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DE MODELOS EM REDE

Maércio Sampaio Gomes Filho
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Orientador: Fernando Albuquerque de Oliveira

Coorientador: Marco Aurélio Alves Barbosa

Os sistemas de liberagao de farmacos podem ser entendidos como qualquer sis-
tema (dispositivo) desenvolvido para fornecer uma quantidade correta de farmaco
para o local de acao (tecido ou érgao) em um intervalo de tempo determinado, com
a finalidade de maximizar a resposta terapéutica. O objetivo principal deste traba-
lho consiste em desenvolver modelos estatisticos em rede para investigar a cinética
de liberagao de farmacos encapsulados em membranas poliméricas porosas. Para
tal, modelamos capsulas unidimensionais e bidimensionais com apenas um poro de
liberacao na membrana externa que reveste a capsula, capsulas bidimensionais e
tridimensionais revestidas por uma membrana externa porosa e capsulas bidimensi-
onais revestidas por uma membrana externa biodegradavel. As curvas de liberacao
(quantidade da droga dentro da cdpsula como funcdo do tempo) sao obtidas através
de simulagoes de Monte Carlo (MC) e s@ao ajustadas para a funcao de distribuicao
empirica de Weibull, exp[—(t/7)’], onde b e T sdo parametros ajustaveis. Na litera-
tura farmaceéutica o parametro de forma b é utilizado para indicar empiricamente
o mecanismo de liberagao (difusdo, erosao e/ou intumescimento) e 7 corresponde
ao tempo caracteristico da liberagao. Para guiar os resultados das simulacoes com-
putacionais, resolvemos a equacao de difusao para um sistema similar (capsula 3D
sem membrana), e encontramos uma boa concordancia entre a solugao analitica e
os resultados das simulagoes de MC. Além disso, investigamos como a dimensionali-
dade (uma, duas e trés dimensoes), o tamanho e a porosidade da membrana externa
que reveste a capsula interferem na cinética de liberagao, onde encontramos que os

parametros de liberacao de Weibull satisfazem leis de escala.
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A CONTROLLED DRUG RELEASE STUDY THROUGH LATTICE MODELS
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Drug delivery systems can be understood as any system (device) designed to de-
liver a correct amount of drug to the site (tissue or organ) in a given time interval, in
order to maximize the therapeutic response. The main goal of this work is to develop
statistical lattice models to investigate the release kinetics of drugs encapsulated in
porous polymeric membranes. For this purpose, we model one-dimensional and two-
dimensional capsules with a single release pore (leaking site) in the outer membrane
that covers the capsule, two-dimensional and three-dimensional capsules covered by
a porous membrane and two-dimensional capsules covered by a biodegradable mem-
brane. The release curves (amount of drug inside the capsule as a function of time)
are performed using Monte Carlo (MC) simulations and are fitted to the Weibull
distribution function, exp[—(¢/7)’], where b and 7 are adjustable parameters. The
shape parameter b is used to empirically indicate the release mechanism (diffusion,
erosion and/or swelling) and 7 corresponds to the release characteristic time. To
guide the results of the computer simulations, we solve the diffusion equation for
a similar system (3D capsule without membrane), and we found a good agreement
between the analytical solution and the results of the MC simulations. Besides this,
we investigated how the dimensionality (one, two and three dimensions), the size
and the porosity of the external membrane that covers the capsule interfere on the
release kinetics, where we found that the Weibull release parameters satisfy scaling

relations.
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Capitulo 1

Preliminares

Neste trabalho apresentamos um estudo sobre a cinética de liberacao de farma-
cos encapsulados por membranas poliméricas porosas (inertes) através de modelos
estatisticos em rede (simulagoes de Monte Carlo) e através da solucao da equagao
de difusao para os casos sem membrana. Estes estudos resultaram na publicacao
dos artigos incluidos no apéndice B e C que estao descritos no capitulo 4.

O estéagio de doutorado sanduiche, por sua vez, foi realizado no Departamento
de Fisica (Laboratério Cavendish) da Universidade de Cambridge em virtude do fi-
nanciamento promovido pelo programa PDSE-CAPES sob a orientagao do professor
Eugene M. Terentjev. Durante esse periodo, estudei fisica de polimeros e simula-
¢oes de Dinamica Molecular aplicada a matéria mole, com énfase nas propriedades
fisicas de polimeros confinados como, por exemplo, propriedades conformacionais de
polimeros confinados entre duas paredes rigidas e, particularmente, a intensidade da
forga (ou press@o) que o polimero exerce sobre as paredes devido o confinamento.
Esse trabalho ainda estd em andamento, sendo investigado os efeitos da interacao do
tipo volume-excluido e em quais limites o trabalho de S. F Edwards and K. F. Freed
(1969) (The entropy of a confined polymer: I) permanece valido, nossos resultados
preliminares estao apresentados em formato de artigo no apéndice D.

Além disso, o professor Eugene havia proposto uma teoria analitica mostrando
que dois polimeros ideais (Gaussian chain) quando confinados em um tubo deveriam

formar uma ligacao. Através de simulagoes computacionais comprovei que a teoria



estava correta e ilustrei outros efeitos como, por exemplo, a distribuicao do tempo em
que os dois polimeros se conectam pela primeira vez apresenta caracteristicas de uma
distribuicao do tipo voos de Levy. Os resultados desse trabalho estao apresentados
no apéndice E.

Durante o periodo de doutoramento participei com apresentagao de trabalho em
eventos cientificos, tais como, o Encontro Nacional de Fisica Estatistica (2017) e
o Encontro de Outono da Sociedade Brasileira de Fisica (2018). Além disso, fui
contemplado com bolsas para a participagao nas escolas internacionais: (i) Introduc-
tory School on Parallel Programing and Parallel Architecture for High-Performance
Computing - ICTP (Trieste/Itdlia) e (if) no curso de primavera intitulado Hierar-
chical multiscale methods using the Andersen—Parrinello-Rahman formulation of
molecular dynamics - OIST (Okinawa/Japao). Ainda se destaca duas colaboragoes,
uma com o professor Marco Aurélio (coorientador) e outros colaboradores onde en-
contramos propriedades tipicas de dgua (anomalia na densidade) no limite atomico
do modelo de Bose-Hubbard (dtomos ultrafrios armadilhados em redes 6ticas), esse
trabalho resultou no artigo apresentado no apéndice F. Por fim, destaca-se a co-
laboracao com os professores Hugo N. Nazareno e Paulo Eduardo de Brito para a
producao de um pequeno livro didatico sobre “T'opicos de Mecanica Cléssica e Teoria

de Grupos” aceito para a publicacao pela Editora da Universidade de Brasilia.



Capitulo 2

Introducao

A histéria da humanidade é marcada por diversas lutas, dentre elas, uma luta
constante é tracada entre doencas e a busca pela saide. Nessa luta, o ser humano
vem desenvolvendo formas eficazes que auxiliem o tratamento ou a prevencao de
diversas doencas que, por muitas vezes, podem ser causadas por uma lesao fisica, mas
também podem surgir como uma consequéncia genética, infecciosa ou epidémica [1].

Até meados da década de 1940, os diversos dispositivos farmacéuticos, tais como,
injecoes, formulagoes orais (solugoes, comprimidos e capsulas), cremes e pomadas
ja haviam sido desenvolvidos. Esses dispositivos sao classificados como sistemas de
liberacao convencional (pronta liberacao), pois apresentam desvantagens inerentes
a sua administracao, sendo altamente invasivo ao paciente, pois sao desenvolvidos
para liberar rapidamente o principio ativo (farmaco ou droga) [2, 3, 4].

Consequentemente, os dispositivos farmacéuticos de liberagao convencional apre-
sentam oscilagoes na concentracao do farmaco na corrente sanguinea (concentragao
plasmatica). Essas oscilagoes variam como fungao do nimero de dosagens adminis-
tradas, podendo atingir niveis téxicos (maximo) e subterapéuticos (minimo) [1, 2, 3],
conforme ¢ ilustrado na figura 2.1.

Com o passar dos anos, o surgimento de empresas de pesquisa dedicadas a so-
lucionar os problemas relacionados as formas farmacéuticas de liberagao convencio-
nal, acompanhada pela evolugao da tecnologia e da biologia molecular, levaram ao

progresso da ciéncia e tecnologia farmacéutica [2]. Dessa maneira, surgem os deno-
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Figura 2.1: Representacao esquematica da concentracao plasméatica de farmacos
como funcao do tempo (dosagens administradas) para o sistema de liberagao con-
trolada (curva tracejada) e convencional (curva continua). Figura extraida da refe-
réncia [5].

minados Sistemas de Liberacio de Farmacos (SLF)! referentes a qualquer tipo de
dispositivo de liberagao desenvolvido em oposicao aos sistemas de liberagao conven-
cionais [2, 6].

Os SLF podem ser entendidos como qualquer sistema (dispositivo) desenvolvido
para fornecer uma quantidade correta de farmaco em um intervalo de tempo deter-
minado e/ou em um local de agao (tecido ou érgao), com a finalidade de maximizar
a resposta terapéutica [2, 7]. Uma vez que a liberacao se da de forma controlada,
sustentada e prolongada, a concentragao da droga na corrente sanguinea se man-
tém na faixa terapéutica por um tempo prolongado (veja a figura (2.1)), reduzindo
frequentemente o nimero de doses administradas [1, 2, §].

Os SLF também sao comumente referenciados na literatura como dispositivos de
“liberacao controlada”, “liberacao sustentada”, “reservatérios”, “monoliticos”, “con-
trolados por membrana”, “inteligentes”, entre outros [2].

O controle da liberacao, por sua vez, é uma caracteristica comum desses SLF,
podendo ser obtida através da utilizagao de uma espécie de barreira de natureza
fisica e/ou quimica. Usualmente os materiais das classes polimérica, lipidica ou

inorganica sao os mais utilizados como suporte para o desenvolvimento de novos

Do inglés: Drug Delivery System (DDS).



dispositivos [1]. Dentre eles, os materiais de natureza polimérica se destacam na
literatura farmacéutica, sendo utilizados para modular a cinética de liberacao [6].

Os SLF projetados com base em materiais poliméricos, podem apresentar suas
taxas de liberacao controladas, basicamente, por trés mecanismos: difusao, erosao e
intumescimento (swelling). A classificagdo em uma dessas categorias é determinada
pela natureza da interagao entre o polimero e fluido (solugao aquosa ou fluido bio-
légico), isto é, o dispositivo polimérico pode ter sua estrutura fisica inalterada ou
pode ser submetido a um processo de erosao ou intumescimento [9)].

Quando a estrutura fisica do dispositivo permanece inalterada a liberacao é con-
trolada por simples difusdo [9]. Por outro lado, quando a liberacao é controlada pela
erosao do polimero, o controle pode ocorrer devido a interacao entre o polimero bio-
degradavel e o fluido, esse tipo de controle também é chamado de “controle por reagao
quimica” [1, 6, 9, 10]. Quando a liberacao é controlada pela capacidade do polimero
de intumescer, ou seja, quando o fluido penetra no polimero, promove uma variagao
no volume da matriz polimérica (comportamento mecéanico do polimero), sendo a
taxa de liberagao controlada pelo relaxamento das cadeias poliméricas [1, 9, 11].

Além disso, a liberacao pode ser controlada pela combinacao de mais de um meca-
nismo e a predominancia de um ou outro depende essencialmente das caracteristicas
do polimero, fluido e das propriedades fisico-quimicas do farmaco empregado [1, 12].

Os dispositivos que sao controlados por simples difusao sao classificados em sis-
temas matriciais e de reservatorios. Os sistemas do tipo matricial também sao
comumente denominados por sistema matricial inerte ou sistema monolitico, pois a
droga ¢ uniformemente dissolvida ou dispersa ao longo da matriz polimérica, cuja
superficie aparente é mantida constante durante o processo de liberagao [1, 2, 12].

Nesse tipo de sistema, o controle da liberacao ocorre pelo mecanismo de difusao
das moléculas da droga dentro da matriz. Nos SLF do tipo reservatorio, o farmaco
encontra-se revestido por uma membrana polimérica inerte, sendo a liberagao con-
trolada pela difusao da droga através da membrana. Uma desvantagem desse tipo

de sistema é que em uma eventual falha - ruptura da membrana - a liberacao ocorre



demasiadamente réapida, provocando efeitos colaterais [1, 2, 12].

Com base nesses dispositivos (matricial e reservatério), outras formulagoes far-
maceuticas vem sendo propostas. Por exemplo, em casos que a droga nao pode ser
administrada por via oral, uma alternativa é o uso dos sistemas transdérmicos que
utilizam a superficie da pele como suporte para a liberacao. A droga pode estar
contida em um reservatorio ou dispersa em um sistema matricial, sendo a liberagao
controlada por difusdo da droga através da membrana interna (préximo a pele) e o
dispositivo é fixado a pele por meio de um adesivo. Uma vantagem desse tipo de
sistema é que a liberagao se d4 de forma sistemética, sendo uma étima alternativa
para tratamentos longos [1]. Como um exemplo, temos o dispositivo transdérmico
NiQuitin™ utilizado no tratamento da dependéncia do cigarro, esses sao colocados
sobre a pele e retirados a cada 24 horas [13].

Uma outra variacao dos sistemas matriciais e reservatérios compostos por mate-
riais poliméricos biodegradaveis e nao biodegradaveis é a dos sistemas implantaveis.
Um implante é um sistema de administracao de dose tnica, projetado para promo-
ver a liberacao da droga por um periodo de tempo prolongado. A administragao
pode ser feita de forma invasiva em tecidos e 6rgaos, podendo ser implantado cirur-
gicamente. Dessa forma, os sistemas implantaveis biodegradaveis se destacam, pois
com a erosao do material polimérico evita-se a necessidade de remocao cirturgica do
implante [6, 12, 14].

Citamos como exemplo, duas aplicacoes interessantes dos sistemas implantaveis.
Para os sistemas implantaveis nao biodegradaveis, o método contraceptivo feminino
disponivel na forma de implante subdérmico é inserido por um médico e removido
apdés um periodo de 5 anos (liberagao controlada por tempo prolongado) [8, 12].
Uma outra aplicacao, é a utilizacao dos implantes biodegradaveis no tratamento
de doengas oculares, permitindo liberar a droga por periodos prolongados (meses),
evitando a necessidade do tratamento via injegoes intraoculares [8, 14].

Dentre os dispositivos mencionados, um fator essencial para o controle da taxa

de liberacao é a porosidade do sistema polimérico. Nos tltimos anos, o avango



relacionado ao desenvolvimento de novas técnicas de sintese - por exemplo, litografia
- permitiram desenvolver matrizes e membranas poliméricas com estruturas porosas
regulares [1]. Ou seja, o controle do tamanho (nanoporos, microporos e macroporos),
forma e uniformidade da dispersao de poros, permitiu desenvolver novos dispositivos
farmacéuticos com poténcias extraordinarios [15].

Por exemplo, os dispositivos farmacéuticos nanoestruturados, tais como, mate-
riais nanoporosos biodegradéaveis e nao biodegradaveis tem sido estudados e apon-
tados na literatura com um enorme potencial para o tratamento de diversas doen-
cas [15, 16, 17, 18, 19], entre esses, se destacam os estudos de farmacos relacionados
ao tratamento do cancer [16, 17, 19].

Nesse cenario, a utilizacao de modelos matematicos para descrever a cinética
de liberacao desempenha um papel fundamental para o desenvolvimento de novos
dispositivos farmacéuticos. Entre alguns dos beneficios, a modelagem matematica
permite otimizar um medicamento ja existente, além de reduzir o niimero de ensaios
experimentais o que, por sua vez, implica na reducao dos prazos e custos médios da
produgao de um novo medicamento [7, 20, 21, 22, 23].

Dessa maneira, a modelagem matematicamente da cinética de liberacao nao é
apenas de interesse académico, sendo o seu papel de grande importancia para a in-
dustria farmacéutica. Além de ser um pré-requisito bédsico para uma investigacao
em detalhe sobre o controle da liberagao (seguranca/confiabilidade). Sendo o con-
trole preciso do processo de liberacao crucial para evitar a manifestacao de efeitos
colaterais [21].

Por exemplo, quando a liberacao se da de forma imediata, devido a uma falha
no mecanismo de liberagao, o farmaco Nifedipina (comumente utilizado no trata-
mento de hipertensao) poderd causar ao paciente diversos efeitos colaterais como,
por exemplo, infarto [24]. Uma breve perspectiva histérica sobre o papel da mo-
delagem matematica no desenvolvimento de dispositivos farmaceéuticos de liberagao
controlada pode ser encontrado na referéncia [25].

Nesse contexto, a interpretacao quantitativa da liberacao pode ser feita através



do uso de modelos matematicos usualmente baseados em equagoes diferenciais que
permitem, apés a anélise, elucidar o mecanismo de liberagao da droga [21, 26].

A cinética de liberacao pode ser descrita pela equacao de difusao,

aa—f =V.-(DVO), (2.1)
onde V é o operador diferencial vetorial, D é o coeficiente de difusao efetivo da droga,
C = C(x,1) é a concentragao do farmaco como funcao da posicao x e do tempo t.

Para os sistemas de liberacao de farmacos controlados por simples difusao, o
coeficiente de difusao efetivo é uma constante, D = Dy, entdao a equagao (2.1) é
conhecida como a segunda lei de Fick ou simplesmente por equagao de difusao 21, 22,
27]. Entretando formas mais complexas de difusao sdo encontradas na natureza [28,
29, 30].

Os sistemas de liberacao controlados por intumescimento ou erosao da matriz
polimérica sao modelados matematicamente através de diferentes abordagens ted-
ricas, algumas dessas abordagens sao discutidas na revisao feita por Siepmann e
Siepmann [21]. No entanto, o coeficiente de difusao efetivo pode ser modelado para
incorporar os efeitos de outros mecanismos sobre a cinética de liberagao como, por
exemplo, a inclusao da capacidade do polimero de intumescer na presenca de um
solvente (dgua) [11] e os efeitos da cinética de erosdao/degradacao do dispositivo
polimérico [10].

Alguns modelos levam em consideracao que o coeficiente de difusao efetivo, D,
pode depender do tempo e/ou da posigao, por exemplo, Malaquias em 2014 [13],
estudou a cinética de liberacao de farmacos por dispositivos transdérmicos conside-
rando que o coeficiente de difusao depende da posicao. Uma dependéncia no tempo
foi considerada para prever a taxa de liberacio do paracetamol? a partir de uma
matriz de cera [31].

A medida que o modelo torna-se mais realistico, isto é, a medida que se incorpora

os efeitos de outros mecanismos na cinética de liberacao, a resolucao analitica da

2Também conhecido por acetaminofeno (do inglés: acetominophen).



equacao de difusao torna-se impraticavel. Desse modo, os perfis de liberacao obti-
dos a partir medidas experimentais (ou simulagdes computacionais) sdo comumente
analisados através de fungoes empiricas e semi-empiricas, cujos parametros sao tteis
para estimar empiricamente os mecanismos de liberagao do sistema [26, 32, 33, 34].

Basicamente, os modelos empiricos e semi-empiricos mais utilizados para descre-
ver a cinética de liberacao e auxiliar no discernimento do mecanismo de liberacao
sao o modelo de Higuchi [35, 36], a equacao de Peppas (lei de poténcia) [37, 38, 39
e a funcao de distribuigao de Weibull [40].

Takeru Higuchi propos uma série de modelos tedricos entre os anos de 1961 e
1963 para estudar a liberagao de farmacos dispersos em matrizes semi-sélidas (po-
madas) e/ou sélidas, considerando um excesso de fairmacos nao dissolvidos (disper-
sos) e assumindo que o mecanismo de liberagao se da por difusao das particulas no
meio. Sendo a quantidade de droga liberada, M(f), proporcional a raiz quadrada do
tempo [33]:

M) = ky V1, (2.2)

onde ky é a constante de liberacao de Higuchi que incorpora as caracteristicas da
formulagao como, por exemplo, o coeficiente de difusao da droga e a concentragao
inicial do farmaco [35, 36].

Embora esse modelo seja extremamente simples, ¢ um dos modelos mais empre-
gados na literatura farmaceéutica, sendo util para investigar uma série de dispositivos
controlados por simples difusao [33]. Nesse sentido, quando a liberacdo é governada
pela combinagao de mais de um mecanismo de liberacao, por exemplo, difusao e o
intumescimento da matriz polimérica, a utilizagao da equacao de Higuchi pode nao
ser adequada [21, 23].

Neste contexto, uma alternativa a equacao de Higuchi foi proposta por Peppas
e colaboradores [37, 38, 39], conhecida por lei de poténcia (ou equagao de Peppas),
sendo desenvolvida com base na andlise das solugoes da equacao de difusao para

diferentes dispositivos (filmes finos, esferas e cilindros), sendo a fragdo de farmaco



liberado como func¢ao do tempo expressa matematicamente por:

Mo _ kt", (2.3)
Moo

onde M(t) é a quantidade de farmaco liberado em funcao do tempo ¢, M., é a quan-
tidade total da droga dentro do dispositivo, k é uma constante que incorpora as
caracteristicas estruturais e geométricas do sistema e n é o expoente de liberagao,
que pode ser utilizado para indicar o mecanismo de liberagao, sendo determinado
para os primeiros 60% da curva de liberacao, %—(j < 0.6, [21, 33].

Desse modo, o expoente n foi investigado para dispositivos na forma de filmes
finos, esferas e cilindros, onde a matriz polimérica pode intumescer [37] (ou nao [38]),
sendo quantificado numericamente os valores de n para indicar os diferentes meca-
nismos de liberacao. Por exemplo, no caso de um filme fino, quando n = 0,50 o
mecanismo de liberagao encontrado corresponde a difusao Fickiana (equivalente a
equagao de Higuchi (2.2)), para n = 1,0 o mecanismo de liberacao se dé por intumes-
cimento e quando hé superposicao de ambos os fenomenos, os valores de n variam
de 0,5<n<1,0.

Uma outra abordagem comumente apresentada na literatura farmacéutica para
descrever os perfis de liberacao ou de dissolucao é a equagao empirica de Weibull [26,
33, 41]. Proposta em 1951 por Wallodi Weibull como sendo uma func¢ao distribuigao

empirica®

com a eficicia de descrever uma grande variedade de problemas [40].
Weibull exemplificou a validade da funcao de distribuicao para sete problemas
distintos como, por exemplo, ensaios de fadiga em aco e a estatura de homens nas-
cidos em Ilhas Britanicas [40]. No entanto, sua aplicacao é muito mais abrangente,
pois a funcao de Weibull é uma das distribuigoes de valores extremos em conjuto

com as distribui¢oes de Gumbel e Fréchet [44] (as propriedades estatisticas da fun-

¢ao de distribuigao de Weibull sao discutidas em detalhe no livro [45]). Note que

3Embora a funcdo de distribuicdo seja extensamente referenciada na literatura por funcio de
Weibull, existe uma discussdo na literatura sobre a fungdo de distribuicdo de Weibull ter sido
primeiramente proposta Rosin, Rammler e Sperling e Bennet (RRSB) entre os anos de 1933 e
1936 [42, 43]. Uma discussdo sobre o porqué a funcao é denotada por funcao Weibull e ndo de
RRSB foi realizada por Stoyan (2013) [43].
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a funcao de Weibull é um tipo de exponencial esticada muito comum em relaxacao
anomala [46, 47].

Até onde temos conhecimento, em 1972 Langenbucher propos pela primeira vez
a utilizacao da equacao de Weibull para descrever ensaios de dissolugao, sendo a
equacao de Weibull expressa por:
M) [_(r - T,->b]

—~_1-
v exp p

(o)

(2.4)

onde M(#)/M, é a fracao acumulada do material em solugao como fungao do tempo #,
o parametro b determina a forma da curva como sendo sigmoide (b > 1), exponencial
(b = 1) ou parabdlica (b < 1) (veja a figura 2.2 (a)), a é um parametro de escala e
T; representa o intervalo de tempo antes do inicio do processo de dissolucao, sendo
igual a zero na maioria dos casos [48].

