can express the Eq. (5.20) as
[7“7“ (ﬁu — 6;4\#) (ﬁ,, — eg,,) — kQ]Q/} = 0. (5.22)

Where, y#~" = g + 0", and

1 1
o Z AV AV = Z [ A
o 2(77 vv) 2[%7]

Using these results, Eq. (5.22) can be rewritten as
(13#13# (PR AR e [P )] 4 ew@) o=k,

Letting A* = Le* B;Qy, where Q, = (g, + £8,) and A* = A% = 0, with B = (0,0, B)
chosen as the magnetic field. Restricting the particle’s motion to the plane (g1, ¢), i.e.,

}33 = 0, we obtain the following equation

- 2 <p4 - %@) <p5 - %8;,)1#

+ (p%+p§—1(82 + 82)—@3

1
i(0g + 1) =B |0 = 100)

— i<1023q2 —|—p18q2) —eB

- i) an o = a0 00,

¢2B? i\ il ,
+ 1 (ql + 5@;1) + (qg + 5@,2) —iec “B | = k1, (5.23)
0
where o2 =4 ( 73 ) .
0 03
Letting

o= [ 2
o(¢",p") )’
We have obtained a pair of uncoupled equations, one for ®(¢*, p*) and the other for

O(g*, p"), given by
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-2 <p4 - %075) <p5 - %85) @(q#,pu)

2 2 )
+(P?+p% - i(%*aﬁ?) — B 5<an7’1 _pla”)

9?2 92 .
+711 (8‘128101 N 3q18p2> o 2<p28% +p18q2>
' ; 2 . 2
(q1p2 — q2p1) — %(%@12 - q28q1> <Q1 + %am) + <q2 n %8102)

+ea3B> g+, p) = k2O (g", p"),

+ €2B2

—eB 7

and the equation for © follows a similar structure.
Taking ®(¢*, p") = »(q',p")o(¢*, ¢°, p*,p°). Which result in

<P4 — %@) <p5 — %35) b =mE¢+ k¢, (5.24a)

and

(-2 ) o[ )

n 1( 0? 0? >] _i(m% +plaq2>

4\0,0, 04,0y,

i
— eB ((J1p2 - Q2p1) - 5 <Q18q2 - q28q1>]
e2B? i 2 i 2
+ 1 (q1 + 58,,1) + (q2 + 58,,2) + eaSB> ©
= 2mEp + k%o (5.24b)

A solution of Eq. (5.24a) is of the form

o= Cle—Qi[(p5+m)Q5+(p4+E)t] :
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(y is a normalization constant. In order to address the solution of Eq. (5.24b), a transfor-
mation of variables will be introduced, denoted by
e B?

w(qi, g2, p1,p2) = pf ‘H?% + eB(qp1 — q1p2) + T(Q% + QS)

Following an extensive calculation, it becomes evident that the imaginary part of this

equation is identically zero, yielding us

2
wp — 6232&2—3{}) — eQBZwaagp—lﬁQm = (2mE — esB + k*)p(w), (5.25)

with s = 03, with s = +1. Consider w = w/(eB), « = (2mFE — seB+k?)/eB and letting
f(w) = e*p(w), we have

Wf"(w) + (1 - 20) f(w) — af(w) = 0, (5.26)

where f'(x) = g—Z: and a = (1 — «). The Eq. (5.26) corresponds to the Kummer equa-

tion, a type of confluent hypergeometric equation. The physical solutions are expressed as

follows,

1 «
fn(w) = AnU (5 — 5, 1,2&)) s

where U(a, b, z) are the Kummer’s function and A,, are constants. Nonetheless, it becomes
evident that when a = —n with n = 0,1,2,..., the series U(a,b, x) transforms into a

polynomial series in x of degree no more than n. Therefore, expressing it as
a—1=2n,

We have the following eigenvalue relation.

1 s k?
E=uw. A
c‘)<"+2+2) om

with w, = % and the corresponding eigenfunctions
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where A,, are normalization constants. As a result, the quasi-amplitudes is given by

. 2w w
D, = Ole_2z[(p5+m)qs+(p4+E)t] <AnU (—n, 1, E) exp < — E)) (5.28)

The analog is valid for ©. These calculations provide the correct value of the eigenstates
of energy for fermions in an external magnetic field, the well-known problem of Landau.
Therefore, formalism is consistent with the standard calculation. To find the corresponding
Wigner function just do ), * 1.

To determine the expression for f,,, we will apply a similar procedure to that used for

the harmonic oscillator. Note that in this case, we have w = 2mh, where

1 2 .2 B,
h=—|pi+p;+eB(@p—qap)+ (@ +a) -
2m 4

This step allows us to establish the appropriate relation for w in terms of the given
parameters.

Therefore,

tho = Coe™ /e

Thus,

O = Coem 2% s apy = Coe™2Mweqy = Coe™2E0/weqp

Hence, the Wigner function describing the ground state of a Spin—% particle with spin-up

and spin-down configurations can be expressed as follows
1 6232

+ 2 (2 2 B _ 2 2 B
fg = (Co+) 56 (pi+p5+eB(g2p1—qip2)+ (47 +43)) /e 7

and

_ 2 np2
0 _ (Cof)26—(p§+p§+63(q2p1—q1p2)+ef (ai+d3))/eB

w =
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As for the general case,

2 2
f;,li _ (Af) (%)e—(P?+P§+eB(fI2P1—Q1P2))U (_n’ 1, 2(p1 TPt GBB(qul _ Chp2))> (5,29)
nlm €

The characteristics of the Wigner function in this system are depicted in Figures 1
through 4. From these plots, it becomes evident that the Wigner function corresponding to
the ground level (n = 0), as depicted in Figure 1, lacks a negative component. Conversely,
for higher energy levels, illustrated in Figures 2 through 4, the Wigner function exhibits a
negative region. The graphical representations underscore a notable trend: the magnitude
of the negative portion in the Wigner function becomes more prominent with increasing

energy levels of the system under consideration.

Non-classicality Indicator

The Wigner function satisfies the normalization condition ffooo fuw(q,p),dq,dp = 1.

Hence

o) = [ (1fulan) = fula) ) dady

—00

= /Oo | fw(q,p)|dgdp — 1,

—00

serves as an indicator of negativity for the vector |¢) [59].
In the following, we conducted numerical calculations of this indicator for the Landau

levels. The results of these calculations are shown in Table (5.1).

Table 5.1: Parameter of negativity of the Landau Levels for n =1,2,3.

n(y)

0
0.42612
0.72899
0.97667

w N~ o 3
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Figure 5.2: Wigner Function (cut in q1,p1),
First Excited State.

Figure 5.3: Wigner Function (cut in q1,p1),
Second Ezxcited State.

