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We study thelHe andi,Be hypernuclei in the three- and four-body models, respectively, employing harmonic
oscillator bases and presently most realisticc, a-A and A-A interactions. In order to improve convergence

we use correlation functions in the casej§Be. Comparison is made with results obtained using similar
interactions and other methods, and it is performed an analysis concerning the possibility of a unified description
of both hypernuclei.

1 Introduction more realistic potentials, instead of the old one-gaussian at-
tractive Dalitz potential [11, 12], employed in our former
) . paper [3] with the purpose of comparing convergence of the
It was detected recently in the KEK E373 experiment [1] a 1o pasis without correlation functions [13].

new candidate fofHe, with a smaller binding energy than In Section Il we have a brief presentation of the formal-
the old data due to Prowse [2] which are now consideredsm and in Section 11l we show our results for the ground-
under suspicion of misinterpretation. Furthermore, we have giate energies, separation distances, and contributions of th
recently demonstrated [3] the applicability of Jastrow-type p4rtial waves to the energy, and compare them with results
correlation functions to harmonic oscillator (HO) bases in §,e to other authors. We also discuss the best choice of

order to accelerate convergence in the casg@e, con-  ompination of the several potentials employed in the calcu-
sidered as a four-bodyaAA system. This lead us to ap-  |ations.

ply such a technique to the same hypernucleus, now using

more realistic interactions, and to review our former calcu-

lations on $,He [4] in the same scope, hoping that a satis- 2  Formalism

factory and unified description of both nuclei can be made

with an adequate choice of potentials. Filikhin and Gal [5] The method we employ in the study §fHe and}’Be hy-
have published a calculation on the same hypernuclei bypernuclei in the threeofcA) (see Ref. [4]) and four-body
solving Faddeev-Yakubovsky equations in the s-waves ap-(aaAA) (see Ref. [3]) models, respectively, is based in a
proximation (for}%Be) and Faddeev equations (ffHe). variational calculation where the-particles are structure-
They have also introducedS, AA potentials as a sum of less. A convenient coordinate set that splits the internal co-
three gaussians simulatingA Nijmegen soft-core [6, 7]  ordinates from that of the center of mass is given by the
(NSC97), extended soft-core [8] (ESCO00) and hard-core [9, Jacobi variables for unequal mass particles. In the case of
10] (ND) interaction models. We make use here of these J,He the internal (non-dimensionless) coordinates are

|
P mams oy mA
Ta = m(m2+m3)(r2 I'3) Qm(rQ I‘3)
’ my(mg +ms) [ mar’s + mgr’s 2momyp [, r'y +1'3
ry = |y - — = —_— |y - —— Q)
mM mo + ms3 mM 2
where
M =mg + 2mp 2
is the total mass and
2Mme
o ma(2me + my) 3)

M



O. Portilho 841
is the reduced mass. Coordinate and massn; refer to thea-particle while coordinates’s, r’3 and respective masses,
andmg are related to thd-particles. In an analogous way, we have {¢Be the coordinates

’ mimeso Mea

_ S St S | _ Ma g )
Ta = m(ml—l—mg)(rl I‘Q) Zm( ! 1‘2)
’ m3mny ’ / ma , ’
, = A S _ — A — 4
ok m(m3+m4)(r3 I‘4) Qm( 3 I'4) ()
ro= \/(ml + mg)(ms + ma) mir’'y + maor’y _ mar’s + myr’'y
¢ mM mi + mo ms + my
_ MaMp , A
= —— (r'y +r's—r's—1'y)
with
|
andmy are related to tha-particles.
1 Mo MA . .
m = 5(ma+ma)+ P (5) We use as bases for the hypernuclei wave functions
M = 2(mg+ma) “ A ©6) products of the HO wave functions in the internal Jacobi
o « A variables, coupled to a well defined value for the total angu-
Coordinates’;, r’s and respective masses andm., refer lar momentum and it projection. In the case of \He the
to thea-particles while coordinates s, r’4 and massesi; wave function is expanded in terms of
]
3 J) = [nalasmoly; J) =Y (lalsma, My — ma| TMy) [nalama, nuly, My — my), 7)
Mg
while in the case of’Be the basis is constituted of
v J) = |nala, noly, linele; J) = Z (Lalomamp|l,me + my) X
Mqg,Mp
X (Ule,mg +my, My —mg — mp| M) [nalama, nplyme, nele, My —mq — mp). (8)