Além disso, Langenbucher propoe uma linearizacao grafica da equagao de Weibull
e sugere que o parametro a deveria ser substituido por a = ()’ o que proporcionaria
uma melhor compreensao sobre os tempos caracteristicos de dissolucao. E conveni-
ente mencionar que em 1952, T. C. Tsu ao analisar os resultados do trabalho original
de Weibull [40], notou que havia um erro de impressao, sendo que o parametro a
também deveria ser elevado ao expoente b, de modo que o erro estava associado a
impressao do paréntesis na equagao (2.4) [49]. Desse modo, a equagao de Weibull

assume a seguinte forma:

AA/;—(I) =1 —exp[—(t_Ti)b]- (2.5)

A equagao de Weibull nessa forma, 7 (em vez de a), foi discutida recentemente por
Casault and Slater (2009) sendo enfatizado que a utilizacao do tempo caracteristico,
7, promove uma melhor interpretacao fisica dos dados de liberacao ou dissolucao de
farmacos [32].

Nesta linha, Langenbucher mostrou que a equagdo de Weibull (2.5) pode ser
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organizada da seguinte maneira:

log[—In(1 = M*(1))] = blog(t_Tn), (2.6)

onde a quantidade de farmaco normalizado é representada por M*(t) = M(t)/M.
Dessa maneira, a partir da equagao (2.6), a relagao linear é obtida a partir de um

grafico log-log do — In(1—M*(¢)) versus (t—T;)/7, conforme ilustrado na figura 2.2 (b).
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Figura 2.2: Ilustragao do perfil da curva de dissolucao ou liberagao obtido a partir
da equacao de Weibull (2.4) para diferentes valores do parametro de forma b, sendo
a=1eT; =0, mostramos em (a) a quantidade de firmaco normalizado, M*(r) =
M(t)/M, e em (b) gréfico log-log do —In(1 — M*(¢)) como fungao do tempo ¢.

A representacao grafica linear da equacao de Weibull apresenta dois pontos inte-
ressantes, pois os parametros b e T podem ser obtidos através de uma analise grafica,
ou seja, o parametro de forma b torna-se o coeficiente angular da reta e o tempo
caracteristico T pode ser encontrado no grafico quando —In(1—-M*(¢)) = 1 equivalente
a M*(t) =1-1/e =~ 0,63212, isto é, T representa o intervalo de tempo necessario
para aproximadamente 63,2% da droga ser liberada ou dissolvida [48, 50].

Além disso, em algumas situacoes pode ser conveniente investigar a quantidade

de farmaco dentro da capsula como funcao do tempo, N(f) = M, — M(t), entao a
equagao (2.5) fica:

N(1) (t)b

- _ =1, 2.7

= exp|- - 2.7)
onde Ny = N(0) = M, é o niimero inicial de moléculas da droga [32].

Desde a proposta de Langenbucher (1972), a equacao de Weibull vem sendo
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amplamente empregada na literatura farmacéutica. Por exemplo, Vladimir K. Pio-
trovskii (1987), mostrou pela primeira vez que a funcao de distribuicao de Weibull
poderia ser utilizada para descrever a cinética de absor¢ao de farmacos in vivo (Te-
ofilina no homem e dcido pantoténico em ratos), quando o perfil de absorgao (taxa
de absor¢ao) nao pudesse ser descrito pela cinética de primeira ordem (a taxa se-
gue um comportamento exponencial) ou cinética de ordem zero (a taxa deve ser
constante) [51].

Nesse contexto, a equacao de Weibull vem sendo amplamente empregada como
uma alternativa para descrever os perfis de dissolucao e liberacao de farmacos re-
ais [26]. Por exemplo, em 2010 Carvalho e colaboradores propuseram diferentes
formulagoes farmacéuticas entre agua, 6leo, tensoativo e farmaco para investigar a
cinética de liberacao in vitro do farmaco Zidovudina (AZT), que atualmente é a
droga mais utilizada no tratamento da AIDS*, e encontraram que o modelo mate-
mético que mais se adequou ao perfil das curvas de liberagao foi o de Weibull [52].

Embora a equacao de Weibull vem sendo utilizada nos estudos de liberacao e dis-
solucao de farmacos, o seu uso empirico também vem sendo criticado no decorrer dos
anos, essencialmente, as criticas se baseiam no fato de que a funcao de distribuicao é
empirica (sem fundamentagao tedrica) e na natureza nao fisica de seus parametros,
além de seu uso nao estabelecer correlagoes do tipo in vitro-in vivo (33, 42, 53|. Re-
centemente, Ignacio e colaboradores mostraram que a equacao de Weibull aplicada
a liberacao controlada de farmacos nao captura corretamente os limites impostos
pela equacao de difusao para tempos curtos e longos, apresentando uma funcao
alternativa baseada em um modelo fisico que descreve tais limites [54].

Por fim, mencionamos que, de acordo com a literatura farmacéutica, o para-
metro de forma b indica o mecanismo pelo qual se da a liberacao, de modo que
Papadopoulou et al. (2016) estabeleceu uma conexao entre os valores de b e o tipo
de mecanismo responsavel pela cinética de liberagao (difusao, intumescimento, etc).

Para tal, consideraram um conjunto de resultados experimentais e computacionais

4Do inglés: Acquired Immunodeficiency Syndrome.
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reportados na literatura, além de considerar que para tempos curtos, a equagao (2.3)
¢ em primeira ordem a expansao da equagao de Weibull (2.4), com b = n [26].

Desse modo, encontraram que para valores de b menores que 0, 75 o mecanismo de
liberacao se da por simples difusao em matrizes euclidianas ou fractais, enquanto que
quando h& mais de um mecanismo de liberagao (difusao Fickiana com a contribuigao
de outro mecanismo) os valores de b variam na faixa de 0,75— 1,00 e para os valores
de b maiores que 1,0 o transporte é caracterizado “anémalo”, sendo o mecanismo de
liberagao considerado complexo [26].

Essa classificacao tem se tornado cada vez mais popular, sendo uma alternativa
pratica para se estimar empiricamente o mecanismo de liberacao, uma vez que a
funcao de Weibull possa ser ajustada a curva de liberacao experimental. Segundo
Endrenyi e Bies em 2019, atualmente o artigo de Papadopoulou et al. (2016) é um
dos mais citados na drea de liberacao de farmacos [55].

Portanto, nesse cendario apresentado, a cinética de liberagao pode ser investigada
através de modelagem matematica ou descrita pela utilizacao de modelos empiricos
ou semi-empiricos. Devido a dificuldade inerente a modelagem matematica e a falta
de fundamentacao tedrica dos modelos empiricos e semi-empiricos, a utilizacao de
modelos estatisticos em rede recentemente passou a ser uma alternativa interessante
para investigar a cinética de liberacao de farmacos.

Esses modelos sao caracterizados por empregarem um conjunto minimo de ele-
mentos fisicos, quimicos e biolégicos visando uma caracterizacao mais precisa da
cinética observada computacionalmente. Além disso, permitem investigar o uso dos
modelos empiricos que melhor descrevem os perfis da curva de liberagao, bem como,
auxiliam na investigagao do efeito das propriedades do modelo (por exemplo, porosi-
dade da membrana externa que reveste a capsula) sobre os parametros de liberagao.

Um dos trabalhos iniciais utilizando modelos em rede para investigar perfis de
liberagao foi realizado por Bunde et al. (1985) [56], onde investigaram leis de escala
para os perfis de liberacao de farmacos em matrizes de dimensao euclidiana e fractal,

sendo encontrado relagoes de escala para os tempos iniciais e finais da liberacao. No
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mesmo ano, Balazs e colaboradores [57], investigaram a difusdo das particulas de
farmaco através de um par de capsulas interligadas através de um simples canal,
considerando a interacao e nao-interacao entre as particulas de farmaco, o tamanho
dos poros que conectam o canal, bem como, canais de tamanhos diferentes.

Outros modelos em rede foram propostos para justificar o uso das equagoes de
Weibull, Peppas (lei de poténcia) e Higuchi e para elucidar o mecanismo de libe-
racao, bem como, os efeitos das propriedades do sistema sobre os parametros de
liberacao. Foram investigados, por exemplo, a influéncia da geometria (euclidiana
ou fractal) [41, 58, 59, 60, 61, 62, 63], da porosidade da matriz polimérica [59, 64],
da variagao do coeficiente de difusao [41, 58] e da concentragao inicial de particu-
las [64]. Em alguns casos, as simulagdes Monte Carlo de modelos de rede foram
usadas para ajustar e até mesmo “prever” os perfis de liberagao de sistemas reais,

como em [20, 65, 66].

2.1 Objetivos

2.1.1 Geral

O objetivo principal deste trabalho consiste em desenvolver modelos estatisticos
em rede para investigar a cinética de liberagao de farmacos encapsulados em mem-
branas poliméricas porosas (inertes), mimetizando formas farmacéuticas do tipo
reservatério, tais como, transdérmicos e implantes. Além disso, investigar sistemas
de liberacao controlada de farmacos em que o mecanismo de liberacao é contro-
lado tanto por difusao das particulas de farmaco quanto pela erosao da membrana
polimérica, simulando dispositivos farmacéuticos do tipo biodegradaveis, exemplo,

implantes oculares.

2.1.2 Especificos

e Desenvolver cédigos computacionais utilizando linguagem de programacao C

para simular a cinética de liberacao dos modelos propostos utilizando o método
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de Monte Carlo (MC);

e Investigar se a equacao de Weibull descreve com boa aproximacao os perfis das

curvas de liberagao dos modelos propostos;

e Compreender como a dimensionalidade (uma, duas e trés dimensoes), o tama-
nho, a porosidade e a dinamica de erosao da membrana externa que reveste a

capsula interferem na cinética de liberacao;

e Investigar se os parametros de liberacao (parametros de Weibull b e ) satisfa-
zem leis de escala em termos das propriedades fisicas das capsulas, tais como,

tamanho e porosidade;

e Encontrar a solucao analitica da equacao de difusao para um modelo de capsula

continua tridimensional.

2.2 Organizacao da Tese

A tese divide-se em 4 capitulos e 6 apéndices complementares. No capitulo 3,
apresentamos a metodologia empregada no trabalho, onde descrevemos os modelos
em rede propostos e a solugao da equacao de Difusao para um modelo de capsula
tridimensional sem membrana (a resolugao em detalhe é apresentada no apéndice A).
Nossos resultados sao apresentados e discutidos no capitulo 4 e as nossas conclusoes

e perspectivas para os trabalhos futuros sao feitas no capitulo 5.
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Capitulo 3

Metodologia

Neste capitulo apresentaremos os modelos de gas de rede propostos para inves-
tigar a cinética de liberacao de farmacos encapsulados por membranas poliméricas
e a solucao analitica da equacao de difusao para um modelo de capsula continua

tridimensional.

3.1 Modelos em rede

Nesse trabalho, propomos cinco modelos em rede para simular a cinética de libe-
racao de farmacos, dos quais dois modelos sao referentes as capsulas unidimensionais
(1D) e bidimensionais (2D), representados por uma rede linear 1D de tamanho L e
por uma rede quadrada 2D de tamanho L X L, contendo um tnico sitio de liberagao
(poro) ao longo da membrana que reveste a cdpsula. Também propomos os mode-
los de cépsulas bidimensionais e tridimensionais (3D) representados por uma rede
quadrada 2D de tamanho L X L e por uma rede cibica 3D de tamanho L X L X L,
revestidos por uma membrana externa porosa. Além desses modelos, também pro-
pomos um modelo de capsula 2D de tamanho L X L revestido por uma membrana
externa biodegradavel.

A representacao esquemaética dos modelos 1D e 2D com tnico poro é ilustrada
na figura 3.1, observe que, para as capsulas 2D, o poro é localizado no meio da

membrana lateral. A representacao da estrutura de uma céapsula 3D é mostrada na
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Algoritmo 1: Liberagao Controlada de Farmacos (modelos em rede)
Entrada: dimensao do espacgo: 1D, 2D ou 3D
parametros de entrada: L, A e Spax.

inicio
enquanto s < s,., faca
configuragao inicial = membrana + particulas da droga
enquanto fy < n(¢) faga
i) movimento aleatorio das particulas
ii) monitora o nimero de particulas, n(r)
fim
se—s+1

fim

calculo da média e do desvio padrao — N(t) e o(¢)

fim

tamanho da rede L, porosidade A, niimero de simulagoes syax, n(f) (f) o
numero de particulas (minimo) que permanecem dentro da cépsula.

Figura 3.1: Representacao esquemaética de simulacoes dos modelos de capsulas
1D e 2D, sendo o inicio de cada simulagao em (a), o salto das particulas para os
primeiros vizinhos (b), as condigoes de movimento sdo mostradas em (c) e o término
de cada simulac@o ¢ mostrada na tela (d) [67]. O Algoritmo tipico de uma simulacao
¢ descrido na parte inferior.

18



1000

MC data —
o Membrane ¢ @) 100 |
o =
o 10 ¢ (b)
o
(@)
S
5 L - } .
> MC dat
- 1000 Weit?uﬁ
b = 0.9723(7)
' 2l b 100 © = 85.98(6)
> . : --_ e Z 10! (c) 1
A Pore € R ‘
X 0 100 200 300 400 500 600 700

2 (leaking site) t

Figura 3.2:  Representagao da capsula 3D com tamanho L = 10 e porosidade
A = 1/6. Algumas moléculas (azul) estdo escapando através dos poros (amarelo),
enquanto a maioria das particulas da droga sao mantidas dentro da cépsula devido
a membrana externa (vermelho). A curva de liberagao para uma tnica simulagao é
ilustrada em (b) e em (c) a média sobre 250 simulagdes diferentes [68].

figura 3.2 (a).

A porosidade, por sua vez, é definida para os modelos 2D (3D) como sendo
uma fragao de sitios porosos, isto é, a razao entre o niimero N, de poros (sitios) de
liberacao distribuidos aleatoriamente na “superficie” da membrana e a quantidade
total de sitios da membrana 4L (6L%) '. Desse modo, a porosidade A pode ser

calculada para os sistemas 2D como sendo:

N
Lop = 4—£ (3.1)
e para os sistemas 3D:
/13[) = 6_Lp2 (32)

Como uma ilustragdo, mostramos na figura 3.2 (a) uma cédpsula 3D com tamanho

L =10 (Np = L*) e a porosidade 1 = 1/6 (100 poros).

Note que os vértices (2D) e as arestas (3D) nio sido considerados.
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Para efetuar a amostragem dos estados do sistema utilizamos o método de Monte
Carlo?, de forma similar ao procedimento desenvolvido por Bunde et al. [56] e, por
outros autores [59, 70, 71], ao simular a liberac¢ao de farmacos.

Para todos os modelos propostos as simulagoes sao iniciadas com concentracao
inicial maxima, Cy = 1,0. Portanto, cada sitio da rede é ocupado por uma particula
da droga, entdo o nimero inicial de particulas Ny é igual Ny = L? (2D) e Ny = L*
(3D) (veja, por exemplo, a figura 3.1 (a)).

A dinamica do sistema é obtida através do movimento aleatério das particulas
dentro da cépsula, de maneira que uma particula é selecionada aleatoriamente e uma
tentativa de movimento para um sitio, escolhido aleatoriamente entre os primeiros
vizinhos, é entdo realizada (veja a figura 3.1 (b)). Se o novo sitio estiver vazio o
movimento é aceito, caso contrario, é rejeitado, ou seja, assumimos uma interagao
do tipo volume-excluido, no sentido de que duas particulas nao podem ocupar o
mesmo sitio nem ocupar uma posi¢ao que corresponda a presenca da membrana,
vide a figura (3.1) (c).

No caso em que a nova posi¢do é um sitio de liberagao (poro), a particula é
removida do sistema, entao o nimero de particulas dentro da capsula diminui. Apds
cada tentativa de movimento, o tempo é incrementado por um fator de 6¢/N, onde
ot é a unidade de um passo de Monte Carlo e N é o nimero de particulas que
permanecem dentro da cdpsula (estatisticamente este tipo de incremento oferece a
possibilidade de todas as N particulas se moverem em um passo de MC [72, 73]).

O nimero de particulas dentro da capsula é monitorado como fungao do tempo
até que a ultima particula deixe o sistema - como ¢ ilustrado na figura 3.1 (d) - ou
quando uma certa quantidade da liberagao seja alcancada restando, por exemplo,
apenas 2% de particulas dentro da capsula. O algoritmo tipico de uma simulacao
dos modelos apresentados é descrido na figura 3.1.

O perfil da curva de liberacao, isto é, o nimero médio de particulas como funcao

20 método de Monte Carlo é uma técnica que pode ser aplicada em diversos estudos, como
técnicas de integracao numérica e de simulagoes computacionais. O elemento importante do método
é 0 uso de nuiimeros aleatérios para efetuarem & amostragem do sistema [20, 69, 70].
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do tempo, N(z), para os diferentes modelos de capsulas sao obtidos realizando uma
média do nimero de particulas em cada instante de tempo, sendo a média obtida
para uma quantidade sy, de simulagoes. E conveniente ressaltar que, para 0s mo-

delos 2D e 3D, efetuamos o célculo da média do nimero de particulas e do desvio

padrao, o(t) = \/(N (1)?) = (N(®))*>. Uma vez tendo obtido a curva de liberagao (ni-
mero de particulas como fungao do tempo), entao realizamos o ajuste para a funcao
de Weibull (2.7).

Como um exemplo, simulamos o modelo de capsula 3D apresentado nas figu-
ras 3.2, sendo o resultado de apenas uma tunica simulagao ilustrado na figura 3.2 (b)
e o perfil de liberacao final em (c), onde a linha continua representa o resultado do
ajuste para a funcao de Weibull (2.7).

Apresentamos até aqui os modelos de cdpsulas com apenas um poro de liberacao
e aqueles revestidos por uma membrana externa que possui um numero fixo de po-
ros. O ultimo modelo a ser apresentado é o modelo 2D revestido por uma membrana
externa biodegradavel. Este efeito pode ser contemplado considerando uma genera-
lizacao do nosso modelo, com a inclusao da a dinamica de erosao da membrana no
modelo 2D poroso (o nimero de poros varia com o tempo).

Para tal, consideramos redes quadradas de lado L e a quantidade inicial de par-
ticulas de membrana igual a 4L, ou seja, uma particula de membrana por sitio.
Para incluir a erosao levamos em conta que todas as particulas de farmaco podem
se mover em cada passo de Monte Carlo e hé (para cada passo) uma probabilidade
de um poro ser formado. Em outras palavras, ha uma probabilidade de que uma
particula de membrana reaja com uma particula de um fluido (por exemplo, dgua)
formando um poro (sitio de liberagdo). Dessa maneira, estamos considerando que
a capsula esta inserida em um meio aquoso implicito, sendo a erosao da membrana
governada pela interacao entre as particulas da membrana e as do fluido.

Incluimos a dinamica de erosao da membrana introduzindo um novo nimero
aleatorio x uniformemente distribuido entre 0 e 1. Em cada passo de Monte Carlo

verificamos se uma probabilidade P predeterminada é menor ou igual a x, isto é, se
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P < x, entao um poro é formado em posicao aleatéria da membrana e a quantidade
de membrana, m(z), é reduzida em uma unidade.

Por fim, mencionamos que os cédigos computacionais para simular a cinética de
liberacao de farmacos encapsulados por membranas poliméricas foram desenvolvi-
dos em linguagem de programacao C e os scripts em Shell-Script3. As simulacoes
foram realizadas no cluster Cerrado do Laboratério de Computacao Cientifica da
Faculdade UnB de Planaltina-DF. Além disso, os ajustes foram realizados através
do software gratuito Gnuplot versao 4.6 [74] e a visualizacao estrutural das cédpsulas
tridimensionais foram produzidas com o auxilio do software VMD ( Visual Molecular
Dynamics) [75].

A seguir apresentamos a solugao analitica da equacao de difusao para um mo-
delo de capsula continua tridimensional andloga ao modelo de cdpsula em rede 3D
sem membrana. A resolucao em detalhe da equacao de difusao é apresentada no

Apéndice A.

3.2 Modelo continuo (Equagao de Difusao)

Modelamos uma capsula tridimensional (sistema ctibico de lado L), assumindo
que o coeficiente de difusao D,y dentro da capsula é constante e a auséncia de fontes
(criagdo de uma substancia, por exemplo), a concentragao do farmaco deve satisfazer
a segunda Lei de Fick (equacao de difusdao) que, em coordenadas cartesianas, pode
ser expressa matematicamente por [22, 27]:

oc _ [PC FC oc
ot~ Clax " ayr a2 |

(3.3)

onde C = C(x,1) é a concentracao do farmaco como fungao da posicao x e do tempo

t. Sendo essa equacao uma equacao diferencial parcial linear e homogénea sujeita a

30s co6digos estdo disponiveis para download mno GitHub: https://github.com/
marciosampaio/Drug-release-Lattice-Model-
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condicao inicial (em ¢ = 0):
C(x,0) = C, (3.4)

onde a concentracao inicial, Cy = sendo Ny o numero de particulas inicial e o

0
L3’
vetor posicao X = {x,y,z}. A condicdao de contorno de Dirichlet, por sua vez, é dada

por:
C(0,1) = C(L,1) =0, (3.5)

para t > 0.
A equagao de difusdo (3.3), sujeita as condigoes (3.4) e (3.5), pode ser resol-
vida pelo método de separacao de varidveis (veja no Apéndice A). Introduzindo as

unidades reduzidas:

x"=x/L, y'=y/L, z"=7z/L,

r* = Dot/ L2, (3.6)
C -x7 ’ 7t
C*(x*,y*,z*,t*) — ( y3Z )
CO

a solucdo (concentracao do farmaco como fungao do tempo e da posicao) é expressa

por:
64 = C;pexpl—-mtA;;
Uuuﬁ&m:__zlfkp{” ﬂh (3.7)
T =0 Bij
onde
A = [0+ 1)* + (2j + 1)* + 2k + 1)7], (3.8)
Bijx=Qi+1)2j+ 12k +1) (3.9)
e
Cijx = sen[(2i + )mx"]sen[(2j + 1)my*Isen[(2k + 1)7z"]. (3.10)
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O numero de particulas dentro da capsula, em unidades reduzidas, para qualquer

instante de tempo t, pode ser calculado como:

N*(t") = N(¢")/N;

1 1 1
:f dx*f dy*f dz"C*(x",y", 2", 1) (3.11)
0 0 0 '

(o)

512 Z exp{-m*r* A i)

6 2
T B

b

isto é, encontramos o numero de particulas normalizado, N*(#*), que descreve a
cinética de liberacao tedrica para uma capsula continua tridimensional.
Expandindo a equagao (3.11) em até primeira ordem, encontramos que:

—e T —emT 4 —¢ ,

Kk 512 37t 1 1172¢* 1 1972¢* 1 277t
N @)~ —1e™ " +3 27 729 (3.12)

de modo que para tempos longos, t* >> 3%, o ntimero de particulas normalizado,
torna-se:

512
N* (1) ~ —= exp(=37°1"). (3.13)
T

Portanto, encontramos que para tempos longos o mecanismo pelo qual se da a
liberacao é descrito por um decaimento exponencial simples, sendo este resultado
também observado através das simulagoes computacionais, como mostraremos no
préximo capitulo.

Sabendo que

j(;oo exp (—;) =T, (3.14)

podemos encontrar o tempo médio de sobrevivéncia das particulas dentro da capsula,

isto é, integrando a equagao (3.11) de zero até o infinito, temos que

— S2vo v v 1
HZFZZZW (3.15)

onde t* ~ 0.0185 pode ser considerado como uma primeira aproximacao para o tempo

caracteristico T da fungao de Weibull (2.7).
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E conveniente ressaltar que foram realizados célculos analiticos similares para um
modelo de cdpsula unidimensional, sendo os mesmos piiblicados na referéncia [67]
(veja no Apéndice B). No préximo capitulo apresentaremos os resultados obtidos
para a liberacao de farmacos com os diferentes modelos e metodologias apresentados

nesse capitulo.
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Capitulo 4

Resultados

Neste capitulo apresentaremos os nossos resultados em trés segoes. Na se¢ao 4.1
apresentamos os resultados referentes aos modelos de capsulas 1D e 2D com ape-

1 e na secdo 4.2 mostramos os resultados obtidos para os

nas um poro de liberacao
modelos de cépsulas 2D e 3D revestidos por uma membrana externa porosa®. Na
secao 4.3 exibimos os resultados para o modelo de capsula 2D revestido por uma

membrana externa biodegradavel®.

