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Abstract
In this paper, we are concerned with the problem

—div| — )= f@w in @ u=0 on 0Q,

V1+|Vul?

where Q C R? is a bounded smooth domain and f : R = R is a superlinear continuous
function with critical exponential growth. We first make a truncation on the prescribed
mean curvature operator and obtain an auxiliary problem. Next, we show the existence of
positive solutions of this auxiliary problem by using the Nehari manifold method. Finally,
we conclude that the solution of the auxiliary problem is a solution of the original problem
by using the Moser iteration method and Stampacchia’s estimates.
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1 Introduction

In this paper, we are concerned with the existence of positive solutions for the following
prescribed mean curvature problem with Dirichlet boundary condition
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. Vu _ .
— div <m> =f(u) in Q, (P)

u=0 on 09,

where Q C R?is a bounded smooth domain. The function fis given, and we seek a solution
u satisfying (P).

Since the left-hand side is the mean curvature of the graph of u, problem (P) is a pre-
scribed mean curvature equation whose prescription depends on the location of the graph.
Problems of this type have been studied starting with the pioneering contributions of Geth-
ardt [15] and Miranda [25] who constructed H'-! solutions, respectively BV solutions of the
prescribed mean curvature equation with Dirichlet boundary condition. We also refer to the
seminal paper by [18], where there are established necessary and sufficient conditions for
the existence of solutions in a particular case but without boundary conditions. Moreover,
prescribed mean curvature equation has been the object of extensive studies in the past due
to arises from some problems associated with differential geometry and physics such as
combustible gas dynamics [4-7, 10, 14, 19, 31] and also due to the close connection with
the capillary problem. For example, radial solution of (P) in R¥ when f{u) is replaced by
xu has been studied in the context of the analysis of capillary surfaces, as can be seen in [9,
13, 16, 20, 22, 28] and [32].

Recently, by using variational methods, Obersnel and Omari [29] have considered the
existence and multiplicity of positive solutions to problem (P) with respect to the behavior
of the nonlinearity near the origin and at infinity. In the references of [29], the reader will
find different contributions to the study of the prescribed mean curvature equation.

To state our main result, we need some hypotheses. The hypotheses on the continuous
function f are the following:

(f;) There exists a, > 0 such that the function f{(¥) satisfies

f(—t)=0 for a > a, and limf(—t)

=00 for a<a.
=0 exp(al]?) =0 exp(alt|?)

(f;) The following limit holds:
1@

lim — = 0.
-0+t

Moreover, f(f) = 0foralls <0.
t

(f;) The function ¢~ e is increasing in (0, +00).
(fy) There existr > % \/5 and 7 > 7% such that
fo)y =™,
for all # > 0, where
16rv2 ca]* K[ 32,2 172
T>7" :=max{[ r\/_ rO] 2[r—\/— ] ,1}

_1orv2 22 c
Tr-324/2 % o l7r-32¢/2

and the constant ¢, will appear in the Sect. 4, K, > 0 will appear in Lemma 5.1, and 6 > 0
will appear in (3.4).
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(fs) The following inequality holds:
0 <rF@®) < f1,

for all £ > 0, where F(t) := [, f(s)ds.
The main result of this paper establishes the following existence and regularity
property.

Theorem 1.1 Assume that conditions (fy) — (fs) hold. Then, problem (P) has a positive
solution u € C1(Q).

Hypothesis (f;) is closely related to the Trudinger—-Moser inequality and establishes
that the function f has an exponential critical growth in R,
We would like to highlight that our theorem can be applied for the model nonlinearity

f@) =t exp(ayt®) for all t>0 and f(r)=0, for all <0, (1.1)

where 7 and r are the constants in (f,) and « is the constant in (f;).

Nonlinear problems with exponential growth have been considered recently by Alves
and de Freitas [1], Alves and Santos [2], Ambrosio [3], Figueiredo and Severo [12], Li,
Santos and Yang [23], Medeiros, Severo and Silva [24], etc.

