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Abstract

An abstract linking theorem for Cerami sequences is developed with the purpose of
handling indefinite problems by variational approach, especially nonlinear Schrédinger equations
with sign-changing potentials and asymptotically linear nonlinearities and Hamiltonian Systems.
In order to find a nontrivial solution to the problem under discussion, an indefinite functional is
associated to this problem and a nontrivial critical point to such a functional is obtained applying
the abstract result. This critical point is going to be a weak solution to the problem, as desired.

Spectral theory is the main tool used in this work. Exploiting spectral properties of the
elliptic operator associated to the problem in question, it enables to establish a linking structure

on the Hilbert space where the mentioned critical points are sought.

Key words: Spectral Theory, Linking Geometry, Cerami Sequences, Asymptotically Lin-
ear, Indefinite Operator, Nonlinear Schrédinger Equation, Hamiltonian Systems, Non-cooperative

Elliptic Systems.
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Resumo

Um teorema abstrato de linking para sequéncias de Cerami é desenvolvido com o propdsito
de lidar com problemas indefinidos por meio da abordagem variacional, em particular equagoes
de Schrédinger com potencial que muda de sinal e nao linearidades assintoticamente lineares e
sistemas Hamiltonianos. Com o objetivo de encontrar uma solucao nao trivial para o problema
sob discussao, um funcional indefinido é associado a este problema e um ponto critico nao trivial
para tal funcional é obtido aplicando o resultado abstrato. Este ponto critico serd uma solugao
fraca para o problema, como desejado.

A teoria espectral é principal ferramenta usada nesse trabalho. Explorando propriedades
espectrais do operador eliptico associado ao problema em questao, é possivel estabelecer uma

estrutura de linking no espago de Hilbert onde os pontos criticos mencionados sao procurados.

Palavras-chave: Teoria Espectral, Geometria de Linking, Sequéncias de Cerami, Assin-
toticamente Linear, Operadores Indefinidos, Equagao de Schrédinger, Sistemas Hamiltonianos,

Sistemas Elipticos Nao-cooperativos.
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Introduction

In this work the groundbreaking paper [7] by V. Benci and P.H. Rabinowitz is revis-
ited. The aim is to prove an abstract linking theorem for Cerami sequences [11], which will
complement related works found in the literature and make possible to extend for many appli-
cations. Our interest in applications are twofold, on one hand, extending results for existence
of solutions to nonlinear Schrodinger Equations, Elliptic Systems or even Hamiltonian Systems,
with very general potentials which make the problems indefinite. On the other hand working
with nonlinear terms which do not satisfy any monotonicity condition such as those required to
perform projections on the so called Nehari Manifold as in [40, 54], for instance. In this purpose
spectral properties of self-adjoint operators are going to be exploited, in order to get the geom-
etry of a linking structure and then apply an abstract result to obtain a critical point to the
functional associated to the nonlinear equation, namely a solution to the problem. Furthermore,
a compactness structure given by Cerami sequences, (C'). sequence for short, is faced here, since
asymptotically linear problems at infinity are studied. Thus, inspired by the theory developed in
[7], in this work a more general version of their main result, Theorem 1.29, is provided for (C),
sequences. To do so, a Deformation Lemma adapted for Cerami sequences is proved and then
the abstract results obtained by V. Benci and P. Rabinowitz are extended.

Our main result, developed throughout Chapter 1, is the following:

Linking Theorem for Cerami Sequences: Let E be a real Hilbert space, with inner product
(-,+), E1 a closed subspace of E and E» = Ei-. Let I € C*(E,R) satisfying:

(Iy) I(u) = %(Lu,u) + B(u), for all uw € E, where u = uj + ug € Ey @ Eo, Lu = Liuj + Louy
and L; : B; — E;, i = 1,2 is a bounded linear self adjoint mapping.

(I2) B is weakly continuous and uniformly differentiable on bounded subsets of E.

(I3) There exist Hilbert manifolds S,Q C E, such that @ is bounded and has boundary 0Q,
constants o > w and v € Ey such that

(1) SCv+FEyand I >aon S, (it) I <w on dQ; (iii) S and 0Q link.

(Iy) If for a sequence (uy,), I(uy) is bounded and (1 + ||uy||) |[I'(un)|| — 0, as n — 400, then
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(uy) is bounded.
Then I possesses a critical value ¢ > a.

It is important to highlight (I3) implies that B’(u) maps weakly convergent to strongly
convergent sequences, which gives a kind of partial compactness for I. Moreover, (1) is a
weakened version of Cerami condition, so denoted (C). condition, once the boundedness of any
(C)¢ sequence will be enough to look for a nontrivial critical point, without wondering whether
it has a convergent subsequence. Together, hypotheses (I2) and (I;) ensure the existence of a
critical value ¢ which can be characterized as a minimax level. Furthermore, hypotheses (I7)
and (I3) produce a quite general linking geometry for functional I, so that both subspaces in
the Hilbert’s decomposition are allowed to be infinite dimensional. The conjunction of these
hypotheses reproduces the sufficient structure to obtain a nontrivial critical point for I in the
desired applications scenario.

The pioneering work in this direction is [3] by P. Bartolo, V. Benci and D. Fortunato,
where a Deformation Lemma for Cerami sequences was developed assuming (C'). condition, as a
qualitative deformation lemma, with the purpose of extending previous critical point results to
non super-quadratic problems. Thereafter, D. Costa and C. Magalhaes in [I5] proved abstract
linking results for strongly indefinite non-quadratic problems on bounded domains, making use
of the Deformation Lemma introduced in [3] and proving that under their assumptions the
associated functional satisfied (C'). condition. Alternatively, as aforementioned, the same lines
as [7] are followed, hence a deformation lemma without (C'). condition is proved, and furthermore,
our version of linking theorem only requires the boundedness of Cerami sequences.

In the literature one also finds a paper by G. Li and C. Wang [34], which presented a
similar argument, introducing a new kind of deformation lemma, without (C'). condition, but
subsequently used in a linking theorem under (C'). condition. Moreover, in the abstract result
they required that one of the subspaces in the linking decomposition being finite dimension,
while in our result both subspaces in the decomposition may be of infinite dimension. Their
construction was inspired by ideas of M. Willem [57], for the quantitative deformation lemma.
Although a kind of deformation lemma is developed, it is deeply different from theirs, since
nonstandard ideas in [7] are closely followed. In fact, the mapping 1 in deformation is in general
determined by solving an appropriate initial value problem involving I'(n). However, this is not
suitable for our purposes, because is necessary to construct an 7 satisfying special properties,
which will be fundamental in attaining the critical minimax level.

It is also important to mention the theory developed by W. Kryszewski and A. Szulkin
in [3I], where they solved a more general class of superlinear problems, with assumptions of
periodicity. Developing a new degree theory and a weaker topology, they generalized abstract
linking theorems introduced in [7] also working with Palais-Smale sequences. Following the

same idea, in [32] G. Li and A. Szulkin extended the results in [3I] obtaining a (C'). sequence



Introduction 3

for the asymptotically linear case. Nevertheless, so as to get a non-trivial solution, without
(C)c condition, these authors required extra assumptions, including a monotonicity condition
on the nonlinearity in an auxiliary problem solved in [55], which had been treated by adapting
techniques in [31] and [27].

Posteriorly, T. Bartsch and Y. Ding [5] complemented the results in [31] considering both,
Palais-Smale and Cerami sequences, in order to apply their abstract results to a Dirac equation
where the nonlinearity could be asymptotically linear or superlinear at infinity. Similarly, in [21],
Y. Ding and B. Ruf worked with an asymptotically linear problem with a Dirac operator, but
without periodicity conditions. Their operator satisfies that the essential spectrum is R\ (—a, a)
and that the discrete spectrum intersects the interval (0, qg), for some positive go. Then they
could make use of discrete and positive eigenvalues in the linking structure and apply a particular
case of the result in [0, so as to obtain a Cerami sequence. Under their assumptions they were
able to prove that their functional satisfied (C'). condition, which yielded their results.

It’s worth to highlight that [2I] adapted assumptions and arguments introduced in an-
other very inspiring paper [20], where L. Jeanjean and Y. Ding worked with Hamiltonian Systems,
looking for homoclinic orbits, without any periodicity condition. These authors also applied the
abstract critical point theory developed in [5], and in order to recover the desired compactness
they imposed hypotheses controlling the size of the nonlinearity with respect to the behavior
of the potential at infinity. Thus, their assumptions yielded the linking geometry, and provided
(C)c condition. In contrast to the argument presented by these authors, our approach does
not require the guarantee of (C'). condition, the necessary compactness to solve the problem is
embedded inside the four conditions assumed in the abstract result.

Still referring to abstract results involving linking structure, it is as well known that
M. Schechter and W. Zou have developed many relevant papers in this spirit, see especially
[45] 146, [47, 48] among other works by these authors. In our understanding, their results are away
from ours in the sense that, roughly speaking, they usually work with weaker linking geometries
in order to get either a Palais-Smale or a Cerami bounded sequence. Then they apply widely
alternative arguments to find a solution to the proposed application. On the other side, our
idea is to obtain a result which could ensure the existence of a nontrivial critical point directly,
without stressing either on geometry or on compactness of the associated functional, separately.
Notwithstanding, it’s worth pointing out clever abstract results obtained in [47, 48] (cf. Theorem
2.1 in both), where the authors also made use of “Monotonicity Trick" developed by L. Jeanjean
in [27], for the purpose of getting critical points for a family of functionals, converging to a
critical point the functional associated to the initial problem. These results have been applied to
solve asymptotically linear problems with spectral properties similar to those presented in this
paper, see [13], for instance.

In Chapter 2 are presented some initial applications for the abstract result. The first
one has the aim of complementing the applications to Hamiltonian systems in [7], which to our

knowledge, has not been tackled yet. More specifically, a periodic solution to an asymptotically
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quadratic Hamiltonian System is sought, whereas in [7] the authors present applications getting
periodic solutions to a super-quadratic and a sub-quadratic Hamiltonian Systems. The following

first order Hamiltonian System (H.S) is considered:

z= sz(t,Z), = (p7 q) € RQN? (HS)

0 —I
where & = < o > and H € CY(R x R* R) has the form

H(t,2) = %V(t)z 24 R(t,2).

Assuming that V (t) satisfies

(Vo) V(t) is continuous, 27-periodic, symmetric 2N x 2N-matrix valued function.
Moreover, on R(t, z) assuming the hypotheses

(R1) R(t,z) >0, for all z € R?V ¢ € R and R,(t,z) = o(|z|), uniformly in ¢ as z — 0;

(R2) R.(t,z) = M(t)z+r,(t,z), with M a continuous, 27-periodic, symmetric 2N x 2N-matrix

valued function and r,(t, z) = o(|z]), uniformly in ¢ as |z| — oo;

(R3) Setting A as the operator of L?(S, R*Y) given by A := f(ﬂi +V(t)),

dt
ag:= inf [M(t)z-2z] > AT =inf[o(A4) N (0, 00)];
teR,zeR2N
|z|=1

(R4) Defining & as the operator of L?(S',R?V) given by & := A — .#, where .4 denotes the
operator multiplication by M (t), 0 ¢ o,(0).

Other notable applications on first order Hamiltonian Systems in the same direction are
the papers [49] and [I5] where periodic solutions under (C), condition are found. In [49] E. Silva
considers a sub-quadratic Hamiltonian H at infinity and, establishing a new version of an abstract
saddle point theorem, he obtains a periodic solution complementing the application in |7]. On
the other hand, D. Costa and C. Magalhaes in [I5] work with a non-quadratic Hamiltonian at
infinity and assume either asymptotic non-crossing or crossing conditions. In comparison to
their results, our assumptions generalize for the potential V| which is non-constant, although
our hypotheses on R are just slightly different from theirs on the non-quadraticity conditions.

The subsequently applications of Chapter 2 are on Schrédinger Equations. The first

of them is for a problem corresponding to the Hamiltonian System treated previously, namely,
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problem (P) below is considered
—Au+V(z)u=g(z,u) in RV, N >3, (P)

in the case where analogous hypotheses to those under operator A and nonlinearity R in problem
(HS) are assumed. Hence, following the same lines as in problem (HS) this problem is solved.

In the subsequent section, problem (P) is considered where g(x,s) = h(x)f(s), and h satisfies

(h1) h € C(RY,(0,+0c0)) and lim h(z) =

|x| =400

(ha) h € LY(RY), ¢ = %, for some p € (2,2%).
Furthermore, f is asymptotically linear satisfying

(F) f € CEE) and i T — o,

F
(f2) There exists a > 0 such that EI_P (25) = —, where F(s / f(t)dt, and F(s) > 0.
S [e.9] S

(f3) Setting Q(s) :== 1 f(s)s — F(s) > 0 for allse]R\{O} l1m Q(s) =

Moreover, for the second application, is assumed that V satisfies:

(V1) Ve C(RY,R) and lim V(z) = Vi > 0;

|z| =00

(V) Setting A := —A + V(x), as an operator of L?(R"), and denoting by o(A) the spectrum
of A,
sup [0(A) N (=0,0)] =0~ <0 <ot =inf[o(A4) N (0, +00)].

For examples satisfying such hypotheses see pages 44 and 45 in this work.

This application was inspired by L. Maia, J. Oliveira Junior and R. Ruviaro [36], where
they solved problem (P) with potential V' satisfying (V1) — (V2). In addition, they required
that 0 ¢ 0(A) and assumed some more hypotheses of decay and compactness on V. About the
nonlinearity they set h = 1, f € C3(RY,R), with some growth hypotheses on its derivatives, and
assumed f(s)/s being increasing as well. Since this kind of potential ensures that the subspace
where A is negative definite is finite dimensional, they could apply the aforementioned version of
Linking Theorem introduced by G. Li and C. Wang in [34] to get (C). sequence. They used the
associated problem at infinity and a Splitting Lemma to compare the levels of both problems and
get the necessary compactness. Trying to improve their result, our abstract linking theorem for
(C)¢ sequences is applied and a nontrivial critical point is obtained straightway, avoiding such
monotonicity assumptions on f.

Staring at our hypotheses, it is also possible to say that our second application comple-

ments the work by L. Jeanjean and K. Tanaka in [28]. In fact, they assumed V(z) > a > 0, and
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so they worked with Ekeland’s principle to get a (C). sequence and due to the geometry of their
functional, they applied the Mountain Pass Theorem to get a critical point. They also worked
with an asymptotically linear problem where f(s)/s is not necessarily increasing. In addition,
they assumed h = 1 and f(s)/s — a > info(A) > 0 as |s| — +o00. Differently, in our case V
changes sign and inf 0(A) < 0, which implies a linking geometry and prevents us to use the same

argument. However, considering the positive spectrum a similar hypothesis is assumed:

0+
inf[o(A) N (0, +00)] = =—— >0,

' /RN (‘Vu1(:1:)]2 + V(x)u%(:c)) dr
a > inf -

ur€ B ,uz0 / h(w)u%(:v) dz
]RN

..
=
where |[|A]|f0o@®n) = hoo and Ej is the subspace of H'(RY) on which operator A is positive
definite. This hypothesis allows to develop a linking structure.

On the other hand, the work [I7] by D. Costa and H. Tehrani can be cited, since the
same V' as theirs is presented here. More specifically, they required (1), and our hypothesis
(Va) implies that either 0 is an isolated point of o(A), or it is in a gap of the spectrum, which
is also required by them. However, they did not work with an asymptotically linear problem,
but they assumed Ambrosetti-Rabinowitz well known condition, and required a nondecreasing
nonlinearity. In their assumptions, h = a is a sign-changing function in C*(RY, R) and such that
|m|li£1kooa(x) = oo < 0, differently from |x‘li>r51_oo h(z) = 0, in our case. Moreover, instead of using
an abstract linking theorem, they applied a method of approximations to solve their problem.

It is also worth to mention the paper [22] by A. Edelson and C. Stuart, since assumptions
close to theirs are considered here, however they asked f(s)/s strictly increasing, which is removed
here. Moreover, they applied the method of sub and super-solution and bifurcation to get a
solution to their problem.

Finally, for the last application in Chapter 2 all assumptions on h and f are kept, as
well as (V2), but assumption (V7) is replaced by the following:

(V) V € C(RN,R) is (27)-periodic in z;, i = 1, ..., N.