4.1 Capsulas 1D e 2D com apenas um poro de
liberacao

Iniciamos investigando a cinética de liberagao de farmacos obtida através dos
modelos cépsulas simplificados (1D e 2D) com apenas um poro de liberagao. O ni-
mero médio de particulas N(¢) foi calculado sobre 150 simulagoes diferentes capsulas
1D e sobre 1000 simulacoes para as capsulas 2D.

Na figura 4.1, mostramos as curvas de liberacao - grafico log-log de a In[Ny/N(1)]
como funcao de t/7 - para as capsulas de tamanho L;p € {30,300,3000} (1D) e Lyp €

{10,32,100} (2D), sendo que uma constante a = 1097! foi utilizada para transladar os

'Resultados publicados na referéncia [67].
2Resultados publicados na referéncia [68].
3Resultados ainda nio publicados [76].

26



dados 2D, onde d é igual a dimensao da capsula. Em todos os casos apresentados os
pontos sao os resultados das simulacoes de MC e as linhas pontilhadas e tracejadas
representam o ajuste para a fungao de Weibull (2.7).

Encontramos que o mecanismo pelo qual se d4 a liberacao da droga ¢é invariante
em relacao ao tamanho da capsula quando ha um tnico poro de liberagao (1D e 2D),
uma vez que as curvas de liberacao para diferentes tamanhos colapsam na mesma
forma funcional, isto é, o parametro empirico b relacionado com o mecanismo de

liberacao é independente do tamanho da cdpsula, sendo b ~ 0,8 = 4/5 (1D) e

b~1,0 (2D).
100 r -
10 ¢ =
Z 1 F ]
S
Z (t/7)
3 0.1 | A 1
Lz L=30 (MIS)  +
0.01 300 (M1S) =
Ob e a5 3000 (M1S) ) >
L (D) L=10 (M2S) =
32(M2S) ©
[ 100 (M2S)  ©
0.001 : — — — -
0.001 0.01 0.1 1 10
t/T

Figura 4.1: Grafico log-log de a In[Ny/N(t)] como fungao de t/7. A linha continua é a
solugao da equagao de difusao em uma dimensao e as linhas pontilhadas e tracejadas
representam o resultado do ajuste para a fungao de Weibull (2.7) [67].

Além disso, para guiar os resultados das simulagoes computacionais em uma

dimensao, resolvemos a equacao de difusao para um sistema de cédpsula similar*. A

4Note que a resolucio da equacio de difusio em 3D é apresentada no apéndice A, onde tam-
bém comentamos os passos para a obtencao da solucao em 1D. O leitor também pode encontrar
comentérios adicionais no artigo [67], apresentado como apéndice B.
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curva de liberacao encontrada é representada por uma linha continua na figura 4.1.
Observe que ha uma boa concordancia entre a solucao analitica e os resultados das
simulagoes de Monte Carlo.

Portanto, encontramos que a funcao de Weibull descreve com boa precisao todos
os casos estudados. Note que no caso unidimensional a funcao de Weibull se adequa
aos dados somente para uma regidao intermedidria (0.57 <t < 57), isto é, divergindo
para os tempos iniciais e finais da liberagao. No entanto, devemos tomar um certo
cuidado ao analisar a figura 4.1 para pequenos valores de t/7, pois o logaritmo duplo
é utilizado (retornaremos a essa questao na préxima segao). Por exemplo, no caso
1D, apenas quatro pontos desviam significativamente da linha tracejada (b = 4/5).

E importante salientar que os valores encontrados de b (1D e 2D) indicam que
ambos podem ser investigados através de estudos tedricos, sendo os mesmos tteis
para um melhor entendimento sobre os mecanismos de liberacao desses sistemas.
Por exemplo, é razoavel pensar que a taxa de liberacao nos modelos 2D podem
ser diretamente associadas com a quantidade total da droga dentro da céapsula,
resultando em um mecanismo de liberacao em que as particulas sao essencialmente
descorrelacionadas, com b = 1 (decaimento exponencial). No caso unidimensional,
quando b = 4/5, a liberacao da droga parece ser afetada apenas pela dimensao, pois
como mostrado nas referéncias [56, 57] a interacao do tipo volume-excluido entre as
particulas da droga nao afeta a cinética de liberagao.

Uma vez que o parametro b independe do tamanho L da capsulas, prosseguimos
investigando como o tempo caracteristico T depende de L. Para tal, simulamos a
taxa de liberagao variando L de 30 até 3000 (cdpsulas 1D) e de 8 até 100 (capsulas
2D), conforme é mostrado na figura 4.2. Encontramos que os valores ajustados de

7 seguem uma lei de poténcia com L da seguinte forma:

T =al¥, (4.1)

onde os valores de a e u sao mostrados na propria figura. A partir de uma analise di-

mensional do coeficiente de difusao das moléculas de farmaco dentro da capsula, a di-

28



mensao do coeficiente de difusao é D = [unidade de comprinrlento]2 /[unidade de tempo] = [L]*/[1],
temos T %. Observe que os valores de u desviam muito pouco do comportamento
quadratico, g = 2. De fato, uma andlise numérica mais detalhada, usando que
u=0Int/dIn L, encontramos que u para as capsulas 2D desviam do valor esperado,

com {u) = 2.14(5), conforme é mostrado no inset da figura 4.2 (b).
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Figura 4.2: Tempo caracteristico da liberagao 7 (equagao (2.7)) como fungao do
tamanho L das capsulas 1D (a) e 2D (b). Em (a), o gréfico inserido representa o
grafico log-log dos mesmos dados ja em (b) o célculo numérico do expoente de escala,
u=0Int/dInL [67].
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4.2 Capsulas 2D e 3D revestidas por uma mem-
brana porosa

A cinética de liberacao de farmacos encapsulados por membranas poliméricas
porosas foi investigada através das simulacoes de Monte Carlo, onde consideramos
os modelos de cépsulas 2D (rede quadrada) e 3D (rede cibica) apresentados no ca-
pitulo 3. E importante mencionar que nossos resultados anteriores (em [67]) obtidos
para modelo 2D poroso estao incorretos devido a presenga de um erro na distribui-
¢ao aleatoria de poros. Esse erro introduziu um comportamento artificial de b em
funcao de 4, ocultando as relacoes de escala que observamos aqui para os sistemas
2D e 3D [68].

Em um primeiro momento, investigamos se o mecanismo pelo qual se da a li-
beracao pode ser descrito pela equagao de Weibull e prosseguimos investigando a
dependéncia dos parametros de liberacao b e T como funcao do inverso da porosidade
da cépsula, ¢ = 47!, varidvel que denominamos como contetido de membrana?®.

Monitoramos o niimero de particulas dentro da capsula como fun¢ao do tempo,
sendo todas as simulacoes encerradas quando 99.99% das particulas sao liberadas.
O perfil de liberacao de um sistema de tamanho L com porosidade A foi obtido
realizando uma média sobre nimero de particulas em cada instante de tempo, bem
como sobre diferentes simulacoes.

Para os resultados a serem apresentados efetuamos o calculo da média, N(7), e do
desvio padrao, o(f), considerando 1000 (2D) e 250 (3D) simulagoes diferentes para
as capsulas de tamanho L igual a 100, 150 e 200 (2D) e 30, 40 e 50 (3D). Além disso,
simulamos cada um desses sistemas variando a porosidade A de 0,01 (1% de poros)
até 1,0 (100% de poros), em incrementos de 64 = 0,01. Uma vez tendo obtido a

curva de liberagao realizamos o ajuste para a equacao de Weibull (2.7).

5Observe que a fracdo de membrana pode ser definida como: A,, = 1—A e, para valores pequenos,
esta relacionado ao contetido da membrana por:

(=1/A=1/(1-2y) = 1+ A,
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A validade/qualidade do ajuste da equagao de Weibull para os dados de liberagao
pode ser investigada através de um grafico mono-log do nimero de particulas N(z)
como fungao do tempo ¢, como é mostrado na figura 4.3 (a) para uma capsula 2D
de tamanho L = 200 e em (b) para uma cépsula 3D de tamanho L = 50. Cada
grafico representa um valor diferente de A, isto é, apresentamos diferentes curvas de
liberagao para os valores de A igual a 0,01, 0,50, 0,75 e 1,0, onde os pontos (barras
de erro) representam os resultados das simulagdes de MC, enquanto as linhas sao
o ajuste. Observe que os valores do ajuste para os parametros de liberacao estao
listados em cada, grafico®.

Na figura 4.3, a linha tracejada na horizontal representa 99% da liberacao, de
modo que em todos os casos temos um 6timo ajuste até este ponto. Do ponto de
vista farmacoldgico os ultimos 1% da liberagao nao desempenham efeito terapéutico.
Além disso, é conveniente ressaltar que as fungoes semi-empiricas de Higuchi e de
Peppas sao comumente empregadas na investigagao dos 60% iniciais da liberacao
(veja no capitulo 2).

Quando 2 — 0, ou no limite de apenas um poro de liberacao (caso apresentado na
se¢@o anterior), temos um 6timo ajuste ao longo de toda curva como, por exemplo,
na figura 4.3 (b) para o caso em que temos 1% de poros (4 = 0,01), sendo o valor
de b aproximadamente igual a 1,0, ou seja, o mecanismo de liberacao é descrito
por um decaimento exponencial simples. Nesse caso, existem dois mecanismos que
controlam a liberagao: o primeiro mecanismo é associado a difusao das moléculas
da droga dentro da capsula e o segundo é devido a presenca da membrana externa
que limita a difusao da droga para o meio externo.

Ja para 2 = 1, em ambos os casos (2D e 3D), temos uma situagdo que nao
ha membrana (100% de poros), sendo a liberagdo governada por simples difusao.
Como esse caso apresenta o maior desvio a partir dos ultimos 1% da liberacao,
vamos investigar com maior detalhe o ajuste da funcao de Weibull para as curvas

de liberagao obtidas a partir das simulagdes de MC (capsulas 3D sem membrana) e

50 erro associado a tltima casa decimal é representado pelo niimero entre parénteses, isto é,
0,7222(8) = 0,7222 + 0,0008.
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Figura 4.3: Numero de particulas, N(f), em funcao do tempo normalizado pelo
tempo caracteristico da liberacao, t/7, em escala mono-log. Os pontos representam
a cinética de liberagao de uma capsula 2D de tamanho L = 200 (a) e de uma cépsula
3D de tamanho L = 50 (b) para diferentes valores de A, sendo o resultado do ajuste
para a equacao de Weibull representado por uma linha.
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pela solucao analitica da equagao de difusao para um sistema ctibico simples, sendo
o numero de particulas como fungao do tempo dado pela equagao (3.11).

Na figura 4.4 (a), mostramos o nimero de particulas normalizado pelo nimero
de particulas inicial, N(#)/Ny, como fungao do tempo normalizado pelo tempo ca-
racteristico da liberagao, t/7. A curva de liberagao tedrica, eq. (3.11), foi obtida
considerando os 100 primeiros termos da expansao em série, enquanto os resultados
das simulagoes de MC para o caso sem membrana ( = 1) para diferentes tamanhos
de capsulas (L = 30, 40 e 50) sao representados por pontos. A linha continua repre-
senta o ajuste para a equacao de Weibull (2.7) sobre a curva de liberagao tedrica,
eq. (3.11).

Observe que, nessa escala, a equacao de Weibull parece se adequar bem aos
resultados do modelo tedrico para todo intervalo de tempo, onde encontramos os
valores de b’ ~ 0.65 e 7 ~ 0.01544, sendo o apostréfo () utilizado para denotar
que este resultado é relacionado ao modelo tedrico. Além disso, encontramos que o
valor do tempo caracteristico da liberacao 7" é proximo do valor do tempo médio de
sobrevivéncia das particulas dentro da cépsula, #*, obtido através da solucao exata
da equagao de difusdo (veja a equacao (3.15) no capitulo 3).

Por outro lado, ao analisarmos a qualidade do ajuste através do gréfico em
escala log-log do In[Ny/N(#)] como fungao de t/7 (veja a figura 4.4 (b)), conforme
a linearizagao grafica da equacao de Weibull proposta por Langenbucher (1972)
apresentada no capitulo 2, verificamos que o ajuste apresenta um pequeno desvio
para os tempos iniciais e finais da liberacao.

Observando que na escala mono-log, figura 4.3 (b), para 4 = 1, os desvios s6
aparecem a partir dos 99% da liberacdo, entdao na figura 4.4 (b) os desvios sao
pronunciados (ou maiores) devido ao uso do logaritmo triplo. Para analisar esses
pequenos desvios mostramos na tabela 4.1 o erro relativo, €, entre a solugao analitica
da equagao de difusao e o resultado da funcao de Weibull. Vemos que o valor de €
¢ menor ou igual que 6,2% até o tempo t/7 =5, o que equivale a aproximadamente

95% da liberacao. Ja o erro relativo € leva em consideracao a fracao do ntmero de
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Figura 4.4: Capsulas 3D sem membrana: (a) N(f)/Ny versus ¢/t para a solucao da
equagao de difusdao, o respectivo ajuste da fungao de Weibull (linha continua) e
os resultados das simulagoes de MC para ¢ = 1 (pontos). Em b), apresentamos o
grafico em escala log-log do In[Ny/N(t)] como funcao de t/t dos mesmos dados de
liberacao [68].
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particulas que permanecem dentro da capsula, Np/Ny, sendo o mesmo menor que
5% para todos os casos apresentados.

Portanto, podemos afirmar que a equacao de Weibull descreve com boa aproxi-
macao o perfil da curva de liberagao tedrica, bem como os resultados obtidos através
das simulacoes de Monte Carlo para as cdpsulas revestidas por uma membrana po-

rosa.

t/t Np Ny e(%) € (%)
0,0035 0,9506 0,9753 2,60 2,50
0,0125 0,9073 0,9437 4,00 3,60

0,035 0,8495 10,8942 5,30 4,50
0,1 0,7529 0,7994 6,20 4,70
1 0,3648 0,3679 0,85 0,30

2 0,2120 0,2082 1,80 0,38

5 0,0499 0,0580 16 0,81

7 0,0193 0,0289 50 0,96
10 0,0047 0,0115 145 0,70
12,5 0,0014 0,0057 307 0,43

Tabela 4.1:  Np é o numero de particulas obtido a partir da solugao analitica da
equagao de difusdo, eq. (3.11), e Ny é o numero de particulas obtido a partir da
funcao de Weibull (2.7) com &’ = 0.65 e 7 = 0.016, sendo € = (M) x 100% e

€ = (M) x 100%. "

No

Prosseguimos investigando o comportamento da liberagao para tempos longos,
considerando os ultimos 8% da liberacao para os modelos de cédpsulas porosos. En-
contramos que para os tempos finais o mecanismo de liberacao é descrito por um
decaimento exponencial. Este comportamento é mostrado na figura 4.5, onde reali-
zamos esta andlise para trés casos particulares: cdpsula 3D sem membrana (L = 50
e A =1,0) e com membrana parcialmente porosa (L =40 e A2 = 0,50) e cdpsula 2D
com tamanho L = 100 e porosidade A = 0, 25.

Portanto, encontramos um comportamento universal, que independe da dimen-
sao, tamanho e porosidade da capsula, ou seja, para tempos longos o mecanismo pelo
qual se da a liberacao resulta em um decaimento exponencial simples. Sendo que
esse resultado também foi observado para os modelos investigados na referéncia [67].

Além disso, este comportamento também foi encontrado no limite de tempos longos
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da solugao analitica, descrita pela equagao (3.13), obtida para um modelo de cédpsula

continua tridimensional no capitulo 3.

0.1

N(t)/N(t)

0.01

0001 L L L L L L
(t-t")/z

Figura 4.5: Decaimento exponencial dos iltimos 8% da liberacgao, a linha representa
uma simples funcao exponencial, exp(—t), e o tempo t’ refere-se a N(¢')/Ny = 0,92.

Em seguida, investigamos os efeitos da porosidade sobre os parametros de libe-
ragao b e . Mostramos, na figura 4.6 (a), o parametro de liberacdo b como fungao
do contetido de membrana . Observe que das quatro curvas apresentadas duas sao
referentes as capsulas 3D de tamanho L = 40 e 50 e as outras duas sao referentes as
capsulas 2D de tamanho L = 150 e 200. Em todos os casos estudados consideramos
que a porosidade A varia de 0.01 (1% de poros) até 1,0 (100% de poros).

E conveniente ressaltar que o contetido de membrana nos diz que se ¢ = A7}
for muito pequeno, temos uma membrana com muitos poros (4 >> 0). No caso
oposto, quando ¢ corresponde a um valor grande (4 << 1), a membrana apresenta
poucos poros. Por exemplo, para uma capsula 2D de tamanho L = 100, com 1 poro
de liberacao, 4 = 1/4(100) = 0,0025, entao o o conteido de membrana equivale a
1/0,0025 = 400 e se, por outro lado, a capsula estiver totalmente preenchida por

poros, entao ¢ = 1.
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Na figura 4.6 (a) o ponto (e) representa o valor de b obtido a partir da curva
de liberacao tedrica, b’ =~ 0.65. Considerando este resultado como exato, podemos
calcular o erro relativo em porcentagem’ de, por exemplo, o valor de b para uma
capsula de tamanho L = 50 e 2 = 1,0, sendo b = 0.7222(8), entao o erro relativo é
aproximadamente igual a 10,75%, isto é, temos um acordo razoavel entre resultados
numéricos e tedricos para o caso de uma capsula 3D sem membrana.

Observe na figura 4.6 (a) que quando aumentamos os valores no eixo x, diminui-
mos o nimero de poros distribuidos na membrana externa que reveste os dispositivos
de liberacao 2D e 3D. Vemos que os valores de b para capsulas de mesma dimensao
(mas com tamanhos diferentes) se aproximam entre si, isto é, a mesma tendéncia
¢ observada em 2D e 3D: como a membrana comeca a cobrir a capsula b aumenta
como uma lei de poténcia de b({ = 1) = 0,75 até um ponto em que 90% da capsula
é coberta pela membrana (£ = 10) e, depois dessa regiao, os valores de b comegam a
aumentar de maneira menos pronunciada. Em duas dimensoes, os incrementos em
b com o conteido de membrana sao menores, mas ainda convergem para um decai-
mento exponencial, com b ~ 1, conforme encontrado em nosso trabalho anterior [67]
(veja na secao 4.1).

Desse modo, encontramos que o parametro de liberacao b para os valores do
conteido de membrana ¢ variando de ¢ = 1 (sem membrana) até £ ~ 10 (90% de

membrana) podem ser descritos por:

b=b/*, (4.2)

onde u é o expoente de escala e by = b({ = 1) fornece a contribuicao do tamanho
das capsulas para b. Em principio, b depende do tamanho, porosidade (ou conteido
de membrana) e da dimensao dos sistemas. Como as contribui¢oes provenientes
do tamanho e da porosidade ja foram levadas em considera¢ao na expressao (4.2)
através de by e ¢, pode-se esperar que o expoente de escala u dependa apenas da

dimensao do sistema, d. Essa hip6tese é suportada pela figura 4.6 (b), onde é possivel

"Erro relativo: € = (lbb—_b') x 100%.
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inferir que u pode ser ajustado por uma relacao linear do tipo

u=axd, (4.3)

onde a =~ 1/25. Note que a figura 4.6 (b) confirma que a relagao linear entre In¢ ~
In(b/b;)"? é aproximadamente valida para o intervalo de 1 < ¢ < 10.

Além disso, é interessante salientar que os resultados apresentados na figura 4.6 (a)
corroboram a classificagao de b proposta por Papadopoulou et al. [26], também discu-
tida no capitulo 2. Quando h& muitos poros (pouca membrana: ¢ — 1), encontramos
os valores de b na faixa de 0.65 — 0.75 indicando que os deslocamentos aleatorios,
ou difusao Fickiana, sao o principal mecanismo de liberagao da droga. Por outro
lado, com o aumento do conteido de membrana (£ > 1), os valores de b aumen-
tam de 0,75 até 1,0. O que, por sua vez, esta novamente de acordo com o critério
de Papadopoulou e et al. [26]: a liberagao é governada pela difusao das particulas
dentro da capsula com a combinacao de outro mecanismo que, nesse caso, provém
da contribuicao da membrana polimérica que impede a liberagao das particulas de
farmaco para o ambiente externo.

Agora vamos analisar a dependéncia do tempo caracteristico T da funcao de Wei-
bull (2.7) com a porosidade A (ou com o contetido de membrana, £ = A™!). Iniciamos
derivando uma relagao fenomenolégica entre um processo tipico de liberacao e a po-
rosidade, conforme é ilustrado na figura 4.7 (a). Para uma cédpsula grande, apenas
uma pequena fracao das particulas dentro dela estao localizada perto da membrana
e o tempo médio de liberacao pode ser aproximadamente descrito pelo tempo médio
que uma particula do interior da capsula leva para alcancar a superficie interna da
membrana.

Sem considerar a reflexao sobre a membrana, qualquer particula do interior da
capsula gastarda um tempo médio 73 antes de atingir a superficie interior da mem-
brana e um tempo médio adicional tg para ser liberada da membrana ao meio
exterior. Como a regiao do interior da capsula é fisicamente separada da regiao

proxima aos poros pela superficie interna da membrana, deve ser razoavel pensar
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Figura 4.6: (a) Parametro de liberagao b versus o conteido de membrana ¢. O ponto
(e) representa o valor de b’ ~ 0.65, obtido a partir da solugao da equagao de difusao
para um dispositivo sem membrana. (b) Gréfico log-log do parametro de liberagao
b normalizado, [b/b;]"4, como funcao de £, onde d é a dimensao da capsula [68].
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que 1 depende do tamanho da cdpsula, mas nao depende do nimero de poros da
membrana. Por outro lado, o tempo médio que uma determinada particula gasta
em um local préximo da superficie da membrana deve ser uma funcao do nimero
de poros. Também se espera uma divergéncia no tempo de permanéncia Ts no caso
de uma capsula completamente coberta por uma membrana, lim, ,,7g — oo, de
modo que o seu valor deve diminuir continuamente com o aumento do nimero de
poros, tendendo a um valor minimo no caso de uma capsula sem membrana (1 = 1).
Portanto, deve ser interessante considerar a ultima funcao em termos de contetido

da membrana, ¢ = 27!, e expandi-la como:

75(0) = 75(0) + 750 + 0. (4.4)
Usando a expressao acima no tempo caracteristico T obtém-se:
T~ T+ 75(0), (4.5)

onde 75 = 73 + 75(0) e 75 = 75(0).

Apesar da simplicidade dos argumentos que levam a expressao (4.5), a mesma
reproduz razoavelmente o comportamento de 7({) para capsulas 2D e 3D em todos
os regimes de porosidade, conforme mostrado na figura 4.7 (b), sendo 7}, e 7§ pa-
rametros ajustados a partir de simulagoes. O uso de uma aproximacao de segunda
ordem em (4.5) resultou em corregoes trés ordens de magnitude menores que as da
contribuigao de primeira ordem, indicando que a equacdo (4.5) é uma aproximagao
razoavel de 7({). Como as curvas nessa figura sao quase lineares, também consi-
deramos que o tempo caracteristico 7 escala com o conteiido de membrana com a
seguinte lei de poténcia:

T~ Ty +75(0)7, (4.6)

onde 1 é um parametro ajustavel. Os valores dos parametros que aparecem nas
equacdes (4.6) e (4.5) estdo listados na tabela 4.2. E interessante salientar que os

valores de n, que poderiam ser utilizados para estabelecer uma conexao entre 7 e ¢
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através de uma analise de escala, estao perto de 1, fornecendo uma outra validagao

para a derivacao fenomenoldgica que leva a equagao (4.5).