There are some recent papers to prescribe mean curvature problem in two-dimen-
sional case. In [27] the authors studied the prescribed mean curvature problem with
nonhomogeneous boundary condition. More precisely, the authors investigate the
boundary behavior of variational solutions of problem (P) at smooth boundary points
where certain boundary curvature conditions are satisfied. In [11] the authors show a
nonexistence result. To the best of our knowledge, the main result in this paper is the
first work on the problem of medium curvature in dimension two and non-linearity with
critical exponential growth.

The plan of the paper is as follows. We first associate to problem (P) a related nonhomo-
geneous auxiliary problem with Dirichlet boundary condition. In Sect. 3 we study the vari-
ational structure of this auxiliary nonlinear problem and we establish several qualitative
properties of the associated energy functional. The key abstract tools in these arguments
are the Trudinger—Moser inequality and the Nehari manifold method. Next, minimizing the
energy function on the Nehari manifold, we prove the existence of solutions to the auxil-
iary problem. In the final section of this paper, we prove that the solution of the auxiliary
problem is a solution of the original problem. This is essentially done by using the Moser
iteration method and Stampacchia’s estimates. We refer to the recent monograph by Papa-
georgiou, Rddulescu and Repovs [30] for some of the abstract methods used in this paper.

2 An auxiliary problem

Consider the following auxiliary problem

—div (a(|Vu|®)Vu) = f(u) in Q,
{ u=0 on 09, (Aux)

where
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! se 0,11,
\/1+§
-2
a(s) = 1 G2 +7 s €[l,2),
8v/2
7 s € [2, )
[ 8v2

Lemma 2.1 The function a : R, — R, is decreasing and of C' class. Moreover, it satis-
fies the following conditions:

(a)) 7 < a(s®) <1, for all s>0.
82

(@) d'(s)s <0<a(s), for all s>0.

(az) The function

s A(s?) is convex for s3>0,

where A(s) = / ' a(r)dr.

0

Proof Since

) S e [0,1],
2/(1 + 5)?

als)=q = s€[l,2),
44/2
0 s € [2, ),

the items (a,) and (a,) follow by straightforward computation. For item (a3) note that
(AG?)" = 2[a(s?) + 25°d'(s7)].

If we define b(s) := a(s) + 2sa’(s), we can prove that b is strictly decreasing in [0, g],
strictly increasing in [g, 2] and constant in [2, +00). Then,

Ay 2b(2) = & >

0,
5
for all s > 0 and this completes the proof. a

In this section, we prove some auxiliary results which will be very useful throughout the
paper.
Lemma 2.2 If(a,) — (a,) are true, then:

(i)  The function s — a(s*)s is increasing.
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(iiy Forallx,y € R2, we have

(alxPx = allyPy.x —y) > ——Jx — I
812

Proof Tn order to prove (i), note that using (a,) — (a,), we get
(a(s®)s) = 25%a' (s?) + a(s?) = b(s*) > 0.
Let us prove (ii). Firstly, note that for z € R2, we have

9

(a(|z*)z) = a(lz1))8; +2d (|21M)z:z;,
0z;

where we have denoted 617- by the Kronecker delta. Hence, for all z,& € R2 we get
2 3 2
2. 5 @lzz)ég = allzPIEl +24'(2) ) 2564

ij=1 i ij=1

Since

2 2 2
2 w3l = <Z Zj@) ’
=

ij=1
we have

2
> 256 = [21E cos’(@)  for some 6 € [0,27).
ij=1
Thus, using (2.2) we deduce that

2

Z a%,(a(IZIZ)Zj)éifj = |&PLa(|z|*) + 2d'(|z]*)|z]? cos*(8)]

ij=1

= [€]*[a(|z]?) + 2d' (1z1H)|z]* + 2d'(|z]*)|z|* (cos* (0) — 1).

From (a,), we have that
2d'(|z|*)|z|*(cos*(6) — 1) > 0.

Hence,

2

> L (alePrepag > PalzP) + 24 (PP

iyj=1 1

= b((2P)IEP > —L= &[> for all z.& € RZ.
81/2

Now forz=y+t(x —y),t € [0,1]and £ = x — y, we have

2.1)

(2.2)

2.3)

24
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(a(x)x = a(ly|P)y. x - y) = Z(a(|x| ;= a(lyP )y — v)

/ 2 —(a(|z| )2)E & dr.