In the l.h.s. of above two equations we have omitted the to improve convergence so that the trial function becomes
M label since the physical quantities we calculate using

the wave functions are independent of it. The harmonic os- U =Fy Z a, |v;J), (20)
cillators have common quantum energy v

€ = hw ©)  with

o L . Fj = fu(r] 14) = fa(ra . 11
which is changed variationally. Moreover, for this hyper- 7= Ja(r12) foraa) = fa(ra) folrs) (1)
nucleus we introduce Jastrow-type correlation functions be-The correlation functions are conveniently taken as 1 + sum
tween thex-particles and between the-particles in order  of two gaussians, one repulsive and one attractive

]

Fa(rly) = 14cge ia/e)’ f o o= (Ma/p)’ = 1 4, e Pari/e 4 ¢ o Parile (12)
Folrhy) = 14, e Taa/p2)’ £ o o= (5a/e)® = 1 4 ¢y e Pori/e 4 o) o= Firi/e, (13)
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Parameters,, c,, ¢, ¢;, are changed variationally and sat- are also changed variationally, and so @fe 3;, defined
isfy the conditionsc, > 0, ¢, > 0, ¢, < 0, ¢, < 0, analogously, satisfying, < 3, andj, < ;.

14+co+¢c, >0, 1+c + ¢, > 0. Unprimed coordi- . . ) .
nates mean they are dimensionless and the relation between Fort.hea'a mteractlon we use the Chien-Brown potential
primed and unprimed coordinatesris= /i/(mw) r. On [14], which is given by

the other hand, the parameters

2h2 Vaa = VN + Vcoula (16)
Ba = 3 (14)
m(xpl
2
Oy = 2h 5 - (15) with
map3
]
Vi = Vo e #7° 4 V(1) (17)
/ —r’
Vo(r') = —%ew {1+ erf(A) — @ [1 - erf(A})]) (18)
Vi = 16Vpg e377/8% (19)
2k, 3y
Ay = 3 (r + 4/@) (20)

2
Vit = 2 erf<, / 2;r’> . 1)
T

Hereerf is the error function. The potential parameters are 8, = 0.777 fm, 85 = 0.350 fm, with v/ = 0.4804 (NSC97b

Von = 287.5 MeV, i/ = (0.635 fm™*)2 (for I, = 0), model),y’ = 0.5463 (NSC97e modely,” = 1 (ND model)

Von = 176.5 MeV, p/ = (0.620 fm™*)? (for I, = 2), andy’ = 1.2044 (ESCO00 model).

Vpo = 85 MeV, v = 1.35 fm~!, k = 0.514 fm—2. Using the HO bases described in this section we calcu-
For theaA interaction we have two potentials. The first lated the hamiltonian matrix elements and also, in the case

one is the Isle type [15] which is a sum of two gaussians of },Be, the norm matrix elements. The bases are truncated

such as by choosing a limit taV, defined ag(n, + n,) (for $He)
0 By? o a)? or as2(n, + ny + n.) (for }%Be). For eachV corresponds
Var = Viep © ") 4 Vage © o (22)  acertain amount of possible combinations:f n, andn..,

together with combinations @f, [, andi. chosen appropri-
ately, giving the basis dimension (size). After the diagonal-
isation process we obtained the ground-state energy and the
coefficientsa, that appear in Eqg. (10). With the wave func-
tion so available we proceeded to calculating rms distances
between the particles involved in each hypernucleus and ex-
pectation values for the kinetic and potential energies. More
details on the formalism can be found in the former papers
[3, 4].

and that was used by Filikhin and Gal [5] as well, with
parametersV;o, = 450.4 MeV, Vyy = —404.9 MeV,
Brep = 1.25 fm, Bayy = 1.41 fm. The second is the one-
gaussian attractive potential labeled as Gibsopdi) by
Daskaloyanniet al. [16], with parameterd/,;; = —43.48
MeV and s, = 1.5764 fm, which produced a reasonable
ground-state energy fdBe in theaaA model [4].