Modelo L T TS Ty 5 n
2D 150 2195+ 17 394 + 1 2383 +5 309 £ 1 1,055(1)
200 4087 +20 533+2 4315+ 9 430+ 3 1,049(1)
3D 40 134+1 55,3+0,1 120,6+0,7 61,5+0,3 0,975(1)
50 215+2  69,3+0,1 194,6+0,9 79,2+0,4 0,969(1)

Tabela 4.2: Parametros relacionados com o tempo caracteristico de liberacao 7 e
o conteido de membrana £, a partir das expressoes (4.5) e (4.6), ajustados para os
dados de liberacao relacionados aos modelos de céapsulas 2D e 3D.

4.3 Capsulas 2D revestidas por uma membrana
biodegradavel

Uma vez tendo investigado a cinética de liberacao de farmacos por membranas
porosas, prosseguimos investigando os sistemas de liberacao controlada de farmacos
em que o mecanismo de liberacao é controlado tanto por difusao das particulas de
farmaco quanto pela erosao da membrana polimérica.

A investigacao da dinamica de erosao dos materiais poliméricos e os seus efeitos
sobre a cinética de liberagao tem sido estudada através de modelos empiricos [77],
por meio de simulagdes de Monte Carlo e através de estudos tedricos [10, 21, 78,
79]. Devido a complexidade envolvida no processo de liberagdo, poucas teorias
matemadticas sdo reportadas na literatura [10, 79]. No entanto, recentemente foram
reportados grandes avangos no processo de fabricagao de dispositivos biodegradaveis
como, por exemplo, implantes oculares [14] e materiais nanoporosos aplicados no
tratamento do cancer [19].

Os sistemas implantaveis biodegradaveis se destacam, pois com a erosao do ma-
terial polimérica evita-se a necessidade de remocao cirtrgica do implante [6, 12, 14].
Dessa maneira, uma melhor compreensao do mecanismo de erosao é essencial para
o desenvolvimento de terapias mais eficazes.

A erosao da membrana polimérica pode ser governada por diversos fatores fisicos
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Figura 4.7: (superior) Abordagem fenomenolégica usada para obter a dependéncia
do tempo médio de permanéncia das particulas dentro da capsula em funcao da
porosidade, Eq. (4.5). As moléculas da droga gastam um tempo 7 para deixar o
interior da capsula, atingindo a superficie interna proxima a membrana e um tempo
75 para ser liberada da superficie. (inferior) O tempo caracteristico de liberagao
normalizado, (r — 73)/75, em fun¢ao do contetido da membrana, { = A" (veja o
texto), para diferentes tamanhos de cépsula 2D e 3D [68].
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e quimicos como, por exemplo, o tipo de material e a sua interacao com o fluido
(dgua ou fluido biolégico). Para investigar como a erosao influencia a cinética de
liberacao propomos uma simples modificagao no modelo de capsula bidimensional
poroso, como foi apresentado no capitulo 3.

Consideramos que a capsula de tamanho (L X L) estd imersa em um meio aquoso
implicito. Assumimos que as particulas de farmaco podem se mover em cada passo
de Monte Carlo e que ha (para cada passo) uma probabilidade de que uma particula
de membrana reaja a agua formando um poro.

Incluimos a dinamica de erosao da membrana introduzindo um novo nimero
aleatorio x uniformemente distribuido entre 0 e 1. Em cada passo de Monte Carlo
verificamos se uma probabilidade P predeterminada é menor ou igual a x, isto é, se
P < x, entao um poro é formado em posicao aleatéria da membrana e a quantidade de
membrana, m(t), é reduzida em uma unidade. Essa alteracao no modelo de capsulas
2D ¢ ilustrada no algoritmo 4.3.

Quando P = 1, uma particula de membrana é removida (um poro é formado) a

1

100 existe uma

cada passo de MC (todas as tentativas sdo aceitas) e quando P =
probabilidade de que 1 particula de membrana possa ser liberada a cada 100 passos.
Dessa maneira, identificamos que a constante P corresponde a taxa de erosao k da

membrana, i.e, P = k. Sendo assim, a variacao do nimero particulas de membrana,

m(t), é constante ao longo do tempo, entao

dm(t)

— =k (4.7)

Resolvendo a expressao acima do instante de tempo inicial (r = 0) até o instante

t, encontramos que a variacao de membrana deve decair linearmente com o tempo:
m(t) = my — kt, (4.8)

onde em nosso modelo my = 4L é a quantidade inicial de particulas de membrana

em uma capsula bidimensional.
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Algoritmo 2: Liberagao Controlada de Farmacos (membrana biodegradével)

Entrada: dimensao do espaco: 2D.

parametros de entrada: L, P e spay.
inicio

enquanto s < s, fagca
configuragao inicial — membrana + particulas da droga
enquanto fy < n(r) faga
gere aleatoriamente: x € [0, 1]
se P<x entao
coloque 1 poro em posicao aleatéria da membrana

reduza a quantidade de membrana em uma unidade
senao

‘ continue
fim

i) movimento aleatorio das particulas

ii) monitora o ntmero de particulas, n(r)

fim

s—s+1
fim

calculo da média e do desvio padrao — m(t), N(t) e o(¢)
fim

tamanho da rede L, probabilidade P, niimero de simulagoes syax, m(?)
numero médio de particulas de membrana e n(f) (fy) o nimero de particulas

(minimo) que permanecem dentro da capsula.

Prosseguimos investigando a taxa de liberagao da droga e a dinamica de erosao
da membrana para uma capsula de tamanho L = 200, sendo as médias obtidas sobre
1000 simulagoes. Como nos casos anteriores, as simulagoes comegam com 100% de
formaco (Nyp = L?). Também verificamos se a fungao de Weibull expressa na seguinte

forma:

1 - % = exp [— (;)b} (4.9)

0

se adegua aos perfis de liberacao para diferentes valores de P. Observe que 1-N(t)/Ny
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Figura 4.8: Quantidade de particulas liberadas, 1 —N(f)/Ny, como funcao do tempo
normalizado, t/7, sendo a linha continua o resultado do ajuste para a funcao de
Weibull (4.9). Ao lado direito, as respectivas curvas do nimero de membrana como
fungao do tempo (em unidade de Monte Carlo).

representa o nimero de particulas liberado como funcao do tempo®.

Mostramos na figura 4.8 a curva de liberagao da droga (lado esquerdo) e a di-
namica de erosdo da membrana (lado direito). Na parte superior da figura (k = 1)
temos em pontos a curva de liberagao da droga, 1 — N(t)/Ny, como funcao do tempo
normalizado, t/7, sendo a linha continua o resultado do ajuste para a funcao de
Weibull, onde obtivemos b = 0,7842 + 0,0002 e 7 = 5123,0 + 2,0. Do lado direito,
o nimero médio de particulas de membrana m(f) como funcao do tempo ¢, sendo
mo = 800 vemos que o decaimento ¢ linear e a inclinacao da curva corresponde exa-
tamente ao valor de P, isto ¢, igual a taxa de erosao k, conforme a equacao (4.8).

Ja na parte inferior da figura 4.8, para P = 0,01 a funcao de Weibull também des-

8Note que nos capitulos anteriores apresentamos as curvas de liberacdo para o nimero de par-
ticulas dentro do dispositivo. A apresentacdo nessa forma é como os resultados experimentais sao
usualmente reportados.
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creve com boa precisao o perfil da curva de liberacao, sendo b = 1,2226 + 0,0004
e T =12521,3 £ 4,7 e, além disso, temos o mesmo comportamento linear em m(z),
sendo a taxa de erosao k = 0,01.

Uma vez que a funcao de Weibull descreve com boa aproximacao as curvas de
liberacao para k = 1 e k = 0,01 para capsulas bidimensionais de tamanho L = 200,
podemos investigar o comportamento dos parametros de liberacao b e T como fun-
cao da taxa de erosao variando k de 0,01 até 1, conforme mostrado na figura 4.9.
Em 4.9 (a), temos os resultados do tempo caracteristico de liberagao, r, como fungao
de k em escala log-log. Para pequenos valores de k a erosao se de forma lenta: au-
mento do tempo médio de permaneéncia das particulas dentro da capsula, diminuindo
assim a probabilidade das particulas da droga escaparem da capsula (controle da li-
beragdo). Na medida que a taxa de erosdo aumenta (k — 1) o tempo caracteristico

diminui. Esse comportamento pode ser descrito pela seguinte lei de poténcia:

T=T10+ 1k, (4.10)

sendo os parametros ajustaveis 7o = 4537.32 + 22.69, 7, = 624.14 £ 1526 ¢ a =
0.551+0.006. Ja na figura (4.9) (b), temos os resultados do parametro de liberagao b
como funcao de k em escala log-log. Observamos a presenca de dois comportamentos:
um para valores de k < 0,1 e outro para k > 0,1. No limite de k — 0, ajustamos os

dados para a seguinte lei de poténcia:

b = byk™°, (4.11)

e no limite de k — 1:

b=bik™, (4.12)

onde os parametros ajustaveis foram encontrados igual a: by = 0.6924 + 0.0006,
0 =0.120 + 0.003, b; = 0.778 £ 0.002 ¢ v = 0.069 + 0.001.
Observe na figura 4.9 (b) que ha um valor de k (linha tracejada) para o qual as

expressoes (4.11) e (4.12) s@o iguais, isto é, k. ~ 0,1, onde o subindice ¢ refere-se a
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Figura 4.9: Gréfico Log-log de 7 (a) e b (b) como fungao da taxa de erosao k = P para
uma cépsula 2D de tamanho L = 200. Em (b), as linhas representam o resultado
do ajuste para as expressoes (4.11) e (4.12), observe que hd um sutil desvio da
equacao (4.11) quando k — 1 e da equacao (4.12) quando k — 0. Esse pequeno
desvio mostra a existéncia de dois comportamentos.
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crossover. Para esse valor, temos um valor de (b.) associado, sendo igual a:

b
= k.07, (4.13)

b,
by ¢

substituindo os valores dos parametros ajustaveis, encontramos que b. ~ 1.0. Note
que a expressao para b, é encontrada quando as equagoes (4.11) e (4.12) sao iguais.

Encontramos que b ~ 0.78 para uma taxa de erosao k = 1, sendo esse valor de b
associado na literatura [26] a presenga de dois mecanismos de liberacdo, nesse caso,
existe uma rapida erosao da membrana mais a difusao das particulas da droga, sendo
o mecanismo de difusdo predominante. Na medida que k diminui (kK — k), temos
um aumento nos valores de b, indicando uma maior contribuicao do mecanismo de
erosao. Quando k = k., 0os mecanismos ocorrem de maneira proporcional e b, ~ 1.0.
Ja para os valores de b maiores que b,, a erosao torna-se o mecanismo predominante
para o controle da liberacao.

Por fim, investigamos a contribuicao do tamanho da cédpsula L sobre os parame-
tros de liberagao b e T para uma taxa de erosao fixada, k = 0,01. Na figura 4.10 (a),
vemos que os valores de b diminuem com o aumento do tamanho L das capsulas,

sendo esse comportamento aproximadamente descrito pela seguinte lei de poténcia:

b=bL" (4.14)

onde 6 = 0.25 £ 0.01 (~ 1/4) e b, = 48 £0.1. Na figura 4.10 (b) temos o gréfico
log-log do tempo caracteristico T versus L, sendo a linha continua o resultado do

ajuste para a seguinte lei de poténcia:
T=1.L", (4.15)

onde encontramos que y = 1.243 £ 0.008 (= 5/4) e 7, = 17.1 £ 0.6.
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Figura 4.10: (a) grafico de b (inset em escala log-log) e 7 (b) como fungdo do
tamanho L da cdpsula para k =0,01.
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Capitulo 5

Conclusoes

Nesse trabalho, propomos modelos estatisticos em rede para investigar a cinética
de liberacao controlada de farmacos. Para tal, modelamos capsulas unidimensionais
e bidimensionais com apenas um poro de liberagao, capsulas bidimensionais e tridi-
mensionais revestidas por uma membrana externa porosa e capsulas bidimensionais
revestidas por uma membrana externa biodegradével.

As curvas de liberagao da droga (quantidade da droga como func¢ao do tempo)
foram obtidas através de simulagoes de Monte Carlo (em todos os casos) e da solugao
analitica da equacgao de difusao para os dispositivos sem membrana, sendo as mesmas
ajustadas para a funcao empirica de Weibull.

Encontramos, em todos os casos estudados, que a funcao de Weibull descreve
com boa precisao os perfis das curvas de liberagao. Vimos através das simulacoes de
MC que quando ha a combinacao de dois mecanismos, por exemplo, difusao mais
a porosidade da membrana polimérica, a funcao de Weibull descreve toda curva de
liberacao. Na medida que a difusao vai se tornando o mecanismo predominante para
o processo de liberacao da droga, a funcao de Weibull descreve o perfil da curva até
99% da liberacao. Isso nos levou a investigar o perfil da curva obtida pela solugao
da equacao de difusao para uma capsula cubica sem membrana, onde encontramos
que a funcao de Weibull fornece um bom ajuste até 95% da liberacao.

Analisando o comportamento da liberagao para tempos longos (os tltimos 8%

da liberagao), encontramos que o mecanismo pelo qual se da liberacao resulta em
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um decaimento exponencial simples, sendo esse um comportamento universal que
independe do tamanho, dimensao e porosidade da cépsula.

Para as capsulas com apenas 1 poro de liberagao o mecanismo pelo qual se da
a liberagao ¢é independente do tamanho das cépsulas ja o tempo caracteristico da
liberacao, 7, cresce aproximadamente com o quadrado do tamanho das capsulas.

Para os modelos de capsulas revestidos por uma membrana externa porosa, en-
contramos que o parametro de liberagao b é relacionando com o conteido de mem-
brana por uma lei de poténcia, sendo o expoente proporcional a dimensao das capsu-
las. Além disso, através de um argumento fenomenolégico mostramos que o tempo
caracteristico de liberagao T deve variar linearmente com o conteiido de membrana.
Ambas relagoes foram validadas através das simulagoes de MC.

Esperamos que nossos resultados possam ser utilizados para estimar as curvas
de liberacao de farmacos reais, por exemplo, de dispositivos farmacéuticos como
implantes e transdérmicos, cuja porosidade da membrana polimérica possa ser con-

trolada pelo processo de fabricacao [15, 18].

5.1 Trabalhos Futuros

Investigamos o modelo proposto para uma capsula 2D revestida por uma mem-
brana externa biodegradavel e encontramos que os parametros de liberacao b e 7
satisfazem relagoes de escala com a taxa de erosao e com o tamanho da capsula.
Além disso, identificamos uma regiao de crossover {b. ~ 1,k. ~ 0.1}, em que o meca-
nismo de difusao das particulas da droga dentro da capsula e o mecanismo de erosao
da membrana contribuem de maneira proporcional para o processo de liberagao.
Por outro lado, para os valores de b maiores que b,, a erosao torna-se o mecanismo
predominante para o controle da liberacao, onde encontramos que o valor de b, é
aproximadamente igual a 1.

Na literatura farmacéutica, quando os valores de b sao maiores do que 1 o me-
canismo de liberagao é usualmente caracterizado como complexo [26]. No entanto,

nossos resultados indicaram para esses valores de b uma pequena taxa de erosao
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do material polimérico: se a erosao se da de forma lenta, promovendo um aumento
do tempo médio de permanéncia das particulas dentro da capsula e, assim, dimi-
nuindo a probabilidade das particulas da droga escaparem da cépsula (controle da
liberagao).

Nesse contexto, a continuacao desse trabalho consiste em relacionar as leis de
escala obtidas entre os parametros de liberagao de Weibull e a taxa de erosao da
membrana com resultados experimentais.

Um possivel caminho a ser seguido é a utilizagdo das leis de escala (equa-
goes (4.10), (4.14) e (4.15)) para complementar os resultados obtidos pelos autores
da referéncia [79] (por exemplo, estimar os tempos caracteristicos da liberagao).
Nesse trabalho [79], os autores modelaram resultados experimentais para a libera-
¢ao de acetaminofeno considerando que a erosao da matriz de cera se da de forma

linear com o tempo (similar ao nosso modelo).
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Apeéendice A

Solucao da Equacao de Difusao

(capsulas sem membrana)

Neste apéndice, apresentaremos a resolucao da equacao de difusao para uma
capsula cubica de lado L em analogia aos nossos modelos de capsulas em rede sem
membrana, sendo a solugao analitica obtida pelo método de separacao de variaveis.

Assumindo que o coeficiente de difusao Dy dentro da capsula é constante e a
auséncia de fontes (criagdo de uma substancia, por exemplo), a concentragao do far-
maco deve satisfazer a segunda Lei de Fick (equagao de difusao) que, em coordenadas
cartesianas, pode ser expressa matematicamente por [22, 27]:

oc _  [#Cc oCc oc
ot Cloxr " oyr | 8z |

(A.1)

onde C = C(x,1) é a concentragao do farmaco como funcao da posicao x e do tempo
t. Sendo essa equacao uma Equagao Diferencial Parcial (EDP) linear e homogénea

sujeita a condigao inicial (em ¢ = 0):
C(x,0) = Cy, (A.2)

onde a concentragao inicial, Cy = sendo Ny o numero de particulas inicial e o

il
L3’

vetor posicao X = {x,y,z}. A condi¢ao de contorno de Dirichlet, por sua vez, é dada
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por:

C(0,1) = C(L, 1) = 0, (A.3)

para t > 0.

Nessas condicoes, a EDP, equacao (A.1), sujeita as condigbes (A.2) e (A.3) podem
ser resolvidas pelo método de separacao de variaveis que basicamente consiste em
transformar uma EDP em um conjunto de Equagoes Diferenciais Ordinarias (EDOs),

supondo que a concentracao pode ser escrita da seguinte forma:

C(x,y,z,1) = P(x,y, 2 (1), (A4)

isto é, expressa como o produto de duas fungoes, uma dependente da posicao x e a
outra do tempo t.

Substituindo a equacao (A.4) em (A.1) e dividindo por WI', obtemos

1 or 1
—— = V¥ A5
Dol Ot b ( )
Nessa etapa, por simplicidade, omitimos as varidveis independentes. A igualdade

acima s6 ¢ verdadeira se for igual a uma constante que escolhemos como sendo igual

a —u? e, dessa maneira, temos duas equacoes separaveis:

= Do) (A.6)
e
V¥(x,y,z) = —u*¥(x, y, 2), (A.7)

onde a equacao A.6 é uma EDO dependente apenas do tempo enquanto a equa-
¢ao A.7 continua sendo uma EDP, porém dependente apenas das coordenadas espa-
ciais de modo que teremos que aplicar novamente o método de separagao de variaveis

para obter 3 equagoes diferenciais ordinarias para cada direcao espacial. Nesse ponto
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¢ importante notar que se estivéssemos resolvendo a equacao de difusao apenas em
uma dimensao ja teriamos duas equagoes diferenciais ordindrias.

Reescrevendo a equagao (A.7) como:

V*¥(x,y,z) + 1*P(x,y,2) =0 (A.8)
e supondo que
W(x,y.2) = X(0)Y(3)Z(2), (A.9)
a equacao A.8 fica:
R S
[ﬁ # 5t 5| XOOYOIZQ) + XY O)ZE) = 0. (A.10)

Para separar as equacoes devemos considerar que constante u? é dada por:

W=+ B+ (A.11)

e dividir a equagao (A.10) por X(x)Y(y)Z(z) e, de fato, encontramos as seguintes

EDOs:
d*X(x)
a2 2PX(x) =0, (A.12)
PYQ) | o
i +B2Y(y) = 0 (A.13)
(&
dZ(7)
pER n°Z(z) = 0. (A.14)

Observe que ao encontrarmos a solucao de cada uma das EDOs, encontra-
mos a solugao completa que é formada pelo produto das fungoes solugoes, isto é,
C(x,y,z,1) = X(xX)Y(»)Z(2)I'(t). Desse modo, a solucao similar para o caso de cap-
sulas bidimensionais: C(x,y,t) = X(x)Y(y)['(¢) e unidimensionais: C(x,t) = X(x)['(¢?).
Noque se segue encontraremos a solucao das 4 equagoes diferenciais ordinarias, equa-

coes A.6, A.12, A.13 e A.14.

95



Solucao EDO (dependente do tempo)

Cabe, primeiro, organizar a equagao (A.6) da seguinte maneira:

1 _ 2
Tl = —4’Dodt (A.15)

e integrando ambos os lados do instante de tempo 0 até um instante de tempo

! 1 !
dr(t) = —u*D f dr
fo () R0 ),

In(T(r)) — In(T'(0)) = —u* Dot (A.16)

In(T(#)) = In(T(0)) — > Do,

tomando a exponencial em ambos os lados

exp[In(I'())] = exp[In(I'(0)) — u*Dyt]
I(r) = exp[In(T(0))] exp[—>Dyt] (A.17)

I'(t) = T(0) exp[—u* Dot].

Sendo I'(0) uma constante relacionada a condicao inicial do problema, a solucao

da EDO é:

I(t) = [(0)e ", (A.18)

Solugcao das EDOs (dependentes da posigao)

Uma vez que encontramos a solugao da EDO, equagao (A.6) , precisamos resolver
as EDOS que representam toda dependéncia espacial. A primeira coisa que devemos
notar é que ambas as EDOs A.12, A.13 e A.14 apresentam a mesma forma funcional,
isto é, diferem entre si apenas com respeito a direcao espacial, onde consideramos o

sistema como isotropico.
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Dito isso, podemos resolver para a componente x que, de maneira similar, obte-
mos a solugao para as componentes y e z. Além disso, note que a forma funcional de
ambas as EDOs sao a mesma equacao diferencial de Oscilador Harmonico simples
em uma dimensao, isto é,

2
d ji(zx) = 22X (). (A.19)

A maneira mais simples de se resolver essa EDO é observar o fato de que a
segunda derivida da funcao X(x) é igual a ela mesma com o sinal trocado. Isso
sugere que as solugoes sao do tipo oscilante, sendo a solucao geral expressa da
seguinte forma:

X(x) = Asen(Ax) + B cos(Ax), (A.20)

onde A e B sao constantes a serem determinadas pelo Problema de Valor Inicial
(PVI). Para provar que essa é uma possivel solugdo, tomemos a sua primeira e
derivada:

X'(x) = AAcos(Adx) — BAsen(Ax) (A.21)

e a sua segunda derivada:

X" (x) = —AA%sen(Ax) — BA* cos(Ax). (A.22)

Substituindo a equagao (A.22) e (A.20) na EDO (A.19), temos

—AXsen(Ax) — BA? cos(Ax) = —A%2(Asen(Ax) + Bcos(1x))
—A*(Asen(Ax) + Bcos(Ax) = —A%*(Asen(Ax) + B cos(Ax) (A.23)

0=0.