—0.2

Figure 5.4: Wigner Function (cut in q1,p1),
Third Ezxcited State.
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The data presented in Table (5.1) demonstrate a consistent pattern where the negativity
indicator aligns with the system’s energy level n, corroborating the trends depicted in
FIG. 5.1 through FIG. 5.4. This observation suggests a potential connection between the
growth of the indicator parameter and an increase in the quantum entanglement of the
analyzed system. Such insights are of significance in fields like quantum computing, as

evident in [60].
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Chapter 6

Symplectic Galilean fields at finite tempera-

ture

In this chapter, the Galilean covariance in phase space is considered. The non-relativistic
symplectic version of Klein-Gordon and Dirac equations are constructed in this frame-
work. The propagator associated with both fields are determined. Then the non-relativistic
Stefan-Boltzmann law and Casimir effect at finite temperature are calculated. The Ther-
mofield Dynamics formalism is introduced, thus using thermal effects.

The main goal of this chapter is to explore the Galilean covariance in phase space and
to investigate the size effect of non-relativistic quantum systems compactified in a torus.
For quantum mechanics, the TFD formalism is used to deal with the spatial torus with
temperature effects in the context of Wigner functions.

The formulation of classical mechanics in phase space is well-known. It leads to distinct
physical meaning with a Hamiltonian function. In the case of quantum mechanics, this
function is of paramount importance for the dynamical processes but the structure of
the phase space is due to the non-commutativity between position and momentum. The
formalism of quantum mechanics in phase space was introduced by Wigner. This allows the
mapping of classical functions into quantum operators in phase space through the Moyal
product. Wigner was interested in solving problems opposite to the one proposed by Weyl
who established a quantization process based on classical functions. The formulation of
the phase space has a well-defined classical limit. In contrast to the wave function, the
Wigner function does not represent a true probability density. The formulation of a field
in phase space has an interest in generalizing representations. It is important to note that
observables are preserved in phase space. Another step in quantum phase space is given
when the formalism could accommodate consistently the notion of gauge field with the

Wigner function. This was accomplished with the notion of quasi-amplitude of probabilities,
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i.e. a wave function associated with the Wigner function. In order to consider the phase
space structure of a quantum system in a torus, this formalism in phase space is considered
with TFD.

This chapter is organized as follows. In Section 6.1, the spin 1/2 symplectic repre-
sentation is introduced. The Dirac-like Lagrangian is obtained. In Section 6.2, a brief
introduction to the TFD formalism is presented. In Section 6.3, some applications at finite
temperature are calculated for the non-relativistic Stefan-Boltzmann law and the Casimir
effect.

The results of this section are taken from work by Petronilo et al.(2021A) [01].

6.1 Spin 1/2 Symplectic Representation
This section provides a brief overview of the spin 1/2 symplectic representation. The

Lagrangian density for a spin-1/2 field is given by:

L= —i ((%&(q,p))v‘”wq,p) —(q,p) ('y“%w(q,p))) + (g p) v pab(a ), (6.1)

where § = (o, with ¢ = — 2 {74 + 7).
The Galilean covariant Pauli-Schrodinger equation is given by:

7 (pu - %3#) U(p,q) = 0. (6.2)

The connection to the Wigner function is given by

fu(a,p) = ¥(q,p) x¥(q, p).

The energy-momentum tensor for the Dirac-like field in phase-space is obtained by using

the Noether theorem as:

Ty (q,p) = —i ( — (g, p)V" a¢;§;p> + awa(gy’p) ’y%(q,p)) — "™ L(q, p). (6.3)

The Green function, Gp(q — ¢, p — p’), in phase space is obtained from the equation

ol <%0u — py) Gplg—d',p—p) =0dlg—q)op—1). (6.4)
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For ¢ — ¢ it leads to

o ka —m)a(k,p—p’) =d0(p—p), (6.5)

with G(k,p —p') = (2;)4 [ dtqe* =) G (g — ¢',p — p'). Then the field propagator is

_ 5(p—1p'
Glkp—y) = —20=P) (6.6)
V“[%ku-(pu-pL)}
This leads to
/ / d5k —ikH —q' /
Gplg—d.p—p) = /(%)SG M) Gk, p — p')
Pl S(p—1p'
= [ e = e
7“{%ku (pu-pL)]

which is the Green function for use at finite temperature.

6.2 Thermofield Dynamics

The Thermofield Dynamics (TFD) formalism is introduced here for study at finite
temperatures [38—12]. The thermal average of an observable is considered as the vacuum
expectation value in an extended Fock space, i.e., Sy = S®S, where S and S are the original
and tilde space respectively. This defines the Bogoliubov transformation. The relation
between the tilde ??Z and non-tilde X; operators is defined as

(X))~ = XX, (X+X) =cX+A, () =& (X) =X, (63
with ¢ = —1 for bosons and ¢ = +1 for fermions. The Bogoliubov transformation describes

the finite temperature effect among variables. This leads to

X(k,a) \ X (k)
(ﬁm@>_m®(ﬁw>’ (6.9)
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and the Bogoliubov transformation, B(«), is

o= [ ) —v(a)
B(«a) (51)(@) u(a) > (6.10)

where u?(a) + £v?(a) = 1. The a parameter is defined as the compactification parameter
given by a = (ag,aq,---ap_1), where D is the dimension of spacetime. The temperature
effect is described by the choice ag = 6 and ay,---ap_1 = 0, where § % with T" being
the temperature.

The propagator for the scalar field is
Gy (a = d'.p = '30) = {0, 074" (¢, p3 )0 (¢, 1’5 )]|0, 0), (6.11)
where,
V(g pia) = Bla)v(q,p)B  (a). (6.12)

Here a,b = 1,2 and 7 is the time ordering operator. Then the propagator at the thermal
vacuum |0(a)) = B()|0,0) is

Gy (a—d\p—p5a) = {0l (¢, )¢"(¢,p)I0(@),

_ Z/ d°k efik(qfq’)(pfp')(}(ab)(k'a) (6.13)
2y s
where
G (k: ) = B~ () GE™) ()B(a), o1
with

G(()“b)(k):<Go(k) ’ ) (6.15)

Then Gy(k) is given as

&(p—p)
}le — ptky, + prp, + i€’

(6.16)
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where delta function is the Dirac delta [13]. Then the non-tilde variable is
Gy (ks @) = Go(k) + €0° (k; 0) Gy (k) — Go(h), (6.17)

where v?(k; o) is the generalized Bogoliubov transformation given as

d (3] s
v (k;a) = Z Z PA Z (—n)st2r=iler exp [— Z agjlgjk”j] : (6.18)
s=1 {0} Loy reonlors =1 j=1

with d being the number of compactified dimensions, n = 1(—1) for fermions (bosons) and

{os} denotes the set of all combinations with s elements.