In our former papers [3, 4, 13] we used/BA interaction
the one-gaussian attractive Dalitz potential [11, 12]. How-
ever more realistic potentials with repulsive core have been
published, especially thes, channel simulations to the Ni- 3 Results and discussion
jmegen models due to Filikhin and Gal [5], conveniently ex-
pressed as a sum of three gaussians 6

AaHe

We have revisited our former calculations @rHe [4]
in view of the more recenmt A potentials with repulsive core
simulating the Nijmegen model, as mentioned in the pre-
The parameters are the following?; = —21.49 MeV, vious section. We present in Table | the ground-state
Vo = —=379.19 MeV, V3 = 9324 MeV, 5; = 1.342 fm, energies obtained with combinations of Gibsopd:() [16]

3
VA = Z Vi o= (r'/8:)% (23)
i—1
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and Isle [15]aA potentials with four Nijmegen model sim-  of Takahashiet al. [1]. By comparing the several results
ulations of AA interactions [5]: NSC97b, NSC97e, ND, with the experimental value we find that the best choice of
ESCO00. In the column labeled as ground-state energy wepotentials is the combination Isle+NSC97e, whose extrap-
show the results obtained with the (0, 0)+(2, 2)+(4, 4) com- olated energy coincides with the upper limit of the experi-
bination of {,, [;) in the HO basis, what means dimension mental value. The ESCOO potential was constructed with the
408 andN = 2(n, + ny) limited to 30. The values of purpose of obtaining the old value of experimental ground-
were chosen in th&/ = 26 approximation and used in the state energy of10.8+ 0.6 MeV due to Prowse [2], and our
larger bases. In order to check convergence, we have als@alculation with this potential combined with Isle potential
shown the extrapolated values of the ground-state energy foishows it is successful in this aim, although these data are
N = oo by supposing, following Delves [17], that now discarded in favor of the results of Takahaetal. [1].
Some additional results obtained using also the ND interac-

En =B + AN + ON (QH)) (24) tion, combined with G matrix methodology, are —9.23 MeV
is obeyed so that, to leading order, [19], —9.34 MeV [20], —9.4 MeV [21], which are a little bit
smaller than our result and the one due to Filikhin and Gal,
In(-AEy) =InAQ — (@+1)InN, (25  _7 55 Mev [22]; and —7.33 MeV (RPA) [23].
with AENy = Eny1 — En, and corresponding estimates of We have also calculated rms distances betweenmthe

the errors involved in the extrapolation. The extrapolation particles and between theparticle and the\A center-of-

we have made fof’\He in our former paper [4] using the mass. This is shown in Table Il. We notice that the distances
older Bandoa A potential [12] was confirmed by Filikhin,  obtained with the IslecA potential are larger than the results
Gal and Suslov in their recent Faddeev calculations [18]. that emerge from the Gibson potential. The results obtained
Therefore there is no reason to doubt that the results in Tableby Filikhin and Gal are also a little bit larger than ours. Be-

| are also reliable. We notice that results obtained following sides, we notice that the more bound is the nucleus the more
the sequence NSC97b, NSC97e, ND, ESCOQ Aafpoten- compact itis, as it should be. Results from other authors in-
tials have convergence improved in the case of the Gibsonclude (r2,)'/? = 3.31 fm, (r’2_, ,)/? = 2.14 fm [19] and

aA potential since the errors become smaller, while it gets <7”f\2A>1/2 = 3.20 fm [20].

worse in the case of the Isle pot_entlal. We a}lso show. in t_he In Table Il we show the contributions of the partial
last column the Faddeev equation calculatl_ons_ of Filikhin \\5ves (0, 0), (2, 2), (4, 4) to the ground-state energy and
and Gal [5] who employed the same combinations of Isle {4 the wave function.

aA potential and Nijmegen A potentials. The experimen-

tal ground-state energy is justB,, from the recent results

Table I.0™ ground-state energy df,He for several combinations ofA andAA potentials. We also present the value of the
corresponding variational parametdin MeV). In the column labeled as ground-state energy we show our results with basis
dimension 408N = 30 approximation. We have also the extrapolated values of the ground-state enefgy=foso and
corresponding errors. The results of Filikhin and Gal [5] are in the last column. The experimental ground-state energy is fron
Takahashet al. [1]. Energies are in MeV.