Portanto, a igualdade é satisfeita, isto é, a solugao geral, equagao (A.20) é solucao
da EDO (A.19). Como mencionamos, essa solu¢ao é mesma para as componentes
y e z, sendo assim, as solugoes gerais para a parte espacial sao expressas da seguinte

forma:

\X(x) = Asen(Ax) + B cos(1x),

(A.24)

o7



| Y(y) = Csen(By) + D cos(By)| (A.25)

| Z(z) = Esen(y2) + F cos(n2). | (A.26)

Para obter as solugoes particulares vamos impor as condigoes de contorno A.3,
isto é: em x = 0:

X(0) = Asen(0) + Bcos(0) = 0, (A.27)

como cos(0) = 1, entao necessariamente B = 0, logo a solucao particular é dada por:

X(x) = Asen(1x). (A.28)

Em x = L, temos

X(L) = Asen(AL) = 0, (A.29)

que é uma equacao transcendental, sen(1L) = 0, sendo satisfeita para:

/li = -, A30

- (A.30)

isto é, AL =imr com i =0,1,2,---,00. Portanto, existem infinitas solucoes da forma:
in

X,‘(X) = A;sen (z)C) (A31)

e de maneira similar para as demais coordenadas:

Yi(y) = Cjsen (%y) (A.32)

Zi(z) = Exsen (kfﬂz) (A.33)

onde i, j e k pertencem aos nimeros naturais, sendo § = &£ e n = F.
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A superposicao das fungoes também é solucao, entdao das equacoes A.4 e A.9,

temos que a concentragao é dada por:

C(x,y,z,1) = P(x,y,2)[(t)
(A.34)

= X()YWMZ()I(2),

substituindo as solugoes, equacoes A.18, A.31, A.32 e A.33, temos

o0 (o) (o) . k
C(x,y,z,1) = Z Z Z A;sen (m ) Cjsen (Jliry) Esen (fﬂz) e‘ﬂzDot, (A.35)

i=0 j=0 k=0

onde u? = 22 +B%+n* e a constante I'(0) pode ser incorporada nos demais coeficientes

da expansao.

Determinando os coeficientes da expansao

Para encontrar os coeficientes da expansao A;, C; e E; precisamos da condicao
inicial (r = 0), equagao A.2. Por simplicidade, vamos encontrar o coeficiente A; (caso
analogo a um problema em uma dimensao) e depois, por semelhanga, obteremos os

demais coeficientes. D& condicao inicial, temos:
Co = iAisen(i—ﬂx), 0<x<L. (A.36)
4 L

multiplicando ambos os lados da expressao acima por sen(mmrx/L) e integrando com

respeito a x de 0 até L, encontramos que:

CO,E sen —x dx—f ZA sen mﬂ )sen(lz )dx. (A.37)

Para resolver essa integral, precisamos da seguinte propriedade de ortogonalidade
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das funcgoes trigonométricas:

L
3
H

L mmn in '
j(: sen(Tx) sen (Zx) dx = . (A.38)

Nt~
3
I
~

Portanto, temos que a unica solug¢ao nao nula, se da quando m = i, entao

L . L
Cof sen (Ex) dx = A;—
0 L 2

(A.39)
L L . L
Co [_— - — cos(m)] =A—,
it im 2
e as unicas solugoes nao triviais sé existem para valores de i impar:
2L L
in 2
entao
4C
A= —2, i=1,3,5,- (A.41)
in

Realizando o mesmo procedimento acima para as direcoes y e z, encontramos os

coeficientes C; e E; como sendo:

4C
C;=—, j=1,3,5,- (A.42)
T
€
4C,
Ep= —, k=1,3,5, A.43
T kn ( )

e substituindo os mesmos na expressao da concentragao (A.35), encontramos:

[ [ . . w2 (i ) o
Clnynn= Y, > osen(Ta) Lsen(£7)) 2 0en (2 RG]
iz0 j=0 k=0 7 L) jr L

(A.44)

Organizando os termos e considerando que os valores permitidos de {i, j, k} sao
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os numeros fmpares, i — 2i + 1, obtemos a expressao da concentragao:

64C) S o Qi+ Dax] 1 Qj+ Dry] 1
Cley.zn = ;;;;;;2p+1 L ]2j+1 L |2k+1"
. 2 . 2 2
o (2k+1)ﬂz]exp{ Dot{((21+l)7r) +((2]+1)n) +((2k+1)7r) l}
L L L L
(A.45)

Portanto, resolvemos a equacao de difusdo (A.1), sujeita as condigoes (A.2) e
(A.3) pelo método de separacao de varidveis, sendo a concentracao da droga expressa
pela equagao (A.45). Note na equacao (A.44) é possivel identificar a contribuicao de
cada dimensao espacial, de modo que para se obter a solug¢ao para uma capsula uni-
dimensional (nas condiges similares) basta retirar os termos referentes aos indices
J (referente a coordenada y) e k (z). Prosseguindo vamos escrever a concentragao

(A.45) em unidades reduzidas, para tal consideremos:

x*=x/L, y' =y/L, z7"=2z/L,

t* = Dot/L?, (A.46)

C(x,y,z,1)
o

C*(x*,y*’ Z*’ l,*) —

2

entao a concentracgao fica:

64 i Ciji exp{—m1* A ji}

C*(X*ay*,z*at*) = s
s Biji

(A.47)

i,j,k=0

onde A;jx = [(2i + 1?2+ Q2j+ 1) +2k+1)?], Bij = Qi+ 1DQ2j+ 1)2k+1) e Cij =
sen[(2i + 1)rx*]sen[(2j + 1)my*]sen[(2k + 1)7Z"].

O numero de particulas dentro da capsula, em unidades reduzidas, para qualquer
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instante de tempo ¢, é expresso por:

N*(r') = N(©")/N;

1 1 1
= | dx* f dy* f dz7C*(x",y*, 2", t")
fo ) ; (A.48)

512 3 exp{-m*t* Ay}

5 2
T =0 B

b

isto é, encontramos o ntumero de particulas normalizado, N*(t*), que descreve a

cinética de liberacao tedrica para uma capsula continua tridimensional.
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Apendice B

A statistical mechanical model for
drug release: investigations on size

and porosity dependence
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1. Introduction

Many pharmaceutical components, such as tablets, micro/nanoparticles, and others based on natural/synthetic encapsu-
lants and drugs, were developed with assisted computational design. Besides, mathematical modeling and computer simu-
lations can be useful for predicting release profiles, to assist the design process of drug delivery systems [1-6].

Despite the emergence of numerical models and computer simulations as a standard tool for investigating drug release
systems, it is also common to analyze release data using empirical and semi-empirical functions whose parameters are use-
ful for empirically estimating the release mechanisms of the system [7,8]. For this purpose a power law time dependence
[9-11] and the Weibull function [12,8] are among the most used empirical expressions (other propositions are discussed in
Refs. [1,5]). It is also common to fit drug release data using the semi-empirical Higuchi equation [13,14], which was derived
by assuming diffusion in devices with slab geometry and states that the amount of drug released is proportional to the
square root of time.

The main advantage of using empirical and semi-empirical functions stands on its easy use and the possibility of gaining
physical insights on the mechanisms governing drug release profiles. Nevertheless, as discussed by Siepmann and Peppas [1],
the main limitation on using these functions is that an apparent power law behavior cannot be used to infer the physical
mechanism for drug release on a certain device since similar patterns could also appear from a superposition of different
mechanisms.

Although this criticism is focused on the application of power-law and Higuchi functions to HPMC devices [ 1], it is general
enough and should be applied to any release system. Thus, it would be desired to justify the use of empirical and semi-
empirical functions through statistically consistent and physically based models for drug release. Although the Higuchi
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equation is based on a simple physical model it is valid as a short time approximation for the whole release process and
cannot be normalized. While the same problem happens with a power-law function, the Weibull distribution function does
not present this issue and can be used to consistently describe the whole release period.

In this work, simple lattice models for drug release were investigated through Monte Carlo simulations and their release
profiles were adjusted to the empirical parameters of the Weibull function to understand the effect of system dimensionality,
capsule size and membrane porosity on the empirically adjusted parameters of the Weibull function.

An appropriate answer to this question deserves a scaling analysis of the release profiles of different systems (varying
dimensionality, size, and porosity) and regimes (short/long time, single pore/empty membrane). Such analysis was present
in early works [15,16] but these studies are complemented by considering the use of the Weibull distribution function, a
broader range of system sizes, and the use of a random distribution of pores (that we believe to be physically more plausible
on drug capsules with nanoscopic/microscopic size).

To achieve this goal, the lattice gas model is modified with the inclusion of a membrane and pore (or leaking) sites to
represent individual drug capsules (or devices). While a single pore was used in the one dimensional model the membrane
porosity is investigated in detail in two dimensional systems. This is the new feature of the proposed model. Although being
unrealistic, one dimensional models are important test cases since more detailed, analytical calculations can be obtained.
We worked on an analytical solution of the one dimensional diffusion equation with sink boundary conditions and found
it to be in good agreement with computer simulations. Besides, the one dimensional analytical solution presented features
which are common to two dimensional systems.

This paper is organized as follows: in Section 2, semi-empirical functions used for fitting drug release data are discussed
and the lattice models are introduced in Section 3. Our results and discussions are presented in Section 4 while our
conclusions are made in Section 5. The analytical solution of the diffusion equation on a continuous system similar to our
1D model is left for Appendix.

2. Empirical functions for drug release

The use of power law expressions to evaluate the drug release mechanisms was first proposed by Peppas and co-authors
[17,9-11] based on time analysis of dissolution data and also on solutions of the diffusion equation for different device
geometries. In their proposition, the amount of drug released at a time t (for times corresponding to releases smaller than
60% of the total drug on the device, M) can be approximately adjusted by:

M©) = kt", (1)

o0

where k and n are fitting parameters, n being related to the release mechanism. Ritger and Peppas investigated the exponent
n for non-swellable [9] and swellable [10] devices in the form of slabs, spheres, and cylinders, and numerically quantified n
values corresponding to different release mechanisms. As an example, on systems constrained to homogeneous thin films
with n = 0.5 the release mechanism is found to correspond to simple Fickian diffusion, while for 0.5 < n < 1.0 release
mechanism is due to non-Fickian processes [9]. As discussed before, the main disadvantage of Eq. (1) is the unbounded
increase of drug release that limits its use to short times. An alternative is to use the Weibull statistical distribution
function [ 12] which, in the drug release literature, is commonly written as

M(t)
Ms
where a and b are fitting parameters, which b is related to the release mechanism. Note that for short times, Eq. (1) is a first

order expansion of (2), with b = n. As suggested by Casault and Slater [18], a better the physical interpretation of data is
obtained by changing Eq. (2) to:

M(t)_1 £\° 3
Mo P ‘(?) : (3)

so that the t becomes a characteristic time, corresponding to M(t)/My, = 1 — 1/e & 63.2% of drug release. When the
Weibull function is expressed as in (2) the units of a are 8t~ (with 8t defining time units). Although being a possibility,
it complicates the analysis of the empirical parameters without adding new value to the function. Besides, in the original
paper from Weibull, there was a misprint in a parenthesis (related to this parameter), as noted by T.C. Tsu in Ref. [19]. The
use of a or t is not really a problem in limiting cases where exponential behavior takes place, but in other cases the use of T
facilitates a scaling analysis on the empirical parameters of the Weibull function, as will be performed here. Besides, Weibull
distribution with parameter t (instead of a) has also been used to adjust experimental data in pharmaceutical literature [20].

Moreover, it will be convenient to investigate the amount of drug inside the device, N(t) = My, — M(t), by changing Eq.
(3)to

N(t) £\’
N—O = exp |:— <;> :| ) 4)

where Ng = M.

=1—exp[—at’], (2)
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Fig. 1. Typical simulation for models M 1S and M2S. (a) Initial configuration, (b) and (c) half filled system, after some simulation time, along with accepted
and rejected movements, and (d) the last movement.

3. Lattice models for drug release

3.1. Brief literature review

Early works on lattice models for drug release were done by Bunde et al. [15], who investigated scaling laws for release
profiles in euclidean and fractal matrices and obtained short-time and long-time scaling relations for the coefficients
appearing in the release profile, and Balazs et al. [16], who investigated scaling relations for drug systems being released
from capsules with a single pore and from capsule pairs connected through channels.’

More recent work focused on adjusting release profiles to empirical functions, with the Weibull function being the
usual choice because of its ability to accurately fit the whole release process [2,8]. In this direction, investigations related
the parameters of empirical functions with dimensionality in regular euclidean [21-23] and fractal matrices [24-27],
matrix shape and aspect ratio [23], membrane porosity [23,28], capsule (internal) porosity [28,29], variations of diffusion
constant [22,21] and drug concentration inside the capsule [28]. In some cases, Monte Carlo simulations of lattice models
were used to adjust and even “predict” the release profiles of real systems, such as in Ref. [29-31].

3.2. Current proposal

This paper investigates models for drug release in which drug particles are encapsulated within a polymer matrix
represented through either a one dimensional linear lattice of size L or a two dimensional square lattice of size L x L.
A single drug particle can be placed on each matrix site and it moves through random jumps to nearest neighbor sites.
An external membrane covers the matrix and limits drug diffusion to the outside medium by blocking diffusion except at
leaking sites placed along the membrane. Three different models are considered depending on system dimensionality (1D
and 2D) and fraction of leaking sites: a one dimensional lattice model with a single leaking site in one of lattice borders
(M1S); a two dimensional square lattice model with a Single leaking site placed in the middle of a matrix border (M2S), and
a two dimensional square lattice model with a Fraction A of the membrane sites randomly marked as leaking (M2F) (see
Fig. 1).

A typical simulation starts with a filled matrix and drug particles are randomly selected for moving. Whenever a particle
jumps into a leaking site, it is removed from the system, and decreases the number of particles inside the matrix. After
each attempt, the time is incremented by §t/N, where §t is a Monte Carlo step time unit and N is the number of particles
remaining in the matrix. The number of particles inside the system is monitored as a function of time and the simulation
usually stops when the last particle leaves the system (for large one dimensional systems, simulations run up to at least 98%

1 Note that Balazs et al. [16] used a different notation. They denominated their capsule system as a pore and their pores as exit holes.
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Table 1
Parameters of the Weibull equation (4) fitted from results of different models.
Model L (lp) A b 7 (MCS)?
Theoretical (1D) 1 - 0.867 0.08131
30 - 0.806 5.801 - 10
M1S 300 - 0.800 5.505 - 10%
3000 - 0.802 5.320- 108
10 - 0.989 6.886 - 10
M2S 32 - 0.993 8.631-10°
100 - 0.995 9.887 - 10%
50 0.25 0.812 1.003 - 10°
M2F 50 0.50 0.797 4.922 - 10%
50 1.00 0.725 3.215 - 10

2 The 7 value obtained from the diffusion equation was reduced through system size and
diffusion constant D while values from computer simulation values were shown in units of
lattice spacing (lp) and Monte Carlo steps (MCS).

100 | 1
10 E
| |
5 ..
Z (t/r) .-~
E
S 01} e 1
o
"z L=30 (M1S) -
) 300 (MIS) =
001 F s 3000 (MIS) o 1
T L=10(M2S) =
32(M28) ©
100 (M2S) o
0.001 ‘ ‘ ‘ :
0.001 0.01 0.1 1 10

Fig. 2. Testing the adequacy of adjusting models M1S and M2S with the Weibull function is obtained through the log-log plot of & In[Ny /N (t)] as a function
of t /7, where & = 10?1 is used to shift the 2D data (d equals the dimensionality). Analytical results for 1D system are plotted with a straight line and the
expected, adjusted functions, are shown in dotted and dash dotted lines.

of drug release). The mean particle number N(t) was then obtained by averaging at least 150 different simulations on M 1S
model and 1000 simulations on M2S and M2F models.

For investigating the M2F model, we simulated systems with all possible fraction of leaking sites, from a membrane with
a single pore until a whole porous membrane. In this case, each simulation started with a random distribution of pores along
the matrix membrane and simulations with identical porosity A, but different distributions of leaking sites, were averaged.
The linear systems were then investigated with L varying from 30 to 3000 (M1S), square matrices with L varying from 8 to
100 (M2S), and square lattice with porous membrane of sizes L = 40, 50, and 70 (M2F). In the next section, results from
numerical simulations and theoretical calculations are discussed.

4. Results and discussion

The Weibull function (4) provided accurate fits for release curves obtained from both Monte Carlo simulation and
analytical solutions of the diffusion equation, and the adjusted values for parameters b and 7 are listed in Table 1. For
Monte Carlo simulation data, adjusted errors on b and T were about 10~* and 10~> Monte Carlo steps. Note that Table 1 also
includes Weibull parameters for theoretical 1D results? and three different densities of leaking sites in model M1F, which
will be discussed further below.

The adequacy of Weibull distribution functions for adjusting release data from models M1S and M2S can be further
investigated through a log-log plot of « In[Ny/N(t)] as a function of t/z, as shown in Fig. 2 (note that « = 109~!, with
d being the dimension number, is used to shift the 2D data). With this function, straight lines slopes correspond to the
expected b values of Weibull functions and can be compared to the adjusted values in both models, as shown in Fig. 2. Model
M2S presents b = 1 except for a few starting points and the one dimensional M1S model only approaches the adjusted b
exponents in the intermediate range (between 0.5t < t < 57) and clearly does not follow the interpolated behavior on

2 1t should be relevant to mention that for analytical solution expression (A.6) was calculated using the first hundred terms of the series.
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Fig. 3. Characteristic release time 7 as function of size L for M2S model with sizes L varying from 8 to 100. (Inset) Detailed numerical calculation of the
characteristic time scaling coefficient with L through © = dInt/dInL.

initial and final release times. Nevertheless, care must be taken when analyzing Fig. 2 on the small ¢/t limit, because a
double logarithm is used. For example, on the M 1S model, only the first four points significantly deviate from the expected
b = 4/5 adjusted straight lines®> while the majority of the points happen near the adjusted b value. Long time behavior of
release data will be discussed further below, in connection with our analytical results.

Monte Carlo simulations shown in Fig. 2 indicate size independence of drug release mechanisms on models M1S and
M2S, since release data on different sizes collapse to the same functional form. Although being interesting, this conclusion
is valid only for these models and, as will be discussed below, the Weibull parameter b is size dependent on models where
porous membranes are considered.

The fact that adjusted b values are integer fractions on both M1S and M2S models indicates that more detailed analytical
methods might be accessible and useful for improving our understanding about these systems. It is reasonable to think that
the release rate in the 2D model M2S can be directly associated with total amount of drug inside the capsule, resulting in a
release mechanism in which particles are essentially uncorrelated, with b = 1.

In the one dimensional model, when b &~ 4/5, the drug release seems to be affected by dimensionality, since it has been
shown that hard core interactions play no effect on drug release for this kind of system [15,16]. By avoiding the lattice, in
the analytical solution, we find b ~ 0.867 > 4/5, which is slightly increased when compared to M1S, and is an indication
that the presence of a lattice reduces b.

Next, we investigate the scaling behavior of the characteristic time 7. The adjusted 7 values are shown in Fig. 3 for model
M2S and follow a power law with system size expressed as

T =al*, (5)

with values of a and u printed along the curves. Note that u values slightly deviate from the quadratic behavior expected
from a simple dimensional analysis on the diffusion coefficient D of drug molecules inside the 2D capsule,
LZ
TR . (6)
Duas

In fact, in a more detailed numerical analysis, using © = d1Int/9d InL, it was found that x consistently deviated from the
expected value of 2, with (1) = 2.14(5), as shown in the inset of Fig. 3. For the one dimensional system (M1S model) ©
value was equal to 2 with up to three significant digits.

Membrane porosity

Porosity was investigated in the 2D model M2F by randomly assigning N, porous to the membrane. Here, the porosity
parameter X is defined as

N
T @)

Figs. 4 and 5 show the behavior of Weibull exponents b and t as a function of A for three capsule sizes (L = 40, 50, and
70). As discussed before, an interesting feature of Fig. 4 is that size independence on b occurs only for capsules with a single
pore (or possibly few). Although the functional dependence of b on porosity does not seem to change abruptly with size, b

3 This happens for about 7 /4 of the simulation, corresponding to less than 15% of drug release.
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Fig. 4. Dependence of the Weibull exponent b on porosity A, for three 2D capsules sizes.
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Fig. 5. Dependence of the characteristic time 7 on Weibull equation (4) as a function of porosity A, for three 2D capsules sizes.

values systematically decrease for larger systems. When porosity A is increased, b strongly deviates from the uncorrelated
case, with b = 1, and reaches a plateau around 0.2 < A < 0.4 with 0.8 < b < 0.85 for different sizes. This pattern seems
to be related to the coexistence of two mechanisms for particle diffusion within drug capsules. In the first mechanism, drug
molecules escape one by one, as an effusive gas, and in the second mechanism, drug molecules are “almost” free to diffuse,
being only limited by the time needed to open a free space in the neighborhood of each particle. In this way, it should be
noted that in an effusive system release rates do not change with system size, while in a diffusive system, the release is
limited by the contact between the capsule and the external medium, which is proportional to capsule size. This explains
why there is size dependence on b for A = 1.

We have also searched for a scaling law on characteristic time t involving size L, as in Eq. (6), but including porosity A.
For this purpose, we fixed size L and looked for a A dependence of the form

T = 1Al, (8)
with 7y being a size dependent adjusting constant. As shown in Fig. 5, § turned out to be size dependent, avoiding the

possibility of a power law, as in Eq. (8).

Long-time behavior

Finally, we investigated the long time behavior of three particular cases: 2D capsules with half porous membrane
(A = 0.5) and without membrane (A = 1.0), both with L = 70 and a 1D M1S capsule with L = 300. In all cases, the
final 5% drug release is better described with a single exponential, i.e., with b = 1. As shown in Fig. 6, the late release follows
an exponential decay resembling the behavior found in large time limit of the analytical equation (A.6), obtained for the 1D
continuous capsule model.
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Fig. 6. Exponential decay pattern of the 5% final drug released from 2D and 1D capsules with parameters as indicated. Time t’ refers to N(t") /Ny = 0.95.
5. Conclusion

We proposed and investigated simple lattice models for drug release in capsules covered by semipermeable membranes
in one and two dimensions. These models were investigated using Monte Carlo simulations and an analytical solution was
obtained for diffusion equation in a continuous one dimensional system, which is similar to our one dimensional capsule.
Release profiles were adjusted to the Weibull distribution function, which has been used to interpolate experimental and
numerical data on drug release, and the behavior of empirical parameters was investigated as a function of size and porosity
(2D model only). For models M1S and M2S, which included a single pore along the capsule membrane, we found that the
empirical parameter b related to the release mechanism was size independent with b ~ 0.8 = 4/5(1D)and b ~ 1 (2D).
Size dependence on the empirically obtained characteristic time T was found to be reasonably well described by a quadratic
behavior expected from a simple dimensional analysis, with almost perfect agreement in 1D and a slight deviation in 2D,
with 7 oc 2130,

The effect of porosity on the membrane was investigated in the 2D model M2F by varying the porosity parameter A from
1/4L (single pore) to 1 (no membrane). The empirical parameter b presented complex behavior depending on A (Fig. 4),
which is possibly associated to two coexisting release mechanisms (effusion and diffusion without membrane). In addition,
size independence on b ceases even for a small pore number. Although a simple scaling law relates the characteristic time
T to size on single pore systems, a similar scaling dependence including porosity A was not found for the current proposed
model. In all cases, the final 5% of drug release was consistent with an uncorrelated particle release (b = 1).

For the models investigated on this paper, we found that the drug release data can be accurately adjusted to Weibull
distribution functions. In addition, for systems with a small porosity, the release mechanism (as expressed by parameter b)
is size independent and the characteristic release time t satisfies a simple scaling law as function of size.
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Appendix. Analytical results for 1D systems

The release kinetics of a one dimensional drug capsule can be described with the diffusion equation,

oc _ ¢ A1)
at ax2’ '
where C = C(x, t) is the drug concentration as a function of position x and time ¢, and D is the drug diffusion coefficient
(inside the capsule). The solution to this equation is standard and will be described shortly (for additional details we suggest
Ref. [32]).
By considering a drug capsule as modeled in Section 3, a single leaking site should be implemented on one of the capsule’s
borders, but it is possible to prove that a single leaking site added by a reflexive barrier is equivalent to two leaking sites in
a capsule with doubled size [32]. In this case, boundary and initial conditions are:

C(L,t) =C(=L,t) =0, (A2)
and

C(x,00=0C, —-L<x<lI, (A3)
with LCy = Np.
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Eq. (A.1) subjected to (A.2) and (A.3) can be solved with standard variable separations and power series techniques,
resulting in

o0

CH(x*, t*) = 4 Z o 1+ N exp[—(2n + 1)%72t*] sin[(2n + 1)7x*], (A4)

where reduced units were defined as C* = C/Cy, t* = Dt/L? and x* = x/L. The normalized average number of drug particles
inside the capsule becomes

1
N*(t") = N(t*)/No = f o e (A5)
00 i} 1
== ;exp [—(2” + 1)271'21' ] m (A6)

For large times, t* > 72, the average particle number inside the capsule becomes:
* ek 8 2%
N*(t*) ~ —zexp(—n t*), (A7)
b4

from which we conclude the approximate value of the normalized characteristic time is 7* = 7 =2 & 0.1. This last result
is in accordance with the value t* & 0.08 adjusted from the exact solution (Table 1). An exact expression for the average
residence time can be obtained from (A.6) as

8 o0
=2 , A8
4; 2n+1)4 (A8)

and, by considering up to the third term, this series results in (t*) ~ 0.083, which is closer to the numerical result of Table 1.
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1. Introduction

The advances in the synthesis technology of porous materials allowed the development of new matrices (monolithic)
and membrane pharmaceutical devices where size, shape and pore distribution can be fine controlled during the
fabrication process [1-4]. Understanding the connection between drug release rates and the characteristics of the device
has an enormous potential for improving the treatment of various diseases.