171

Finally, using (2.4) we get (2.1). O

The next result due to Stampacchia [33] will be useful in the arguments used in this
paper.

Lemma 2.3 Let B() be a given C' vector field in R? and f(x, s) a bounded Carathéodory
function in Q X R. Letu € H(l)(Q) be a solution of

—div(B(Vu)) = f(x,u) inQ, u=0 onoQ,
that is,

/ B(Vu)-Vo =fx,u)p Vo € Hy(Q).
Q

Assume that there exists 0 < v < K such that

Vgl < Z —(vmg: and

l]—l

<K, 2.5)

for all i,j=1,2 and & € R%. Then, u € W**(Q) N Clva(ﬁ), for all a € (0,1) and for all
p € (1, ). Moreover,

||M||1,a S O(V’ K’ Q? ”f(s u)”oo) (26)

In the following result, we show that the differential operator involved in (Aux) veri-
fies conditions (2.5).

Lemma 2.4 Assume that hypotheses (a,) — (a,) are fulfilled. Then, for all u € Hé (Q), the
second-order differential operator B(Vu) = a(|Vu|?)Vu satisfies (2.5) of Lemma 2.3.

Proof Note that

9B, 0 2 2 12
oy (m = ——(a|n|")n) = a(|n|")é; + 2a' (|n|"nm;,
M dnj
and then

2 0B; ) 5 , ) ou ou
Zl o (V& = IV IEP + 241Vl )idz e,

Now, observing (2.2), we can repeat the reasoning of the proof of Lemma 2.2, and using
(a;) — (a,), we conclude that
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2

> Liviee > e
on; Y82

ij=1

On the other hand, using (a,) — (a,), we get

0B,
2| = |al1Vul)6; + 2d (| Vul) 24 2
a’1j 0x; axj
<a(IVul’) + |d'(Vul)[|Vul* < K,
for some positive constant K > 0. The proof is now complete. O

3 The variational framework and some technical lemmas

Note that, by the hypothesis (a,), we have that the functional 7 : H(l)(Q) — R given by

I) = %/A(quF)dx—/F(u)dx
Q Q

t
is well defined, where F(¢) = / f(s)ds.
0

Moreover, we have
I'wg = /a(IVuIZ)IVuWﬁdx— /f(u)¢ dx,
Q Q

forall p € Hé (Q). Thus, I is a C' functional on Hé () and its critical points are weak solu-
tion of problem (Aux).
The Nehari manifold associated to the functional [ is given by

N'={u & Hy@\{0} : J@w) =0},

where J(u) = I'(u)u for u € H(') (€2). Let us start with the following important result due to
Trudinger [34] and Moser [26].

Theorem 3.1 Foreveryu € HA(Q) anda >0
exp(au?) € L'(Q) 3.1

and there is a constant M > O such that

sup<1/exp(au2)dx <M, (3.2)
<tJa

[laell 1
HY@

for every a < 4r.
Moreover, if a > 4r, then
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sup<1 / exp(au?)dx = oo. (3.3)
Q

Ml 0, <
Note that, from (f,), for any € > 0, there exists 6 > 0 such that
lF()] < elt| (3.4)
and
1
|F(n)] < Eeltlz, (3.5)

forall0 <r<é.
Furthermore, from (f;), given a > «y, there exists K > 0 such that

[ < eexplar®),

for all > K. In particular, we get

)] < rexp(ar’), (3.6)
with implies
€ €
f(r < Etz exp(at?) < mhlq exp(ar’) = C,|t|? exp(at®), (3.7)
where C, = Kj_z. Moreover, from (3.6), we get
£ 2 £ N 2
[F(@)| < K exp(ar) < K |#]7 exp(at”) = C,|t|? exp(at”), (3.8)

£

forallz > K, for all & > ag, forall g > O with C, = ——.
A

Consequently, using (3.4), (3.5), (3.7) and (3.8), for all € > 0 and for all @ > «, there
exists C, > 0 such that

[ romar<e [ b, [ uresstalupar 3.9)
Q Q Q

and

/F(u)dxg f/|u|2dx+ég/|u|qexp(a|u|2)dx, (3.10)
Q 2 Q Q

forallu € HS (Q). In particular, in this paper, we will use g > 2.
In the next result, we prove that N is not empty and that I restricted to N is bounded
from below.