6.3 Non-relativistic Stefan-Boltzmann law and Casimir effect in
phase space

In this section the Stefan-Boltzmann law and Casimir effect at finite temperature are
obtained for Schrédinger (Klein-Gordon-like) and Pauli-Schrodinger (Dirac-like) equations

in phase space.
6.3.1 Schrodinger equation

The Galilean Lagrangian density for covariant scalar field in phase space is given as

Lola) = 000000 @ 0) + 5100 DO 4, p)
— UN(a, )00 (q.2)] + [P"pu] V(g 2)¢ (g, p)- (6.19)

The energy-momentum tensor, is given as

9Ly (q, p)

@) = 5@

0"Y(q,p) — " Ly(q,p). (6.20)
This leads to

T (q,p) = ia“w(qm)a”l/ﬁ(q?p)ﬂL%WW(Q&W”W(Q&)—W(q,p)a”w(qm)] (6.21)

I E@’\/J(q, p)ot(q,p) + %pA [¥(q,2)0n¢" (0, p) — ' (a0, 0)Or¢ (g, D))

+ [p'pa] ¥, p)¥ (g, p)} : (6.22)
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It is necessary to re-write the energy-momentum tensor, at different space-time points as

» - . 10y (q,p) 0(q,p) | 9V (q,p) 0Y(q,p)
™ (a.p) = (qw,p'))lg(qﬂ,puf{l( dq, dqy * dq,, dqy, )
' o't 0
+ %p“ lw(q,p)% - w’T(q,p)%} — Eéﬁw(q,p)aw*(q,p)

9
= lim  TY7{(q, p)¥'(q,p)} (6.23)

(q'*,p'*)—(q#,pH)

Lol {¢(q,p)8w”(q,p) — W(q?p)aw(q,p)} +pApW(q,p)¢’T(q,p)H

where 7 is the time ordering operator and

FMV_188+8i+ENa_a

V7 1\0q,0q, " 04,0q,) " 2" |0q, " q,
1. i, 0 0

" [ZaA Ox + §pA[ o 8—(}4 + {p’\p,\}}. (6.24)

The vacuum expectation value of the energy-momentum tensor is given as

(T (q,p)) = lim {TGo(g" — ¢, p" — ™)} (6.25)

(q'+,p'#)—(gH ,pH)

The Green function propagator in phase space is

Golg" —¢"*,p" —p") = (0]7[v(g, p)¥" (¢, p)]|0),

/ - 0 (p — pf)ettula™ ™)
@) T =l —77) + (7 — 9 b — 7))

_ 53<p —P')d(ps — pQ)e(t . t/)e—Zim(s—s’) /d3k ez‘[k-(x—x’)—4(K0+p4)(t—t’)]7
(2m)3

with K = ;- (% — p)?. After integration the propagator is

3/2 \/—
Go(q" —¢",p" = p") = *(p—P)o(ps— 1)) (E) We(t ~Hexp {

(Pa — Pt — 1)
2m }

m

X exp { —im(s —s') + im{x — x)" + 22(21()75__2:; (e - x)(E =) } (6.26)
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The finite energy-momentum tensor with the a-parameter is

T,uzz(ab) <q’p’ Oé) — hmq# » { F/lu/agb(q,u _ q/,u’p,u _ p/ﬂ; a)} , (627)

(qg'*,p'*)—=(

where T (g, p; a) = (T (¢, p; ) — (T**)) (g, p)) and
U)o i ot ) — G (g i i i o) — G (o i o IR (6,98
o (¢ —=q"p"=p"a) =G (¢" = ¢¥ pt =Pt a) = Gy (¢ — ¢ pt = p™). (6.28)

Some applications for the Klein-Gordon-like equation with different a-parameters are
investigated. It is important to note that an average of components of the energy-momentum

tensor diverges in the limit ¢ — ¢/ at zero temperature.
Non-relativistic Stefan-Boltzmann Law

To calculate the Stefan-Boltzmann law at finite temperature, [, the a-parameter has

a value of a = (0,0,0, 5,0). Then the generalized Bogoliubov transformation is

2(B)=> e (6.29)
j=1
and the Green function becomes
—(ab = Ch
Gy (g — g™ p" — 9" 8) =23 Golg" — ¢ — iBjna, " — p"), (6.30)

where ny = (0,0,0,1,0). Thus the component of energy-momentum tensor for y = v = 4

18

THE) = 2 lim ZF‘“G (e — " = iBjngp —p"),  (6.31)
(g"",p'H)—=(q*,p*)
where
= —8’85 + p5(a — 05). (6.32)
Which leads to the form
m™2¢(3)

THD(B) = 6*(p—p')d(pa — pl) ( (6.33)

81/3)3/2"
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where p; = m and ((x) is the Riemann Zeta function. This is the non-relativistic Stefan-

Boltzmann law in phase space.
Non-relativistic Casimir effect at finite temperature

Taking o = (0, 0,42d, 3,0) the Bogoliubov transformation is

o0

UQ(/B’ d) = Z e PRI | Ze—iQdkl 19 Z o~ Bki—i2dkl (6.34)
=1

7=1 J,l=1

The first two terms are associated with the Stefan-Boltzmann law and the Casimir effect

at zero temperature. The Green function of the third term is
Golg" — ", p" —p"; B,d) =4 Go (¢ — ¢* — ifjns — 2ding, p" — ™) (6.35)
=1

with ng = (0,0,1,0,0). Then the energy-momentum tensor for y = v = 3 is

THW(B.d) = 4 lim > TPGCH (¢ — g™ —iBjny — 2ding, p" — p*)6.36)

(q'*,p'H)—(gqH,pH) 4
Jl=1

where
33
Iy =

(D405 — 0.0y — 04Dy + 20,05) (6.37)

[0 (8] — O1) + p*(05 — Ba) + p* (8} — Du) + p° (05 — 05)] — p*pa.

DO | s |

Then the non-relativistic Casimir effect in phase space at finite temperature is given as
o0 m3/2
8 —)(ps — p) D4 —e
2 i
X [m (5d202m — 1185) + 4(2md22p, + iBjdlmps — 452> mps

+ 5(8ip)? + 5(8ip2)” — (Bips) — 68jp0)|—p'pa}. (638)

—dl(dlm+4iBjp3)
283

(0(8) |[T*1V]0(8))
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6.3.2 Pauli-Schrodinger equation

The Pauli-Schrédinger equation in phase space is described by the Dirac-like Lagrangian

density in the Galilean manifold as
1 - - _
L= - (%WW = m’*%&) — Y (6.39)

The Galilean Dirac-like propagator is

/ / 4’k —ik(qu—a,) Y /
Gplg—d,p—7) = 2 v WG (k,p —p')
_ / UL A o =p) (6.40)

2n)? V,{

with some algebra we obtain

Bl e~ (au—q.)
(2m)> Ytk

Gplg—q,p—p) = 270" P@05(p — ) / (6.41)

This leads to the Green function for the Galilean covariant Pauli-Schrodinger equation in

phase space,
Gplg—dq,p—p) = 27PN 00intd, Go (g — ¢, p" — p™), (6.42)

where

3/2 \/—
Go(q" —¢",p" = p") = *(p—P)o(ps— 1)) (ﬁ) WW —t') exp {

(Pa — Pi)(t — 1)
2T }

m

X exp { _ zm(s _ 8/) 4 zm(x — x’) —+ 22(;:(1—_1:;:; . (X — X/)(t — t/) } (643)

is the scalar field propagator in phase space.
The vacuum average of the energy-momentum tensor associated with the Dirac-like