Mathematical modeling of drug release usually involves finding the proper form of a diffusion equation considering
the essential physical phenomena occurring as particles diffuse through the capsule device [5-7]. In the pharmaceutical
literature it is also a common procedure to fit drug release data to semi-empirical functions and use this information to
obtain insights onto the processes through which the drug is released. Since many factors can contribute to determine
the final drug release, this procedure can be subject to ambiguous interpretations that could make the data analysis
even more confusing [8]. Thus, a more systematic approach for understanding the relation between release data and
physical processes occurring inside the capsule is desired. We work in this direction by simulating minimalist lattice
models devised to describe both drug and physical device (or capsule) and investigate the relation between drug release
patterns and the system porosity through the semi-empirical parameters of the Weibull function.

In this work a lattice gas model is proposed for investigating the release of drug molecules encapsulated on devices with
semi-permeable, porous membranes in two and three dimensions, following a previous work on 1D and 2D systems [9].

* Corresponding author.
E-mail addresses: aureliobarbosa@unb.br (M.A.A. Barbosa), faooliveira@gmail.com (F.A. Oliveira).
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Release patterns were obtained through analytical solution of the three-dimension diffusion equation, for systems without
membrane, and Monte Carlo simulations (MC), for systems with porous membrane, and adjusted to the Weibull function,
exp[—(t/7)"]. The dependence of the characteristic time r with the membrane content, defined as the inverse power of
porosity, ¢ = A~!, was found to satisfy linear relation, that is justified using reasonable physical arguments. The parameter
b was found to satisfy a scaling relation with ¢ from a regime without membrane for up to 90% of membrane coverage.
This article is organized as follows, in the next section we present the Weibull distribution and discuss previous
investigations about its semi-empirical parameters using statistical mechanical models, the current model and the
simulations protocol are introduced in Section 2, while our results and discussions are presented in Section 3. An analytical
solution for the diffusion equation of a continuous system similar to our 3D lattice model is presented in Appendix.

1.1. Weibull distribution

The Weibull distribution function was originally proposed by Waloddi Weibull in 1951 as an empirical function used
to adjust non-linear experimental data from complex systems [10]. Distributions on systems as diverse as electric bulb
duration, life expectancy in human populations, and yield strength of steel where investigated in the original work, but
its range of application is much broader since the Weibull function is one of possible distributions of extreme statistics,
along with Fréchet and Gumbel distributions [11,12]. For further details on the Weibull distribution see the Ref. [13],
which discusses the history, the statistical properties, and other topics related to this distribution. On the pharmaceutical
research it was first used to adjust data from drug release on 1972 by Langenbucher [14] and, since then, it became
common to use the Weibull function to obtain phenomenological insights into the intrinsic mechanisms governing the
drug release. As discussed by Slater [15], it is appropriate to write this as:

b
%ZEXP |:_ (%) :|’ (1)

where N(t) is the amount of drug molecules inside the device as a function of time t and Ny = N(0) is the initial number
of drug molecules inside the device. The parameter 7 is associated with the time where approximately 63% of the drug
has been released and b with the physical mechanisms leading to drug release within the device [14,16,17]. Expression (1)
is found as a distribution function in out of equilibrium systems and b # 1 in diffusive models is usually associated to
process with colored noises and/or memory effects [18,19].

Lattice models have been used to investigate the relation between the release and capsule parameters [20,21]. While
early works were devoted to finding scaling properties of regular, fractal and multi-channel matrices [22,23], more recent
work using lattice models (usually on the pharmaceutical literature) was focused on validating the usage of semi-empirical
functions, as well as understanding the relation between various physical aspects of the capsule, such as shape, system
dimension, drug concentration on drug release [24,16,25-28,17,29-35,9,36,37]. In the current work we investigate the
relation between porosity and drug release by using the Weibull function as an interpolating function, as in the previously
mentioned work, assuming that the semi-empirical parameters b and t retains relevant physical information about the
nature of the capsule. We present physical arguments which result in a linear relation between characteristic release
times and membrane content (which will be defined in terms of porosity, in the following) and, besides that, results from
Monte Carlo Simulations indicate that the parameter b is related to porosity through simple scaling relations.

2. Model and Monte Carlo simulation

The model investigated here is based on a previous work on 1D and 2D system inspired on the lattice gas model to
represent a system of device capsule plus drug, and simulate the non-equilibrium drug release process [9]. The current
modeling includes 2D square and 3D simple cubic lattice, both with size L, for representing the devices delivering drugs.
Drug molecules are represented as single particles occupying lattice sites and kinetics is obtained by allowing particles
to move randomly to unoccupied nearest neighbor sites. Excluded volume interaction precludes two drug molecules to
share the same site. A membrane with edge size L+ 1 covers the device and acts by blocking drug molecules from leaking
to the outside environment. There are n randomly positioned leaking sites on this membrane “surface”, and the porosity
parameter A can be define as Aq = n/ns 4, where ns 4, the number of surface sites on a capsule with dimension d, is
identical to 4L (n/6L%) for 2D (3D) system. A single 3D model device with L = 10 (L* = 10 sites) and porosity A = 1/6
(100 leaking sites) is represented on Fig. 1(a). It is important to mention that the current implementation of our simulation
protocol fixes the code of our previous 2D simulations [9].!

Drug release kinetics is obtained through Monte Carlo simulations, as discussed in the literature [38-40], with the
difference that both the average and standard deviation of particle numbers are collected on each time step. On this
work, standard deviations will be used to weight data while adjusting the entire release curve to the Weibull function. The

1 The code used for generating the MC simulations in our previous work [9] was written in C and presented a bias in the procedure for sampling
membrane pores, towards one of the edges. This error introduced an artifact in the behavior of b as a function of A, thus hiding the scaling relations
that we observed here for both 2D and 3D systems.
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Fig. 1. Representation of a three-dimensional device with size L = 10 and porosity 2 = 1/6 encapsulating drug molecules. A few molecules (blue)
are escaping through pores (yellow), while most particles are kept inside the capsule by the membrane covering it (red). Release dynamics of a
single simulation is illustrated in (b) while in (c) the same quantity is averaged over 250 different simulations.

reader is referred to the original work for more details, but the main points of the MC simulation protocol are described
here for clarity. The initial configuration of all simulations is a filled device, i.e., the initial number of particles is L? (L3)
on 2D (3D) and, on each device, its membrane leaking sites are randomly assigned in accordance with its porosity value
A. On each simulation drug particles are randomly selected and allowed to try a random jump to a nearest neighbor site,
and it is allowed only if the new site is empty. After each attempted movement time is incremented by a factor §t/N,
where 6t is a standard MC time unit and N is the number of particles remaining inside the capsule. Whenever a particle
jumps into a leaking site (pore) it is removed from the system, thus decreasing the number of particles inside the capsule.
A number R, ; of different simulations with the same size and porosity run in parallel, each simulation ending when at
least 99.99% of the drug particles have leaked from the capsule. After finishing all simulations release profiles are obtained
by calculating the average number of particles, N(t), and standard deviation o (t) = /(N(t)?) — (N(t))? through the Ry ;
simulations, with R ; numbers being equal to 1000 and 250 in 2D and 3D systems, respectively.

A capsule with size L = 10 and a membrane with n = 100 leaking sites, corresponding to a porosity A = 1/6, was
simulated to illustrate a typical model system, as shown in Figs. 1(a)-(c). A single configuration is illustrated in (a) while
the output from a single simulation and the final drug release profile, as averaged over 250 simulations, are presented in
Figs. 1(b) and (c).

3. Results and discussion

We present results from MC simulations of devices in two and three dimensions with edge sizes given by L,p €
{150, 200} and L3p € {30, 40, 50}, respectively. The effect of porosity was investigated by varying the parameter A from
values corresponding to 1% to 100% of pores, with increment steps of 1%.2 Once a release curve is obtained, as illustrated
in Fig. 1(c), the Weibull function is adjusted to the data set and a scaling analysis is performed on the dependence of
the release parameters b and t as a function of the inverse porosity ¢ = A~', which will be denominated as membrane
content hereafter.3-* A detailed investigation on 3D systems without membrane (i.e., ¢ = 1) was done by adjusting the
Weibull equation to release data coming from MC simulation and from the analytical solution of a continuous system
with similar boundary conditions and will be discussed in the next subsection.

2 In both 2D and 3D models » values were in the range between 0.01 to 1.00 with increments of 0.01.

3 1t should be possible to define the membrane content in various ways. For instance, one could define it as the logarithm ¢ = InA~!, and even
to normalize it by the maximum value. We decide to keep it as simple as possible, resembling the observed scaling behavior.

4 The membrane fraction is defined as Am = 1 — 1 and, for small values it is related to the membrane content by:

¢=1/A=1/(1—=An)~ 1+ An.
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Fig. 2. (a) For a cubic device without membrane, the Weibull function is fitted to release data from both the analytical solution of diffusion equation
(points) and Monte Carlo simulations with different sizes. In (b) the same data is shown in a triple log graph.

Before proceeding it should be important to note that the standard deviation o (t) is not commonly used or discussed
in computer simulations of lattice models for drug release [9,24,29]. In this work o(t) was used as a data fluctuation
resembling the deviations observed in real systems, resulting in an improved nonlinear fitting: in the case of a 3D capsule
without membrane (¢ = 1) it was found that, although it does not introduce any qualitative change on the parameters b
and 7 its use allowed an improvement on the fit to MC release data, as measured by the variance of residuals.’

3.1. Capsules without membrane

In the case of 3D devices without membrane (A = 1) it is possible to compare numerical simulations with the
analytical solution to the diffusion equation, presented on Appendix. On Fig. 2 release data from Eq. (A.6) and results
from simulations of devices with various sizes are shown in parallel, with the Weibull function adjusted to data from the
analytical/continuous model. Variables are normalized and drug release profiles are shown in (a) regular and (b) triple
log® perspectives. As discussed previously [9], in the regular perspective Weibull functions seems to accurately fit release
data in the whole time interval. Nevertheless, such analysis can be misleading and a proper way to visually assess the
quality of the fitting procedure is to plot the data in a triple-log graph where the Weibull function draws a straight line
with slope b. This point has as discussed by Langenbucher [14] and others [42]. As depicted in Fig. 2(b), the release data
slight deviates from the straight line on initial and final release times, indicating that both regimes are not described with
precision by this empirical function. Ignacio and Slater noted that the Weibull function presents an average compromise
between the two limits and proposed a new, physically compatible, semi-empirical function that would be suited for
adjusting those limiting conditions [42]. In Ref. [36] Christidi and Kalosakas have shown that simulation results deviates
from Weibull mostly in the final release, where the device loses its pharmaceutical usage, thus justifying its usage on
the context of lattice models for drug release. A more detailed analysis on the data from Fig. 2 allows us to infer that, in
our model, MC data only starts to significantly deviate from the adjusted Weibull function after 95% of the capsule drug
content has being released, as observed before for another lattice model [36].

3.2. Phenomenological relation between t and the membrane content

Now we will derive a phenomenological relation between a typical release and the porosity A (or membrane content,
¢ = A~1), which is illustrated on Fig. 3 (top). For a large capsule only a small fraction of the particles within it are located
near the membrane and the average release time can be approximately described by the average release time of a typical
bulk particle. Without considering reflection on the membrane any bulk particle will spend an average time 7z before
reaching the interior surface of the capsule, and an additional average time ts to be released from the neighborhood of the
membrane to the exterior medium. Since bulk sites are physically separated from the membrane pores by interior surface
sites it should be reasonable to think that tp is dependent on the capsule size but not on the number membrane pores.
On the other hand, the average time that a given particle spends on a surface site near the membrane must be a function
of the number of pores. It is also expected a divergence on the residence time ts in the case of a capsule completely

5 The goodness of the fit can be measured by a value of variance of residuals 6 = x2/v, where x are the residuals [41] and v is the difference
between number of points and the number of parameters. In the case of a 3D release capsule of size L = 40 without membrane we observed that
6 decreased by three orders of magnitude when fitting the data with o(t), with values 88.600 with o and @ ~ 121 x 10® without it.

6 In the current context, a triple log corresponds to a double logarithm in the vertical axis and single logarithm in the horizontal axis.
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Fig. 3. (top) Phenomenological approach used to obtain the dependence of the average residence time inside the capsule as a function of the porosity,
Eq. (3). Bulk drug molecules spend a time 73 to leave the bulk, reaching the inner surface near to the membrane, and a time 75 to be released from
the surface. (bottom) The normalized characteristic time, (z — 7;)/7J, as a function of membrane content, { = A~ (see text), for different capsule
sizes in 2D and 3D lattice models.

covered by a membrane, lim,_.o s — 00, and its value should decrease continuously by increasing the number of pore
sites, tending to a minimum value in the case of a capsule without membrane (A = 1). Thus, it should be interesting to
consider the latter function in terms of membrane content, ¢ = A~!, and expand it as:

75(8) = 75(0) + 75(0)¢ + O(¢?). )
Using this expression on the Weibull parameter t one obtains:
T~ 1+ 18 (0)L, (3)

where 1} = 13 + 75(0) and ¢ = 7{(0).

Despite the simplicity of the arguments leading to expression (3), it reasonably reproduces the behavior of t(¢) for
2D and 3D capsules under all porosity regimes, with 7; and ¢ as parameters adjusted from simulations, as shown in
Fig. 3 (bottom). The use of a second order approximation in (3) resulted in corrections three orders of magnitude smaller
than those of the first order contribution, indicating that Eq. (3) is a reasonable approximation to t(¢). Since the curves
in this figure were almost linear, we also considered the surface residence time scaling as a power law of the membrane
content, as

T~ 4T (0), (4)

where 1 is a real coefficient. Table 1 lists the values of parameters appearing on Egs. (4) and (3) as well as those used
to investigate the behavior of b (discussed in the following subsection). It is interesting to stress that the values of 7,
which should be used as a scaling coefficient describing a scaling behavior connecting t to ¢, Eq. (4), is close to identity,
providing another validation for the phenomenological derivation leading to Eq. (3).
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Table 1
Parameters relating the characteristic Weibull time T and membrane content, from expressions (3) and (4), fitted to
drug release data from model devices in two and three dimensions.

Model L Ty [ 5" ™ n
2D 150 2195 + 17 394+1 23835 309+ 1 1.055(1)
200 4087 + 20 533+2 4315+ 9 430+3 1.049(1)
3D 40 134+1 55.3+0.1 120.6 £ 0.7 61.5+0.3 0.975(1)
50 215+2 69.3+£0.1 194.6 £ 0.9 79.2+0.4 0.969(1)
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Fig. 4. (a) Semi-empirical release parameter b against the membrane content. The point (e) denotes the value of b’ ~ 0.65, obtained from the
solution to the diffusion of a device without membrane. (b) Log-log plot of the release parameter b normalized, [b/b;]/%, as a function of ¢, where
d is the capsule dimensionality.

3.3. Scaling behavior of b with membrane content

In Fig. 4(a) we show the semi-empirical Weibull parameter b as a function of the membrane content ¢ for 2D (3D)
capsules with sizes L = 150 and 200 (L = 40 and 50). A single filled point (e) indicates the value b ~ 0.65 obtained
from the solution of the diffusion equation without membrane, whose diffusion profile is shown in Fig. 2. Note that the
same trend is observed in 2D and 3D: as a blocking membrane starts to cover the capsule b increases as a power law
from b(¢ = 1) &~ 0.75 up to a point where 90% capsule is covered with a membrane (at about A~! = 10) and, after this
region, b values start to increase in a less pronounced way. In two dimensions, increments in b with membrane content
are slower but it still converges to an uncorrelated exponential decay, with b &~ 1, as found in our previous work (see
Ref. [9]). The same tendency is observed regardless the sizes or dimensions. The behavior of the Weibull parameter b for
values of membrane content ¢ corresponding from no membrane ({ = 1) to about 90% of membrane coverage can be
adjusted with the power law expression:

b= big", (5)

where b; = b(¢ = 1) is the size dependent contribution to b, and w is a scaling factor. In principle, the empirical coefficient
b does depend on size, porosity (or membrane content) and system dimension. Since the contributions coming from size
and porosity were already taken account on expression (5) through b; and ¢, one could expect the scaling coefficient n
to depend only on the system dimension, d. This hypothesis is supported by Fig. 4(b), where it is possible to infer that u
can be adjusted with a linear relation of the type

u~axd (6)
for capsules with less than 90% of membrane content, with a &~ 1/25. Note that Fig. 4(b) confirms that a linear relation
for In¢ = In(b/b;)"/¢ is approximately valid in the interval 1 < ¢ < 10.

4. Conclusions

A simple lattice, statistical mechanical model based on the lattice gas, has been proposed to investigate the dependence
of the drug release profile and porosity in 2D and 3D models. The number of drug particles inside the device was
adjusted to the semi-empirical Weibull function, and a detailed investigation on the dependence of the semi-empirical
parameters b and t with porosity (or membrane content) was performed, based on Monte Carlo simulations. While
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a simple phenomenological argument allowed us to write a linear relation between the characteristic time t and the
membrane content, here defined as ¢ = 1/A, numerical results allowed us to write b in terms of a power law with a
scaling exponent proportional to the system dimension. Both results were validated using well converged Monte Carlo
simulations, where both the number of particles and its standard deviation across multiple simulations were collected,
with the latter being used as a fluctuation whose usage significantly improved the fitting to numerical data.

It should be interesting to note that our results corroborates the classification of b values proposed by Papadopoulou
and et al. [17], which estimated that for b < 0.75 the release mechanism is mainly dominated by Fickian diffusion, while
diffusion is combined with another mechanism for values in the range 0.75 < b < 1.0 [17]. This is in accordance with
our results from Fig. 4(a), since for membrane content values corresponding to few membrane sites, i.e.,, { — 1, we found
b in the range 0.65-0.75, indicating that random displacements, or Fickian diffusion, is the principal mechanism for drug
particles to release the capsule. On the other hand, when the number of membrane sites are increasing, and thus the
escape probability for particles inside the device are decreasing (high membrane content values in the x-axis of Fig. 4(a)),
b values are increasing in the range between 0.75 and 1.00. Again, this is in agreement with the Papadopoulou et al.
criteria [17] since, in this regime, the heterogeneous membrane becomes a major factor on limiting diffusion, thus blocking
drug particles from being released to the outside environment. Concomitant to the increase on b, observed with the
increase on membrane content.

We expect that our results can be useful for estimating release patterns in real drug carriers, such as porous silicon
nanoparticles, were porosity can be controlled by fabrication and/or surface functionalization. It would be possible, for
instance, to use Egs. (3) and (5) to extrapolate the release profile of a small number of samples in order to obtain the
desired release profile, on monolithic devices covered with porous membranes, thus reducing the number intermediate
sample devices that should be prepared.
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Appendix. Drug release from the solution of the diffusion equation solution for 3D capsules without membrane

We use the diffusion equation to investigate a three-dimensional cubic capsule of size L, with constant initial drug load
in analogy to our 3D lattice model without membrane. By assuming that the diffusion coefficient Dy is constant inside
the capsule the Fick’s second law may be written as [43,44]:

aC
== DoV2C, (A1)

where C = C(x, t) is the drug concentration as a function of the position x and the time t. The above equation is subject
to the initial condition and the boundary condition:
C(x,0) = Go, (A2)
C(0,t) = C(L,t) =0, (A3)
where Cy = Np/L? is the initial drug concentration and Ny is the initial number of particles into the device.

The Eqgs. (A.1)-(A.3), can be solved by standard variable separations and power series techniques. By introducing
reduced units:

Xt =x/L, vy =y/L, z* =2z/L,

t* = Dot /L2, (A4)
Cx,y,z,t
NOLC NN WES #
Go
the solution becomes:
64 < Cjx exp{—1’t*A;
C Y 2t ) = o Y T T pL=m ™ A (A5)

B
i.j,k=0 ijk
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where A = [(2i + 102 + (2j + 1)> + (2k + 1], Bjx = (2i + 1)(2j + 1)(2k + 1) and Gy, = sin[(2i + 1)7x*]sin[(2j +
1)y*]sin[(2k + 1)rz*]. The number of particles inside the capsule can be calculated as:

1 1 1
N*(t*):/ dx*/ dy*/ dz*C*(x*, y*, z*, t¥)
0 0 0

512 o exp{—m2t*Ap} (A6)
= 6 -
ij,k=0 Bijk
For long time periods, t* > 372, the release mechanism is described by a single exponential decay:
512
N*(t*) ~ — exp(—37°t*). (A7)
b4

The average of the residence time in the capsule can be obtained from (A.6) as

[o.SlENe olENe o]

— 512 1
DD W )

i kB2,
i=0 j=0 k=0 '-kZijk

The quantity t* & 0.0185 can considered as a first approximation to the characteristic time v on the Weibull function.
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Statistics of a flexible polymer chain confined between two reflective walls
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We carried out a coarse-grained Brownian dynamics of a flexible polymer chain in a good solvent
confined between two reflective walls in a distance of D. Our results show that the distribution of
the z component (perpendicular to the wall) of the end-to-end distance is given by a simple cosine
square while the gyration radius is normally distributed. From the distribution of the z component
of the end-to-end distance we estimate the free energy and force exerted by a confined flexible chain
on the walls. Moreover, we found that for a long flexible chain the perpendicular component of
the mean-squared gyration radius scales with the distance between the walls, (Rg?) oc D*, where p

value slightly deviate from the quadratic behav

ior.

Keywords: confinement; gyration radius; end-to-end distance; distributions; reflective walls

I. INTRODUCTION

Confined polymer chain between two solid walls has
been studied for a long time from different approaches,
in which, theoretical and computational works (such as
Monte Carlo (MC) and Molecular Dynamics (MD) sim-
ulations) were applied to verify and to investigate the
chain properties and its scaling relations [1-4].

In this way, different kinds of confined polymer mod-
els, such as confined semiflexible [5, 6] and flexible poly-
mer chains in a good solvent [1, 2], dynamics of confined
polymer melt [7, 8], properties of confined branched poly-
mers [9] and effects of confinement on coil-globule tran-
sition [10] were investigated for different kinds of walls
(repulsive and attractive, for instance).

As for the properties of a single polymer chains un-
der good solvent conditions (self-avoiding walks) con-
fined between two walls are relatively well understood
(for further discussions see the reviews [1, 6]). For ex-
ample, the mean-squared end-to-end distance [3], the
mean-squared radius of gyration [11], diffusion coeffi-
cient [11] and monomer density distribution [2-4] were
investigated as a function of the distance between the
walls. In many of these studies the confined chain prop-
erties are in a good agreement with theoretical scaling
predictions [1, 2, 4].

In order to characterize the confined chain properties
and its scaling relations; the properties are usually stud-
ied in terms of its parallel and perpendicular components
to the confining walls. As mentioned by Dimitrov et
al. [2], the early studies has been paid too much attention
to the parallel direction while the perpendicular direction
has been ignored. For instance, they show that the mean
squared end-to-end distance and the mean squared gyra-
tion radius (perpendicular component to the wall) both
scales with the square of the distance between the walls,
which means, (R? ) o< D2.