Lemma 3.1 For each u € H(g(Q)\ {0}, there exists a unique t > 0 such that tu € N.
Moreover, I() > 0 for everyu € N.

Proof Given u € H(l)(Q) \ {0}, let 7,(t) = I(tu) for ¢t > 0. Then, tu € N if and only if
7:, () = 0. Note that, taking € > 0 sufficiently small in (3.9) and using (a,) and Sobolev

embedding, there exists C > 0 such that
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T.(t) = %/A(ltVuF)dx—/F(tu)dx
Q Q
> 7/8\/_#;2”””2_;:1@6/

[u]? exp(a|tu|*)dx.
Q

Using Holder’s inequality with s/, s > 1, we get

7/8V2-C . A\ N\
%(z)zLﬂnuuZ—ﬂc&(/ |u|‘”dx> (/exp as||m||2(i> dx) .
2 Q Q [lell

Choosing @ > a, and #; > 0 such that as||¢,u||> < 47, using (3.2) we obtain
T,(D) > D1} — Dyt!

for some D, D, > 0 and for all 0 < ¢ < t,. Thus, since 2 < g, there exists 0 < ¢* < t, such
that 7,(r) > Oforall 0 < r < t* < 1,.
Now, from (a,) and (f,), we have

Tu(t) - ,
D thp - 5 [ v
t Q

where QF = {x € Q : u(x) > 0}. Therefore, since r > 2, we conclude hm 7,0 = —0.

Consequently, there exists at least one #(u) > 0 such that 7/ @) =0, that 1s z(u)u eN.
Suppose, by contradiction, that there are ¢ > 0 and 7 > O such that

/a(ltVu|2)|Vu|2dx=/Mudx
Q o I

/a([?Vu|2)|Vu|2dx=/f(i”)udx
Q Qo t

and

Then,

/[a(|Nu|2)|Vu|2—a([?w|2)|Vu|2]dx=/ @—@ udx.
Q QL |

t t

Ift > 7, from Lemma 2.1 and (f;), we have

0>/[a(|tw|2)|w|2—a(EVu|2)|Vu|2]dx=/ f(Z”)—f(,;”) udx > 0,
Q QL |

which is a contradiction. In the same way, we obtain that we cannot have the case ¢ <7.
We conclude that there is a unique parameter ¢ > 0 such that 7(u)u € N . Note, in particular,
that #(u) is a global maximum point of 7, and 7, (#(«)) > 0, i.e. I(t(u)u) > 0. Since 1(u) = 1
ifu € NV, we deduce that I(u) > 0 for every u € N O

In the next result we prove that sequences in N cannot converge to 0.

Lemma 3.2 There exists a constant C > 0 such that 0 < C < ||ul|, for everyu € N.
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Proof Suppose, by contradiction, that there is («,) C N such that
u, — 0 in H)(Q). 3.11)
Then, using (3.10), we have

/a(|vun|2)|wn|2dx=/f(un)undxgg/|un|2dx+c;/|un|qexp(a|un|2)dx.
Q Q Q Q

Now, from (a;) we get

L/IVunldeSE/|un|2dx+Ce/|un|"exp(a|un|2)dx.
82 Ja Q Q

Using Sobolev embedding, there exists C > 0 such that

2
e ||un||2§C6/|un|lep a||u,,||2< '”"') dr.
8\/5 Q [[ot,,1I

Using Holder’s inequality with s, s > 1, we have

1/s' 2 1/s
7 2 s 2f Un
—— — Ce ||lu,ll §C$</ |u, |4 dx) </ exp | as||u,l| ( > dx) .
g\/z Q Q |7M|

(3.12)

Note that by (3.11), there is n, € N such that
4r
llu, I < —

for all n > n, and for some a > a,. Then, from (3.2) and Sobolev embedding again, we

have
7 1/st
—— — Ce ||lu,|I* < MC, </ |un|‘”’dx) <MC.Cl|u,l|.
8v2 Q

This inequality implies
( 2 >
8 ,\/_

< 92,
MC.C < lu,ll

Since g > 2, the above inequality contradicts (3.11) and the lemma is proved. a

We set ¢ :=inf,,], and in the next result we will prove that minimizing sequence for ¢
are bounded.