Lagrangian is given by

<0(5) |T#l/(ab)’ 0(5)> _ lim Fgl’ge—i(p”—p’”)(qu—q;)waaago(qu — "t — @)7

(g'+,p'*)—(g*,pH)
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where

i 0 0 0 0
FMV — | A m 717 A Y AT A )

Then the physical energy-momentum tensor is defined as

T (@) = (0(B) [T D] 0(B)) = lim — T5"Gplg" — ", p" = p*;a), (6.44)

(¢'".p'")—=(q"pH)
with Gp(¢* — ¢*, p* —p'*;a) = Gp(¢" — ¢*,p" — p'*;a) — Gplg* — ¢, p* — p'*). Here a
renormalization procedure has been used. Now results at finite temperature are considered.
Non-relativistic Stefan-Boltzmann law

For the study of the Stefan-Boltzmann law in phase space the parameter « is chosen
as = (0,0,0,3,0). The Bogoliubov transformation is
vk, B) =) (—1)T e (6.45)

J=1

The Green function for the Dirac-like field in phase space is

—~(adb / / - 1 * / o /
Cy'a—d.p—1:8) = D (1 [Cplq—d +iBjna.p—p)
j=1
— Gplg—d —iBjna,p—p)]. (6.46)

By taking 4 = v = 4, the energy-momentum tensor is

o0

T44(11)(B) — lim Z(_l)j—H F4214 [GB@ i q/ + Zﬂjn4,p . p/)
(¢',p")—(q,p) =
— Gplg—q —iBjna,p = 1)), (6.47)
where
44 i’Y4 /
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The energy-momentum tensor is

3(n oot WARY'] 3/2
744(11)(5) _ & (p P)152(§4 Py %(21?@) [4(\/—_2)5C<g) (—75m—|—71p1

+ e +7%ps) +3(V2 —4)y*¢ (g) ] : (6.49)

where we used the Clifford algebra {y™u,y"u} = 2n**. The non-relativistic Stefan-Boltzmann

law associated with the Pauli-Schrodinger equation is in phase space.
Casimir effect at finite temperature

For a = (0,0,i2d, 8,0), the generalized Bogoliubov transformation becomes

(—1)y7+! e—BR | Z l+167i2dk3l 19 Z(_1)j+lefﬁkoj*i2dk3l.(6_5())
- =1

Mg

vi(B,d) =

J

The first two terms of this expression corresponds to the Stefan-Boltzmann term and the
Casimir effect at T' = 0, respectively. The third term is associated with the Casimir effect

analyzed for T" not equal to 0. It leads to

7303 d) = lim Z DG (q — ¢+ iBjng + 2dIng, p — p')

q_>q
- GD(q — ¢ —iBjng — 2ding,p — )], (6.51)
with
Iy = —i [ (05 — 05) = (Or — 03) + 9] , (6.52)

where p = 7#p,. Then the non-relativistic Casimir effect at finite temperature is

T30(8,d) =0%(p — P)0(ps — 1) 250 {(_1)j+l 128V :rg%?ﬂj)“/?
< | —e= 35 — cosh(Qidlp?,)} ©1(8,d) — i(87)* sinh(2idlps)O2 (85, d)}’

(6.53)
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where

O1(8,d) = (8))|(d)*(=2m + dmppy") + 15min™y dl + 15(v*)? — 2m(B5(4p5]
— 3idlmy®) 4 2((dl)*m — 3(63’))74)75} +(Bj)° [m(vl)2 +m(y?)? — Simypdly’
+ 2m(y*)? - 1232574} +(85)" [4(19171)2 — 2ippay® + 4(p2y?)? — 2ippsy’ + 12papsy®y’

+ 8(psy®)? — 2ip1y' (p + dip2y® + 6ipsy®) + 4m2(75)2)] —10mpj(y*dl)? — 3im~y*y*(dl)?
+ (myh)*(dD) (6.54)

O:(8,d) = (B9) [—imdlmg + 8mpsy°dl — 3py* — 18ip37374] +2i(p1y" + p27°) (—3imv3dlﬁj
+ 2(m(dl)? = 38j)y" +4(81)2(p — m2”) )+ (8)? | 4* + 16ipper” — 2m(p + 6ipsy?)
+ (d)? [mpy* + 6impsy°y*] . (6.55)

The results in Eq. (6.53) imply an effect of finite temperature and space compactification.

6.4 Results

By applying the Galilean Covariance formalism along with the thermodynamic formal-
ism of Thermofields Dynamics (TFD), we were able to calculate the thermal Casimir effect
for both scalar and spinorial fields. For bosons and fermions, we will plot the pressure vs
temperature (T330Y(3,d)g x T) graphs as follows:

Bosons

T30N(T,d)g
8x109}
6x109}
4x109}

2x10° -

L L L 1 L L L 1 L L L 1 L L L 1 T(Mev)
20 40 60 80 100

Figure 6.1: Pressure, T3V (8,d)p, versus temperature for d = 1fm = 0.005MeV ~"'m =
350MeV.

76 1 * ' Star Product



6 SYMPLECTIC GALILEAN FIELDS AT FINITE TEMPERATURE IS4 Universidade de Brasilia

Fermions
T0(T,d)r

1x1010 |

5x10°

i ; L T(MeV)
200 00 600 800 1000 1200 1400

Figure 6.2: Pressure (T%3(1)(3,d)r) versus temperature for d = 1fm = 0.005MeV~"'m =
350MeV

TSONT,d)e

2x10%

1x108 |

““““““““““‘T(MeV)

-1x108 |

Figure 6.3: This only shows a small part of Fig.(6.2). This shows the first time for which
temperature T30 (8, d)F — 0 is T ~ 40MeV

The Galilean symmetry is assured along the calculations by writing the theory in the
light-cone of a (4 + 1)-de Sitter space. The energy-momentum tensor associated with each
field, Bosons and Fermions, is calculated. Considering the case of bosons, the size-effect
term remains and goes to zero at zero-temperature, as it would be expected. However,
the size-effect for high temperature for a fixed compactification lenght remains growing.
This is an unexpected result and has motivated an analysis of a more realist model, by
considering the spin of a quark. In this case, by increasing the temperature, from 7" = 0,
the size-effect contribution to the energy momentum tensor is negative, diminishing the
Stefan-Boltzmann effect. There is a minimum, and at T ~ 40 Mev the size-effect term
of the energy momentum tensor is zero. In this case, the toroidal size-effect, d, as the

hadron diameter, d ~ 1fm, and the quark mass as 350 MeV has been considered. In
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other words, the size-effect under this condition is no longer important, and the energy-
momentum tensor is described only by the Stefan-Boltzmann law, for the (free) fermions.
It is important to observe that such a temperature is in order of the estimated temperature
for the chiral symmetry breaking, that gives rise to quark-gluon plasma. The connection
of these two different results are not simple, but it demands more investigations. Finally,
at high temperature, the size-effect term goes to zero, differently from the case of bosons.
These results indicate that the spin is a crucial element for the quark-anti-quark effective

model.
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Chapter 7

Representations of Extended Carroll Group

Carroll’s group is presented as a group of transformations in a 5-dimensional space
(C) obtained by embedding the Euclidean space into a (4,1) de Sitter space. Three of the
five dimensions of C are related to R?, and the other two to mass and time. A covariant
formulation of Caroll’s group, analogous as introduced by Takahashi to Galilei’s group, is
deduced. Unit representations are studied.