This application is motivated by the fact that in virtue of (V7), the subspace in which
operator A is negative definite, is finite dimensional. Since this is irrelevant for applying our
abstract result, to solve a problem where both subspaces, in which operator A is positive and
negative definite, are infinite dimensional became our goal. In fact, (V]) combined with (V2)
ensure the desired. Although all other hypotheses are kept, this replacement changes completely
the spectral properties of A, which are fundamental to determine the linking geometry. It would
be interesting to note that, the requirement of V' being a periodic function is done in order to
explore spectral properties, hence a periodic nonlinearity is not required, since unlike most of the

works in the literature (cf. [0, [3I] for instance), the periodicity is not used to translate a (C).
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sequence and ensure the existence of a critical point.
Chapter 3 handles the following radial nonlinear Schrédinger equation with a sign-

changing potential and an asymptotically linear nonlinearity
—Au+V(jz)u= g(jz|,u) n RY, N >3. (P)

Our goal is to tackle the problem dropping off the monotonicity hypothesis on the nonlinear
term, namely g(z, s)/s nondecreasing on s > 0 and loosen the regularity hypotheses on g and V.
In view of this, approaches as constrained minimization either on so the called Nehari or on the
Generalized Nehari or Pohozaev Manifolds, applied in [2] 6] 22] 36, 53], [54] and references therein
are discarded here. Instead, spectral properties of the Schrodinger operator A := —A + V (|z|)
are exploited with the purpose of getting the linking geometry for the indefinite functional asso-
ciated to the elliptic equation in (P,). Since problem (P,) is radially symmetric, to deal with the
Spectral Theory of A restrictive hypotheses on V' are not necessary. In fact, it suffices to request
informations under an associated operator A on the half-line, which is more manageable. Hence

is assumed that the potential V' satisfies:

(V1) V € L®(RY) is a radial sign-changing function, V(z) = V(|z|) = V(r), r > 0;
_ N —1)(N — - 2
(Va)r Setting V(r) =V (r)+ ( 4) (2 3) and A := f% +V/(r), an operator of L?(0, +00),
_ r r
0 ¢ 0ess(A) and

sup [0(A) N (=00,0)] =0~ <0< o’ =inf [o(A) N (0, +00)] .

Moreover, the nonlinearity g is taken under the hypotheses:

(1) g(z,s) € C(RY x R, R) is a radial function such that lim 9(z,5)

A = 0, uniformly in x and
s|—0 S

t
for all t € R, G(x,t) = / g(z,s)ds > 0;
0

() Jim 420

|s]| =400 S

(93) ap = a:ierlgN h(z) > oT =inf [o(A) N (0, +00)];

= h(x), uniformly in 2, where h € L= (RY);

(g4) Setting & := A — 2, where J is the operator multiplication by h(x) in L?(RY) and
denoting by 0,(0) the point spectrum of &, 0 ¢ 0,(0);

1
(g5) Defining Q(z,s) := ~g(z,s)s—G(x,s) > 0 for all (z,s) € RY xR and 0¢ := min{oc*, —0~},

2
. g9(z,s)
there exists dp > 0 such that —=————= > 09 — 9y = Q(x,s) > do.
s

For examples satisfying theses assumptions see pages 66 and 67 in this text.

The inspiration for this work came from the papers [2,[53]. In the former, A. Azzollini and
A. Pomponio treated an autonomous radial nonlinear Schrédinger equation with a nonlinearity
under Berestycki and Lions hypotheses (cf. [§]). Besides their potential V € C'(RY,R) satisfied



Introduction 8

some restrictions on its derivatives and lim|y, ;o V(z) < 0, which ensured that 0 € 0ess(A)
in their case. Hence, their work is complemented, considering cases such that 0 ¢ o.ss(A).
Furthermore, here is only require V' € L>®(RY) such that the spectrum of A has a gap in 0,
which is at most an isolated point of o(A).

C. A. Stuart and H. S. Zhou in [53] worked with a class of radial nonlinear Schrédinger
equations depending on A, which is a constant potential and an asymptotically linear nonlinearity,
but including the monotonicity hypothesis, as mentioned previously. They solved their class of
problems by applying a variant of the Mountain Pass Theorem in [3]. The most interesting
feature in their paper was to make use of the relation between the associated problem on the
half-line and the original problem in RY. Following their ideas, spectral informations from the
associated operator A on the half-line are extracted to guarantee that problem satisfies the
necessary conditions for the linking geometry.

Another notable work, which is worth mentioning is [56] by T. Watanabe. Although
the author considers an autonomous radial nonlinear Schrédinger equation in R?, with positive
potential and a nonlinearity with monotonicity assumption, our hypotheses are similar to theirs
on the nonlinear term. Furthermore, as in [53] T. Watanabe first worked with the associated
problem on the half-line, which also encouraged us to make the same.

Since the Hilbert space considered is H}ad(RN ), the novelty lies in using this idea of
investigating the spectral properties of the associated operator A on the half-line, and by doing
this, avoiding a deeper study of the spectral theory of the operator A in H I(RN ). Thereby, it is
possible to deal with much more general potentials, for instance those which do not have a limit
at infinity.

Chapter 4 is devoted to solve non-cooperative elliptic systems under hypotheses on the
potentials introduced by B. Sirakov in [50]. For N > 2 consider the elliptic system (ES) given
by

{ —Au+ Vi(z)u = Fy(x,u,v) in RY (ES)
—Av 4 Vo(z)v = —Fy(z,u,v) in RY,

where, for i = 1,2, the potentials V; € LS (RY), satisfy
(V1); There exist constants a; > 0 such that V;(x) > —a; for all =z € RN
(Va); Defining for all Q@ ¢ RY open,

vi(Q) := inf {/Q (IVu(@)|? + Vi(z)u?(x)) do : u € Hy(Q), |lullr2() = 1} )

assume that lim 1;(RY \ B,) = 400, where B, = {z € RV : |z| < r};
T—r+00
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(V3); Setting the first eigenvalue of operator A; := —A + V;(z) in L2(RY) by

A= inf {/ (|Vu(a:)|2 + Vl(a:)UQ(x)) dr:ue Hl(RN), ||UHL2(RN) = 1} )
RN
assume that \! > 0;

(V) There exists h(z) € L° (RY) and constants ag > 1, ¢g > 0, 79 > 0 such that

loc
he) < co L+ (ms(0. Vi) | i ol 2 o

Moreover, setting ag := inf h(z), assume that ag > A} > 0;
z€eR

Once again inspired by [50], suitable hypotheses involving function h(z) are required
on F for the both asymptotically and super quadratic cases. In fact, on the asymptotically

quadratic case the following are required.

(F1) F(z,s,t) € CLRN x R RY),

F(x,s,t)
(s, £)[?

F(z,s,t)

= O |\S 2 as S an
heor = el 0) as (0] 0, and

=h(z)+o(l) as |(s,t)] = +o0,
uniformly in 2 € RY.

(Fy) Setting Q(x, s,t) := Fy(x,s,t)s + Fi(x, s,t)t — 2F(x, s,t), one has

lim  Q(x,s,t) = +oo, uniformly in z € RY.
|(s,t)|=>+00

On the other hand, the following assumptions are required for the super quadratic case.

(F{) F(z,s,t) € CLRN x R RT),

|(Fu(x,5,1), Fy(x, 5,1))|
h(z)

=o(|(s,t)]) as |(s,t)] — 0, uniformly in =z,

4
and for some 2 < p< +o0if N=2or2<p<2#:=——— _if N > 2,
Oég(N—Q)

|(Fs(,8,t), Fy(z,8,t))| < coh(z)(14|(s,t)P71), for all (z,s,t) € RY x R

F(z,s,t)

F))  lim @ ——2
(F2) (.40 [(8,1)]2

= +00, uniformly in z.
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In addition, defining Q(x, u,v) = F,(z,u,v)u+F,(x,u,v)v—2F (z,u,v) for all (z,u,v) €
RY x R2, in order to ensure the boundedness of Cerami sequences, the following condition is

required.
/ : ; N N 2
(F3) There exist constants ¢; > 0, § > min q 1, E(p — 2) ¢ such that for all (z,u,v) € RY x R?,

Q(‘Tﬂ u, v) 2 clh(a:)](u, U)la;

or

(F3) There exists a constant D > 1 such that

Q($’ w’ z) g DQ(':E? u’ U)’

for all (u,v), (w,z) € R? with |(w, 2)| < |(u,v)].
Examples that fit into these hypotheses are found in pages 80, 82 and 92 of this work.

A relevant motivation to study problem (ES) stems from the system

0P
za—tl = ADy — Vi (2)®1 — 1|1 *®1 — Sr2|P2|? Py
0D
187252 = Ay — Va(x) Py — 12| P2 P2 — [21|P1[? Do,

which has been used to model Bose-Einstein condensates in two different hyperfine spin states
with the corresponding condensate wave functions ®;, j = 1,2. In this case, V; is the magnetic
trapping potential for the respective hyperfine spin state, the constants p; and 3j;, are the intra-
species and interspecies scattering lengths, which represent the interactions between particles. If
B12 > 0 it means there is repulsive interaction between particles 1 and 2, on the other hand, if
B12 < 0, there exists attractive interaction between them. In purpose of finding its solitary wave

—iAjt

solutions of the form ®; = e™"%'u;(z), A; > 0, for j = 1,2, the system above is transformed into

the elliptic system

—Auy + (Vi(z) + M)ur + pwd + Brauuy =0
—Aug + (Va(z) + A2)ug + poud + Paruiug =0,

Assuming 12821 < 0 this elliptic system is non-cooperative and therefore it is a practical example
of our problem. For details of physical applications see [12] [34] and references therein.
Originally, the motivation to study (ES) came from [14][16]. Indeed, in [I4] D. G. Costa

treated the cooperative elliptic system

~Au+a(z)u = F,(z,u,v) in RN
—Av + b(z)v = Fy(z,u,v) in RY,

10
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under the hypotheses that a(z), b(x) — 400 as n — 400 and the nonlinear term F' is non-
quadratic at infinity. Moreover, he mentioned that his results could be generalized to non-
cooperative elliptic systems applying techniques found in [I6]. Following this spirit and trying
to generalize the results in [I4] for non-cooperative elliptic systems, the remarkable paper [50],
where B. Sirakov considered a scalar problem under general hypotheses on the potentials is
recalled.

To the best of our knowledge, non-cooperative elliptic systems under assumptions similar
to those introduced by B. Sirakov have not been treated yet. In fact, most of the well known
papers in non-cooperative elliptic systems deals with constant potentials or even considers only
bounded domains, as for instance, [4, [16] 19, [41] and references therein. Although there exists
in the literature some relevant works on non-cooperative elliptic systems with non-constant
potentials and treated on the whole space, normally their authors consider V =V;, i =1,2,
and assume hypotheses away from those required by us, check for example [24] [58].

In our point of view, the most interesting feature of hypotheses on V; is that the ellip-
tic operator associated to problem (ES) has pure point spectrum. Although such a spectrum
has negative and positive parts composed by unbounded sequences, which makes the problem
strongly indefinite, its discreteness brings the necessary compactness for the problem. Further-
more, the narrow relation between potentials V; and nonlinearity F', enables us to get the desired
geometry for the problem. In view of these facts, it is feasible to find a non trivial solution to
(ES).

All hypotheses and observations made up to now, will be assumed throughout Chapter 4,
however, asymptotically and super quadratic cases are going to be treated separately in Section
4.1 and 4.2, respectively. In the super quadratic case, it is worth to focus in the boundedness
of Cerami sequences, since the well known Ambrosetti-Rabinowitz condition [I] would not be
sufficient as happens in the scalar problem. So, to circumvent this difficulty the resourceful
hypothesis (f5) introduced by L. Jeanjean and K. Tanaka in [29] is assumed. Finally, it is
important to point out that this scheme can be also applied to systems with more than two
equations.

Finally, at the end of this work, a brief chapter stating auxiliary results is presented in

order to make the reading easier.

11



Chapter

1
An Abstract Linking Theorem for

Cerami Sequences

This chapter aims to develop an abstract critical point theorem for Cerami sequences by
means of linking arguments, which will be applied in the next chapters to obtain solutions for

indefinite problems involving nonlinear Schrédinger equations and Hamiltonian systems.

1.1 Notion of Linking and Some Definitions

In this section the work developed by Benci and Rabinowitz [7] is revisited, in order to
present the notion of linking, and prove a new version of Abstract Linking Theorem based on
their techniques, however working with Cerami sequences. Throughout this section E always
denotes a Hilbert space, ' = E1 @ FEy and if u € F, write u = u1 + ug with u; € E;, i = 1,2,
then set Pju := u;, where P; : E — E; is the projector on F;, ¢ = 1,2. Furthermore, mappings
h:[0,1] x E — E will be denoted by h:(u), and the closed ball of E centered in zero with radius
r, will be denoted by B,. Furthermore, let £, = (B, N E1) ® (B; N E»).

Definition 1.1. (Cf. [7]) Let ¥ denote the class of mappings ® € C([0,1] x E, E), for which
Py®y(u) = ug — Wi(u), with Wy compact for t € [0,1] and ®o(u) = u. Let S and Q be Hilbert
manifolds, Q having a boundary 9Q, S and dQ “link” if whenever ® € 3 and ®(0Q)N S = 0,
for all t € [0,1], then ®(Q) NS # 0, for all t € [0,1].

Remark 1.1. A geometric understanding of this definition is that S and 0Q link if every Hilbert
manifold modeled on Q and sharing the same boundary intersects S (cf. [7f).

An useful example of linking sets, is provided in [7] and stated below.

12



1.1 Notion of Linking and Some Definitions 13

Lemma 1.1. (Cf. [7] Lemma 1.3) Let e € 0BiNE;y andr >p>0. If S=0B,NE; and
Q= {re:re|0,r1]} ® (B, N Ey), then S and Q link.

Proof. Let ® € ¥ and suppose that ®,(0Q) NS = () for all ¢t € [0,1]. Is necessary to show that
®,(Q) NS # (0 or equivalently Pa®:(q:) = 0 and ||P1®¢(qr)|| = ||P+(qe)|| = p, for some ¢ € Q
and each t € [0,1]. Let re + u € @, and set

U(re +u) := (||P1®(re + u)|| — p, P2®i(re 4+ u)).

Then, observe that Po®;(re + u) = u — Wy(re + u) has the appropriate form to apply the
theory of degree of Leray-Schauder. Denote the Leray-Schauder degree of a map ¥ with respect
to a bounded open set 2 and a point a ¢ ¥(9Q) by d(V¥,Q,a). Consider d(¥;,Q,0), since
®(0Q) NS =10, it is well defined for all ¢ € [0, 1]. In fact, 0 ¢ ¥,(0Q) for all ¢ € [0, 1], otherwise
there would be ¢ € 9Q such that ||Pi1®(q:)|| = p and Pa®i(¢:) = 0, and consequently
q: € S, which is a contradiction. Thus, the homotopy invariance property of degree yields
d(¥:,Q,0) = d(Vo,Q,0) for all ¢ € [0,1]. Provided that ¥o(re + u) = (r — p,u) = 0, iff
re+u = pe+ 0 € Q, then by the definition of degree d(¥y,Q,0) = 1. Hence, d(¥;,@Q,0) =1
for all ¢ € [0, 1], and thus, there exists ¢; € @ such that ¥;(q;) = 0, namely ¢; € ®,(Q) NS, and
therefore, ®,(Q) N S # 0. O

Henceforth, some definitions and notations introduced in [7] are required.

Definition 1.2. Let B : E — R be a functional. B is said to be uniformly differentiable in
bounded subsets of E, if for any R,e > 0, there exists 6 = 0(R,e) > 0, independent of u, such
that

|B(u+v) — B(u) — B'(w)v] < ¢l |v]],

for all u, u+v € Br and ||v]| < 6.

For the purpose of proving the abstract linking result in this chapter, next lemma is

essential.

Lemma 1.2. Let B : E — R be a functional which is weakly continuous and uniformly differen-

tiable in bounded subsets of E. Then B' : E — E' is completely continuous.