Lemma 3.3 [f(u,) C N is a minimizing sequence for c, then (u,) is bounded.

Proof Suppose, by contradiction, that up to a subsequence, |lu,|| = oo and consider
= 2y, Ifv, = 0, then for all # > 0, from (a,) we obtain

) V—
I
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c+o0,(1) =1w,) = I(lu,llv,) = I(tv,)

> 1 _p —/F(tvn) dx,
16v/2 o

where 0,(1) = 0 as n = 4o00. Since v, = 0 in L9(Q2) and ||v,|| < 4=, using (3.10), Holder
inequality as in (3.12) and Theorem 3.1, we get

/ F(tv,) dx — 0.
Q

But this last convergence implies

c> 7 2, for all >0,
16V2

which is a contradiction.
Suppose now that v, # 0. Then,

1 c
I(u,) = —— =0,(1),
Mo 12" N, 12"

where 0,(1) = 0 as n — +o0. Hence, using (a,) and (f,), we get

_ F(lu,|lv,) 1 1
%||un||’ 2/ |vn|’dx§/ nn = /A(qunlzdx+on(l) < 5 +o,).
Q Q Q

llu, 112 2| u,|I?

Since v, — vin L"(Q) and ||u, || = +o0, we have a contradiction. a

To end up this section, let us prove that if the minimum of / over / is achieved in some
uy € N, then in fact i, is a critical point of I. This follows from some arguments used in [8,
Proof of Theorem 1.1 (completed)].

Lemma 3.4 [fu, € N is such that

I(uy) = m/\i/n] =c,
then I'(uy) = 0.

Proof Suppose, by contradiction, that ¢ is achieved by i, and this one is not a critical point
of 1. Then, there exists ¢ € H, () such that

I'(up) < 0.

By the continuity of I, we can find €, & > 0 small such that

Ity + od))p <0, for t€[1 - 1+Z] and o €[-35,3]. (3.13)

Moreover, since the map ¢ — I(fu,) attains its maximum at ¢t = 1 as shown in the proof of
Lemma 3.1, we have

I'((1=Buguy =7,'(1—=8) > 0> T,/ +2) = I'((1 + Eug)u,.
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Then, again by the continuity of ’, there exists ¢ € (0, g) such that
I'(1 =8)uy +od)uy +5d) > 0> I'(1 + E)uy + od)(uy + o),

ie. 7 -5>0> ’Z;er(l + €). It follows that

u+E¢(1
tuy+o) €N, for some 1€ (1-¢,1+5¢). (3.14)
From (3.13), we have
It (uy + o)) — I(uy) < It (uy + o)) — I(fuy) = i/ I'(t(uy + o)) pdo < 0,
0

so that
I(f(uo +0¢)) <I(uy) =c,

which contradicts (3.14) [also, because I(u,) = miny /]. Therefore, I'(uy) =0 and the
proof is complete. a

4 Existence of solution to the auxiliary problem

In this section, in order to prove the existence of result in the exponential critical case, we
consider the auxiliary problem

{ —Au=|ul"%u in Q, @)

u € H\(Q),

where r is the constant that appear in the hypothesis (f}).
The energy functional associated to problem (A) is defined by

1,(u)=1/|vn|2dx—1/|u|’dx.
2 Ja rJa

We also define the Nehari manifold
N, ={u€HyQu+#0: I'(uu=0}.