This chapter is organized as follows, in section 7.1 the Carroll space embedded in the
(4,1) de Sitter space is constructed. It is also shown that this space has an associated
group that is an extended Carroll group. In section 7.2 the quantum representations of the
extended Carroll group, namely the scalar and spinorial representations of Carroll fields
are presented. In section 7.3 the Carrollian electric and magnetic limits using two different
embedding of de Sitter space are shown.

The results of this section are taken from work by Petronilo et al.(2021B) [62].

7.1 The Carroll Group

The five-dimensional manifold with the metric

(7.1)

Guv =

o O o O =
o O O = O
o O = O O

o O o O
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is a (4 4 1) de Sitter space under the transformation g,, = U,*1sU",, where (145) =
(1,1,1,—1,1). This is easily seen by choosing the representation of U¥ as

100 0 0
0100 0
vi=lo001 0 o0 |. (7.2)
1 1
000 & &
1 1
000 & —%

The associated group of this manifold has a Lie algebra defined by the following commu-

tation rule,

(M Mpo| = —i(9upMyuo — 9upMuo + GuoMup — guoMup),

[P;w Mpa] = _i(guppo - g,uapp)7 (73)

[P, Py] =0.

We can rewrite the generators, in a decomposition of (34+141) dimensions, as

1
Ji = §€ijijk;a
Ki = ana
CZ = M4i7
D == M54. (74)
Thus, the commutation relation becomes,
Ji, Ji| = i€ Jk,
[ J] T [Jzu Kj] = Zelij’iH
[Jzy Cj] = iez]kcka
) [KZ, CJ] = ZémD + ieiijk,
[z =10y,
[Py, D] = iPy, (7.5)
[Ji, Pj] = i€ Py,
[Pi, Kj] = Z5ijp57 [P C] 5. P
i, U] = 104 ;
[P47Ki] _ZPlu ’ o
[P5, Ci] =1b;
[D7 P5] = ZP57
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It is known that the Lie algebra of the extended Galilei group in R? x R is a sub-agebra
of this algebra, with J;, as generators of rotations, K; of the pure Galilei boosts, and P,
spacial translations and Py is the temporal translations, associated with the energy, being
Ps, in this context, a Casimir invariant associate with the mass, P; = —ml/, where [ is
the identity matrix [14,15,51]. Another sub-algebra follows by setting the only non-zero

commutation relations as

[Ji, Jj] = i€ijiJy, .
[P, Cj] = 104 Py,
[Ji, C;] = i€, Ch, (7.6)

) [P57 Cz’] =D
[Ji, P;] = i€;ji Py,

This is the algebra of Carroll group C with the addition of [Ps,C;] = iP;, that comes
naturally of the structure of the five-dimensional manifold. In this context Ps is not a
Casimir invariant as is in the case of Galilei group G. Indeed the Casimir invariants of this

algebra are

I, = P'P, (7.7a)
I, = Py (7.7b)
I; = W4uW:f, (7.7¢)

where W# is the 5-dimensional Pauli-Lubanski matrix. As Py is associated with the energy,
E, in the Carroll symmetry, E is a Casimir invariant.

The coordinates transformations associated with this algebra are

¢ = Rig —v'¢’ +d, (7.8a)
¢ = ¢ - (Riq” v + §V2q5 + a', (7.8b)
¢ = ¢ +a (7.8¢)
and
= Rijpj —v'p®, (7.8d)
V; i i 1
p'o= = SR+ v, (7.8e)
=1 (7.8f)
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. - 2 .
Choosing ¢* = (q,t,s) and p* = (p,ma, ), where s = 3~ and « is related to the
tranformations of p*. These are the Carroll transformations in five dimensions. It is worthy
noting that even though ps can not be interpreted as the invariant mass, it, nevertheless,

carries mass information.

7.2 Representation of Quantum Mechanics

In this section we will construct the representations of quantum mechanics of the ex-

tended Carroll group.
Scalar Representation

For the scalar representation we take the invariants I; (7.7a) and I (7.7b) and apply

to a function v, and using the correspondence relation p* = —i0* we have
0,0M0 = k2
g R (7.9)
oV = —iEV

where k and E are constants. This is a non-relativistic Klein-Gordon-like equation with
Carrollian symmetry.
Using ¥(z#) = exp ((—i(Et +ma s))@b(x)), we have

~V2)(x) = 2maEy(x). (7.10)

In this context the 5-current is

@) = — 5 (@)D Y() — (" (@) ()). (7.11)

2mao

and is conserved because the 5-divergence is null, i.e.
oug" = 0. (7.12)

So the 5-current is equivalent to the usual 4-current,

i@ =~ [ @V (%) - V(¥ (@) ¥a)], (7.13)
P = [ T @0 (V@) + 0.V @) W) = WP, (7.14)
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where j(x) is the probability current and p(q) is the probability density.
Spinor Representation

In this context, we present a construction of the spin 1/2 wave equation, defining a new

quadrivector v* such that,
(00" — k) = (10, + K)(1*0, — k), (7.15)
for (7.15) to be valid v* must obey the Clifford algebra, that is
{v",7"} = 29", (7.16)

where g"” is our penta-dimensional metric. Taking the plus-sign bracket and operating in

the W(x) wave function, we get
(70, + k)¥(z) = 0. (7.17)
For convenience, we will use the following representations of +*
; a0 A 0 0 5 0 V2
() () )

where o' are Pauli’s arrays and /2 is the 2x2 identity matrix multiplied by /2. We can

v [ et
x(x,2,2%) )

where  and y are 2-spinors dependent on z#; u = 1, ..., 5. Therefore, in the representation
where k = 0, Eq. (7.17) is reduced to

write the U object, as

o - Vo + V20,5 =0, (7.18a)

V20,0 4+ - Vx = 0. (7.18Db)
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Egs. (7.18) are the Carroll-Lévy-Leblond equations. The 5-current is

J*(x) = [b(@)y" ()], (7.19)

1
V/2i
where ¢ = 91(, with

__L 4 5y _ 0 —i

and j* is conserved, the 5-divergence is null
o, J" = 0.

In terms of p e x

o= % Xlop +¢lax], (7.20)
it = vl 7> =x"x (7.21)
using Eq.(7.9), (7.18a) e (7.18b) we have
it ‘ % 7 1 .
it = g0 [N ()P e(x) — I(pN(2))p(r)] + 50 [0t e] e,

and

85j5 = aS<XTX):O'

The first term in j* represents the probability current, given by Eq. (7.12), and the second
is associated with the spin current, which results in the correct intrinsic magnetic moment

value of the particle.