Proof. Let (un) € E be a sequence such that u, — u in E, then (uy) is bounded and there is
R > 0 such that (u,) C Br and u € Bpr. Since B is uniformly differentiable in bounded subsets
of F, given £ > 0 there exist § > 0 such that

|B(u+v) — B(u) = B'(u)v] < elv]],

and
|B(un + v) — Blun) — B'(un)v| < €lv]],

13



1.1 Notion of Linking and Some Definitions 14

for all u 4 v, u, +v € Br and |[v|| < 4. Hence,

(B (up) = B'(w))v| < |B'(up)v — (B(un +v) = B(up))| + [(B(u+v) — B(u)) — B'(u)v]
+ |B(up +v) — B(u+v)|+ |B(u) — B(uy)|
<

2el[ol] + on(1)]]]l, (1.1)
as n — 400, since B is weakly continuous. Then,
1B (un) — B'(w)]] < 2¢ + 0n(1),

as n — +o00. Passing to the limit as ¢ — 0%, it yields B'(u,) — B’(u) as n — +o0. Thus B’ is

completely continuous. O

Definition 1.3. Let I" denote the set of mappings h € C([0,1] x E, E) satisfying:

(T1) he(u) = U(u) + Ki(u), where U, K € C(]0,1] x E, E),Uy is a homeomorphism of E onto
E and K, is compact for each t € [0, 1];

(T2) Uo(u) = u, Ko(u) = 0;

(T's) PUi(u) = U(P;(u)), i =1,2;

(T'y) hy maps bounded sets to bounded sets.

In addition, forh € T, let hi (u) denote the j-fold composite of h with itself, namely, h}(u) = hy(u),
h2(u) = hy(he(w)), and hi(u) = hy(hI ™' (w)), for j > 1.

Now, it is convenient to state the abstract critical point theorem for Cerami sequences.

Theorem 1.4. (Abstract Linking Theorem) Let E be a real Hilbert space, with inner product
(-, '), FE1 a closed subspace of E and Ey = ElL Let I € CY(E,R) satisfying:

1
(I1) I(u) = i(Lu, u) + B(u), for allu € E, where uw =uj +ug € E1 ® Ey, Lu = Liu; + Loug
and L; : E; — E;, i =1,2 is a bounded linear self adjoint mapping.

(I2) B is weakly continuous and uniformly differentiable on bounded subsets of E.

(I3) There exist Hilbert manifolds S,Q C E, such that Q is bounded and has boundary 0Q),
constants o > w and v € Ey such that

(i) SCv+E; and I >« on S;

(17) I <w on 0Q;

(iii) S and OQ link, that is satisfy the linking Definition[1.1]

(I4) Setting

c:= éIGl/f\ZlelgI(hl(U))’ (1.2)

14



1.2 A Quantitative Deformation Lemma 15

where Q is the closure of Q,

h=hWo...opm O — pm) T N
A::{heC([O,l]xE,E): SIS e clymen

h(0Q) C 17 8, B e (0,952)

and I = {u € E:I(u) < A}, for all X\ € R. If for a sequence (uy), there exists a
constant b > 0 such that (u,) C I~ Y([c —b,c+b]) and (1 + ||[un|]) ||’ (un)|| = 0 as n — +oo,
then (uyn) is bounded.

Then ¢ > «, and c is a critical value of 1.

Definition 1.5. Let I € C*(E,R) be a functional. A sequence (u,) C E is said to be a Cerami

sequence or a (C) sequence for short, if it satisfies
sup |1 (uy)| < +oo and ||I'(un)||(1 + ||un]|) — O,
n

asn — +o00. Given c € R, (uy,) C E is said to be a Cerami sequence on level ¢ or a (C). sequence
for short, if it satisfies

I{un) = ¢ and ||I'(un)[|(1+ [lun][) = 0,

asn — +o00. Furthermore, functional I is said to satisfies Cerami condition or (C') condition for

short, if every Cerami sequence to I has convergent subsequence, analogously for (C). condition.

1.2 A Quantitative Deformation Lemma

Inspired by [7] it is suitable to state a variant of the standard Quantitative Deformation

Lemma for Cerami sequences, without Cerami condition, which is necessary to prove Theorem

L4

Lemma 1.3. (Deformation Lemma): Let I € C1(E,R) satisfying (I1) — (I2) as in Theorem
. Then for any R€ N, 0> 0 and € € (0, 110), if s := (R+2)?, there exist k € N andn €T,
such that:

i) I(nfs(u)) < I(u) + o, for allu € Bryo and t € [0,1];

i) If ¢ € R and ||[I'(w)||[(1 + ||w]]) > V2¢, for all w € Bry NI e — e,¢ + €]), then
I(nFs(u)) <c— g, whenever u € %’% NI~ Y[c—e,c+e]).

Remark 1.2. The mapping n is usually determined by solving an appropriate differential equa-
tion involving I'(n). Such an approach seems to fail here since it does not give an n satisfying

(T'1) — (T's) which are crucial for the purpose of proving Theorem[1.4 Hence, in order to prove
Lemma it is necessary to argue similarly to Theorem 1.5 in [7].

15



1.2 A Quantitative Deformation Lemma 16

Proof. First, choose x € C*°(R,R) such that x(t) = 1fort < R+ 1, x(t) =0 for t > R+ 2,
X'(t) < 0fort e (R+1,R+2), and also assume x(t) < (R+2—t)? for t € [R+ 3, R+2].
For u = uj +ug € E1 ® E», set Vi(u) := x(||u||)BiI'(u), i = 1,2 and V(u) := Vi(u) + Va(u).
Note that V(u) = I'(u) in Bry1. Moreover, by (I;) — (I2), there is a constant M = M(R)
such that ||I'(u)|| < M, for u € Pris. In fact, since B is weakly continuous, it is bounded on
PR3, which is weakly compact in E. Let My > 0 be a constant such that |B(u)| < M for all
u € Pri3. Provided that B is uniformly differentiable in #r3, fixed ¢ = 1, there exist §g > 0
such that |B'(u)v| < ||v|| +2My < d¢ + 2Mj for all u + v, u € Brys and ||v|| < §p. If §p > 1,
for all u € Bryo and ||v|| < 1, it follows that u + v € PBris, then |B'(u)v] < oo + 2My. If

dp < 1, for all [|v|| < 1, note that WU = 0o < 1, hence for all u € Bpryo it follows that
v
u+ ﬁv € ABris and then
v
/ [l o 1
|B (u)v| < (dog +2My < do +2My ).
do ~ do
1
Thus, in both cases ||B’(u)|| < <1 + 5> (50 + 2M0>. Therefore,
0
') = [|Lu+ B'(u)]]
< LI full + 1B (w)]]
1
< (R+2)|L||+ (1 + 5) (0 +2040)
0
= M.
With this, set
SR ( f) (1.3)
g:=min{o, 7). :

Since [ is uniformly differentiable on bounded sets, there is a 6 = §(€, R) > 0 such that
[T(u+v) = I(u) = I'(w)o] < &Jv]], (1.4)

for u,u +v € Bryio and ||v|| < J. Assume 0 < 1 and choose k € N such that

= < min o ! . (1.5)

k 2M’
(+2) (1+ max O]+ 12e]

t
Now define m;(u) := u — %V(u)
Claim. n eT.
Assuming this claim and postponing its proof, it is necessary to check that Zro is an

invariant set for n;, for the purpose of proving (i) — (7). In fact, for u = uy +us € Bry2, by the

16



1.2 A Quantitative Deformation Lemma 17

definitions of  and V' it follows that
t t M
[1Pime(w) = wal] = [|(wi = Vi) —wil| = L{Vi(w)l] < 2=x([Juill)- (1.6)

Note that, for u; € B, 3, the choice of x implies that
2

< R+ 2= fuil,

N |

M
LN
: . 3.
via 1) while for ||u;|| > R+ 2’ it follows that

M
> R+2—[Jull 2 (R+2 —[Juil])* > ~ X(ludl]),

| =

by the choice of x and k. Hence, the right hand side of (1.6) does not exceed R + 2 — ||u;l|,
i = 1,2, which implies B2 is invariant for 7;. Indeed, from (1.6 and the triangular inequality,
it yields
M
1B ()]l < —=x([[wsl]) + [Jwil| < B+ 2. (1.7)

Since dist(ni(u), 0Br+2), the distance from n;(u) to 0Bprro satisfies
dist (). 0B 42) = min (R + 2 — | P, ()] )

thus ([1.7) implies that 7 (u) € Bryo.
To prove i), observe that by (1.5) and the definitions of n, M and k, it follows that

M
K

) = ull = | = V()| = LIV @] < 5 < (19)

t
for all u € Brys. Hence, fixing u € Bpr1o and using 1} with v = —%V(u), it yields

Iutv) = n(w)) < I(w) = 1)V @)+ (V)] (19)
Since Ey = Ef, then Pi(I'(u)) L Py(I'(u)), and by the definition of V, it follows that
IV () = ([l | P (2 @) 2+ Xzl )| Po(7 ()] 2 2 0. (1.10)

Thus, by (1.3), (L.8), (1.9)), (1.10) and the definition of &, it follows that

I(n:(w)) gmH% < 1)+ LMy + L (1.11)

Provided that %r42 is invariant under 7, i) holds by iterating (1.11)) ks times. In fact, iterating
twice means using 7;(u) instead of w in ((1.11)), and subsequently using again (|1.11]), but for w, it

17



1.2 A Quantitative Deformation Lemma 18

yields
I(n7 (w) = Tns(me(w))) < I(me(w) + - < T(w) + -

Then, after ks iterations, it yields

I () < 1) + 522 < I(w) + o,

and 1) is proved.

In order to prove ii), take u € Br NI '([c — &,c+€]). Three cases are considered:
2

Case I: i) (u) € Br NI ([c—e,c+e]) for 1 < j < ks. By definition, V (u) = I'(u) in Bpry1,
then fixing j, 1 < j < ks, the definition of 7, yields

Then, using (1.9) for 77{ (u) and n{fl(u) instead of u + v and u, by the definition of M, and due
to (|1.3)), it yields

3

— 1.12
2ks ( )

I () — 107 () <~ I~ @I+ M <~ |IT G~ )] P +

Then, by the telescopic sum, and using ((1.12)) for all 1 < j < ks, it follows that

ks ks
Im?m»—1w>—§jpmﬁm>—uﬂ*um]s}jfﬁﬁrm?%wﬂﬁ+g;. (1.13)
j=1

j=1

Provided that (R + 2)||I'(w)|| > (1 + [|ulD||I'(uw)|| > v2¢ from assumption, setting 5 := 57 it
s
follows that ||I"(u)||? > 2es, for all u € Bry1. Thus, (1.13)) yields

= (1.14)

3
Therefore, since I(u) < ¢+ ¢, (1.14)) implies that I(n¥*(u)) < I(u) — ; <c-— g, and the result

holds for first case.

Case II: 17} (u) € Bryi NI Y (c—e,c+¢]) for 1 <j<m—1,but *(u) & I ([c—e,c+e]),
for some 1 < m < ks. From (1.12)) and since ||I’(u)||? > 2¢;, for all u € Br,1, it follows that

265 €g _%
2k 2k’

hence, () (u)) < I} '(u)) for 1 < j < m. Then, 7/*u) ¢ I"'([c —&,¢+€]) and

18



1.2 A Quantitative Deformation Lemma 19

I(n7 (u)) < I(n{" *(u)) implies that I(n*(u)) < ¢ —¢e. Thus, using again a telescopic sum, it
follows that

ks
I W) = 100 )+ > [1mi(w) = 1] (w)]
j=m+1
ks
< c—et Y [0 w) - 16 )] (1.15)
j=m+1

Fixing j, m+ 1 < j < ks, and using (1.9)) as in (1.12)), it yields

I () ~ 07 () <~ I @I + 5 < oo (1.16)

Replacing ([1.16) in (1.15)) for all m + 1 < j < ks, it follows that

IN
o
|

Therefore, the result also holds in this case.

Case III: 7} (u) € By NI e —e,c+¢]) for 1 < j < m—1, but n{"(u) ¢ Bpry, for some
1 <m < ks. Since u € #r, it follows that
2

R
lull + 5 +1< R+1 < [l (u)ll

and hence, by the triangular inequality and the telescopic sum, it follows that

R+2

5 = (Wl = [lull
< m"(w) = ull
< i) = ni (W)l (1.17)
j=1

By the definition of 71, and that V(u) = I'(u) in Br41, it follows that
j i1 Lot Lo g
[l (w) = (@)l = 2V ()l = IO (@)l (1.18)
for all 1 < j < m, since n{(u) € Bpra1 for all 1 < j < m — 1. Hence, replacing 1} in 1)
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1.2 A Quantitative Deformation Lemma 20

and applying Hélder’s Inequality for finite sums, it yields

2 < i Wl

N

< IS e )| (1.19)

1 : : :
From (|1.12), it follows that %HI’(n{*l(u))HQ < —[I( () — I(nl " (u))] + %, which yields
s

s

10 I < & (107 () — TG + 2 (1.20)
for all 1 < j < m. Thus, using (1.20)) in (1.19)), it yields

m

Sk (107 ) = 108 @)) + 5| =T k(1) — 165 () + 75

J=1

R—|—2<m%
2 ~— k

Squaring both sides, it follows that

2
s_(B+2 <
4 2 -

(1) = 10 (w)) ) +
1) = I (w)) + 2|

{c +e—I(n"(u)) + a . (1.21)

= 3= T3

k
Multiplying both sides of (1.21) by —, it yields
m

ks 3e m

3 10 1
which implies I(n{"(u)) < ¢+ kT e g, since 0 < ¢ < — by assumption. Now, as in

10
Case I, using a telescopic sum and ([1.16]), it yields

10F @) = 1)+ > [1erw) - 1617 W)

A
o
|
™
_l’_
[
+
L—
|
o> ™
@

IN
o
|
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1.2 A Quantitative Deformation Lemma 21

Therefore 4i) also holds for the third case.

Proof of the Claim: Finally, to finish the proof of this lemma, it is left to prove the claim.
Denoting by Id : E — E the identity map in FE, since

PV () = Vi(a) = x(luil) PI'(w) = Xl ) (Livi + BB (w),
it holds that
Pt = P = V() = (1= pxllldD ) w = (DR )

Hence, it is suitable to set

and

X ([Juil|) P B’ (w).
1=1,2

In fact, observe that given u, — u in E, (I3) and Lemma [1.2|imply that B’(u,) — B’(u) in E'.