Potentials € g.s. energy extrapolated g.s. energy
(aA + AA) g.S. energy Filikhin and Gal
Gibson+NSC97b 32.158 -6.389 —6:8.2

Gibson+NSC97e 33.519 -6.718 —701

Gibson+ND 43.273 -10.290 —10.346.002

Gibson+ESC00  47.526 -12.978 -13.8@p001

Isle+NSC97b 28.910 -6.544 —6.746.003 —6.60
Isle+NSC97e 30.052 -6.745 —-6.940.005 —6.82

Isle+ND 39.206 -8.943 —-9.130.02 -9.10
Isle+ESCO00 43.961 -10.705 —10483.02 -10.7

Experimental ~7.250.1970 1%
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Table II. rms values foAA anda-AA center-of-mass separation distances (in fmfjnle (N = 30 approximation), for
several combinations @fA andAA potentials. The last two columns refer to the results of Filikhin and Gal [5].

Potentials (P2 A0 RO (2 0?
(aA + AA) Filikhin  and Gal
Gibson+NSC97b 3.51 1.95

Gibson+NSC97e 3.41 1.91

Gibson+ND 2.75 1.67

Gibson+ESCO00 2.47 1.58

Isle+NSC97b 3.91 2.20

Isle+NSC97e 3.83 2.18 3.93 2.29
Isle+ND 3.25 2.07 3.36 2.11
Isle+ESCO00 2.94 2.03 3.09 2.04

Table Ill. Contributions (in %) of the partial waves (0, 0), (2, 2), (4, 4) to fhele ground-state energy and to the wave
function (I|W) (N = 30 approximation).

Potentials Energy Wave function
(aA + AA) (0,0)+(2,2)+(4,4)  (0,0)+(2,2)+(4,4)

Gibson+NSC97b 86.03+12.68+1.29 97.12+2.74+0.13
Gibson+NSC97e 87.47+11.44+1.09 97.40+2.48+0.11
Gibson+ND 95.09+4.65+0.26  98.88+1.09+0.03
Gibson+ESCO00 97.11+2.78+0.12  99.30+0.69+0.02
Isle+NSC97b 86.22+11.70+2.08 98.63+1.27+0.10
Isle+NSC97e 86.74+11.30+1.96 98.72+1.19+0.10

Isle+ND 90.67+8.21+1.12  99.19+0.74+0.07
Isle+ESCO00 92.61+6.64+0.75 99.34+0.61+0.05
%Be in the N = 8 approximation (dimension 140) and extended

to the N = 12 approximation. We consider both Gibson |

In order to improve convergence of the HO basis in four- () [16] and Isle [15]aA potentials. We notice again that
body calculations we included the Jastrow-type correlationsthe combination Isle+NSC97e gives a result close to the ex-
functions as shown in Egs. (10)-(13). In all calculations perimental ground-state energy [24, 25], as happened with
we obtained, = ¢, = 0, ¢, = ¢, = =1, p1 =25fm 6 He \We also show the Faddeev-Yakubovsky results of Fi-
as best parameters, leaving changes onpy,inWe limited  |ikhin and Gal [5]. It is clear that our results present more
N = 2(nq + np + nc) to 12 which proved to be enough pinding than theirs. Asva interaction they use the older
from the standpoint of convergence in a former calculation aji-Bodmera, potential [26] but this cannot account for the
of ours [3] with the purely attractiv&é A Dalitz potential [11,  discrepancy. They expect an uncertainty of 0.5 MeV in their
12]. We show in Table IV our results for the ground-state figyres due to limiting the calculations to s-waves. In order
energy ofBe in theN = 12 approximation (dimension {5 have a precise idea about the convergence quality of our
336) considering the combinations (0, 0, 0), (2, 2, 0), (2, 0, calculations we plot in Fig. 1 the behaviour of the ground-
2) and (0, 2, 2) tolg, Iy, lc) and using thexa potential of  state energy againsV for all combinations of
Chien and Brown [14]. The values efand p}, were fixed
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0 mention that the simulations to the Nijmeg&n potentials
due to Filikhin and Gal are supposed to be applied td fe
interaction. Since in Table IV the energies were calculated
: with bases involving, > 0 we are assuming that those in-
n teractions are still valid for higher relative angular momenta
1 between the\-particles. Other results for the ground-state
energy, obtained also with simulations of the Nijmegen D
model, combined with the G matrix formalism, are —17.6
] MeV [19], —=17.15 MeV [20], —17.0 MeV [21], —=15.05 MeV

: [22]; and —16.7 MeV (RPA) [23].