7.3 The Electric and Magnetic Limits

In this section we show the electric and magnetic Carrollian limits of Maxwell equations
[54], using specific immersions.

In terms of the Faraday tensor, Fyp, the Maxwell equations are

OAFap = jg, (7.22)
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aMFAB + aAFBM + 8BFMA == O (723)

To obtain the differential equation in terms of the Electric and Magnetic fields we use

the explicit form of the five-dimensional Faraday tensor

0 By, —By ¢ d
—B; 0 B, Ccy  do

Fap = B, —-By 0 —c3 dy |- (7.24)
—c, —cg -3 0 R

—dy —dy —d3 —R 0O
which applied to equations Eq. (7.22) and (7.23) results in

V-B =0, V-c=js+ 04R,
VXC+64B:O, Vd:j5+a5R, (725)
Vxd+dB=0, VxB—add—dc=j.

The fields are given by

c=VA, — 0A
d=VA; — 0:A

B=VxA (7.26)

where A is the vector potential. Letting ¢ =0, R = 0 and d = E, is the electric field.

We can obtain the Carrollian magnetic limit if we choose the following immersions
4 = (x,t,0), AL = (A0, —¢).
Thus, under Carrollian boost, we have
X = X, t=t—v-x, =0,

So, 0, = O, and, as A” is a massless particle it is independent of a, then 95A = 0. The
resulting Maxwell equations are

V-E=p, V.-B=0,
VxE=0, VxB-9E=j.

(7.27)
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E=-V¢, B=VxA

The choice of gauge 9,A" = 0 reduces to V- A = —0,¢, the Lorenz gauge. The movement
of electric charges is capable of creating a magnetic field, but a time-varying magnetic field
would not create an electric field.

In the case of the Carrollian electric limit we made choose the following immersions
et = (x,0,t), A= (A,0,—¢).
Thus, under Carrollian boost, we have
X =X + vt, ' =0, t=t,
and the obtained Maxwell equations are

V-E=p, V-B=0,

(7.28)
VxE+9B=0, VxB=j.

E=-Vé- A, B=VxA.

The choice of gauge J,A" = 0 reduces to V- A = 0, the Coulomb gauge. The temporal
variation of the magnetic field creates an electric field but not the other way around. This
results shown here are in accordance with the literature [51]. We note that the Carrollian
electric limit has Galilean symmetry in its coordinates, as the Galilean magnetic limit has
Carrollian symmetry.

The transformation of the fields are

E=E+vxB.
B =B.

E=E.

_ — electric limit,
B=B-vxE.

} — magnetic limit.

7.4 The interpretation of «

Choosing a reference frame where a = 1, from Eq. (7.10) we have

p? —2mE =0, (7.29)
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this has the same form of Galilean mass shell condition. The difference over these two
symmetries are that in the case of Carroll as the energy is invariant o varies with the
relative velocity. In this way, Carroll particles can indeed move. Thus even though the
momentum, p, transforms like (7.8d), the energy, 5%, is invariant. If, in a inertial frame,

the momentum is zero, we have the special case [54,50]
E? —m? =0,

where we have reintroduced the rest energy. Setting the speed of light ¢ = 1, thus instead of
the limit ¢ — 0, we will have v > 1, thus a Carrollian particle in this context will describe
a tachyon. Here, the o parameter can be interpreted as a drag and the tachyon will acquire
Carrollian symmetry in this limit. A experiment in the context of dual gravity /fluid can
be proposed to study this drag, in this context a soliton should acquire Carrolian-like

symmetry when v > ¢/, where ¢’ is the sound speed in the fluid.
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Chapter 8

The Landau Problem in Symplectic Carroll
Symmetry

Carroll’s group is shown as a group of transformations in a five-dimensional space (C)
obtained from the embedding of the Euclidean space into a (4,1)-de Sitter space. Three
of the five dimensions of C are related to R3, and the other two to mass and time. A
covariant formulation of Caroll’s group is established in phase space. The Landau problem
was studied. Finally, the negative parameter of the Wigner function is calculated.

The order in which this chapter will be presented is as follows. In Sec. 8.1 the construc-
tion of the Carrollian covariance is presented. Sec. 8.2, a symplectic structure is constructed
in the Carrollian covariance formalism, and using the commutation relations the scalar
equation in the light cone of five dimensions in phase space is constructed. In sec. 8.3 we
analyze the gauge symmetry for spin 1/2 particle in phase space with Carrollian symmetry.
In Sec. 8.4 we study the Carrollian spin 1/2 particle with an external field and solutions
are proposed and discussed, after we calculated the negativity parameter and discuss the

physical meaning.
8.1 The Carrollian Covariance
The Carroll transformations are given by
T =R +d
t=t— (R’ +b,

where R represents three-dimensional Euclidean rotations, v represents the relative ve-
locity defining Carrollian boosts, a represents spatial translations, and b represents time

translations.
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The following commutation rules describe the algebra associated with the formalism

defined in the light cone of a five-dimensional de Sitter spacetime:

(Myus Mpo| = =i(9upMyuo — 9upMuo + GuoMup — guoMup),

[P/m Mpa] = _i(guppo - g;wpp)a (81)

[P, P,;] =0.

It is known that the Lie algebra of the extended Carroll group in R? x R is a subalgebra
of this algebra, with J;, as generators of rotations, C; of the pure Carroll boosts, and P,
spacial and temporal translations, being P, in this context, a Casimir invariant associate
with the energy, Py = —FI, where [ is the identity matrix [62].

The Casimir invariants of this algebra are

L = p'p,, (8.2a)
Iy = py, (8.2b)
I; = W4uW:f, (8.2¢)

where WH is the 5-dimensional Pauli-Lubanski matrix.
It is worth noting that even though ps; can not be interpreted as the invariant mass, it,

nevertheless, carries mass information [62].

8.2 representation of Quantum Mechanics in Phase Space

To associate the Hilbert space, H, with the phase space I', the set of square-integrable

functions of complex value, ¢(q, p), is considered in I', such that

/dpdq ¢"(q,p)d(q,p) < oo. (8.3)
Then we can write ¢(q,p) = (g, p|¢), with the aid of

/dpdqm,pﬂq,p! =1, (8.4)

where (¢| is the dual vector of |¢). This is the symplectic Hilbert space denoted by H(T').