Since P; is continuous, it follows that Ki(u,) — K;(u), thus K; is completely continuous, and

pww

therefore is compact for all ¢ € [0,1]. Moreover, by the definitions of U; and Ky, it is clear that
n satisfies (I'y) — (I's). Via (I1) — (I2) there is a constant C' = C(r) such that ||I'(u)|| < C for
all u € B, hence by the definition of 7, it yields

[lne()l] < ful| + |V ()]
< r+ ')l
< r+C,

and 7; maps bounded sets into bounded sets, namely 7 satisfies (I'y). Lastly, it suffices to show
that Uy is a homeomorphism of E onto E, so as to complete the verification of (I';). By (I's),
it suffices to show that P;U; is a homeomorphism of E; onto F;, ¢ = 1,2. Let u,v € E;, for any
t € [0, 1], by the definition of x;, if ||u]||,||v|| > R + 2, then

t 1
| XD Zaw = xol Zav| = 0 < SHju =]l

i

Hence, without loss of generality, suppose that ||[v|| < R+ 2. By the definitions of x and k, and
via Mean Value Theorem, for any t € [0, 1], it yields
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1.2 A Quantitative Deformation Lemma 22

iz = xielbEa]| < ]tz — Lo+ ][0l = Aol Zeo]|
< 2 Zal llo = oll+ IE] IxChll) = xoID] el
< Bl [l = ol (R 2 ] = e |

1
< R+ 2) |1+ g ] u ol
1
< §Hu—vH (1.22)

Thus, (1.22) holds for all u,v € E;. Now, for each w € F; fixed, set %4, : E; — E;, given by
Lw(u) == %X(HUH)Lzu + w. Note that due to (1.22]), £, (u) is a contraction on E;. Then, it
follows from Contracting Mapping Theorem that .%,,(u) has a unique fixed point w,,. Therefore,

uy € E; is the unique such that £, (u,) = uy, which implies that P;U;(u,) = w is a one-to-one
correspondence, and hence P;U; is bijection. Furthermore, (1.22) yields

1PUw) ~ PO = 1w = ) = 2 0l i = x(llol) L)l
>l ol = | [xUlull) 2o x(llol) Lo
> u—oll = gl — ol = 5w —oll, (123

which implies that (P;U;)~! is continuous. Since P;U; is continuous by definition, it ensures that
P;U; is a homeomorphism of F; onto F;. Consequently, n satisfies (I'1) and finally the claim is
proved. O

The following lemma gives a significant information about level c.
Lemma 1.4. (Cf. [1] Proposition 1.17.) If I satisfies (I3), then ¢ > a.
Proof. For sake of completeness, this proof is included here. In fact, it suffices to show that
hi(Q)N S #0, (1.24)

for all h € A. In fact, if (1.24) holds, there is a y € h1(Q) N S, hence

sup I(hy(u)) > I(y) > ini;I(w) > a, (1.25)
ued we

due to (I3) (7). Since (1.25) holds for all h € A, the definition of ¢ in (Iy) yields ¢ > a. The
proof of ([1.24) follows from the stronger assertion that

he(Q)N S # 0, (1.26)
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1.2 A Quantitative Deformation Lemma 23

for all h € A and t € [0, 1]. Since S —v C Ej via (I3) (i), then (1.26)) is equivalent to finding, for
each t € [0,1], a u € Q such that

Plht(u) eS—w
Pyhy(u) = v. (1.27)

In order to solve ([1.27)), it is necessary to convert it into an equivalent problem to which the
linking geometry hypotheses can be applied. Suppose first that h € A with the corresponding
m = 1. Letting u = u; + us € E1 @ Ey as usual, by (I'1) and (I's), (1.27)) becomes

(1) Pihi(u) € S —v
(13) Pahi(u) = Up(uz) + PoKi(u) = v. (1.28)

More generally, suppose ([1.28]) (i7) replaced by
Pyhi(u) = P2Zy(u), (1.29)

where Z;(u) is an arbitrary compact operator with Zy(u) = v. Note that in (1.28)), Z;(u) = v is
the compact constant operator, for all ¢ € [0,1]. Again via (I'1) and (I's) (1.29) is equivalent to

Un(uz) = ~Po (K (w) = Zi(w)),
which is equivalent to
uy = UL (—P2 (Kt(u) - Zt(u)>> = BYi(u), (1.30)
where Y} is compact, due to the compactness of K; and Z;, and Yy(u) = v, since
Uyt (—Pg <K0(u) - Zo(u)>) - —PQ( . Zo(u)> — w.
Now, suppose by induction that is equivalent to
ug = PoYy(u), (1.31)

with Y; compact and Yy(u) = v, whenever h € A with the corresponding m = n — 1. Then, let
heAwithm=nsoh=hMo- - oh™ andlet h =h® o...0h(™. Hence h =hM oh and
again by (I'1) and (I's), equation

v = Pohy(u) = Py (Ut(l) + Kt(”)ht(u) = UV Pyhy(u) + LK g ()
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1.3 Proof of the Main Result 24

is equivalent to
Pohi(u) = (UV) N (= PoK{ (he(w) +v) =2 PaZy(u), (1.32)
where h()) = UM + K1) and since Kt(l) is compact, Z given by the right hand side of 1} is

compact and PQZo(U) = v, since Ky = 0. Thus, by induction hypothesis there is a compact Y;

such that (|1.32)) is equivalent to solving (|1.31]).
Now set ®;(u) = Prhi(u) + ug — PaYi(u) + v, and note that ® € X, in Definition ,
since

Py®y = ug — (PY; — ),

and

Qo(u) = Prho(u) +uz — P2Yo(u) +v = Pru+us —v+v=u.

In addition, P;®; = Py h; and provided that Ph; = v is equivalent to ((1.31]), due to all remarks
above, it follows that P,®; = v is equivalent to Poh; = v, by the definition of ®;. Therefore,
®i(u) € S if and only if hi(u) € S, hence to obtain (|1.26) and complete the proof, it is only

necessary to show that

2,(Q) NS #0, (1.33)
for all ¢ € [0, 1]. Since ® € ¥ and via (I3) (iii), S and 0Q link, then (1.33]) holds if

B,(Q) N S = 0. (1.34)

Suppose the contrary, so there is a u € Q) and t € [0, 1] such that ®;(u) € S. Then hi(u) € 5,
but h(0Q) C 1578 since h € A. On the other hand, S N I°3" % = 0, due to (I3) (i) and

provided that 8 € (0, H), hence it yields a contradiction. Thus (|1.34]) is satisfied and this

2

proof is complete. O

1.3 Proof of the Main Result

Under the knowledge of all results in previous sections, Theorem can be finally

proved.

Proof of Theorem[1.4) First, since identity map h(u) = u is in A, then ¢ < +o00 in view of (I3)
and (I3). Moreover, ¢ > « by Lemma Now suppose that ¢ is not a critical value of I, then
I'(u) # 0, for all u € I71(c), hence there exists ¢ > 0 such that

(1 + ||| 1T (w)]] > V2e, forall uell(c—e,c+e]). (1.35)
If not, there exists a sequence of positive g, — 0 and u,, € I~ ([c — &5, ¢+ &,]) such that

(L + [un| ) [ (un)| < v/2en.
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1.3 Proof of the Main Result 25

From (I4) this sequence is bounded and then it possesses a weakly convergent subsequence,
still denoted by (uy), namely u, — u as n — 400, for some u € E. By (l2) and Lemma
one has B'(u,) — B'(u) along this subsequence and by assumption, I’(uy,) — 0, then it
follows that Lu, = I'(u,) — B'(un) - —B'(u) as n — +o00. On the other hand, Lu, also
converges weakly to Lu along this subsequence. Hence Lu = —B’(u) and Lu, — Lu
strongly, then I'(u) = Lu+ B’(u) =0. Since I(u,) — ¢, again by (I3) it follows that

I(u,) = 3 (Ltp, upn) + B(uy) — I(u) = c. But it means that c is a critical value of I, contrary

1
to assumption. Thus there exists an € as desired in (1.35). It can further be assumed € < 10"

By the definition of infimum, choose an h € A with corresponding (8 such that

¢ <supI(hi(u)) <c+4eand h(3Q)c Iz P (1.36)
uEQ

Since h € A, hy maps bounded sets on bounded sets, due to the definition of T', hence h;(Q)
is bounded. Therefore, there is an R € N such that h1(Q) C Br. By Lemma with
2

1
e=3 min(3, ¢), there exist n € I and k € N such that n}** satisfies i) and 44) of that lemma. Let

g¢(u) = 0l (hs(w)), provided that hy(Q) € I°z ~#, in view of i) Lemma g:(0Q) C %33,
Hence g € A and from (|1.2) it follows that

c < sup I(g1(u)). (1.37)
ueQ

From (1.36), I(hi(u)) < ¢+ ¢ for all u € Q. Thus, if hi(u) € I7Y([c — ¢,¢ + €]), by (1.35)

it is possible to apply ii) of Lemma to conclude that gi(u) € I°"2. On the other hand, if
hi(u) € I¢7¢, then ¢) of Lemma [1.3| yields

I(g1(w) = 10" (i () < I((w) + o< c—c+ = =c -,
thus g1 (u) € I°"2 by the choice of p. Consequently, it follows that
sup (g1 (u) < ¢ = 5 (1.38)
ueQ 2
which contradicts and the theorem is proved. O
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Chapter

2

Applications on Indefinite Problems

This chapter aims to present applications for the abstract result developed in Chapter 1.
Since Theorem [I.4] works for Cerami sequences, the natural applications are asymptotically linear
problems. This chapter contains three sections, in the first one, a periodic solution is obtained for
a Hamiltonian System, in the second one, by applying similar arguments, a nonlinear Schrédinger
equation corresponding to the Hamiltonian System in the previous section is solved, and in the

last one, two application on nonlinear Schrédinger equations with different spectra are studied.

2.1 An Asymptotically Quadratic Hamiltonian System

via an Abstract Linking Theorem
The goal of this section is to study Hamiltonian systems (H.S) as below
t=H,(t2), z=(pq) cR¥, (2.1)

0 —I
where . = < o ) and H € C'(R x R?N R) has the form

H(t,z) = %V(t)z -2+ R(t,2).

Assume that V() satisfies

(Vo) V(t) is continuous, 27-periodic, symmetric 2N x 2N-matrix valued function.

Moreover, on R(t, z) assume the hypotheses
(R1) R(t,z) >0, for all z € R?N ¢t € R and R,(t,2) = o(|z|), uniformly in ¢ as z — 0;
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2.1 An Asymptotically Quadratic Hamiltonian System via an Abstract Linking
Theorem 27

(R2) R,(t,z) = M(t)z+r.(t,z), with M a continuous, 27-periodic, symmetric 2N x 2N-

matrix valued function and (¢, z) = o(|z|), uniformly in ¢ as |z| = +o0;

d

(R3) Setting A as the operator of L2(S', R2Y) given by A := —(,ﬂa +V(t)),
ap:= inf [M(t)z-2] > AT =inflo(A) N (0, +o0)];
teR,zeR2N
|z|=1

(R4) Defining € as the operator of L2(S',R?V) given by & := A — .4, where .# denotes the
operator multiplication by M (t),

0 ¢ op(0).

Remark 2.1. Since R is asymptotically quadratic thelre exists an upper bound for the rate at
which H(t,z) = 400 as |t| = +oo, that is |H(t, z)| < §(|]V|]OO + 700 )|2|%, where || - ||oo denotes
the norm in L= (R*N xR?V) and roo > 0 is chosen such that |R(t, 2)| < roo|z|? due to (Ry)—(Rs).

2.1.1 Variational Structure

Inspired by [7], (HS) is treated in FE, the space of 2N-tuples of 2m-periodic func-
tions which possess a weak derivative of order 3 Namely, let L?(S',R™) denote the set
of m-tuples of 2m-periodic functions which are square integrable. If z € L2?(S',R™) it has

a Fourier expansion z = Zajeijt, where a; € C™, a_; = a@; and Z|aj|2 < 4o00. Let
JEL JEZL
Wo2(SY,R™) = {z € L2(S,R™) : ||2||ye.2 < +00} be the Sobolev space with the norm

— -120
2llwo = | D_(1+[3*)]as”

JET.

Choose 6 = %,m = 2N and then E := W%’Q(Sl,RQN), with the norm above. It is important
to highlight that by [43] (cf. Proposition 6.6., page 36), for any 5 € [1,+00), E is compactly
embedded in LP(S',R?Y). In particular, there is an ag > 0 such that ||z||g < agl|z|], for all
z € E.

Observe that, for smooth z = (p,q) € E, where p and ¢ are each n-tuples, setting

1 21

2T
Qu(z) = /0 plt) ()t — 5 [ Vi)(t) - 2(1)a.

0

_ /0% = <y5t> 2(t) - 2(t)dt ;/O% V(t)2(t) - 2(t)dt

1
= §(AZ,Z)L2(51,R2N), (22)
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since V' is bounded, in view of (Vp) it follows that,

Q<0 [(Slilln?) (Sl + (Si) (Sla)*| < il .

JEZL JEZL JEZL JEZ

Therefore, Q4 extends to all of F as a continuous quadratic form. If E0, Et, E~ are the closed
subspaces of F on which Q4 is null, positive and negative definite, then F = E'® E+ @ E~.

Moreover, if

2m . 27
Bqalz €l = /0 (p(t)'¢(t)+¢(t)-d(t))dt—/0 V(t)z(t) - £(t)dt

27 d
- /O —(Jdt+V(t)> (bt
= (szg)LQ(Sl,]RQN)a (23)

is the bilinear form associated to @4 and z = (p, q), £ = (¢, ) belong to distinct such subspaces,
then Bg,[2,€] = 0 and Qa(z + &) = Qa(2) + Qa(§). In addition E°, E*, E~ are mutually
orthogonal in L?(S',R?Y). Hence, for z = 2" + 27 + 2~ € E, it is suitable to take as an

equivalent norm in E the expression
1211 = [[211% == [12°l72(51 gowy + Qa(z") — Qal27),

and the associated inner product, obtained by means of (2.3), which makes E a Hilbert space
with E, E*, E~ orthogonal subspaces of E.

Remark 2.2. Due to (V) the operator multiplication by V (t) is compact, hence the essential
spectrum  of operator A is the same of A+ V(t) = —f%, namely oess(A) = 0ess(A +
V() ={=1,1} (cf. [{4], Corollary 2 page 113 and [7], page 262). Then, ker(A) = E° is finite
dimensional, since 0 ¢ oess(A), and either 0 is a isolated point of o(A) or 0 ¢ o(A), hence
0 < inf[o(A) N (0,4+00)] = AT < ay, therefore ag > 0 in (R3). Furthermore, £1 € 0.55(A) are
isolated points in o.ss(A), thus they are eigenvalues of infinity multiplicity, hence Ey and Es are
both infinite dimensional. In addition, it means that operator A has at least two eigenvalues,
being one positive and the other one negative. Thus, defining A\T, X\~ as respectively the smallest
positive and largest negative eigenvalues of A, they are well defined and 0 < |A7|,|A\T] < 1.
Therefore, for zt € Et and 2= € E~, Spectral Theory (cf. [9], Theorem 1.1°, page 394) asserts
that

QA(Z+) > )\+H2+H%2(517R2N) and QA(Z_) < )\_HZ_H%Q(5‘17R2N)- (2~4)

An example of V (t) satisfying (Vo) is given by V(t) = cos(t). Moreover, since o(A) is pure point,
choosing ag > 1 a constant such that ag ¢ o(A), and setting M(t) = ag, it implies that R(t,z)
satisfies (Ry).
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2m
Let I(z) = Qa(z) —/ R(t,z(t))dt, for all z € E, be the functional associated to (H.S).
0

By (R;) — (R2) and provided that H € C*(R x R*V R), I is well defined and I € C'(E,R).
Thus, a weak solution to (HS) is a critical point to I, a function z € E such that for all ¢ € E

27
I'(2)6 = Qa(2)6 - /0 R.(t, 2(t))(t) dt = 0.

Via the discussion above about Q4(z), I is indefinite, henceforth the goal is to apply Theorem
to get a critical point to I, namely a periodic solution to (HS). The main result holds.

Theorem 2.1. Suppose H € C*(R x RV R) consider I such that (Vo) and (R1) — (R4) hold.

Then (HS) possess a 2m-periodic, nontrivial, weak solution.

First of all, note that I satisfies (I;) of Theorem In fact, setting Ey := E* and
FEy:= E~ @ E°, it yields By = Fy. Then, define L; : E; — E;, for all z € E;, as given by

(Liz,f)E = Qiq(z)f = BQA [Zv‘g] = (szf)LQ(Sl,R“’)’

for all £ € E;, i = 1,2, where Q'4(2)¢ denotes Fréchet derivative of Q4 at z acting on &. Hence,
L=Li+Lo: E1® Ey — E1 @ FEy is a well defined, linear, bounded operator and satisfies

1 1 [* d 1 1
Qa(z) = §(AZaZ)L2(51,R2N) = 2/0 - (jdt + V(t)> Zrr2= 5@14(2)2 = g(LZaZ)E-
2w
Thus, setting B(z) := — R(t, z(t))dt, for all z € E, it is possible to write
0

I(z) = %(Lz, 2) + B(2),

satisfying (I7).

2.1.2 Setting Compactness

In this subsection two lemmas are proved so as to guarantee that I satisfies hypothesis

(I2) in Theorem

Lemma 2.1. If R € C(R x R?N R), then B is weakly continuous.

Proof. Let (zy) € E be a sequence and suppose z, — zin E. Provided that FE is compactly
embedded in LA(SY,R2N), for all § € [1,+00), it yields z, — z in LP(S',R?N) for B = 2
and hence there exists ¢ € L?(S',R?") such that |z,(¢)| < ((t) almost everywhere in S*, for
all n € N. Since R is continuous and |R(t, z)| < reo|z|? for all t € R and z € R?Y, then
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R(t, z,(t)) — R(t, 2(t)), almost everywhere in S* and
[R(, 2n())] < Tool2n ()] < 70cC?() € LY(ST, R,

thus by Lebesgue Dominated Convergence Theorem,
2 2
/ R(t, z,(t))dt — R(t, z(t))dt,
0 0
as n — +oo. Therefore B(z,) — B(z) and B is weakly continuous. O

Lemma 2.2. Assume that R € CY(R x R*V R), then B is uniformly differentiable on bounded
sets of E.