Since the embedding Hé (Q) & L'(Q)is compact, using the mountain pass theorem and the
classical maximum principle, we can prove that there exists a positive solution to problems
(A) given by w, € Hé () such that

ILw)=c, I'(w)=0

re

and

r—2
= .rdx’
€= /QIW,I @.1)

where ¢, = i/I\l/f I,. The next result is an estimate to ¢ = i}\lff 1.
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Lemma 4.1 The value c = i}\l/f[ satisfies

Cr
= 2/

Proof Note that, by the hypotheses (a,) and (f,), we have

/a(|Vw,|2)|vW,|2dxg/|VW,|2dx:/|w,|’g/f(w,)w,dx.
Q Q Q Q

This inequality implies that I’(w,)w, < 0. Then, from (f3), there exists g € (0, 1] such that
pw, € N. Using (a,) and (f,) again, we obtain

2
cSIww»sﬁ-/ﬁvam—f$(/hmvu
2 Jo r Q

Since I'(w,) = 0, we conclude that
F e

Using (4.1), we have

2 gl 2re, 52 sr 2rec,  (r=2) 1 2re, c,
cL |——-17— <max|— — = .
2 rl(r=2)7 0|2 (r=2) 2r 220D (r—2) 22
The proof is now complete. O

Lemma 4.2 [f(u,) C N is a minimizing sequence for c, then

. 2
lim sup ||un||2 < =.
n—oo 0

Proof Note that

;/mwuhm—l/dW%ﬁW%Wx
Q

/f(u Ju,dx — /F(u )dx.

From (a,) and (f5), we get

c+0n(1)2< 7 _l>/|vun|2dx: (L_l)nunu?.
32v2 7/ Ja 32v2 7
f

c+o,(1)=1u,) - I/(u u, =

Since r > 3 , we obtain

2 < 32\/§r

|2,
(7r — 32V/2)

c+o0,(1)

By the estimate on c in Lemma 4.1, we find
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) 2V2r ¢
lu, 1> < ——
(Tr—324/2) 7

+0,(1).

Since > 7*in (f}), then
2w
lu, 1> < == +0,(1)
0]

and the result follows. O

The next result establishes some compactness properties of minimizing sequences.

Lemma 4.3 [f(u,) C N is a minimizing sequence for c, then there exists u € H(')(Q) such
that

/f(u,,)u,,dx - /f(u)udx
Q Q

/F(un)dx—>/F(u)dx.
Q Q

Proof 1t is enough to prove the first limit, since the second one is analogous. By
Lemma 4.2, we have

and

. 2
lim sup [lu, |I* < == 4.2)

n—co 0
and, up to a subsequence, then there exists u € Hé (L) such that
u,(x) > u(x) ae. in Q
and
S, 0)u,(x) = fux)ulx) ae. in Q.

Now it is sufficient to prove that there is g : R — R such that |f(«,)u, | < g(u,) with (g(u,,))
convergent in L' (Q).
Note that by the inequality (3.9) we have

1 (2, ()1t ()] <14, ()] + C, |, ()| exp <06|M,,(X)|2> i= 8(u, (x)).

We will prove that (g(u,,)) is convergent in L'(Q). First, note that

/Qlu,,lzdxﬁ/glulzdx. 4.3)

Considering s, s’ > 1such that]; + 5 = land s close to 1, we get

lu,|? = |ul? in L*(Q). 4.4)
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Now choosing a > «a;, but close to 1, we have that

2
/“%MM®®M=/W%MMWGMQ>>R
“ o 2,1

Using Lemma 4.2, we can conclude that

/ < ﬁ / <mw02
exp| aslu,(x)|” Jdx < [ exp| 4=z dx
o Q |22, 1|

Then, it follows by Theorem 3.1 that there is M > 0 such that

/ exp<as|un(x)|2>dx <M.
Q

Since

exp<a|un(x)|2>—> exp(alu(x)|2> ae. in Q,

we use [21, Lemma 4.8] and conclude that

exp<a|un|2>—\ exp<a|u|2> in L’(Q). 4.5)
Now using (4.4), (4.5) and [21, Lemma 4.8] again, we conclude
/f(un)undx - /f(u)udx.
Q Q
The proof is complete. a

Theorem 4.1 The auxiliary problem has a nonnegative solution v, € H(l)(Q).

Proof Consider (1,) C N' a minimizing sequence for c. Then, by Lemma 3.3, (u,) is
bounded in H(I)(Q) and, up to a subsequence,

u, = uy in HY(Q).