Now, let’s consider the Carroll group with H(I') as a representation space. To do so
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consider the unitary transformations, U:H(I') — H(I'"), such that (i;|¢s) is invariant.
Using the operator A, we define a mapping eis

R —
fxg=f(qg,p) exp [3< 07 0 3)]g(q,p),

= x:I' X I' = T called star product as

2 \ 0g¢" Op,, N op* gy,

where h = 1. The following operators are defined to construct a representation of Galilei

algebra in H:

N {

Pt = plx=pl — 53%, (8.5a)
OF — ¢ =q"+ %apu. (8.5b)

and
]/\/71/0 - Muo* = C:2\Vﬁo' - @aﬁu- (85C)

Where ]\//_71,0. are the generators of homogeneous transformations and ]3,i of the non-homogeneous.
After some simple calculations, we get the following set of commutations relations from

this set of unitary operators

|:M;u/7 Mpa = _i(ngMua - g,upMucf + g,uchl/p - guaMup>’
[P;m Mpa_ = _i(guppa - guapp)a
BB =0

These relations form a closed algebra with the Carroll-Lie algebra as its subalgebra. Con-
sidering :]; = %eijk]\//fjk the generators of rotations and @ = ]\//.74Z- of the pure Carroll
transformations, P, the spatial and temporal translations. The commutation of C; and P,

is naturally non-zero in this context, being P related to energy.
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The invariants of this algebra are

I, = P,P* (8.6a)
L = P (8.6b)
13 = W4MW3, (86C)
this is the phase space representation of the Casimir invariants of the group.
8.2.1 Scalar representation
Using the Casimir invariants I; and I, and applying to ¥, we have
P,PrU = k20,
P,V = —EU,
or explicitly
> ip.v—iv2 ) w= (p— Lo o) w
p p 1 = | P4 5t Ps 59 )
a solution for this equation is
U — 6722'[(p5+ma)q5+(p4+E)t}(I)(q7p)_ (8.7)
Thus, we have
L (poipv-iv)e (B+ k2)¢
—_— /L . —_—— pum
2mao P 4 2ma/)
with a a coefficient that depends on the reference frame [62], this is the Carrollian spin 0

equation in phase space, with the kinetic energy term of % added, that we may always

use as the energy zero point.

This equation, and its complex conjugate, can be obtained by the Lagrangian density

in phase space (we use O* = 0/0q,,)

. .
£:=Zﬁwwmﬂﬂﬂwm+%ﬂwwmwwﬂ%m—WW%MWW@MH{Wm—kﬂ@

The association between this representation and Wigner formalism is established by

fu(a,p) = Y(q,p) » ¥(q,p)
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where f,,(q,p) is the Wigner function.
Which satisfies the five-dimensional Carrollian covariant Liouville-von Neumann equa-

tion in phase space given by

puaqufw(Qap) =0. (88)

8.2.2 spinorial representation

The Lévy-Leblond equation in Carrollian covariant formalism has the form of the Dirac

equation,
(7"13“ - k) U(p,q) =0 (8.9)
or .
o <pu - %fh) U(p,q) = k¥ (p,q). (8.10)

Eq. (8.9) can be derived from the Lagrangian density for spin 1/2 particles in phase space,
which is given by

£= =L@y — W(#0,1)) — Uk —#p,)0.

where U = (U, with
i 0 —i
¢ s+ (l 0 >

In the case of the Lévy-Leblond equation, the association with the Wigner function is

given by

Jo=VUxV,
with each component satisfying Eq. (8.8).
8.3 Gauge Theory for Carrollian Spin 1/2 particles in Phase
Space

The Carrollian spin 1/2 Lagrangian in phase space can be expressed as

—_~—

L= Uyt (p,*)V — kU, (8.11)
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—_~—

where A(p,*)B = 5

invariance of Eq.(8.11) under local gauge symmetry given by

[A(p,, * B) — (p,, » A)B]. The purpose of this section is to examine the

U=yl  U=Uxe (8.12)

where 0 = Q(q, p). For infinitesimal transformation, we have 60 = —iQxW¥ and 6¥ = iUx{2,
such that,
(pu* V) = —ip, xQ* T, (8.13)

and
S(Wxp,) =iV xQxp,. (8.14)

It should be noted that §(p, x ¥) and (¥ % p,) do not transform covariantly. Thus, we

define the operator to address this aspect as
D, % = p, x —iA,*, (8.15)

resulting in the modified Lagrangian density

L =Uy"(D,*)V — kUW. (8.16)

Using the identity p(f * g) = f * (pg) — 5(9,f) * g, the infinitesimal variation of D, x ¥ is
given by

(D) =—iQx (pux¥) —0,Qx¥ — A, * (Q* V) —i(6(A,) * L. (8.17)
Considering that A, transforms by
A, — Ay +i{A, Qy +10,0, (8.18)
where {a,b}yr = axb— bxa is the Moyal Brackets, we obtain
I(Dy* V) =—iQdx (D, x V). (8.19)

Similarly, we have
(¥ xD,)=—i(V*D,) Q. (8.20)
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In this sense, the Lagrangian density given in Eq.(8.16) is invariant under transformation

in Eq.(8.12). Then, we have that the rule for minimal coupling is to replace p,x by D, x =

pp * —iA,*x. The Pauli-Schrodinger equation with electromagnetic interactions is analyzed

using the approach developed above in the following section.

8.4 Solution of the LL Equation with Electromagnetic Interac-

tions

The equation describing a spin 1/2 particle in the Carrollian covariant phase space is

given by

~H (ﬁu — ezzl\u) — k|,

where A* is the 4-potential of the Carrollian electromagnetism [54].

Making the following definition
U= |7/(P,—ed,) + kv,

where ﬁl, = (p, — %8,,). Thus, we have

7 (B eA) (B — ) = k2w =
Considering y#*v" = g 4 o"”, where

1 1
o ZaBaV AR ) = [ AV
o 2(77 77) 2[%7]

Using these results Eq. (8.22) becomes

(ﬁuﬁu (PRt AR e [P + emu) o= k.

(8.21)

(8.22)

Letting A' = %eijkBj@k, with @# = (gu + 20,x) and A* = A5 = 0. Also, choosing the

magnetic field as B = (0,0, B). Keeping a particle’s motion contained in a plane (g1, ¢2),

¥ % T Star Product
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ie. P\g = 0, the equation is as follows:

- 2 <p4 - %@;) <p5 - %@) (0

1/ 0 02

2 2 2
+ (pl—i-pQ—Z—l(@—l—@) —eB

B (p28p1 - p13p2>

- i<P23q2 +p13q2) —eB | (qp2 — q2p1) — %(Chaqz - Q23q1)]

o e
i<aqzap1 - aqlam)

e?B? i, \2 i\ e )
+ 1 <q1 + 581)1) + <qz + §8p2> —iec “B | = k1, (8.23)
0
where 012 =i ( 3 > )
0 g3
Letting

we have two decoupled equations, one for ®(¢*, p*) and the other for ©(¢", p"),

—2 <p4 — %&) (pg —~ %(%) (g, p) + (p% +p} — i(% + %) —eB

(qlp2 - qul) - %(Chaqz - C]25q1>]

% <p28p1 - p15p2>

1 o2 o2 .
*a <8qzap1 B 8013P2>] - Z<p26q2 +p18q2> —cB

! 603B> (g, p") = K*®(g", p"),

e2B?
+ 4

(ql + g’apl)Z + (q2 + %8,)2)2

and equation for © is analogous.
Taking ®(¢*, p*) = o(q¢', p))d(q*, ¢°, p*, p®). This gives us the following equations

<P4 — %@) (ps - %3s> ¢ = amE¢ + k*¢, (8.24a)
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and

(s e ) oo

+ i( 65;1 - af;m)] - i(m% +p13q2>

)
— eB|(qip2 — @2p1) — 5 <(I1aq2 - Q25q1>]
B2 1 2 l 2
+ S (a4 20n) + (04 20) | +ed’B |y
4 2 2
= 2amEp + k. (8.24b)

The solution of eq. (8.24a) is

b= C’le—Qi[(p5+am)Q5+(p4+E)ﬂ’

where C] is a normalization constant.