We show in Table V the rms distances betweendhe
particles, between th&-particles and between then and
25 ! ! ! ! ! ! AA centers-of-mass. We notice thafZ, )!/2 is very sensi-

° N tive to theA A potential: the deeper is its well, the shorter is
Figure 1. Ground-state energy {§Be as a function ofV, illus- (r'2\)1/2. Other results forr2,)1/2 are 3.40 fm [20] and
trating the convergence of the method. Full lines refer to the Isle 3.44 fm [22], for (r/2,)/2 are 2.81 fm [19], 3.02 fm [20]
aA potential and dashed lines to the Gibson potential. Abhe and 2.8 fm [21], and fovga_/\/ﬁl/z are 1.67 fm [19] and
potentials are represented by circles (NSC97b), squares (NSC97e)y 90 fm [20].
diamonds (ND) and triangles (ESCO00). It is also shown the ex-
perimental value and respective error limits through the horizontal
lines.

-15—

20—

ground-state energy (MeV)

In Table VI we present the corresponding contributions
of the several combinations of,( [;, [.) to the ground-
state energy in theV = 12 approximation. We notice
Gibson and IslexA potentials with NSC97b, NSC97e, ND that the (0, 0, 0) restriction is completely unsatisfactory in
and ESCOQ\A potentials. It is also shown the experimen- our approach, although it can be perfectly acceptable in the
tal value and the error limits. The results obtained with the Faddeev-Yakubovsky formalism of Filikhin and Gal. We
combination of the Isle potential with NSC97b and NSC97e also see from Table VI that tHg ## 0 contributions are not
potentials are inside the experimental error limits. We see negligible, what reinforces the necessity of detailed studies
that the convergence is satisfactory. However we shouldof the AA interaction beyond th&S, channel.

Table IV.0T ground-state energy gf\Be in theN = 12 approximation, with the combinations df,(l,, I.) as (0, 0, 0)+(2, 2,
0)+(2, 0, 2)+(0, 2, 2) and basis dimension 336. tlepotential is due to Chien and Brown [14]. Also shown are the values
of the parameters (in MeV) andpf, (in fm), the expectation values of the kinetic and potential energies, and the results due
to Filikhin and Gal [5]. Energies are in MeV.

Table IV

Potentials € 0 g.s. energy kinetic potential g.s. energy
(aA + AA) energy energy Filikhin and Gal

Gibson+NSC97b 11.843 0.8085 -15.048 28.807 —-43.855
Gibson+NSC97e 12.015 0.7952 -15.435 29.361 —44.796
Gibson+ND 13.879 0.7221 -19.240 34.894 -54.134
Gibson+ESCO00 15.168 0.6987 -21.870 38.648 —60.518
Isle+NSC97b 12.642 0.7993 -17.283 24491 -41.774 -152

Isle+NSC97e 12.774 0.7866 —17.603 24921 42524 -154
Isle+ND 14.064 0.7144 -20.771 29.494 -50.265 -17.7
Isle+ESCO00 15.047 0.6898 —-23.007 32.866 -55.873 -19.4

Experimental -1760.4
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Table V. rms values of the distances betweendhgarticles, between th&-particles and between both centers-of-mass (in

fm) for 1OABe in theN = 12 approximation, with combinations of.( [y, [.) as (0, 0, 0)+(2, 2, 0)+(2, 0, 2)+(0, 2, 2) and basis
dlmenS|0n 336. The« potential is due to Chien and Brown [14]. In the last three columns are the results of Filikhin and G

[5].