In this paper, we present results of a coarse-grained
Brownian dynamics of a single flexible polymer chain in

* emt1000@cam.ac.uk
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a good solvent confined between two reflective walls. We
perform a robust statistical analysis of the chain confor-
mation in a confinement, looking for the distributions of
z component of the chain ends and chain middles (just
the component perpendicular to the wall). And also we
analyse the distributions of the end-to-end distance as
well as the gyration radius. From the later, we found
that for a long flexible chain the perpendicular compo-
nent of the mean-squared gyration radius scales with D,
(Rg?) o< D*, where p value slightly deviate from the
quadratic behavior, which is in a reasonable agreement
with the scaling predictions [2]. Finally, from the dis-
tribution of the perpendicular component of the end-to-
end distance we estimate the free energy and force ex-
erted by a confined flexible chain on the walls, which is
compared with the force acting on the walls due to the
confinement of a Gaussian chain obtained from the clas-
sical work of Edwards and Freed (1969) on properties of
confined chains [12].

This paper is organized as follows, in Section II, the
model and the simulation protocol are introduced while
our results and discussions are presented in Section III.
Finally, our conclusions are made in Section ?7.

II. THE MODEL

We consider the Kremer-Grest bead-spring model for
polymers [13, 14], where N beads (monomers) are con-
nected along the polymer chain through non-harmonic
spring model, which is essentially composed of attractive
finite extensible nonlinear elastic (FENE):

lnP7< >1,T§RO

r > Ry,

T

—3kR3 o

(1)

and a repulsive truncated Lennard-Jones potential (also
referred as Weeks-Chandler-Andersen (WCA) poten-



tial [15]) cut off at r = 21/04:
e () - (

0,

UWCA(T') —_
r> 21/60,

where r is the center-to-center distance between consec-
utive beads, €* is the repulsive LJ strength and o the
diameter of an individual monomer.

In this way, the FENE potential is harmonic around
its minimum. The spring constant can be considered as
k = 30¢* /02, which promotes the minimum bond length
to be approximately equal 0.960. Furthermore, the poly-
mer chain cannot be stretched from the maximum bond
length Ry 1.50 (these parameters were chosen as in
other computational works [13, 14, 16]). It is important
to note that the FENE bond potential promotes that
two pairs of beads does not cross each other, which is a
kind of excluded-volume interaction between two pairs of
beads [7, 16].

The stiffness of the polymer chain is introduced
through the bending elasticity term, which is given by:

®3)

where 6 is the angle formed between two consecutive
bonds and Kj is the bending coefficient.

UT(0) = Ky(1 + cosb),

As for the interaction between non-consecutive parti-
cles of the polymer chain, it can be described by the
standard Lennard-Jones (LJ) potential:

[ed

4e[(9)" - (5

)6:| - d)v r < Teut
UM = @)

07 r> Tcut

where r is the center-to-center distance between beads,
€ is the LJ depth potential well and the constant ¢ =
Uty (Teut) implies that U LI 5 0 when r — reys.

The LJ potential is useful to account for excluded-
volume interactions between monomers and also to in-
clude long-range attraction interactions. While the fully
LJ potential is associated with a poor solvent, the good
solvent is modeled by a repulsive LJ potential, being the
potential cut off at the minimum of the LJ potential,
ro = 2'/55 [16-18].

With regards to spatial confinement, as depicted in
Figure 1 (right), the polymer chain is confined between
two parallel reflective walls in the z direction while a wide
space was considered to the z and y directions. The
reflection flips the signal of the velocity component of
a particle that move towards the wall, specifically, for
a particle in the region 0/2, see Figure 1 (left). The
distances between the two walls can be defined in two
ways, i.e, D excluding the region ¢/2 and L considering
it, being both related by L = D + o.

85

F ol2

DI L
oy T ol2

\\ {::‘,'}w\\

FIG. 1. Initial configuration of a flexible polymer chain con-
fined between two parallel walls is shown on the left side
whereas on the right is illustrated the distance between two
reflective walls.

A. Simulation Protocol

In this work, we use the simulation package Large-
scale Atomic/Molecular Massively Parallel Simulator
(LAMMPS) [19, 20] to perform Coarse-grained Brownian
Dynamics [13, 14, 17] of a single flexible polymer chain
in a good solvent confined between two reflective walls.

The Brownian dynamics is basically the numerical in-
tegration of the Langevin equation for all particles of
the system. In this way, the system is subject to a ther-
mal equilibrium at given target temperature by Langevin
thermostat, which was performed in LAMMPS within
the classical molecular dynamics framework with a fixed
number of particles at a fixed volume. The average
temperature was kept constant at T = 1.0¢/kp (kg is
the Boltzmann constant and the LJ repulsion strengh €*
was chosen to be equal to €). The damping constant
and LJ time unit were linked to the same energy scale
via fluctuation-dissipation theorem: damp = 0.57~! and
7 = oy/m/e, where m is the bead mass [13, 14].

We carried out all simulations in reduced units (in
terms of LJ parameters), which means that the mass of
bead m, the Boltzmann constant kg and LJ parameters
(o and €) were defined to be equal to 1. Another impor-
tant parameter is the bending coefficient Kjy, which is
related with the persistence length by I, = o(Ky/kgT),
and it was set to give [, = 0.001c for a case of a flexible
polymer chains [17, 18].

Unless specified otherwise, all simulations were per-
formed until 3 x 10% steps with the time-step At = 0.017,
being the data points collect each 300 steps.

III. RESULTS AND DISCUSSIONS

Firstly, we investigate whether the results are or not
depend on the initial configuration. A linear chain with
N = 1000 beads confined between two reflective walls
in a distance of D = 50 has been simulated until 10%
steps. Three different flexible chains were chosen to be
our initial configuration: (a) 10° (see Fig. 1), (b) 107
and (c) 10%. From each of these initial configuration, we
re-started the simulations until 3 x 10® steps [21].

In Figure 2 (a), we show the distribution of the z com-
ponent of the chains ends (component perpendicular to



(a)

0.25

0.2

Frequency
o
-
G

o
-

0.05

Zend

0.25

0.2

Frequency
o
b
G

e
-

0.05

0.0

0.0
Zend

FIG. 2. (a) distribution of the z component of the chain
ends Zena (can be either Z; or Zigoo) for three different ini-
tial configurations depicted for different colors. In (b), the
distribution of Zenaq for different number of particles, N.

the wall), P(Zena). We can see that it is clearly inde-
pendent from initial chain conformation (here and there-
after).

As the walls are placed at Z = —D/2 and Z = D /2, we
can see that the length of confinement is clearly D = 50,
that means, L = 60. Thus, an approximation for such
distribution is given by:

Zen
P(Zena) = M cos (”—Ld) , (5)

which is represented by a line in Fig. 2 (a), being M as-
sociated with the most probable value of the distribution
(here and for the next results). A very similar distribu-
tion results for the chain ends was found through MC [4]
and MD [2] simulations for self-avoiding chains, being it
in a good agreement with scaling predictions.

In Figure 2 (b), where the distribution of Ze,q is com-
pared for chains with different number of particles N.
The distribution of Zg,q is independent of the number of
beads of chain, which is due the connectivity of the chain
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and the excluded-volume interactions. To illustrate this,
we also plot the distribution for one confined Brownian
particle (in similar conditions) in the background. Note
that such distribution is a constant, % = 0 (zero flux).
In this sense, if the polymer chain had been modelled as
random walk chain (ideal chain), P(Zenq) should depend
on N (when N — 1 then P — cte).

Here, we would like to draw attention to the z compo-
nent of the end-to-end distance,

Re,(N) = Zn — Z, (6)

and its distribution that surprisingly never been shown
in the literature. Thus, from the chain ends, we can find
the distribution of the z component of the end-to-end
distance, which is the component perpendicular to the
wall, being perfectly described by

as shown in Figure 3 for different initial configurations.

To verify if these results depend on the kind of wall, we
have simulated a similar system (N = 1000 and D = 50)
with flat wall available in LAMMPS, being the soft re-
pulsive wall-chain interaction modelled as UW2!l(z)
€ [2/15(0 /2)7 (0 /2 ~2/15(0" | zut) *+ (0" [ 2eut)?)
where z is the monomer vertical distance from the wall,
being the potential cut off at z.,, = (2/15)"/%5" (when
U"(2.¢) = 0). For ¢¥ = 1 and €” = 1 in non-
dimensional units, we found that the distribution of the
Re, is also cosine square.

P(Re,) = M cos® (”Rez (7)

2D

0.25

Frequency

FIG. 3. Distribution of z component of the end-to-end dis-
tance, Re,, for three different initial configurations repre-
sented for different colors. The line is given by equation (7)
for D = 50.

Therefore, we found that the distribution of z com-
ponent of the end-to-end distance for a flexible polymer
chain in a good solvent confined between two reflective
walls is given by a simple cosine square. However, the



classical work of Edwards and Freed (1969) on proper-
ties of confined chains shows that the distribution of an
ideal chain in a confinement is approximately given by
a Gaussian distribution [12]. As will be discussed later,
this result is important because it allows us to estimate
the force acting on the walls due to the confinement of a
flexible polymer chain in a good solvent.

Another interesting result is shown in Figure 4, al-
though the distribution of the chain ends is approxi-
mately cosine (see Fig. 2), the distribution of the z com-
ponent of the chains middle, P(Zy/2), is nearly cosine
square and it can be approximated by:

Z
P(Zx/2) = M cos® (%) . 8)

Frequency

0.0
ZN)2

FIG. 4. Distribution of the middle of the polymer chain,
P(Zx/2), for N = 1000 beads. The line is given by Equa-
tion (8) for L = 6o.

A. Radius of Gyration

In the following, we investigated the effects of the con-
finement on z component of the radius of gyration, which
is defined as:

N
1
Rgf = N } (Zi — Zcm)Qv 9)
i=1

being Z; the position component of the ith bead of the
polymer chain and Z.p, is the component of the center of
mass of the polymer chain.

In Figure 5 (a), we present the simulation results for
N = 1000 beads and D = 50 from three different ini-
tial configurations (the same as discussed before). This
result shows that the distribution of the z component
of the radius of gyration is simply a normal (Gaussian)
distribution, being it independent of the chain initial con-
figuration.
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We also would like to mention that the behavior of a
simple Gaussian distribution is not expected for a poly-
mer chain under good solvent conditions (with excluded-
volume) in a free space. In contrast, as suggested by
Victor and Lhuillier [22] in 1988 the gyration radius dis-
tribution for self-avoiding chain in d dimensions should

scaling as
N ad 5
,Al(r ) ~ 42 (1%) } (10)

9
where A; and A, are arbitrary constants, the exponents
a=(wd—-1)"'and § = (1 —v)~! are related with the
Flory exponent v (v = 3/(d+2) for d < 4 [23]). The non-
dimensional gyration radius is normalized by the most
probable value of the gyration radius, which means, 7’; =
RZ/(Rg?) (for further details see the Refs [2, 24]).

The validity of this distribution was confirm in dif-
ferent works, for example, Monte Carlo simulations in
two and three dimension for SARW chains [25, 26], for
polymer melts [24] and also through molecular dynamics
simulation for a polymer chain strongly confined between
two walls, being the parallel component of the gyration
radius follows the two dimensional distribution (for d = 2
in Equation 10) [2]. To illustrate this, we show in the
inset in Figure 5 (a) for D = 1000 (without the confine-
ment) the normalized distribution of the z component
of the radius of gyration, being the line adjusted from
Equation (10).

In Figure 5 (b), we show in a log-log plot the average
of the z component of the radius of gyration, (Rg?), as
a function of the distance between two walls D for N =
1000 (points). We found that with increasing the wall
distance D, (Rg2) increases as a power law:

174
Tg

P(rg) ~ exp Nv

(Rg2) = aD", (11)
with the values of a and p printed along the curves were
found by non-linear fitting procedure. Note that u value
slightly deviate from the quadratic behavior. As shown
in [2], the mean square of the gyration radius (perpen-
dicular component) should scales with D2.

B. Theoretical Considerations

Here, we will make some consideration about the force
acting on the walls due to the confinement of a flexible
polymer chain in a good solvent. Therefore, we are inter-
esting in estimate the force acting in the z direction, f,,
exerted by flexible polymer chain confinement between
two walls in a distance of L, (here L, = D like in our
previous discussions).

From our simulations results, we found that the mean
value of the potential energy does not change with L,
for instance, for both L, = 10000 and L, = 20 we found
that (U) = 20.76+0.02. In this way, we can approximate
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FIG. 5. (a) Distribution of the z component of the radius
of gyration, RgZ. The line is a Gaussian distribution (only

for D = 50), (2%52)_% exp (12_3‘;)2, with mean (u = 1.24)
and standard deviation (s = 0.07) and the inset depicts the
distribution of Rg2/(RgZ) for D = 1000. In (b), the log-log

plot of <Rg§ ) as a function of the distance between the walls,

the Helmbholtz free energy as:

F

—— ~ —InP
kT n

(12)

using the Equation (7) for the distribution of the z com-
ponent of the end-to-end distance, Re,, we get

TRe,
— =~ 21 . 1
T ncos( 5D > + const (13)
The force acting on the walls, is giving by:
dF
fz - -
dL, (14)
i T7rReZt mRe,
~ —— tan .
BETL2 oL,
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To stress this result, we compare it with the analyti-
cal theory of a Gaussian chain confined between surfaces
with hard wall boundary conditions from the work of Ed-
wards and Freed [12].

Being the partition function of a Gaussian chain (N
segments of size b) confined between two hard walls (0 <
z < Lz) in the z direction given by

8 o0 —p2x2Nb2
Z.=—L. Y e o (15)
p=1,3,5... P

we can calculate the free energy and associate force acting
on the walls in a similar procedure from Equations (13)

and (14). Thus, at p = 1 (first mode), we get that the
force is:
k‘BT kBTﬂ'sz2
fo=F— 4+ —75— (16)
L. 3L3

In Figure (6), we compare the force exerted by a flex-
ible polymer chain (with excluded volume interaction),
Eq. (14), and a Gaussian chain, Eq. (16), on the walls.
For this purpose, we use the fact of (Re2) = (Re?)/3 =
Nb?/3 and choose it to be equal to one in Eq. (16) while
in Eq. (14) we consider that Re, = \/(ReZ).

— Flexible chain

— Gaussian chain

FIG. 6. Force exerted by a flexible polymer chain under good
solvent conditions (blue) and a Gaussian chain (red) as a func-
tion of the distance between two walls L. for kgT = 1.
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Stimulated Binding of Polymer Chains by Narrow Tube Confinement
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In biology, there are several processes in which unfolded protein chains are transported along narrow-

tube channels.

Normally, unfolded polypeptides would not bind to each other.

However, when

the chain entropy is severely reduced in the narrow channel, we find that polymer chains have a
propensity to bind, even if there is no great potential energy gain in doing so. We find the average
length of binding m™ (the number of monomers on overlapping chain ends that form bonds) and the
critical tube diameter at which such constrained binding occurs. Brownian dynamics simulations of
tightly confined chains, confirm the theoretical arguments and demonstrate chain binding over the
characteristic length m*, changing in tubes of different diameter.

PACS numbers: 36.20.Ey, 87.15.hp

Much of the physics of polymer chains is determined by
entropic effects; entropic barriers associated with chain
configurations are widely recognized to control polymer
behaviour in narrow pores [1-4]. Here we consider a re-
lated problem of how confinement in a narrow tube could
precipitate binding of polymer chains, even though in free
unconstrained conditions they would not have a propen-
sity to bind. The problem is motivated by a set of re-
markable biological structures that facilitate movement
of nucleic acids or polypeptides through narrow channels:
(i) contractile tail bacteriophages inject their nucleic acid
genome into host bacterial cells through their hollow tail
tube [5]; (ii) bacterial type IV secretion systems transfer
nucleic acids between bacteria and proteins into eukary-
otic host cells [6]; (iii) ribosomes release growing polypep-
tides through the ribosomal exit tunnel where, for some
proteins, the beginning of folding is registered while in
confinement [7, 8]. Finally, bacterial type III secretion
systems export unfolded polypeptides that assemble into
cell-surface nanomachines that inject bacterial proteins
into eukaryotic cells [6] or, in the case of bacterial flag-
ella, facilitate cell motility [9]. During flagella biogenesis,
individual subunits synthesised inside the cell need to be
unfolded and threaded through a narrow channel that
runs the full length of the growing structure, to be as-
sembled at the distal tip [9-11].

For flagella assembly, two mechanisms of subunit
transport along the narrow channel have been investi-
gated. One relies on single-file diffusion [12], which re-
quires ‘pushing’ a column of subunits through the narrow
channel, against tremendous resistance once the crowded
regime sets in [13]. The other mechanism suggests that
unfolded flagellar subunits form a linked chain along
the whole length of the flagellar channel, which is then
‘pulled’ to the site of subunit assembly at the flagellum
tip [14]. Here, we propose a mechanism by which un-
folded polymers would strongly bind to form head-to-tail
links, when constrained in a channel.
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FIG. 1. (a) Two polymer chains of contour length Na con-
fined in a narrow tube of diameter d. (b) The same two chains
bonded over m units. (c) Comparison of equilibrium free en-
ergies 2F and Fiond, corresponding to the sketches in (a) and
(b), for the bonding strength SA =1 and m = 5. At large d
the chains prefer to be separate, while in a tight tube d < d*
the bonded configuration has lower free energy.

The properties of polymer chain (N segments of size
a) constrained in a narrow channel are very well known,
starting from the seminal work of Casassa [15] and Ed-
wards [16, 17], and extensively reviewed in many sub-
sequent publications [4, 18, 19]. The free energy excess
contains two contributions: the ‘ideal gas’ motion of the
chain centre of mass along the tube, and the reduction
in configurational entropy under constraint:

d\* [ Ry\’ d ay?

~—m (2 Zo) —om (2 (%)
"(5) () - ()5 @
(1)
where the second expression is for the ideal Gaussian
chain, with the radius of gyration R, = N'/2a. This
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is good enough for our purposes; in fact, the commonly
used model of self-avoiding chain in good solvent might
be less appropriate for a case of protein unfolded in a
channel [14]. When two such chains are in the chan-
nel, Fig. 1(a), the free energy is additive: 2F;. When
these two chains are instead bonded over the length of m
overlapping units, see Fig. 1(b), the corresponding free
energy has only one centre-of-mass term. The configura-
tional free energy has 2(IN —m) monomers constrained in
a tube of diameter d, and strictly speaking, m monomers
constrained in a smaller diameter (d — a):

Fbond _ mA d
k5T ’_kBT_21n<a> @
272 a\2 mm a 2
P () T (d—a> !

where A is the potential energy gain on making one bond
(see [20] and many subsequent studies of this energy for
aminoacid residues in contact). We shall be interested in
the situation when this gain is small (or non-existent), so
that the monomers would not bond in the free-chain con-
ditions. Figure 1(c) shows these two free energies com-
pared, as a function of changing tube diameter. What we
discover, is that at large d (when the entropic constraint
is weak), the free energy of two independent chains is
lower, but as d becomes smaller — the free energy of the
bonded pair is lower. In fact, the free energy difference
AF = Fpong —2F1 no longer depends on the overall chain
length N, and reveals the key equilibrium effect:

AF d> o [WQaQ((P — 4dad + 2a?)

b 2 (; 5P(d—a)?
with 8 = 1/kpT. We see that the ideal-gas entropy ‘wins’
at large d, but at (d — a) — 0 the confinement effect en-
forces the binding via the negative-m contribution. Even
when there is no potential gain in binding (A = 0) or
the monomers repel each other (negative A), still in a
sufficiently narrow tube they would prefer to bind.

However, the equilibrium analysis leading to the Eq.
(3) cannot predict which is the length of bonded segment:
obviously, in equilibrium, the larger the overlap m is, the
lower is the free energy. The reason why the two chains
adopt a particular binding length m™* is entirely kinetic.
Two effects compete: the effective rate of the bonding
reaction, and the rate of chain reptation along the tube
to increase the overlap length m. Once any one of the m
bonds along the overlapped segment is established, the
reptation stops, and the rest of the bonds set rapidly, in
sequence, via the process of accelerated zipper [21].

Let us say that the rate of an individual bonding reac-
tion between two monomers is ko, determined by the
chemistry involved. The probability of setting an in-
dividual bond during a given time interval At is [22]:
Pon = 1 — e FonB (at small At, poy = konAt, while at
large At, the reaction occurs with an almost certainty).

+pA|,
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FIG. 2. Plots of the cumulative probability P(m), for the
non-dimensional ratio a®kon /Do = 10, and several values of
channel diameter, to illustrate that as the channel becomes
more narrow and the chain reptation — very slow, the two
chains are likely to bind over very few units, just at the end.
At larger d the chains have time to move deeper into overlap
before the binding occurs at a larger m. Inset: Corresponding
plots of the probability density f(m), Eq. (7).

The probability to establish at least one bond out of a
possible m sequence is

P(m) —1— [1 _pon]m - 1— e—mk:onAt(m)‘

(4)

Any one of the m possible bonds along the overlapping
segment stops the reptation diffusion, and is rapidly fol-
lowed by the full bonding of the segment.

We are now left with the second aspect of this kinetic
problem: to find the time interval At(m) for which the
sequence of m monomers dwells when two chains slide
reptate past each other. The theory of polymer reptation
is classical [17], and in our context we need to recall the
characteristic time to diffuse the chain of N monomers
over a distance ma in a tube of the remaining clearance

(d — a), cf. Fig. 1(b):

where the diffusion constant for the chain centre of mass
is given by D., in which v is the friction constant of
just one monomer (so Dy = kT /N~ is the diffusion
constant of the whole polymer in free space: a value fre-
quently measured for globular proteins in water). Equa-
tion (5) is more familiar in the form of reptation time of
the whole chain length (Na) in a clear tube (d), when
74 = N3a*y/n2kpTd?; see [17] for detail. We now have:

Na*y

At(m) = t[m+1]—7[m] = m

(2m+1). (6)
All these expressions from reptation theory are only valid
for the tightly confined chain, with d < Ry = N1/2q,
Figure 2 illustrates how the probability P(m) depends
on its key parameters. Now the kinetic problem we are
addressing becomes that of the mean first-passage time
[23, 24]. The question is: at which m* the first bind-
ing reaction would occur. The probability density that
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FIG. 3. Comparison of the mean (m) and the median (m™)
of f(m), both expressions depending on the non-dimensional
parameter B given in Eq. (8). Note the logarithmic scale
of the m-axis. The dashed line indicates the range of tube
diameters d above which the reptation theory is no longer
valid, and the probability of m monomers to overlap vanishes.

binding occurs at a given value of overlap m is given
by f(m) = dP(m)/dm, so that the mean first-binding
length is m = [ mf(m)dm. Carrying out the algebra,
we obtain f(m) illustrated in Fig. 2 inset:

- (4m + 1)a*koy exp _m(2m + Da*kon e
2Dy (d — a)? m2Do(d — a)?

The peak of this probability distribution is determined

by a single non-dimensional parameter, which we may
call ‘bonding enhancement’ 15:

f(m

d—a
a

™ D()

2 a2kon ()

The mean bonded length m is also easily calculated, but
its expression is more cumbersome. Figure 3 shows that
there is no great difference in values between the mean
and the median of f(m), and for all practical purposes
we may work with the simpler expression in Eq. (8).