To solve Eq. (8.24b) we will make a change of variables, defined by

w(q1, g2, p1,p2) = P;+ D5+ eB(gapr — qip2)

e’ B?

0 (& + ¢3)

+

After a long calculation, it is shown that the imaginary part of this equation is identically

null, which gives us

2
we(w) — eszan_i’jw) - eQBQwa(;O—UE;U) = (2amE — esB + k*)p(w), (8.25)

where sp = 03p, with s = £1. Letting w = w/(eB), £ = (2maFE — seB + k?)/eB and
defining f(w) = e“p(w), we have

wf(w) + (1 —2w)f(w) — 2af(w) =0, (8.26)

with f'(w) = % and a = £(1 — £). The equation (8.26) is a confluent hypergeometric
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equation, more specifically the Kummer equation, and the physical solutions are given by

folw) =AU (% — g, 1, 2w) ,

where U(a, b, x) are the Kummer’s function and A, are constants. However, it is realized
that if @ = —n with n = 0, 1,2, ..., the series U(a, b, z) becomes a polynomial series in x

not exceeding n. Thus, writing,
&—1=2n,

we have the following relation of eigenvalue

B FREE K
=We|ln+-+=< ) —
¢ 2 2 2am’

with w, = % and corresponding the following auto-functions

2w
fu(w) = AU (—n, 1, £> , (8.27)

such that A, are normalization constants. Therefore, the quasi-amplitudes become,

, 2w w
P, = Oy Hllpstam)as+patEN [ A 17 ( —p 1, 2= - — 1. 8.28
1 e el P eB ( )

The analog is valid for ©. To find the corresponding Wigner function just do ), * 1,,.

To find f,,, we will do the same procedure for the harmonic oscillator. Just realize that

w = 2amh, with

2B2

1 e
h = S (p% +p§ + eB(gp1 — q1p2) + T(Q% + q%))

Thus,

o = Coe™ 2.
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Therefore
fo = Coe < xapy = CoeMeqpy = Coe 2P0/ “eqpy.

Thus the ground state Wigner function for the spin particle 1/2 and —1/2 are given re-

spectively
0t 2 1 — (P +p3+eB(gapr —q1p2)+ B2 (g2 +q2)) JeB
£ = (Cyp et by,
e
and
2 p2
o = (CO_)26—(p§+p§+eB(q2p1—q1p2)+ef(qf+q§))/eB'

For the general case, we have

2, 2
fZi = (4%) (%) o~ (PIAP3t+eB(api—aip2)) ] (—n, 1, 201 415+ eBB(QQpl — Q1p2>>> . (8.29)
nim e

It is worthwhile comparing with the case of Galilean covariance [2].
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Chapter 9

Conclusions and Future Perspectives

In this work presents a new method for representing the phase space for particles
satisfying the Galileo and Carroll conformal symmetries in a covariant symplectic repre-
sentation. Based on the Wigner approach, this methodology allows analyzing the nature
of the non-classicality of the states of compactified systems, such as the Landau model
in the plane and fluctuations in vacuum at finite temperature and the confinement of the
quark-antiquark system. In the latter case, the TFD formalism proved to be adequate in
the study of vacuum fluctuations, allowing the analysis of confinement and the effect of
temperature on confinement.

Our investigation delved into the spin 1/2 particle equation, particularly the Pauli
equation within the framework of Galilean covariance. Leveraging this covariance, we con-
structed a phase space formalism, commencing with a comprehensive exposition on the
Galilean manifold. This formalism allowed us to revisit the construction of Galilean covari-
ance and the representations of quantum mechanics within this context.

By formulating the theory within the light-cone of a (4+ 1)-dimensional de Sitter space,
we ensured the preservation of Galilean symmetry throughout our calculations. We com-
puted the energy-momentum tensor associated with both Bosons and Fermions in each
field. Notably, for Bosons, the size-effect term remains constant and diminishes to zero as
temperature approaches zero. However, for a certain compactification length, the size-effect
continues to increase at higher temperatures, prompting a reevaluation necessitating the
consideration of a quark’s spin. Remarkably, in this scenario, raising the temperature from
T = 0 leads to a reduction in the Stefan-Boltzmann effect due to the negative contribution
of the size-effect to the energy momentum tensor. The minimum of the energy-momentum
tensor occurs when the size-effect term approaches zero at T' &~ 40 MeV, a temperature

comparable to the estimated threshold for quark-gluon plasma formation resulting from
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chiral symmetry violation. Further research is imperative to elucidate the intricate rela-
tionship between these disparate findings. Unlike Bosons, the size-effect term for Fermions
diminishes at high temperatures, suggesting the critical role of spin in the quark-anti-quark
effective model.

In the realm of Carrollian physics, we have developed a five-dimensional approach to
Carrollian symmetry akin to that of Galilean Symmetry. The symmetry group formed by
the subalgebra of the manifold G is isomorphic to the Lie-algebra of the Schrodinger group,
albeit with the substitution of ¢ — s and p* — p®. This subalgebra yields the Conformal
Carroll algebra upon dimensional reduction, thus termed the extended Carroll algebra. We
proceeded to investigate spin 0 and spin 1/2 within the framework of Carrollian covariance,
analyzing the Landau problem and comparing it with the case of Galilean covariance.

In conclusion, this work presents a novel method for a phase space representation for
covariantly Conformal Galilean and Carroll particles employing a symplectic representation
for the Galilei and Carroll group. Grounded in the Wigner approach, this methodology
offers insights into the existence of mass and spin in nonrelativistic quantum mechanics.
Through applications such as the Landau problem and the examination of the Size effect
of quark-antiquark mesons via Thermofield Dynamics in symplectic field theory, we have
demonstrated the versatility and efficacy of this approach.

Future Perspectives:

1. Continue studying the quark-antiquark system with the modified Cornell potential
2. Study the Cornell potential in Carroll symmetry
3. Incorporation of self-interaction in the studied systems

4. Deepen the study of chaoticity considering the self-interaction in the non-linear equa-

tion with the Cornell potential, via the negativity parameter.

By pursuing these future perspectives, we aim to advance our understanding of size effects
in quantum systems, uncover new physics phenomena, and pave the way for transformative

applications in various fields of science and technology.
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