Proof. Note that |R,(t,2)| < 2reo|z| < 2reo(1 4 |2|%), for 1 < s < 400 and F is a subspace of
LY (SY, R2Y) with ||z||, < au|z||, for all z € E and for all r € [2,4+00), due to the embeddings of

E on Lebesgue Spaces. Then Proposition 3.12 in [7] implies that B(z) is uniformly differentiable
on bounded subsets of F. O

2.1.3 Linking Geometry

Under the purpose of establishing a linking geometry, set S := 0B, N £ and
Q:={re+z0:1>0,20 € Ey,||re+ 22|| <7},

where 0 < p < r; are constants and e € Ej, ||e|| = 1, is chosen suitably. Indeed, due to (R3) and
(2.4), let e € E1 be a unitary eigenvector associated to AT, the first positive eigenvalue, then it

satisfies
2 1
1=le]|"=Qale) = 5( €,e)r2(51 R2N)

1 2

= §>‘+||e||L2(sl,R2N)
1 2

< §a0”€”L2(51,R2N)
1 27

< 3 M(t)e(t) - e(t) dt. (2.5)

0

Choosing such e, it is possible by means of (2.5)) to show that for sufficiently large r; > 0,
Ils > a > 0 and I|pg < 0 hold, for some o > 0. Moreover, as noticed before, S and @ “link”.
Hence, I satisfies (I3) for some o > 0, w = 0 and arbitrary v € Es.

Lemma 2.3. Assume that H € C1(R x RV R). Under hypotheses (Vo) on'V and (R1) — (R3)
on R, I satisfies (I3).
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Proof. Note that from (R;) — (Rz2), given € > 0 and 2 < p < 2*, there exists C; > 0 such that
[R(t,2)] < 5 \Zl2+*121p and |R.(t,2)| < elz] + Cef2P,
for all z € R?Y, and for all t € R. Since S C Ey, for all z; € S, it yields

2
() = gllal?- /0 R(t, =1 (1)) dt

1 e C
> - 2_ - 2 75 p
S (2\Z1(t)y + () ) it
1 € C
> 30~ (56810 + Scplalr)
1 Cg _
> p*(dy —dg) = a >0, (2.6)

where €, p are sufficiently small, such that 1 > eC3 and also
1 2 Cg —92
dl 125(1—602) >?C£pp =:d

Therefore, from (2.6), (I3) (z) holds for I.

In order to prove that I satisfies (I3) (#¢) in Theorem with w = 0, observe that
I(z) <0, for all z € By = E~ @ E°, then it suffices to show that I(re 4 2) <0 for r > 0,2 € E
and ||re + z|| > 71, for some r; > 0 large enough. Arguing indirectly assume that for some
sequence (rpe + 2,) C RTe @ Ey with ||rpe + 2,|| = 400, I(rne + 2,) > 0 holds, for all n € N.

Seeking a contradiction, set
5 e+ Zn

Zn = m = Sn€+'lﬂn7

where s, € RT, w, = w, +w’ € By = E~ @ E° and ||Z,|| = 1. Provided that (2,) is bounded,
up to subsequences it follows that z, — Z = se+w in E. Then, up to subsequences, Z,(t) — Z(t)
almost everywhere in R, s, — s in RT, w,, — w in F, and w) — w in E, since (w?) C E° and

EV is finite dimensional. Seeing that
1= ||sne +wall* = 55 + [Jwy |12 + [|lwp] %,

it follows that 0 < s2 < 1, and it yields

I T R(t t t
et o) e g2 - (”"6”“’5( Das
[|rne + znl| ||rne + znl|
™ R(t,
= 252 —1— |2 - rcl )+Z’;( D gt >0, (2.7)
||rne + znl|
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1
hence 3 < 52 < 1. Moreover, from 1j it follows that

L M T M@ - ety
2 Jo
Hence,
1 2
0 > 52—525 M(t)e(t) - e(t)dt
0
s? i ” e(t) e - w02—52—1 7 w(t) - w
> (1o [T M0 ewde) - 1+ 0 - ) - 5 [T arwu -l
= _1 ” e(t)-e —-1- 11)02—1 " w(t) - w
= (205 [ M@el) - cte) <110 - 5 [T MO0 wtar @8)

On the other hand, from Remark and since %, is convergent in L2(S',R?Y), there exists

some 1 € L'(S',R) such that for sufficiently large n € N, ||r,e + 2,||?> > 1 and then

’R( o rne() + zn ()

e S el < v € 2R

Moreover, provided that ||rne+ z,|| — 400, and Z,(t) — Z(t) # 0, almost everywhere in supp(z)
as n — +o0, from (Ry) it yields
R(t,re(t) +zn(t)) 1 r(t, Zn(®)llrne + znl]) 120 (1)

- - 1 - -
Trac 4zl 20 O30 20+ e e MO0 20

almost everywhere in supp(Z)NS* as n — +o00. Note that, supp(Z) # ), because Z = se+w, with
supp(e) # 0 and (e, w) 251 revy = 0. Thus, by Lebesgue Dominated Convergence Theorem,
T R(t, rpe(t) + z,(t)) 1 [

0 [|rne + zn||2 dt — 2 s M(t)(se(t) + w(t)) - (se(t) + w(t))dt,

as n — +oo. Passing to the limit in (2.7) as n — 400, it yields

1 2
0 < 22 —1—u'?= [ M@ (526(7:) ce(t) +wl(t) - w(t)) dt
1 2m
= s (2 ~3 M(t)e(t) - e(t)dt) —1—|[w? (2.9)
0
1 2w
~ 3 M (t)w(t) - w(t)dt, (2.10)
0
which is contrary to (2.8)). Therefore the result holds. O
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2.1.4 Boundedness of Cerami Sequences

This section is dedicated to show the boundedness of Cerami sequences required in (I4)
and finally to prove Theorem

Lemma 2.4. Suppose that H € C1(R x R2N R), V satisfies (Vo) and R satisfies (R1) — (Ry4),
then I satisfies (Iy).

Proof. Let b > 0 be an arbitrary constant, and take (z,) C I~%([c — b,c+ b]) such
that (14 [|zn]]) [|I'(2n)]] — 0. Then (z,) is bounded. In fact, suppose by contradiction that

||2n|| = 400, up to subsequences. Setting Z, : it is bounded, hence z, — Z in E and

— “n
 laall’
Z, — Zin L*(S1,R*YV), for s € [1,+00), due to the compact embeddings previously mentioned.

Writing 2, = 2,7 + 2, + 20 € EY @ E~ @ E°, by the choice of z, it satisfies

ot
on(l) = TGt
= gl
2w Zn 7t B
= IziHQ—/O RZ(t’|Zn((?))|"(t)\zn(t)\dt, (2.11)
and
on(l) = )t
= H;HI’(zn)ég
2m z z-
= - [ B O g (212)

Subtracting (2.12)) from (2.11)), and using that 1 = ||ZF[|2 + ||z, ||2 + [|12°||?, it yields

on(1) =1~ ||23)? - /O% Rt OO =2 Oz (2.13)

[2n ()]

Provided that (2)) C E°, which is finite dimensional, then weak convergence implies that
9 — 20 in E. Furthermore, since %, — # in L?(S!,R?Y), there exist 7,9~ € L*(S4,R)

such that |2} (¢)| < ¢*(t) and |z, (t)] < ¥~ (t), almost everywhere in R, hence from Remark [2.1]
it follows that

R.(t, 2 () [5F(t) — 27 ()]
|2 (t)]

z

|2n (2)]

<2 [ ()P + (07 ()] € LU(S ).

In addition, since %, — Z in L2(S',R?N), |2,(t)| — +oo, for all t such that Z(¢) # 0, from (Ry)
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it follows that

Ra(t, 2 [Er () =5 O] . 0 E
o ()] '“m“(M@”@+

as n — +0o. Therefore, by Lebesgue Dominated Convergence Theorem, passing to the limit in
(2.13) as n — +o0, it yields
2m

[ M@z [0 - ) ar =1 (2.14)

On the other hand, given ¢ € E, from (R2) it follows that

[ R0 [ g ). gty [0,
0 0

[l2nl| 0 |2l

Since Z, — Z in L2(SY,R?N), |2,(t)| — +oo for all ¢ such that Z(t) # 0, then again from (Rz) it
follows that

/%m@%@wwﬁ: M@0 - 6() dt + on(1),
0

[|zn ]l 0
as n — +oo. Hence, using the same arguments as above and applying Lebesgue Dominated
Convergence Theorem, it yields

1) = e

_ QAan) /QWR tzn ¢(t)d

[[2n]] !znl\

t

= (AZy, ®) 12051 g2vy — ; M( )Zn(t) - @(t) dt + 0, (1)
= (ﬁgn,QS)LQ(Sl’RQN) +0n(1)

= (ﬁé,gb)LQ(Sl,RQN) +0n(1). (2,15)

Due to (2.15)), if Z # 0, it is an eigenvector of & with eigenvalue 0. Nevertheless, from (Ry),
0 ¢ 0,(0) thus, Z = 0. It means that 2 = 2= = 20 = 0 thus, (2.14) yields another contradiction.
Therefore, the result holds. O

Now, the main result of this section can be proved.

Proof of Theorem[2.1] Provided that I satisfies all assumptions (I1) — (I4) in Theorem ap-
plying it provides a critical point u € E of I, and therefore u is a 2m-periodic, nontrivial, weak
solution to (HS), since I(u) = ¢ > 0, hence u # 0. O
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Remark 2.3. With minor changes in the arguments above, it is possible to find a periodic

solution to a type of problem involving a nonlinear Schrédinger equation corresponding to (HS):
—Au+V(z)u=g(z,u), zcRY N>3

where, V(x) is (2m)-periodic in x;, i =1, ..., N, and g(x, s) satisfies similar hypotheses as those

satisfied by R,(t,z). This problem is going to be studied next section.

2.2 A Nonlinear Schrodinger Equation Corresponding

to a Hamiltonian System

The goal of this section is to study a type of problem involving a Schrédinger operator
and a nonlinearity satisfying hypotheses very similar as those satisfied by R, (¢, z) in the Hamil-
tonian systems (HS) in last section. This type of problem is known as a nonlinear Schrédinger
equation corresponding to a Hamiltonian system like (H.S), since it is possible to employ analo-
gous arguments to obtain existence of solution to this problem.

More precisely, consider again problem (P) treated in Section 3.3:
—Au+V(x)u=g(z,u), zeRY, N>3. (2.16)

For this setting V' (z) satisfies

(V/) V € O(RN,R) is (27)-periodic in z;, i = 1,..., N;
(VJ) Setting A := —A + V(x), as an operator of L?((S")V R),

info(A) < 0.
Moreover, g(x, s) satisfies

(G1) g(z,s) € C(RN x R,R), g(x,s) =o(|s|) as |s| — 0, uniformly in x and for all ¢t € R

t
G(x,t) = / g(z,8)ds > 0;
0

(G2) g(x,s) = h(x)s + g(x,s), where h(z) and g(z,s) are (2w)-periodic in z;, i =1,..., N,
and g(z,s) = o(|s|) as |s| = 400, uniformly in z;
(G3) ag= inf h(x) > AT =inf[o(A4) N (0,+00)];

zERN
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2.2 A Nonlinear Schrédinger Equation Corresponding to a Hamiltonian System 36

(G4) Setting 0 := A — J#, where J is the operator multiplication by h(z) in L2((S")V,R),

0 ¢ op(0).

Remark 2.4. From (G1) — (G2) there exist Cy > 0 such that |§(x, s)| < Co|s| for all s € R and
xz € RN. Hence, there exist C > 0 such that

|9(2, 8)| < hools| + Cols| < Cls],

for all s € R and x € RN where hoo = [[Pl| oo (s1)V )~ In addition, it follows that
C
G5 < S1sP,

for all s € R and x € RY.

2.2.1 Variational Structure

Making a parallel with Section 3.3, this problem is treated in a space of (27)-periodic
functions in x;, i = 1,..., N. Being A := —A+V(z), an operator of L?((S')"¥,R), and observing
that the functional associated to problem ([2.16)) is given by

1

I(u) = S (Au,u)r2((g1)N ) —/ G(z,u) dz, (2.17)

2 ’ (SH)N

it is natural to define £ := H'((SH)V,R) = WH2((S1)V,R) and to remind that by [43] (cf.

Proposition 6.6., page 36) E is compactly embedded in L?((S")N,R), for any 3 € [0, 4+00).
Defining @4 : E — R by

1
Qa(u) = / |Vu(z)|? da +/ V(z)u?(z) do = = (Au, U)L2((S1)N R)>
(SI)N (Sl)N 2

it is a continuous quadratic form on E. If E° E+ E~ are the closed subspaces of E on
which Q4 is null, positive and negative definite, then £ = E° @ E+ @ E~. Moreover, if
B, [u,v] = (Au,v)p2((s1)nv gy for all u, v € E, is the bilinear form associated to Q4 and u, v
belong to distinct such subspaces, then Bg ,[u,v] =0and Qa(u+v) = Qa(u)+Qa(v). In addi-
tion E°, E*, E~ are mutually orthogonal in L?((S')V,R). Hence, for u=u'+ut+u~ € E,

it is suitable to take as an equivalent norm in E the expression
[l = fall = 161 51y ) + Q™) = Q).

and the associated inner product, obtained by means of Bg, [u,v], which makes E a Hilbert

space with E°, ET, E~ orthogonal subspaces of E.
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Due to (V7)) the operator multiplication by V() is compact from E C L2((Sh)N, R2Y)
to L2((SH)N,R2Y), hence the essential spectrum of operator A is the same of A —V (z) = —A,
namely 0ess(A) = 0ess(A — V(x)) = 0 (cf. [44], Corollary 2 page 113). Then, A has discrete
spectrum and ker(A) = E° is finite dimensional, since 0 ¢ o.ss(A) and either 0 is a isolated
point of o(A4) or 0 ¢ o(A), hence 0 < inf[o(A4) N (0, +00)] = AT < ag, therefore ag > 0 in (G3).
Furthermore, due to (V2) both F; and Fs are nonzero dimensional. In addition, it means that
operator A has at least two eigenvalues, being one positive and the other one negative. Thus,
defining AT, A\~ as respectively the smallest positive and largest negative eigenvalues of A, they
are well defined and 0 < [A7|,|A\"| < 1. Therefore, for ut € ET and u~ € E~, Spectral Theory
in [9] (cf. page 394 Theorem 1.1°) asserts that

Qa(u™) > )‘+||U+|’%2((51)N,R) and Qa(u”~) < )\_||U_H%2((31)N,R)' (2.18)

Since I(u) = Qa(u) —/ G(z,u(x)) dz, for all x € E, by (V/) and (G1) — (Ga2), I is well
(SHN

defined and I € C'(E,R). Thus, a weak solution to (P) is a critical point to I, a function u € E
such that for all v € E

I'(w)é = Qy(u)o - / oz, u(@))v(x) dz = 0.

(SHN

Via the study above about Q4 (u), I is indefinite, henceforth the goal is to apply Theorem

in order to get a critical point to I, namely a periodic solution to (P). The main result holds.

Theorem 2.2. Suppose (V{) — (V) and (G1) — (G4) hold. Then problem (P) in possess

a (2m)-periodic in x;, i = 1,..., N, nontrivial, weak solution.

It is clear that I satisfies (I;) of Theorem In fact, setting F; := ET and
Ey :=E~ & E°, it yields E5- = E;. Then, define L; : E; — E;, for all u € E;, as given by

(Liu,v)p = Q4 (u)v = Bg,[u,v] = (Au,v) 1251y~ R)»

for all v € E;, i = 1,2, where Q’4(u)v denotes Fréchet derivative of Q4 at u acting on v. Hence,
L=I1+Lo: E1® Ey — FE1® FE5 is a well defined, linear, bounded operator and satisfies

1 1 1
Qa(u) = (AU U)2((STYN R) QA( Ju = 5Ba. [u, u] = §(Luau)E-
Thus, setting B(u) := —/ G(x,u(x)) dx, for all u € E, it is possible to write
(sHy
1

satisfying (I7).
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2.2 A Nonlinear Schrédinger Equation Corresponding to a Hamiltonian System 38

2.2.2 Setting Compactness

In this subsection assumption (/) is verified by means of the following two lemmas.
Lemma 2.5. If g satisfies (G1) — (G2), then B is weakly continuous.

Proof. Let (uy) € E be a sequence and suppose u, — uin E. Provided that E is compactly
embedded in LP((SY)V,R), for all # € [1,400), it yields u,, — u in L((SY)N,R) for g = 2
and hence there exists ¢ € L?((S1)V,R) such that |u,(z)| < {(z) almost everywhere in (S1)V,
for all n € N. By (G1), G is continuous, hence G(x, u,(x)) = G(x,u(x)), almost everywhere in
(81N and due to Remark it follows that

C C
GCun()] < Sl < 5¢() € LH((SHY,R),
thus by Lebesgue Dominated Convergence Theorem,

/ G(z,up(z)) de — G(z,u(z)) dz,
(sHN (SHN

as n — +oo. Therefore B(u,) — B(u) and B is weakly continuous. O

Lemma 2.6. Assume that g satisfies (G1) — (G2), then B is uniformly differentiable on bounded
sets of E.