We claim that u; # 0. Indeed, if u; = 0, then, from (a,) and Lemma 4.3, we get

7|MW5/«WMNWMM=/ﬂm%M~&
\/5 Q Q

which implies
llue, Il = O,

contradicting Lemma 3.2. Let t, > 0 such that v, := 107 € N. Since by (a3) the function

s = A(s?) is convex, we get [ A(|Viuy|*)dx < liminf [ A(|Vtu,|*)dx. From Lemma 4.3,
n—0oo .Q

we infer that/F(tuO)dx = lim /F(tun)dx. Then,
Q n—oo Q
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¢ <1(vy) < liminfI(tyu,).
n—oo

From Lemma 3.1, we conclude that

liminfI(#yu,) < liminf ma})x I(tu,) = liminfI(u,) = c.
—00 1> n—oo

n—-oo n

The equality I'(vy) = 0 is a consequence of Lemma 3.4. Since f(r) = 0, for allz < 0, we get
vy = 0in Q. O

5 Proof of Theorem 1.1

We first establish some estimates on solutions of the auxiliary problem from which the
existence of positive solution of problem (P) will be deduced. Let us point out that the
classical elliptic regularity theory [17] cannot be applied immediately because the coef-
ficients in the differential operator are not necessarily continuous. Throughout this section,
we assume thaty = 7/(8vy/2)and " = 1.

Lemma 5.1 Ifv, € H(l)(Q) is a solution of the auxiliary problem, then v, € L*(Q) and
there exists K, > 0 not depending on v, such that

4r C, ]2

vollw < K5 [mm

Proof Since I(v,) = ¢ and I'(vy) = 0, arguing as Lemma 4.2, we have

4r C,

2
DL —
llvoll~ < (7 — D) 270

5.1
Considering > 7* in (f;), then
2 271'
< —.
[Ivoll ” (5.2)

In what follows, let R > R; > 0 with R > 1and take a cutoff function 7, € C;°(£2) such that
0<ng <1,mg=0in By, ng = 1in By and |Vng| < C/R, where Bg(0) C Q is a ball in R?
and C > 0is a constant.

Define for L > 0,

vo(x), if  vy(x) <L
Vo) =
L if vyx)>L,

2 2(c-1)

— — o—1
20 =MgVio Yo and  wpo=mpvovry

with ¢ > 1to be determined later. Taking z; ; as a test function we obtain
I’(VO)ZL,O =0.

In other words,
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/a(|VVo|2)VVoVZL,0dX= /f(VO)ZL,de'
Q Q

By (3.9), (5.2) and Theorem 3.1, we obtain

1/s'
/a(|Vv0|2)Vv0VZL,0de€/VOZL,de+MC€</|Vg_1ZL’0|s’dx) .
Q Q Q

Using z; o and (a,), we obtain
2(c-1 2(6—1
% / ’712eVLfg | Vvl? dx < — / a(|Vv0|2)nRv0vag Vi, Vv, dx
Q Q

-2 —1) / a(|Vvo P Vg Vv odx
o ,

1/s'
2(c-1 2(0-1))s
ve [ mPrs >dx+MCe< [ v >|de) |
Q Q
The definition of v; o implies

-2(6 — 1) / a(| Ve PWEr vy Vg Vv odx < 0.
o ,
Thus, by (a,) again

2(c—1 2(c—1
y / mpvre U IVve|? dx <TC, / Mevovyy IVl Vvl dx
Q Q

1/s'
2.2 2(c-1 2 2(c-1)5
+€/|v0| nRva‘O’ )dx+MCe</ |vgnRvLEg )|de> .
Q Q

Taking 7 > 0 and using Young’s inequality, we obtain

2o-1
y/nvafg )|Vv0|2deFC1/
Q

Q
1/s'
2.2 2(c-1 2 2(c-1)s
+€/|v0| nRvag )dx+MCe</ |vgnRvag )|de> .
Q Q

Choosing 7 sufficient small, it follows that

2o—1 2o—1
/nlzevag >|Vv0|2dx§C2</v(2)vag >|V;7R|2dx
Q Q

1/s'
2 2 2(c-1 2 2(c—1)s"
+€/|v0| r]Rvag )dx+MC€</|vgnRvag )|de) >
Q Q

(5.3)