It is interesting to assess the critical diameter of the
tube, d*, below which the bonding is likely. It is obtained
by solving the transcendent equation AF(d) = 0, and has
the form

/

where m* is given by Eq. (8), and the approximate form
is valid when m*e™™ P2 < 1 (i.e. essentially for all
non-negative A). The exponential approximation of Eq.
(9) is prominent for all non-repulsive interactions, while
for negative A (repulsion between monomers) the other
limit of ‘ProductLog’ is in force, and d* ~ a (in other
words, bonding is unlikely). However, there is another
upper boundary for the channel diameter that promotes
binding: all analysis in Eqs. (6-7) was based on the
chain reptation dynamics, which stops being applicable
at d > N'2q when the random-coil (blob) chain dy-
namics would take over (the exact crossover is hard to
identify). This is schematically labelled in Fig. 3.
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Assuming we are in narrow enough channels for the
reptation theory to work, we should try estimating the
kinetically-set bonding length m*, which requires the
value of parameter B. The friction constant for one
monomer (e.g. aminoacid) can be obtained approx-
imately from -~ 6mna, with n being the viscosity
of water (0.7mPa.s), and a 0.3nm the size of a
residue [20]. A flagellin protein with N 495, at
room temperature, should have the diffusion constant:
Dy = 2-1072m?/s (in agreement with a typical diffu-
sion constant of aminoacids in water [25, 26]: kT /vy ~
10~°m?2 /s, divided by 500).

It is hard to find values of the bonding reaction rate
kon for a pair of aminoacid residues: it strongly depends
on a large number of specific chemical factors [27]. In
the spirit of our ‘average polymer chain’ with a single
characteristic value of bond energy gain A, we may try
a basic Kramers estimate: ko, weeP?, where wy is
the collision frequency in solution: wo ~ 108571 [22, 28].
Then, for alow BA = 1, we have ko, = 2.7-108s71. Using
Eq. (8) with the diameter of flagellar channel d = 2nm,
we obtain a value: B = 1.63, and the preferred length
of binding m* = 2.3. As a consequence, for the same
set of parameters, the free energy of binding is very low:
AF ~ —kgT. A high reaction rate would commit the
constrained chains to bond on the first monomer (m* <
1), and the bonding free energy is determined purely by
the potential energy of binding SA. For comparison, a
lower reaction rate ko, = 107s™! would give: B = 8.4
and m* = 13, with the coresponding binding free energy
AF ~ —12kpT (maintaining SA = 1).

In order to test the ideas of the confinement-induced
bonding, we carried out simulation of two chains in a
reflective channel, using the LAMMPS package. We
used the Kremer-Grest model for coarse-grained poly-
mers [29, 30] where bonds between consecutive monomers
are modelled with a harmonic-like finitely extensible elas-
tic potential, made of a combination of the attractive
FENE part and the repulsive LJ part (the approach used
in many studies, old and new [31, 32]), and the weak
bending potential with the constant kg kgT. The
non-bonded particles interact through the LJ potential
of variable weak attraction strength (see [13, 33]). Two
kinds of LJ potential create a subtlety in the simulation
setup: one needs to be clear which ‘LJ units’ are used.
We kept the average temperature constant, equal to the
attractive strength e of the pair LJ potential (which is
equivalent to our earlier condition SA = 1). The LJ time
and the damping constant of the simulation were linked
to the same energy scale via the fluctuation-dissipation
theorem: 7 = oy/M/e and damp= 1/7, where M is
the mass and o the diameter of an individual monomer,
equivalent to the parameter a used in the analysis above
(the simulation time-step was dt = 0.017). On the other
hand, in the Kremer and Grest model, the bond potential
has the FENE bond strength linked to the repulsive-LJ

~
~



FIG. 4. Simulation snapshots of two chains in the channel
d = 30. All simulations started with chains separated by 6c;
the overlap number m™ at different times is shown in Fig. 5.

strength: k = 30e*/0? [29, 30], which makes the bond
length 7pona ~ 0.960.

However, we found that when the LJ repulsion strength
e* = ¢ (which, in turn, is equal to kgT'), the chains do not
bind in the channel. The reason was that the length of
the bond between monomers on the chain was fluctuat-
ing strongly, and the required ‘matching’ of monomers
along the two chains was not possible. When we in-
sisted that the bond along the chain is strongly confined,
by taking €* = 100e, the confinement-induced binding
of two chains was a strong and obvious effect, see Fig.
4. We observed that tightly confined chains eventually
come in contact during their reptation diffusion; mostly
such a contact was short-lived and the chains separated
again — but on rare occasions, when a sequence of several
monomers come into contact simultaneously, the chains
‘lock’ in binding. After a long simulation time, the num-
ber of overlapping monomers m* was reaching the equi-
librium value, depending on the channel diameter, see
Fig. 5. Note that in these simulations the m* plateau
value for d = 14a and 18a was the same; this was a
systematic result reproduced in a large number of inde-
pendent simulation runs, for all large diameters where
the binding occurred. For d = 20a we did not register
any binding event within the given time of simulation.

As the stimulated-binding process is clearly driven by
chain kinetics in the confining tube, we have done many
simulations (with different random seeds) to establish the
statistical distribution of binding time tg. Figure 6 gives
an illustration of such a distribution, f(¢g), obtained for
d = 5a; the plot also gives the result for d = 10a in the
background, but we were not able to acquire a sufficient
statistics for larger d because of too many instances of
very long tg. This distribution has a very characteristic
‘heavy tail’: it decays with a weak power law (our fit-
ting suggests t~°-8). One of the consequences is that the
average binding time (tg) = [tgf(tg)dts is not defined
(the integral diverges), and we have to use the median tg
instead. Such distributions are found in the Levy flight
processes [34, 35], and in our case the origin is similar:
the events leading to an overlap of m* monomers are rare,
but only these lead to the lasting binding of the chains.
The key point is clear: two chains with very weak at-
traction (i.e. not naturally prone to binding on contact
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FIG. 5. The overlap distance m* of two long chains in a
tube with different values of d. We determined m”* as the
number of monomers, which were r < 1.1225¢0 apart: just
above the minimum of the LJ potential at 2'/%¢. The time
tg when the two chains first ‘lock’ is shown in the inset. The
most frequent binding time £p increases rapidly when the tube
diameter increases.
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FIG. 6. Distribution of binding times f(¢tg) for SA = 1.
The main dataset is for d = 5a, with the incomplete data for
d = 10a in the background. Statistics is on 2000 independent
simulations of 5-107 time steps. Even in the narrow channel,
we are far from capturing all the rare events in the simulation
time; at d = 10a only about a half of all simulations ended
in binding. Dashed lines are the model distribution, with the
decaying tail fitted to t~® power law.

in the bulk) would be strongly bound if a large number
of their monomers would simultaneously overlap. In a
weakly constrained case, the probability of such overlap
is very low, and the time tg to wait for such a rare event
is longer than any realistic experimental time.

The theory presented here is deliberately qualitative,
demonstrating the key concept of stimulated bonding in
narrow channels. Its analysis is essentially scaling, with
explicit calculations based on the ideal Gaussian chain
limit (however, this limit becomes accurate for polymer
chains under strong lateral confinement, such as in dense
melts or other ‘tube-model’ situations). The idea of an
‘average’ homopolymer chain is also very limiting: a real
protein would have a variety of aminoacid residues with



very different potential energy of pair binding A, between
—4kpT and +4kyT (see [20, 36] for detail): a follow-
up problem with the broadly distributed quenched A is
certainly of interest. Nevertheless, these approximations
and simplifications allowed us to expose the physics of
entropically stimulated bonding, and obtain analytical
expressions for the main points of interest.

It is possible that a similar analysis would predict a
much enhanced protein folding, once the conformational
entropy is reduced by the tight channel confinement, as
in ribosomes (7, 8]. Another interesting corollary of this
concept is the need to examine effective reaction rates
in micro-volumes. Today the technology of microfluidics
and a ‘lab on a chip’ is widespread: the reduction
of translational entropy (and when unfolded polymer
chains are involved, also the configurational entropy)
needs to be taken into account when analysing the
reaction rates in very small volumes.
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HIGHLIGHTS

Density anomalies are found in the atomic limit of the Bose-Hubbard model.

o Inthis limit the model presents an infinite number of ground state phase transitions between Mott-Insulator phases with commensurate
occupation number.

e A temperature of maximum density (TMD) line emanate from each ground state transition.

e It is shown that residual entropies are connected to phase transitions and TMD lines.

ARTICLE INFO ABSTRACT

Article history: Although well-researched as a prototype Hamiltonian for strongly interacting quantum
Received 29 August 2018 systems, the Bose-Hubbard model has not so far been explored as a fluid system with
Received in revised form 29 November 2018 waterlike anomalies. In this work we show that this model supports, in the limit of a
Available online 7 December 2018 strongly localizing confining potential, density anomalies which can be traced back to
Keywords: ground state (zero-temperature) phase transitions between different Mott insulators.
Bose-Hubbard model © 2018 Elsevier B.V. All rights reserved.

Density anomaly
Waterlike behavior

1. Introduction

The Hubbard model [1,2] is of great interest in many areas of condensed matter physics and has been extensively
investigated through a variety of methods for strongly interacting quantum systems [3,4]. In particular, the Bose-Hubbard
model [5-9] regained attention since its realization with cold bosonic atoms trapped on optical lattices [ 10-13]. Indeed, such
systems became a remarkable experimental arena for testing a myriad of theoretical concepts, playing the celebrated role
of quantum simulators [ 14,15].

In parallel, water is relevant for many reasons including its abundance on Earth, its role on the chemistry of life and
as a human resource [16,17]. It also possess particular physicochemical properties, including its high latent heat, diffusion
and thermal response functions [16,18-24]. A striking property of water is the increase of density with temperature in the
range from 0°C to 4°C, setting it apart from regular liquids [ 19]. In liquid water, the temperature of maximum density (TMD)
decreases with pressure entering the metastable regime above 40 MPa [25,26], and is associated to a region with negative
value of the thermal expansion coefficient. Water also presents anomalies in its structure which are connected to density
and diffusion anomalies through the so-called hierarchy of anomalies [27-31].
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Water and its anomalies were investigated by various models, from which we mention simplified lattice and core softened
models. Among lattice models for water, it should be relevant to mention that waterlike anomalies were found for models of
orientational bonding fluids in the triangular lattice, and on 3D simple cubic lattice, through a variety of techniques, varying
from Bethe lattice [32], cluster variational method [33,34] and Monte Carlo simulations [35]. Core softened models were
investigated using molecular dynamics simulations [36-38] and analytically through integral equations [39], being found
that pair potentials with competing two scale can reproduce various anomalies including those on density, structure and
diffusion.

According to the second critical point (SCP) hypothesis the high temperature thermodynamic and dynamic anomalous
behavior of liquid water is attributed to the presence of a metastable liquid-liquid phase transition ending in a critical
point [40,41]. The SCP hypothesis has been proposed from the observation of a liquid-liquid phase transition on computer
simulations of the ST2 atomically detailed model of water [40], and was followed by extensive investigations on other models
for water (see Ref. [22] for discussion). Similar transitions were also investigated in models for carbon [42], silicon [43],
silica [44] and experimentally observed in phosphorus [45], triphenyl phosphite and n-butanol [46]. Although much debated
in the literature [22,47], recent experiments with mixtures of water and glycerol [48] and measurements of correlations
functions using time-resolved optical Kerr effect (OKE) of supercooled water [49] favor the SCP hypothesis.

The debate on the relation between water anomalies and phase transitions would be benefited if other experimental
systems, such as quantum gases on optical lattices, could be shown to present anomalous behavior similar to liquid water,
while associated with phase transitions. Such a comparison would be even more interesting if in certain regimes a limiting
behavior could be approached, or extrapolated, in which a simple statistical mechanical description could be achieved. It
is our opinion that the Bose-Hubbard model can be used for achieving this goal, since it can be “simulated” with quantum
gases on optical lattices.

The purpose of this work is to investigate waterlike anomalous behavior on Bose-Hubbard model in the so-called
“atomic limit" [ 1], where the hopping contribution to the Hamiltonian becomes vanishingly small. In this regime the Bose-
Hubbard model turns into an analytically solvable toy model which, despite being simple, does present a rich waterlike
phenomenology and, to our knowledge, is presented for the first time in this work. An study of waterlike behavior on
the Bose—-Hubbard Hamiltonian including hopping is outside the scope of this work and will be presented elsewhere. Our
proposal is based on previous investigations which established a connection between ground state phase transitions (GSPT)
and waterlike anomalies in the context of classical lattice and off-lattice models of fluids in one dimension [50-53].

This paper is organized as follows: the Bose-Hubbard model and its ground state in the atomic limit are analyzed in
Section 2, the grand canonical partition function and relevant thermodynamic quantities are calculated in Section 3, with
the detailed expressions for pressure and chemical potential left for the Appendix. Our results are discussed in Section 4
and the final remarks made in Section 5.

2. The Bose-Hubbard model and its grand canonical ground state

On its simplest realization, the Bose-Hubbard model consists of a lattice whose sites are empty or occupied by a certain
number of particles and its hamiltonian presents terms for hopping (J > 0), chemical potential (), and the on site interaction
disfavoring multiple occupation on the same site (U > 0). Creation and annihilation operators are defined as usual with
symbols @ and G; and the number operator on site i is fi; = &?&i. With these definitions this hamiltonian becomes [5]:

N at Uu, . R
== Jaley+ ) o il —1) = it (1)
(i.j) i i

where the first summation is performed over all pairs of nearest neighbor sites and the other two involve all sites in a system
with size L.

Here we analyze the atomic limit by setting ] = 0. With this choice, tunneling between different sites is forbidden and the
superfluid phase, which is composed by particles in a delocalized state, does not exist but regions of waterlike anomalous
density behavior can be observed in the regular fluid phase. In the context of quantum gases on optical traps this limit
corresponds to a strong trapping field. Following this simplification the hamiltonian splits into single-site terms, H;, which
are diagonalizable in the number operators vector space, fi;|n;) = n;|n;). Hence, the energy eigenvalue of a single site with
occupation n; = n becomes

€ = %n(n — 1) — un, (2)

and, since lattice sites are distinguishable, quantum statistics end up identical to Boltzmann statistics [54].

We proceed by investigating the ground state. At T = 0 and a given u, the grand canonical free energy @ = V¢ (volume
V = vgL, with vg defining the lattice cell volume) is simply the result of the minimization procedure ¢(T = 0, 1) = min, €,.
Therefore, (T = 0, u) = ¢, for n satisfying (n — 1)U < w < nU. This implies that GSPT occur whenever the chemical
potential hits an integer value of the on site interaction, where a coexistence between successive occupation states n and
n+ 1, called Mott Insulators, takes place. This analysis yields the critical chemical potentials ;, = nU and the corresponding
critical pressures P vy = n(n + 1)%.

98



E.O. Rizzatti, M.S. Gomes Filho, M. Malard et al. / Physica A 518 (2019) 323-330 325

.......... T = 0.05 (a)

Fig. 1. (a) Density, (b) entropy, and (c) thermal expansion coefficient, as a function of the chemical potential at fixed temperatures.

Calculating densities in the GSPT at fixed chemical potential in the «VT ensemble is simple and requires assuming that
states n and n + 1 are equal a priori. The result is vgp, = n+ 1/2, and will not be the same observed at fixed pressures in the
NPT ensemble since the pressure is a non-differentiable function of u at the GSPT. These numbers can be obtained exactly
within a two states description, as will be explained in the Appendix.

3. Thermodynamics

The grand canonical partition function of the system can be expressed as:

00 L
E(T,V,p) = (Z e—ﬁfﬂ> , (3)
n=0

where 8 = 1/kpT, with T being the temperature and ks the Boltzmann constant. Considering that & = e~#? the fundamental
relation for the grand thermodynamic potential ¢ becomes:
o0
&(T,V, ) = —kgTLIn [Ze—ﬂfn] (4)
n=0
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Pressure can be obtained using @ = —PV, and one can calculate density and entropy per site employing the standard
expressions:
N 1 /09
Tw=—=—<(—]), 5
T )= V(3M>T (5)
and
S 1 /0®
S(Tyw)y===—=—1 - 6
(Tow) =7 V<8T)M (6)

For the purpose of comparing our results with other works on the literature of the Bose-Hubbard model, it will be im-
portant to write the thermal expansion coefficient in terms of appropriate variables. Through a Jacobian transformation [55,
p. 364] one obtains:

1 <8V> 1 <8p>
o = — —_— = —— —_—
v\er ),y p\3T/,
a0
1/9 Ei
%+(p>(”h, (7)
p \du T(@)
LI T
where o, was defined as:

1/0
o, (T, pu) = — (—p) ) (8)
n

p \aT

Expressions (5)-(8) will be calculated in the VT ensemble and converted to the NPT ensemble whenever necessary.
4. Results and discussions

Before proceeding let us note that variables are reduced in terms of U, v and kg, as T* = kgT/U, u* = u/U and
P* = Puvg/U. Our analysis starts by comparing density, entropy and thermal expansion, «, as a function of chemical potential
at fixed temperature (Fig. 1). Also note that « is the same used in the fluid literature and was calculated from (7). Fig. 1(a)
shows that the density is highly sensitive to changes in the chemical potential around ) = n, for integer n, and that this
response becomes sharper at lower temperatures, approaching true phase transition discontinuities in the T — 0 limit. This
confirms that . are indeed the critical values of the zero-temperature GSPT.

In Fig. 1(b) entropy is shown to develop maximum values exactly at the critical chemical potentials u;;. As temperature
decreases entropy goes to zero except at the transition points, where it becomes sharper and turn into a residual entropy
in the limit T — 0. Note that the maximum equals s}, = In 2, which is expected for a two state mixture. From the Maxwell
relation

(85) (8V>
op ), or ),

it follows that « is negative (positive) whenever entropy increases (decreases) with pressure.! Thus, an entropy maximum
introduces an oscillation in thermal expansion «, with its amplitude increasing as temperature is lowered according to
Fig. 1(c). The oscillations evolve to a peculiar double divergence with @ — —oo (+00)as u — u; (w;). Indeed, such
mechanism establishes a quite general connection between GSPT, residual entropy and density anomaly. The multiple
configurations remaining from each critical point produce a macroscopic zero point entropy. When temperature is raised,
the possibility of the system accessing these states can induce an anomalous behavior depending on the chosen external
fields.

Next we discuss the emergence of TMD lines on the phase diagram of the model. In Fig. 2 their loci, corresponding to
o = 0, are shown at pressures covering two regions where density increases with temperature (o« < 0). As in our previous
studies [50,52], TMD lines are emanating from GSPT (filled circles) and draws a curve enclosing a region of the phase diagram
starting and ending at T = 0. The endpoint of these lines can be obtained by analyzing enthalpy variations for adding or
excluding a particle in the system. Even though we have chosen to show two TMD lines starting from transitions at P} = 1
and 3, the model exhibits an infinite number of GSPT and also an infinite number of regions on the P x T phase diagram
where o < 0.

A more detailed view on the density behavior is presented in Fig. 3, where it is plotted against temperature at pressures
slightly above, below and equal to the critical value Pf = 1. It is interesting to observe that density increases with
temperature below P}, reaching a maximum value and then decreasing again, while above P} density decreases, as in
a normal fluid. Exactly at P{ density reaches a fixed value at about the same temperature where the TMD line becomes

1 The chemical potential monotonically increases with pressure.
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Fig. 2. Pressure vs. temperature phase diagram with GSPT marked with filled circles and continuous lines representing the TMD. The anomalous states are
represented by the filled areas.

T*

Fig. 3. Density as a function of temperature for fixed pressures. Density increases with temperature (filled region) and presents a maximum (filled symbols)
for pressures slightly below (dashed lines) the critical pressure P} = 1 (continuous black line). Density decreases monotonically with temperature for
pressures above (dotted line) the critical value. The inset contains the P x T phase diagram featuring a TMD line and the pressures chosen.

horizontal in the P x T phase diagram (see the inset of Fig. 3). It is possible to calculate this value within a low temperature,
two-states expansion (see Appendix), resulting in the polynomial:

(1 —28,)"1 = 2(1 + 28,)" (10)

where 8, = p; — p;, with p; (p; = n 4 1/2) being the critical density at fixed pressure (fixed chemical potential) for the
nth transition. From this it is possible to find p7j, the critical density at constant pressure forn = 1, as
5—-4/5
ot = Tf ~ 1.381966. (11)
Accordingly, the critical densities obtained from Eq. (10) are indeed relevant as they predict the maximum densities found
along the TMD lines emanating from GSPT at critical pressures Py = n(n 4 1)/2.
Next, let us compare the low temperature aspects of o and «,, by rewriting Eq. (7) as:

(o —a) 5<3”)
pla—a,)=—|—| .
e \ow ),
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Thermal Expansion

0.6 0.8 1 1.2 14

Fig. 4. Comparison between fixed pressure and fixed chemical potential thermal expansion coefficients, «* and o};, as a function of chemical potential at
temperature T* = 0.05. At low temperature the behavior of both coefficients are similar (see text).

For sufficiently small temperatures, it follows from the r.h.s. of this expression that o & «,, since limr_,os — 0, except at
1 = py. Consequently, o and «,, are resembling functions at low temperatures, and «,, < 0 can be used to infer a waterlike
behavior in the NPT ensemble. As shown in Fig. 4, near the ground state phase transition between fluid phases withn = 1
and n = 2 particles (at uj = 1), o, presents an oscillation similar to e, this being a signature of the proximity to the GSPT
and waterlike behavior [52].

5. Conclusion

In this work waterlike volumetric anomalies were observed in the Bose-Hubbard model by considering the so-called
atomic limit, where particle hopping across the lattice is strongly suppressed. In this case the model becomes analytically
solvable since all lattice sites are disconnected and the hamiltonian becomes diagonal in the basis representing each site’s
particle number. Ground state analysis captured transitions between Mott insulators with different fillings, i.e., ground state
phase transitions, with residual entropies taking place along each transition point.

The grand canonical partition function was calculated and density, entropy, and thermal expansion coefficient (at fixed
pressure) were shown to behave anomalously in certain regions of the phase diagram. It was found that TMD lines were
emerging from GSPT, being associated to residual entropy occurring on these transitions. These findings points towards
a connection between phase transitions, residual entropies and density anomalies, and how these effects come together
to produce an oscillatory thermal expansion coefficient, a hypothesis that was explored in previous works [50-53]. It was
demonstrated that at low temperatures the thermal expansion coefficient « is approximately equal to «,,, and that the
oscillatory behavior can be observed in both. This fact should be helpful, as it allows to identify regions where waterlike
anomalies are expected to happen in the NPT ensemble while looking at the behavior of «, in uVT ensemble at low
temperatures.

The fact that the atomic limit of the Bose-Hubbard model presents waterlike behavior allows us to question whether
the Bose-Hubbard model (with hopping term), and the real systems represented by this hamiltonian, can also present
such phenomenology; what is the relation between the hopping term and temperature of maximum density, and how the
emergence of the superfluid phase fits in the simplified scenario presented here. We advance that these questions have been
investigated in the Bose-Hubbard model with smallJ /U using standard mean field approaches and more elaborate quantum
statistical techniques (manuscript submitted).
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Appendix. Two-states approximation and the critical densities

Near the GSPT between configurations with occupation numbers n and n + 1 the grand canonical free energy can be
approximated by

1
b~ 5 In (e~#r + e—ﬂen+1)L, (A1)
from which we calculate pressure as
Py & _n + €nt1
2
1 —
+ —In{2cosh Blén = énr) ) (A2)
B 2
Now we define AP = P — P, and Ay = 4 — i, to rewrite
1 1 A
APvg=|n+ = ) Au+ —In|2cosh ’B—M , (A.3)
2 B 2
and calculate
1 A
pvo = |n+ = ) +tanh ﬁ— . (A.4)
2 2
By inverting Eq. (A.4) it is possible to obtain
ePAPT (1 — 28,1 = 2(1 + 25,)", (A5)

with 8, = p; — p; as defined above. At the critical pressure AP* = 0 and Eq. (10) is recovered. The case n = 1 leads to the
second order polynomial

457 — 88 —1=0, (AB)

whose physically viable solution is §; = (2 — +/5)/2, resulting in p; =5 —+/5)/2, as discussed in Section 4. The values
of the critical densities for arbitrary n can be calculated numerically from Eq. (10). These solutions have the property
lim,_, o 8; = 0, meaning that in this limit critical densities become identical when calculated at fixed u and fixed P.
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