Proof. First, note that fixed R > 0 and given u + v, v € Bp, it follows that

[Blu+v) ~ Bu) — B(u)| = A;WVN%M@+WWD—G@m@D—g@mwnwﬂwm

st/ 19z, 2(2)) — g(z, u(@))| [v()] dz,
(SHN
< Colléllp2((syn my v (2.19)

where {(x) := |g(z, 2(x)) — g(z,u(x))| and z(x) = u(x) + 6(z)v(x), with 0 < §(z) < 1 given
by Mean Value Theorem and Cs > 0 is the constant given by the continuous embedding E —
L2((SHN,R).

In order to prove that B is uniformly differentiable on bounded sets of E, given € > 0
is sufficient to show there exist § > 0 such that Ca|[¢]|2((g1)v gy < € for all u + v, v € B with
[lv]| <. Seeking a contradiction, suppose that it is not the case, then there exist Ry, g > 0 such

that for all § > 0 there are us + vs,vs € Br, with [|vs|| < 6 and Cal[€]|2((g1y~ ry > €0. Thus, it

n
and Col|&nllr2((s1)v r) > €0, for En(z) = |g9(2, 2n(2)) — g(,un(z))], With 2, = up + Opvp, and

0 < 60, < 1 depending on u, and v, as before. Since v, — 0 in E, v, — 0 in LQ((Sl)N,R),
vp(z) — 0 almost everywhere in (S')" and there exists 1 € L2((S1)™,R) such that |v,(z)| <

1 1
is possible to obtain for all n € N and 6 = — functions u,, + vy, v, € Bg, such that ||v,]| < —
n
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Y(z) almost everywhere in (S*). Furthermore, since (u,) C Bg,, it is bounded in E, then
u, — u in E, up to subsequences. Due to the compact embedding E — L2((S)V,R), u,, — u
in L2((SY)N,R) up to subsequences, hence u,(r) — u(z) almost everywhere in (S')V and
there exists ¢ € L2((S1)™,R) such that |u,(z)] < @(z) almost everywhere in (S up to
subsequences. Thus, z,(z) — u(x) almost everywhere in (S1)V, which implies that &,(x) — 0,
almost everywhere in (S1)", provided that g is continuous. Moreover, in view of Remark it
follows that

En(2))? < 2[\g(x,zn(x))\2+}g(a:,un(w))\z]
< 2[Cla@) + Ol (o)?]
< 20 2(fun@)P + fen(@)?) + fun(a)P?
< 202 [8lun (@) + 2o ()]
< 6C2[P(@) +2()], (2.20)

almost everywhere in (S1)VN. Since p? + 2 € L'((S')V,R), applying Lebesgue Dominated

Convergence Theorem, it yields

2
€0
<C2> < ||£"H%2((51)N,R) = /(Sl)N |§n($)|2 da — 0,
as n — 4+o0o0. Which gives a contradiction. Therefore, the result holds. 0

2.2.3 Linking Geometry

To obtain a linking geometry, set S := (0B, N E1) and
Q= {retuz:r>0,uz € By, |[re + ug|| <1},

where 0 < p < r; are constants and e € Ej, ||e|]| = 1, is chosen suitably. Indeed, due to (G3) and
(2.18)), let e € E; be a unitary eigenvector associated to AT, the first positive eigenvalue, then it

satisfies

1
1= H6H2 = QA(G) = 5(A676)L2((SI)N7R)
1

2

= A lellzastyv )
1 2

< oollellzasnyv m)

1 Xz 62 Xz X
2/(31)N h(z)e*(z) dz. (2.21)

IN
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Choosing such an e, it is possible by means of (2.5) to show that for sufficiently large r1 > 0,
Ils > a > 0 and I|pg < 0 hold, for some o > 0. Moreover, as noticed before, S and @ “link”.

Hence, I satisfies (I3) for some a > 0, w = 0 and arbitrary v € E».
Lemma 2.7. Under hypotheses (V{) — (V3) on V and (G1) — (G3) on g, I satisfies (I3).
Proof. Note that from (G1) — (G2), given € > 0 and 2 < p < 2%, there exists C; > 0 such that

€ C.
Gz, s)| < =|s|* + =5|s|P
Gz, 5)] < 5ls] p||

and

l9(@, 5)| < els| + CelsP~,

for all s € R, and for all z € RY. Since S C E, for all u; € S, it yields

1
Iw) = glalP= [ @) ds
(SHN

1 2 9 2 Ce
> = _ < < p
- 2 /(Sl)N <2|u1(x)| - p fua (=) ) o

L, € 2 2, C
> 50— (508l + Secpihup

1 C _

= p2 |:2(1 - 8022) - fcgﬂp 2:|
> p2(d1 _ dg) =a > 07 (222)

where €, p are sufficiently small, such that 1 > eC3 and also
1 2 Cg —92
d1 = 5(1—502) > ?Cgpp = d2.

Therefore, from (2.22)), (I3) (i) holds for I.

So as to ensure that I satisfies (I3) (4¢) in Theorem with w = 0, observe that
I(u) <0, for all u € By = E~ @ E°, then it suffices to show that I(re+u) < 0 for r > 0,u € Ey
and ||re + u|| > ry, for some r; > 0 large enough. Arguing indirectly assume that for some
sequence (rpe + up) C Rte ® By with ||rpe + uy|| — +oo, I(rpe + uy) > 0 holds, for all n € N.

Seeking a contradiction, set
- Tne + Uy

Un = [|rne + | = Sn€ T tin,

where s, € RY,w,, = w,, +w’ € By = E-®E" and ||@,|| = 1. Provided that (i) is bounded, up

to subsequences it follows that @, — @ = se+w in E. Then, up to subsequences, u,(x) — u(x)

0

almost everywhere in RY, 5, — s in RT, w, — w in £, and w® — w® in E, since (w%) c E°

and EV is finite dimensional. Seeing that 1 = ||s,e + wy||? = s2 + ||w;, ||? + [|w?][?, it follows
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that 0 < si <1, and it yields

1 G
Tonetin e — oz~ [ ot
[|rne + un| )N ||rne + un|

= 22 1 [0 - / Gla, rnel) + “;‘(x» dr >0,  (2.23)
(SH)N |rne + un|

1 1
hence 5 < s? < 1. Moreover, from ({2.21)) it follows that 1 < 2/ h(x)e?(x) da. Then,
(SHN

82 —1 1’62[13 X | — ’LU02—82—1 .Z"LU2QJ X
> (1 5 " <>d> Ul =) =5 [ naite) a

_ (2 - % /(Sl)N h(z)e(z) dx) S — ;/(SI)N had(@) de. (2.24)

On the other hand, from assumptions (G1) — (G2) and since i, is convergent in L?((S')V,R),
there exists some ¢ € L'((S')",R) such that

‘ G( - rne() +un(t))

[[7ne + unl |2 ‘ < ool ()2 < () € LY((SHN,R).

Moreover, provided that ||rpe 4+ uy|| — +o0, and 4,(z) — @(x) # 0, almost everywhere in
supp(@), it follows that up(z) = Uy (x)||rne + up(z)|| — 400 almost everywhere in supp(a), as
n — 400, hence

G(x,rne(r) + un(@)) _ G(@,in(@)|lrne + unll) iz ()

1
= _ — Zh(z)a?(z ,
[|rne + unl|? a2 (z)||rne + un|? 2 (@)@ (z)

almost everywhere in supp(Z)NS! as n — +o0o. Note that, supp(@) # ), because % = se+w, with
supp(e) # 0 and (e, w)2((s1y~ gy = 0. Thus, by Lebesgue Dominated Convergence Theorem,

/ G(x,rne(x)+u;(m)) g s h(w) (se(z) + w(x))? da,
(SN ||rne + un| 2 (SN

as n — +oo. Passing to the limit in (2.23]) as n — +o0, it yields

0 < 252 —1—|ju?|? = 1/ h(w) (26 (@) + w?(2)) da

_ g (2 _ % /(Sl)N h(z)e(x) dx) S || — ;/(SI)N W@y (@) de,  (2.25)
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which is contrary to (2.24]). Therefore the result holds. O

2.2.4 Boundedness of Cerami Sequences

Now, last condition of Theorem is proved, and lastly the main result of this section

is demonstrated.

Lemma 2.8. Suppose that V satisfies (V) — (V) and g satisfies (G1) — (Ga), then I satisfies
(14).

Proof. Let b > 0 be an arbitrary constant, and take (u,) C I"([c —b,c+ b]) such
that (1 + [|un||) [|I'(un)|] = 0. Then (uy) is bounded. In fact, suppose by contradiction that

||un|| — +00, up to subsequences. Setting a,, : it is bounded, hence @,, — @ in E and

C unll
Uy — G in Lﬁ((Sl)N, R), for 5 € [1,+00), due to the compact embeddings previously mentioned.
Writing u, = u} +u, +ud € E* @ E~ ® E°, by the choice of u,, it satisfies

'LL+
On(l) = I/(un)m
=
= e [ 2 @it ) de (2.20)
and
(1) = T
- HulnHI'(un)ﬂ;
- /(Sl)N W%(z)ﬂ;(z) dr. (2.27)

Subtracting (2.27) from (2.26), and using that 1 = ||@||? + ||, ||* + [|ad][?, it yields

on(t) = 1= fa8) — [ D (g )2 — (i () (2.28)

(SN un(m)

Provided that (%2) C E°, which is finite dimensional, then weak convergence implies that
@) — % in E. Furthermore, since i, — @ in L?((SY)V,R), there exist »*,v~ € L2((S)V,R)
such that |&} (z)| < T (z) and |, (x)| < ¥~ (), almost everywhere in RY, hence from Remark
2.4] it follows that

<)+ ()] € L(SHY, R).
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Since @, — @ in L2((SH)N,R), u,(x) — +oo, for all 2 such that @(x) # 0, from (Gs) it follows
that

W [(a;{(w))z B (ﬂ;(@)Q] _ <h(x)ﬁn§x) n §(x,un(a:))> [(ﬁ+($))2 B (a‘(x))ﬂ
= ha) (@ (@)* = (@ (@)°]

as n — +0o. Therefore, by Lebesgue Dominated Convergence Theorem, passing to the limit in

(2.28) as n — +o0, it yields
o+ 2 ~— 2 _ ~01)2
b (@ @) = @ @)7] de =1 a2 (2.29)
(SHN
On the other hand, given v € E, from (G2) it follows that

Ma z)v(x) der = T)un(x)v(r) dx Ma 2o(x) dr
/(51)1\7 Up () n(z)v(z) d /(51)Nh()”()()d+/ n(z)v(z) de.

(SI)N un(m)

In virtue of the same arguments as above it follows that

/ 9@ un(®) 5 oyo(a) da = / h(@)an(z)v(z) dz + on(1),
(Sl)N (

U ()

as n — +o0o. Hence, using the same arguments as above and applying Lebesgue Dominated

Convergence Theorem, it yields

 T'(ug)v
o) = T
Q' ()0 9z, un(2))
] ‘/W un(z)  n@vie) do
= (A, 2((g1\N RY — h(x)ty, dr + o, (1
(A, 0oty = [ @Nineele) do - on()
= (ﬁﬁn,v)L2((Sl)N7R)+On(1)
= (ﬁﬂ,v)L2((S1)N7R)+On(1). (2.30)

Due to (2.30), if @ # 0, it is an eigenvector of &, with eigenvalue 0. Nevertheless, from (Gy),
0 ¢ 0,(0) and hence, @ = 0. It means that @™ = @~ = @° = 0 and thus, (2.29) yields another

contradiction. Therefore, the result holds. O

Finally it is possible to prove the main result of this section.

Proof of Theorem[2.3, Provided that I satisfies all assumptions (I1) — (I4) in Theorem ap-

plying it provides a critical point u € F of I, and therefore u is a nontrivial (27)-periodic function
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in z;, i =1,..., N, and a weak solution to (HS), since I(u) = ¢ > 0, hence u # 0. O

Next section, two nonlinear Schrédinger equations are studied and nontrivial weak solu-

tions are found by applying the abstract result obtained in Chapter 2.

2.3 Asymptotically Linear Schrodinger Equations in

RY via an Abstract Linking Theorem

This section introduce two applications for the abstract critical point theorem developed
in Chapter 2. The main difference between them is how to obtain the linking geometry, based
on their spectra, which are very different to each other.

First, consider problem (P)
—Au+V(z)u=g(z,u) in RV, (2.31)
for N > 3, where potential V satisfies:

(V1) Ve CRYNR)and lim V(z)= "V, > 0;

|z|—+o0

(Va) Setting A := —A + V(z), a self-adjoint operator of L*(RY),
sup [0(A) N (—o0,0)] =0~ <0< ot =inf[o(4) N (0, +c0)].

Remark 2.5. In view of (V1), V(x) is bounded and oess(A) = [Voo, +00) C (0,+00) (cf. [52]
Theorem 3.15, page 44), hence o(A)N(—00,Vao) = 04(A) N (=00, V). Furthermore, hypothesis
(V) implies that either 0 ¢ o(A) or 0 € o4(A), since 0 € (07,0") is an isolated point and
the essential spectrum [Voo,+00) does not have isolated points, hence 0 ¢ 0ess(A) = [Vioo, +00)
which implies that Voo > 0, namely Voo is positive, therefore assumption Voo > 0 in (V1) is
redundant. With this in hand, it is possible to introduce by means of operator A an equivalent
norm || - || to the usual norm || - [|g1gyy, in HYRN) (¢f. [17], Lemma 1.2). Thus, space
E= (HI(RN), IE ||>, will be the Hilbert space used in order to apply Theorem H Finally, (Va)
implies that O # o(A) N (—00,0) = 04(A4) N (—0,0), i. e., operator A has negative eigenvalues.
Furthermore, this set is finite (cf. [23] Theorem 30, page 150). An example satisfying (V1) — (Va)

is given by a continuous V (x) such that

) lz] < R
Viz) =
Voo |z| > 2R,
A1(1) , : : 1
where Vy > 72 > 0 4s a constant and X1 (1) is the first eigenvalue of the operator (—A, Hy(B1(0))).
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A1(1)

In fact, if ¥ is an eigenfunction associated to A1 (R) = —5~ s Which is the first eigenvalue of the
operator (—A, H} (Bg(0))), it yields

(A, ) 2y = /B o TR+ V@) da
< (M(BR) = Vo) 19112280
(1
(25 = ¥0) I aqery

< _EHTZJH%?(RN)?

for some € > 0, which implies the bottom of the spectrum of A is negative.

Henceforth consider the case where g(x,s) = h(x)f(s), and h satisfies

(h1) h € C(RY,(0,4+0c0)) and lim h(z) = 0;

|x| =400

(ha) h € LY(RYN), q= %, for some p € (2,2%).