~ 2 2 2 2 2(c—1
<mR|Vv0| + Cav3 | Vg )vag ) dx

On the other hand, we get
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2

2 -1
Syllweollv g, S/ ‘V(”R"o"z,o )

o1
/lv |2 (G )|V11R|2 /'712e V<VOVL0 )
o

where Sy is the best Sobolev constant of H}(Q) in LY () and Y1 that will fix after. But
2 2
Lo ) = [ v(omt)| « [ fy(ws)
Q {Ivol<L} {lvoI>L}

2 _ 2
_ / L / L2V,
{Ivol<L} {Ivo|>L}

2 2. 2(c-1) 2
SO- /’lR Lg |VV0| b

2

)

2

and therefore,

2 2( D 2 2 2(c-1) 2
”WL()”LY(Q) <C3°' </ ol*vi o IVngl /”IR Lg [Vvol )

From this estimate and (5.3),

2 2 2 2 1 2
el < Coo® [ ol 19

sy (54
2 2 ’
+‘72C4<€/Q|"0|2"12e L(g Vdx + MC, </Q|"g'7123 L(g D) dx) >
for every o > 1.
The above expression, the properties of 7z and v; , < v, imply that
”WLOHLr(Q) < C40' / |V0|26|V’7R|2
1/s'
+O'2C4<€/ |V0|20' dx+MC€(/ 1112?||V0|q_2|\)0|20-|s’dx> >
Q
(5.5)
Taking
949 2t
=—>1, Y :i=—,
2(q-2) —1 (5.6)

then we can apply Holder’s inequality with exponents ¢/(¢ — 1) and ¢ in (5.5) to get

1/t
2 2t
ool g < Cao?lvoli )< [ 19 )
K 1/t
+ C4O- ”v()”LaY(B )</ |’7R|2t> (57)
M,C.Cho vl )(/ |V0|qq/z>
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Since #g is constant on B, U By, and |Vngr| < C/R, we conclude that

cy
|VnR|2’=/ Vel < =3 <. 58
/B BR\BRI R2r 2 ( )

R

We have used R > 1and 2 > g > 2 in the last inequality.

Considering
/ |v0|qq/2 <K,
Q

we can use (5.7) and (5.8) to conclude that
2 2 2
”WL,OHLY(Q) S C66 ”vO”LZY(BR)'

Since

2/Y

2 Y
ool = ( [ 2

Ry

2/Y
Y|, Y, Y(o-1
</’7R|V0| VL,(OG )>
Q

2 2 2
= ”WL,OHLY(Q) S 6'6(7 ”v()”LZY(Q)v

we can apply Fatou’s lemma in the variable L and Sobolev embedding to obtain
1 [
”V()”Lc‘((BRl S C7/0'0'1/ ”VO”

Here, C, is a positive constant independent on R. Iterating this process, for each k € N, it
follows that

2’.{: ol mo i
”vollL"kY(BRl) S C7 i=1 GZ‘:] ic ”V()”

Since Q can be covered by a finite number of balls B’R , we have that
1

finite finite

Z]-L ol mo i
”V()”Lgky(g) S E ”V()”L,,k‘((B;e ) S E C711 621:1 ic ”v()”
. 1 .
J

J
Using (5.1) and since ¢ > 1, we let k — oo to get K, > 0 such that

4r C, ?
(ry — 4T) ¢2/0=2)

”Vo”Leo(g) <Kl £ Kz[

The proof is now complete. O

5.1 Proof of Theorem 1.1 completed

By Lemma (5.1) and (f;), we obtain
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Vol Loy < 6.
Now from (3.4), given € > 0, we get
W(Vo)”Lw(g) < 6”"0”1_&(9) <eé.
Using Lemma 2.3, then v, € C1*(Q), and for e > 0 sufficient small, we have
Vol sy < 1-
The proof of Theorem 1.1 is now complete. a
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