Potentials (P22 ROYZ (2 OV (IR ROV ()
(A + AA) Filikhin ~ and Gal
Gibson+NSC97b  3.13 3.10 1.62

Gibson+NSC97e  3.12 3.05 1.61

Gibson+ND 3.02 2.63 1.54

Gibson+ESC00  2.97 2.42 151

Isle+NSC97b  3.25 3.26 1.72

Isle+NSC97e  3.24 3.21 1.71 35 4.2 2.4
Isle+ND 3.20 2.81 1.64 3.4 3.9 2.3
Isle+ESCO0 3.18 2.59 1.60 3.3 3.7 2.2

Table VI
waves (0, 0, 0), (2,0, 2), (2, 2,0) and (0, 2, 2).

— Contributions (in %) to the ground-state energy)@e in theN = 12 approximation of the each one of the partial

Potentials 0,00 (202 (220 (02,2
(aA + AA)

Gibson+NSC97b 85.16 6.67 7.10 1.07
Gibson+NSC97e 85.66 6.69 6.67 0.98
Gibson+ND 89.20 6.58 3.77 0.45
Gibson+ESC00  90.72  6.32 2.66 0.30
Isle+NSC97b 93.14 251 3.12 1.23
Isle+NSC97e 93.21 2.56 3.05 1.18
Isle+ND 93.67 3.11 2.48 0.74
Isle+ESCO00 93.81 3.48 2.15 0.56

In Fig. 2 we plot Bya, the AA separation energies
for J,He (which are just the extrapolated ground-state en-
ergies in Table | with sign changed E, ;) as a function of
the corresponding energies fkBe (which in this case are
—E, 5. +0.09 MeV — see Table 1V), each point calculated
with the same set akA andAA potentials. We notice that

by the dotted lines that represent the limits of the experimen-
tal errors and that the point that corresponds to the combi-
nation Isle+NSC97e ofA and AA potentials is just inside
the rectangle. This could indicate, as far as the extrapolated
ground-state energies df\He in Table | are reliable, and
the Faddeev calculations of Filikhin, Gal and Suslov [18]

there is a correlation between those points through straightseem to confirm that since they reproduce our old result [4]

lines, what was already observed by Filikhin and Gal [5],
Bodmeret al. [27] and Wanget al. [28]. The full line fits the
points calculated with the IsleA potential and the dashed
line fits points calculated with the Gibsem\ potential. We
also indicate through horizontal and vertical lines the experi-
mental values and errors 8 , for ,He and}’,Be, respec-

obtained with the BandaA potential, and the application
of AA potentials from Nijmegen model simulations beyond
thelso channel is acceptable, that a unified description of
both $He and}%Be hypernuclei is possible, as represented
through the comblnatlon Isle+NSC97e. However, for a con-
sistent description, the IsleA potential should reproduce

tively. We note that the full line crosses the rectangle definedin our
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Figure 2. AA separation energiaa (in MeV) for $ He as a func-
tion of the corresponding separation energy (in MeV) ¥4Be.
Each point is calculated with the same combinationafandAA
potentials in both hypernuclei. The full straight line fits points cal-
culated with the IslexA potential, while the dashed straight line
is related to the GibsoaA potential. Experimental values and re-
spective errors are also represented by the horizontal and vertical
lines.

bz 24

model the ground-state energies of the single hypernuclei
2He andBe. The results are respective3.095 MeV and
—8.307 MeV [4], that should be compared with the experi-
mental values-3.12 £ 0.02 MeV and—6.62 +0.04 MeV. It

is clear that while the Isle potential reproduces the ground-
state energy ofHe quite well, it overbind$Be by about

1.7 MeV. For this reason we cannot state that the combina-
tion Isle+NSC97e gives a consistent description of the sin-
gle and double hypernucléHe, 9Be, $,He and}}Be. On

the other hand, the Gibsem\ potential gives-3.086 MeV

and —6.839 MeV [4] for the ground-state energies gifle
and?Be, respectively, being more reasonable than the Isle
potential in this respect. However the dashed line in Fig. 2,
which represent results fof,He and}’,Be, is far from the

rectangle it should cross. The conclusion is that a consistent

description is not possible, agreeing with Filikhin and Gal
[5] and Yamamoteet al. [19] and contrary to the conclusion
of Albertuset al. [23].
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