Furthermore, f is asymptotically linear satisfying

(fi) feC®R) and m 1) — g,
s—0 S
F s
(f2) There exists a > 0 such that BI-F 5(28) _ 57 where F(s) := / f(t)dt, and F(s) > 0.
S o0 0

(f3) Setting Q(s) :== 1f(s)s — F(s) >0 for all s € R\ {0},

lim Q(s) = +oo.

s—+00

Remark 2.6. Observe that assumptions (hi)—(hs) give thath € L®°(RY) and ||h||sc = hoo > 0.
In addition, (f2) implies that EIJP F(s) = 400, hence by (f2) and L’Hospital rule, it follows

f(s)

that lilJrrrl “——= = a. Moreover, due to assumptions (f1) — (f2) there exists k > 0 such that
s—+o0o §
|f(s)] < K|s|] for all s € R and a < k. An example satisfying (f1) — (f3) but not with /()
s

increasing, is a continuous f(s) such that

sT — %sE’ + 2¢3

145 Is] <5,
fs) =
3
s
T2 |s| > 10.
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2.3.1 Variational Setting

Let I : E — R be the energy functional associated to problem (P) in , which is

given by
I(u) =+ / (1Vul +Vw?) - / h(e)F(u(z)) de, (2.32)

2 JrN RN

for all u € E. As observed in Remark the set of eigenvalues o4(A) N (—00,0) is finite, then
one can denote it by {)\i}gzl, for some j € N, counting multiplicities, and in addition, denote
by ¢; € E the eigenfunction associated to A;, for ¢ = 1,...,j and then set £~ := spcm{goi}gzl.
Moreover, setting E° := ker(A), if 0 ¢ o(A), then E° = {0}, if not, then 0 € o4(A), hence
E? is finite dimensional. Thus, E~ @ EY, it is a finite dimensional subspace of E and setting
Et := (E~ @ E°)*, it is the subspace of E in which operator A is positive definite. With this,
E = ET @ E~ @ E° and every function v € F can be uniquely written as v = u™ + v~ + uY,
with ut € ET, u® € E° and v~ € E~. Furthermore, as in [I7] operator A induce an equivalent

norm || - || to the standard H!(R")-norm and a corresponding inner product (,-) in E given by
Jul? = (Aut,u®) oy — (Au™,u7) oy + ([0 72 gy,
and

/]RN (Vu(x)Vv(:B) + V(m)u(m)v(m)) dzr = (Au,v) 2 (gw) if w,v¢e BT,

_ /RN (Vu(w)Vv(m) + V(x)u(x)v(x)) dr = —(Au,v)2gyy  if w,v € BT,

(U,U)Lz(RN) if u,vée EO,
. y k .
. 0 if weEY, ve E* j#k,
(2.33)

for j,k € {+,—,0}. Henceforth, the Hilbert space used in this application is £ = (H1 (RM), || - H)

and in addition, it is possible to write

1) = 3 (Il 12 = ) - /R h(@)F(u(x) da,

for all u = ut +u~ +u® € E. Note that the orthogonality among Et, E~, EY, ensures that

ut,u~,u’ are also orthogonal in LQ(RN). As usual, ||u\|%2(RN) = (u, u)2(rn) denotes the norm
and inner product in L?(RY), then (U],uk)LQ(RN) =0,j # k and j, k € {+,—,0}.

Denoting by {&(\)} the spectral family of operator A, in view of Spectral The-
ory (cf. [9], Supplement S1.1 page 386; see also [39] Chapter 3) it is possible to define

Ey:=&(0)E = E~ @ E%and F; := (I — &£(0))E. Furthermore, £(0) = &(\), forall0 < A < o+,
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by the definition of ot in (V3), then E; = (I — &(\))E, for all 0 < A < o*. Hence, by [9] (cf.

Theorem 1.1, page 394) it follows that O'+HU1H%2(]RN) < ||u1]|?, for all uy € E;. Therefore,

2
Uy
[

w1 €10 [Jus |72 gy
and then, setting

2 +
101 AN (2.34)

IR 1 Tz
hoo wieBLm#0 |[un|[Fo vy — oo

ap 1= 1nf s
u1€E1,u1#0 Hh5u1||%2(RN)

>

it follows that
HulHQ > qg /N h(a:)u%(a:) dz, (2.35)
R

for all u; € Ej.
Under all previous assumptions and notations, it is possible to state the first main result

of this section.

Theorem 2.3. Assume V satisfying (V1) — (Va), h satisfying (h1) — (ha) and f satisfying (f1) —
(f3), with a > ag. Then problem (P) has a nontrivial weak solution v € H'(RY).

2.3.2 Boundedness of Cerami Sequences

In order to prove Theorem first the boundedness of Cerami sequences of I defined
in is going to be showed. Subsequently, hypotheses (I1) — (I4) in Theorem will be
checked, and then will be possible to ensure the result by applying the theorem concerned. For
now, observe that by (f1) and (f2), given € > 0 and 2 < p < 2* there exists a constant Cz > 0
such that

F(s)] < s + & s (2.36)
2 p
and
1£(s)| < els| + CcsP~ (2.37)
for all s € R.

Recall that given (v,) a bounded sequence in H*(R"), up to subsequences, (v,,) satisfies

exactly one of the cases below:
(1) Vanishing : for all r > 0,
limsup sup / [ (2)|? dz = 0.
Br(y)

n—+00 ycRN
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(ii) Non-vanishing : there exist, 7, 0 > 0 and a sequence (y,) € RY such that

n—-4o00

limsup/ lun(z)|* dz > o.
By (

Lemma 2.9. Assume that (Vi) — (Va), (h1) — (h2) and (f1) — (f3) hold for I and let (u,) C E

be a Cerami sequence of I in an arbitrary level ¢ € R, then (uy,) is bounded.

Proof. Suppose by contradiction that, up to subsequences, ||u,|| — +00 as n — +o0o. Defining

U
vy = T n” it follows that (v,) is a bounded sequence in E. Then v, — v as n — 400, up
Un,

to subsequences. Since (v,) is bounded it satisfies one of the cases, either vanishing or non-

vanishing. The idea is to show that neither vanishing, nor non-vanishing can occur for (vy,),
which yields a contradiction and proves that (uy) is bounded.

Firstly, suppose that non-vanishing case holds for (v,), up to subsequences and let
(yn) C RY be a sequence given by (ii). Whereas (u,) is a Cerami sequence, given ¢ € CS°(RY)
set n () := @(x — yn), then ||on|| g1y = [|9]| g1 gy and

1 (tn) | < (117 (un)|

e-llonlle < all' (un)ll e 101 gy vy < 2l [T (wn)]] [16]]E — 0,

as n — 400, where c1, ¢y are positive constants such that [[w||g < c1f|w]]g1@n) < c2l|w]|p, for

all w € E, by the equivalence of norms. Since ||u,|| — +00, setting
Q= {z e RY : |u, ()| # 0},

it follows that the Lebesgue measure is p(€2,) > 0, therefore putting v, = v4 p + v— 5 + Vo,
where v;,, € EJ j=+,—,0 it yields

oull) = T (),
= v — v — X M T X
- (+:n 7,n,¢n) /RN h( ) ||unH ¢n( )d
f (un @)

= (UJr,n - U*,nﬂbn) / h(:ﬂ) vn($)¢n(x) dx.

Setting vy, (x) = vp(x + yn) and ay(z) = un(x + yy), note that (v,) is bounded in E. In fact,

(vy) is bounded and by the invariance of H'(R™)-norm due to translations, it follows that
|onlle < alltnllm @y) = allonllm@yy < callonlle = co.
Hence, up to subsequences,

op—=0=0"4+0"+¢" in E=E"+E +E°
b, =0 in L (RY). (2.38)
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Then, making a change of variables, it yields
oull) = ol wa)on
= [ (Foenle)Vote =) + o1 @)V (@)oo = ) da
+ /R (V@) Vol = ya) + v @)V (@)l — ) da
[ P @yota — ) do
= [ (VEnle)Vo@) + 5@V o+ )o0)) do
(V- n(@)V0() + 5 n(@)V (@ + ya)9(2) ) da

7)1)”(3:)(;5@) dzx. (2.39)
Now consider two cases:

Case 1. |y,| — +oo. Let K = supp(¢) be the support of ¢. Note that due to Remark
|f(s)] < kls| for all s € R, and from (2.38)) there exists ¢ € L'(K) such that |o,(z)| < ((x),

almost everywhere in K. Thus,

e+ ) T2V, (60| < hoorc00) € 1)

On the other hand, o,(z) — v(z), almost everywhere in K, and h(z) — 0 as |z| — 400, in
virtue of (hy), then

f(an ()

a4 5, @)60)| <l )o@ e+ )] 0

almost everywhere in K as n — +o0o. Therefore from Lebesgue Dominated Convergence Theo-

rem, it follows that

/]RN h(x + yn)f(in((x))ﬁn(a:w(x) dr = / h(x + yn)Mﬁn(x)¢(x) dx — 0, (2.40)

as n — +o0. Moreover, V (z + y,) — Vi almost everywhere in RY as n — +oo0, in view of (V7).

Thus, and yield
on(1) = / (Vi n(@) V() + (Vo + 00(1)) 4 n () () | de
K

[ [V @ ota) + (Vi + 0,(1)i ala)(a)] .
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Taking n — 400, for any ¢ € C°(RY), it follows that

/]RN [V(17+(a:) +0_(2)) Ve + Vo (04 (2) + 0 (w))gﬁ(az)} dx =0,

thus, w = o+ + 9~ is a weak solution to problem —Aw(z) + Vaow(z) = 0, in RY. Since operator
Laplacian in H'(RY) does not have eigenfunctions, it implies that w = 0. Thus, o = ?° € E°. If
Ey = {0}, then © = 0 and it yields a contradiction. In fact, by (i) and (2.38])

/ |9(z)|? da = limsup/ | (2)|? dx = limsup/ v (2)* d2z > 0 > 0.
»(0) +(0) Br(yn)

n—+oo n—r—+o0o
On the other hand, if E° is nontrivial, since |[vgn|| = ||80,n|| < 1 and E? is finite dimensional, it
implies that vp,, — v* in E up to subsequences, with [[v°]| = ||7°|| # 0. Hence
1
on(l) = (un)vo

= - / h(w)Muo,n(x)vo(x) dz.
RN

(2.41)

f(un(x))

the same arguments as above, by applying Lebesgue Dominated Convergence Theorem in (2.41))

Since h(x)

vo.n(7)0°(x) — ah(z)(v°(x))?, almost everywhere in supp(v?), in virtue of

it yields

/ ah(x)(v°(x))? dz = 0,
RN

which contradicts v° # 0. Therefore (ii) does not occur in this case.
Case 2. (yy) is bounded. Provided that
- Cl, .~ cl 1
|[n|| > 5|’Un|\H1(RN) = a”unHHl(RN) = a”unHa

then ||t,|| — 400 as n — +oo. Moreover, there exists  C B,(0), such that the Lebesgue
measure is p(€2) > 0 and

0#15(@) = lim_[5u(e)| = tim_ 22

n—-+o0o n—-+00 ||unH
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almost everywhere in Q, since o # 0 in B,(0). Provided that ||a,|| — 400, it follows that

|in ()] — 400, almost everywhere in Q. Thus, Q@ C B,(0) and h > 0 in B,(0) implies

0<ho= inf {h(x)} and (f3) yields
z€B;-(0)

n——4o00 2

Jim inf /R () [1 1t (@))un() — F ot ()] da

n—-+o0o

— liminf /R RICERT [% F(@n(2))iin (@) — F(an(x))} dx

v

n—-+oo

hg/ﬂlim inf [%f(ﬁn(x))ﬁn(x) — F(ﬂn(aﬁ))}dx

= ‘I‘OO,

since Q(s) — +o0 as |s| = +oo. However, this is a contradiction with the fact that

1 1,
/RN h(z) [§f(un(x))un($) - F(un(;p))} Az = I(un) = 51/ (un)in = ¢+ 0n(1).

Hence, (ii) does not occur neither in Case 2. Therefore non-vanishing does not hold for (v,,).
On the other hand, suppose that vanishing case holds for (v, ), up to subsequences. Since
(up) is a Cerami sequence then I’ (up)uy , — 0 and I'(u,)u—,, — 0 as n — 4o0. Therefore,

on1) = Htm e

- f'(un)v+,n=||v+,nll2—/ h(z) [f(“"(f”))

Tun® - Tunl] 0, un(2) ”"@)”*’"(“")] o

and

on(1) = Llm)ton 1 g P - / h(z) [Mvn(x)v_,n(x)] d.

lunll> | 2, un ()

Subtracting the latter equation from the former one it yields

on(1)

Hv—&-,n

1+ [lo-nll® = /Q ) h(x) {f(“”(m))vn(x) (v+,n(x) - v_,n(@)} dz
Ll = [ a0 [ (02 ) - 2 ()

Thus,

/ h(z) [f(%(x))@i,n(x) - vin(x))] de — 1 — |02, (2.42)

as n — +oo. However, since f(s)‘ < K, for all s € R\ {0} and provided that h € L4(RY), with
S
* * *
=5 and 2 < 2— < 2*, Holder’s Inequality for ¢ and ¢’ = — and Minkowski’s Inequality
-Dp p p
yield
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flun(x)) (o 2 2 2
| DD 02 )~ 2 ) da] < sl [l 5 )+ Il
_ 2 2
= il [lonlP s+ llo-lls ]
— 0, (2.43)
: ' ) < ) S N
as n — 400, provided that HUJ,nHLQ%(RN) < ||U”HL227(RN) — 0, for j = 4+, —, by Lions
Lemma (cf. [35] and also [57], Lemma 1.21 page 16). Hence, combining ([2.42)) and ([2.43))
it yields |[v°]| 2wy = |[0°|] = 1 which also contradicts vanishing condition. Thus, it does
not hold either. Therefore (i) cannot occur for (v,) and this proof is complete. O

2.3.3 Setting Some Necessary Hypotheses

Next step is to prove that I satisfies (I1), (I2), (I3) and (I4) in Theorem [1.4] Throughout
this subsection, conditions (I;) and (I2) are proved. First of all, see that I € C'(E,R), due to

the hypotheses assumed about h and f. Moreover, on one hand,
(Lu,u) = (L1u1 + LQUQ, up + UQ) = (Llul, ul) + (LQUQ,UQ),

and on the other hand, denoting by I : E1 — FE; the identity operator in E1, and by P~ : Fo — F»
the projector operator of Fy on E~, note that us € Es is such that ug = v~ + «°, hence

2 -2
P =P =

I = un]? = Jjuz — u°|f?

= (ul,ul) — (u2 — uo,u2 — uo)

~ () + (= P uan)

Thus, setting L1 := I; and Lo := — P, it follows t{lat L; : E; — E; are bounded, linear and
self-adjoint operators, for ¢ = 1, 2. Therefore I(u) = 3 (Lu, u) + B(u), where
B(u) = —/ h(z)F(u(z)) dz, (2.44)
RN

and this gives (I7).

In order to prove (I2) the following lemma is needed.

Lemma 2.10. Assume that (h1) — (h2) and (f1) — (f2) hold for I, then B given in is

weakly continuous and uniformly differentiable on bounded subsets.

Proof. Let u,, — u be a sequence in E, then u,(z) — u(z) almost everywhere in RY, and

F(up)(z) = F(u)(r) almost everywhere in RV, since F(s) is a continuous function. Moreover,
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(2.36) yields

*

2
2* € C 2 € 2 C x
Pl < (huaP+ ) < 0 (Gl + ChuP ) e ),

2 2
since 2 < 2= <2* and (u,) C E < L5(RY), for 2 <s<2* Thus (F(un(-))) C L7 (RY)
p

is bounded, provided that (u,) is bounded in E and then it is bounded in LQ%(RN ) and in

L? (RN). Since F(uy)(z) — F(u)(z) almost everywhere in RY and HF(un)HLz(RN) <C
P

2*
for all n € N, by Brezis-Lieb’s Lemma in [10], F(u,) — F(u) in L» (RY). Provided that (hs)
implies that h € LY(RY), where ¢ is the conjugate exponent of —, then
p

h(z)F(up(x)) de — h(z)F(u(z)) dx,
RN RN
as n — 4o00. Therefore B is weakly continuous.
Showing that B is uniformly differentiable on bounded subsets of E means that given
e > 0 and Br C E, there exists 6 > 0 such that |B(u + v) — B(u) — B'(u)v| < ¢||v]|], for all
u+ v € Bg with |[v]| < J. First, note that B satisfies

|B(u+v) — B(u) — B'(u)v]| =

L M@ [F ) +0(@) - Fute) - fua))ote)]ds

/RN h(z)|f(2(z)) — flu(@))|jv(z)| dx

ni / (@) E1f (2(2)) — Fu(@)|[o()] da, o)
RN

IN

IN

since for ¥(t) := F(u + tv), it yields ¥'(t) = f(u + tv)v. Hence, Mean Value Theorem implies
there exists some function §(x), such that 0 < #(x) < 1, almost everywhere in RV and writing

z = u + Ov, it follows that
F(u+v) = F(u) =19(1) = (0) = ¢'(0) = f(2)v,

almost everywhere in RV, Moreover, provided that h € L>®(RY), from (2.45)

IN

1
h&oll€ll L2y (1011 2 ey

1
héCal [l 2@ I, (2.46)

|B(u+v) — B(u) — B'(u)v|

IN

where Co > 0 is the constant given by the continuous embedding E < L*(RY™) and

*

2
&= h%()\f(z()) — f(u(+))] it belongs to L?(R™). Indeed, since " is the conjugate exponent of

23
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*

2
q, applying Holder’s Inequality for ¢ and — it follows that
p

[ ePds = [ b@fe) - fu@)P ds
RN RN
< bl 17((0)) — Fu()IP

P (RN)
< 400,

. 2% 22" 92" 92% 1N

since 2 < 2— < 2% and |f(u)|"? < k"7 |u|"? € L'(RY) due to Remark [2.6L Observe that

by ([2.46)) is sufficient to show that given € > 0 and Br C FE, there exists 6 > 0 such that
€

H§HL2(RN) < —— for all u +v € Bg with ||v|| < J.

h2,Cs
In order to prove this indirectly, suppose there exists ey > 0 and Br, C E fixed, such
€
that for all 6 > 0 it is possible to obtain us + vs € Bp, with [[vs|| <0 and [|&|[z2@y) > — 0 ,
h2,Cy

where
& = h7 ()| f(25() — f(us()] and 25 = ugs + Ovg.

1 1
Choosing 6, = —, for each n € N there exist u,, + v, € B, such that ||v,|| < — and
n n

€0
[[nll 2@y > ———-
hé.Co

Hence, v,, —» 0 in F and u,, — u in E, up to subsequences as n — —+oo. In addition, z, — u in

E and z,(x), u,(z) — u(z) almost everywhere in RY, up to subsequences. Thus,

|f(zn(l')) - f(un(x))|2 - 07

almost everywhere in RY as n — 4oo0. Moreover, (z,) and (u,) are bounded in E and the
2*
Sobolev embedding L*# (RY) < E holds, then

2 92" 22"
| 1f(zn) = fun) P[] 7y < C<||f(zn)|| gor A fun)ll o )
L7 (RN) L™ 7 (RN) L7 (RN)
92" 22" 22
< Cr™7 |||zl ;g + |[unl| sz
L° P (RN) L P (RN)

2% 2% 2%
< C(Cper) (uznu% i Hunu%)
P

< 20(Cy kR0)?7 .
P

Therefore, the sequence (| f(z,)— f (un)|?) is bounded in L7 (RY). Applying Brezis-Lieb’s Lemma
2*
again, it yields |f(z,) — f(un)|> = 0 in L» (RY) as n — 4o0. Since h € LY(RY), which is the
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dual space of L% (RM), by weak convergence it yields
lenlamr, = [ BTGl = Fun(e e 0,

€
as n — 400, which contradicts [|&,||2@N) > 170 and completes the proof. O
h3.Cs

2.3.4 Linking Geometry

This subsection is devoted to obtain the linking geometry in (I3), to observe that (1)
comes from the boundedness in Subsection 2.3.2, and finally to prove Theorem [2:3]

First, for the linking structure, choose Q@ = {re : r € [0,m]} & (E3 N B,,), and
S =0B,NE, where 0 < p < r; < rp are constants and e € Ey, |le|]| = 1, must be a suit-
able vector. Then, observe that if a as in (f3) is such that a > ag, for € > 0 small enough and
as := a — ¢, it follows that a > a. > ag, and by the definition of ag in , there exists some
eg € E7 such that

agp /RN h(z)ed(z) dx < ||eo||* < ae /]RN h(x)ed(z) du.

Normalizing e it follows that e := HeOH € FEj is such that
€0
| = [[e|? = / (IVe@)? + V(@) (@) do < ae/ h(z)eX(z) da. (2.47)
RN RN

Therefore, choose such e for the structure of ). Furthermore, by Lemma S and 0Q)
“link” ,  where 9@ can be written as 0Q = Q1 N Q2 N Q3, with Q1 = {0} & (E2 N B,,),
Q2 ={re:re0,r1]} & (E2N0B,,) and Q3 = {rie} & (E2N By,). The following lemma shows
that I satisfies (I3) (¢) — (i%) in Theorem for some o > 0, w = 0, and arbitrary v € Ej.

Lemma 2.11. Assume that (V1) — (Va), (h1) — (he) and (f1) — (f2) hold for I. For Q and S as
above, and for sufficiently large 11 > 0, I|g > a > 0 and I|sq < 0 hold, for some a > 0.

Proof. By definition, S C E, hence for all u; € S it yields
1 2
I(w) = Sllull®= [ $hz)F(u(e)) de
RN
1
37—t [ (Gh@P + @) da

1 € C
37 — o (5C8IIlP + gl

v

v

2

1
= p? (2(1 — ehooC3) — C];EhooCprp_2> . (2.48)
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Thus, if €, p are sufficiently small, 1 > ehoC3 and also

dy .—%(1—eh 02)>£h CPpP™2 =i dy,

therefore from (2.48)) it holds I(u1) > p?(dy — do) = o > 0.
Now, for the purpose of checking that I|sg < 0 < a, consider the three cases as follows:

Case i. u € Qq C Es, thus
1 2
I(w)=—Z|[ul]* = [ h(z)F(u(z)) dz <0,
2 -

since h(z)F(u(z)) > 0, for all z € RV,
Case ii. u € @2, thus u = uj +ug, where u; = re, with 0 < ||ug|| = r <7 and |[|ug|| = 792 > 71,

therefore

1 1
1) = 5 (lalP=3) = [ h@)Pla(e) do < 5 (F = 13) <o

Case iii. u € @3, thus u = r1e + ug, where 0 < ||ua|| < ra. If 71 < [|ug|| < 7o, then

03 = lell) = [ W@F (@) do < 5 (F =) <0,

| =

I(u) =

If 0 < ||ug|| < r1, put ug = ryve, where vo € By N Ey. Thus,

u) = 17"2 — |va]?) — z)F(u(z)) dx
I = it = lel?) = [ h@F) d
< %r% (1 - /RN 2h(x)F(“(e(xi; v2(2))) d:c) . (2.49)
Now, observe that 2h(-)F(Tl(€(')2+ v()) < hookle(:) +va(+)[? € LYRY), for all 11 > 0, since
51

e,va € L2(RYN). Moreover, from (f3) it follows that

F(Tl(e(a:) + vg(x)))

2
1

2h(z) — ah(z)(e(z) + v2($))27

almost everywhere in RY as 7 — +00. Lebesgue Dominated Convergence Theorem yields

/ zh(x)F(h(e(x);vz(x))) d$_>a/ h(a)[e(a) + va(a))? da,
RN RN

1

as ry — 4oo, for all vo € By N Ey fixed.
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Claim. The limit

Tl_I;[E 2h(x)F(r1(e($)2+ vy (x))) d:c:a/ hz) [e(x)+v2(a;)]2 d.
1 oo JrRN (] RN

1s uniform for vy € B1 N Es.

Assume that claim postponing its proof, so as to conclude case iii). From the uniform

convergence in By N Ey, for each € > 0 there exists rg > 0 such that, for all 71 > rg

/RN [a _ 2F(7’1(€(1’) + va(2) )] h(z)(e(z) + va(x))? da < 5/ h(z)(e(x) + va(x))? da,

77 (e(x) 4 v2(2))? RV
for all v9 € B1 N E5. Thus,

gt (1 [ PO ) <t (1 [ et e ).
(2.50)

where a. = (a — €). Now, observe that e and vy are orthogonal, then

/RN h(z)(e(z) + vg(w))2 de = /]RN h(z)[e*(z) + v3(x)|dx > /RN h(z)e?(z) d.
Hence, from
%T% (1 _ /RN Zh(x)F(Tl(e(x);— ’U2($))) dl’) < %7’% (1 —a. /RN h(w)eQ(x) dl‘) ’

1

and thus, substituting in (2.49)), it yields

IW)<;@<1—ai4Nh@ﬁ%@cm>. (2.51)

Therefore, from (2.47) and (2.51)) it follows that I(u) < 0, and the result holds.

In order to prove the claim, it is necessary to prove that

F(Tl(e(a:) + vg(x)))
ri(e(z) + v2(2))?

lim a—2

r1—-+00 RN

]h@ﬂd@+wﬂ@fdx—&

uniformly in vo € By N Es, which gives the result. First of all, define for all n € N, functional
Jn : B1 N Ey — R given by

= a— F(n(e(z) +va2(2) z)(e(z) + va(2))? da
Inlea) 1= /RN [ 2 n?(e(z) + va(x))? ]h( (oe) + eale))” b
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The continuity of F' implies that J,, is continuous for all n € N. From (f2) and by the equivalence

of Hy and F norms,
0< Jn('UQ) < ahoo<H€H%2(RN) + H’U2H%2(RN)) < 2022ah007

for all v € B1 N E5. Then, seeing that F» is finite dimensional, B; N Es is compact, and since J,,
is continuous in BN Es, it attains a maximum value, denoted by u,, € B1 N Ey. Considering this
sequence of maximums (u,,), and provided that ||u,|| < 1 for all n € N, the sequence is bounded.
Again, provided that FEs is finite dimensional such a sequence converges, up to subsequences,
in B; N Esy, namely, u, — w in the E—norm. Moreover, for all vo € By N FE», for all n € N
0 < Jp(v2) < Jp(uy) holds, that is

F(n(e(z) + va(z))) )
’ S(ANF_Qn%d@+mme]h@”“”+”ﬂ@)dw
B F(n(e(z) + un(x))) S ela) 4 (a2 da
= /RN [a 2 n2(e(z) + un(x))? ]h( )(e(@) + un(x))” dz. (2.52)

Now, note that u,(z) — u(z) almost everywhere in RY, then from (f2)

F(n(e(z) + up(x)
n?(e(z) + un(x))

a—2

g)] h(z)(e(z) + un(a:))2 — 0,

almost everywhere in RY as n — 4o00. More than this, since u, — w in E, then u, — u in
L?(RY), then there exists ¢ € L'(RY) such that |u,(x)|?> < 4 (z) almost everywhere in RV, thus

F(n(e(:) + un(+)

“‘2n%d>+mx»

0<

) 2 2
2) h(-)(e(-) + un()” < ahoo(e(-) +9()" € L' (RY).
By Lebesgue Dominated Convergence Theorem, it follows

F(n(e(z) + up(z)
n?(e(z) + un(z))

Now, applying in (2.52) the limit as n — 400, Sandwich Theorem yields

lim a—2

n—-+4oo RN

2)] h(z)(e(z) + un(x))2 dx =0,

) F(n(e(x) + va(x ))) 2 .
i RN [a_ 2 n2(e(z) + vo(z))? ] h(z)(e@) + val@)” da =0,

uniformly for all vo € By N E» and the claim is proved. O

In order to verify (1), fix b >0 and take (u,) such that I(u,) C[c—b,c+b] and
|7 (un)|[(1 4 [|un|]) — 0 as n — +o0. Suppose that (uy) is unbounded and take (up,) C (uy)
such that ||up,|| — +o0 as k — +o00. Seeing that I(un,) C [c — b,c + b] is bounded in R, it
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implies that I(up,) — d, up to subsequences. Then, (uy,) is a Cerami sequence on level d, up
to subsequences, hence (uy, ) is bounded up to subsequences, by Lemma However, it yields
a contradiction, since ||up, || = +00 as k — 4o00. Thus, (u,) is bounded.

Now, after all theses results, one is finally ready to prove Theorem [2.3]

Proof of Theorem[2.3 In view of all assumptions I satisfies (I1), (I2), (I3) and (I4) in Theorem
[1.4] so it is possible to apply this theorem for I. Theorem provides a ¢ > a > w = 0, critical
value of I. Therefore, there exists u € E such that I(u) = ¢ > 0 and I'(u) = 0, hence, u # 0,
since I(u) > 0. Provided that I € C'(E,R), it follows that u is a nontrivial weak solution to
(P) in HY(RN). O

Remark 2.7. Note that problem (P) in , has just been solved with conditions on potential
V', which ensures a spectrum with negative and positive parts. Such conditions implied that the
subspace E~, corresponding to negative spectrum, was finite dimensional (cf. Remark )
Although the fact of E3 = E~ @ EV being finite dimensional was not necessary to apply Theorem
this information was used to obtain the linking geometry (cf. the proof of claim in Lemma
. However, with minor changes it is possible to prove the linking geometry indirectly, without

the assumption that dim Es is finite.

2.3.5 A Schrodinger Operator with Purely Absolutely Continuous

Spectrum

Since Theorem [I.4] does not require that any subspace in the linking decomposition needs
to be finite dimensional, the main goal of this section is to work with the same problem, but
assuming on V conditions which gives both subspaces in the linking decomposition being infinite

dimensional. Henceforth, consider problem (P), but replacing condition (V) on V' by
(V) V € C(RM,R) is (27)-periodic in z;, i = 1,..., N,

and also assuming condition (V3). Assumptions on h and f are the same as before.

Remark 2.8. In view of (V{), potential V' is periodic and continuous, hence bounded. In ad-
dition, Spectral Theory asserts that operator A has pure absolutely continuous spectrum, which
is bounded from below and consists of closed disjoint intervals (cf. [9] Section 3.5). Namely,
0(A) = 0ess(A) = 04c(A) = Ulay, Bi]. In view of (Va), operator A has nonempty negative and
positive spectra, and 0 is in the gap between them. Indeed, if 0 € o(A) it would be an isolated

point of the spectrum, which contradicts the fact that operator A has pure continuous spectrum.
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Moreover, since 0(A) = 0ess(A) negative and positive spectrum are both part of essential spec-
trum. Thus, if {&(\)} is the spectral family of operator A, by Spectral Theory and essential
spectrum definition (cf. [9] and [4])]), the subspaces associated to negative and positive spectrum,
namely & (0)(H'(RN)) and (I — &(0))(HY(RN)) are both infinite dimensional.

Setting By := (I — &(0))(H'(RY)) and By := &(0)(H'(RY)), these subspaces are such
that operator A is positive definite in the former and negative definite in the latter. Indeed, by
the spectral family definition (cf. [9], Theorem 1.1°, page 394; see also [39] Chapter 3), for all
u1 € E1 and for all us € Es it yields

gy 112 2 2
o Jurl[f2 @y < /RN (|Vu1(:n)| + V(:U)ul(:c)) dx

and
- 2 2 2
oIzl < = [ (Ve + Viapid(e)) de

Because of this, it is possible to proceed similarly as before and consider the norm induced by

operator A:

/ (|Vu|2 + V(a:)uQ) dr = (Au,u)p2@ny,  if u € By,
RN
[Jull? ==

- /]RN <‘Vu’2 + V(x)u2> dor = _(AU,U)LQ(RN), if ue EQ,

which is equivalent to the usual norm in H'(R™). Denote E = (H*(RY),||-]|), then E = E1® E,

namely every u € E can be uniquely written as u = uy + u9, with u; € E; and
lJall? = [Ju][* + [luz|[* = (Aur, ur) 2 vy — (Aus, uz) p2mv)-

Here all conclusions from Remark also hold, and again functional I : E — R associated to

(P) is written as
) = 5 (Il = hal) = [ ha)F(ua) da,

forallu =wu; +us € E.

Now it is possible to state the second main result of this section.

Theorem 2.4. Let consider problem (P) with V' satisfying (V) — (Va), h satisfying (h1) — (hg)
and f satisfying (f1) — (f3), with a > ag. Then (P) has a nontrivial weak solution
u € HYRYN).

Under the purpose of applying Theorem [I.4] to solve this problem, proceeding as before it
is necessary to prove the boundedness of Cerami sequences, and then, to show that this problem

satisfies all required assumptions of Abstract Linking Theorem.
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Lemma 2.12. Assume that (V]) — (Va), (h1) — (ha) and (f1) — (f3) hold for I. Let (uy,) C E be

a Cerami sequence of I in an arbitrary level ¢ € R, then (uy,) is bounded.

Proof. Seeking a contradiction, argue as in Lemma [2.9] showing that neither vanishing nor non-
u

vanishing can hold for (v,) = I nH . In order to show that vanishing case is impossible, the proof
Unp,

is exactly the same, considering the case E = {0}, so it is omitted here. For non-vanishing case,

it is possible to follow the same lines as Lemma 2.9 up to the analysis of cases 1 and 2. Namely,
when (y,) C RY given by non-vanishing condition is bounded or unbounded. Here, just assume
that (y,) is always bounded. In fact, if (y,) is unbounded, provided that V' is (27)-periodic
in z;, i = 1,...,N, (y,) can be replaced by another bounded sequence (,) C RY such that
V(x4 yn) = V(x4 z,) for all n € N. Arguing likewise as in Case 2, non-vanishing cannot hold

either. Therefore, it yields a contradiction and (uy) is bounded. O

Furthermore, observe that as before I € C*(E, R), due to the hypotheses assumed about

h and f. Moreover, on one hand,
(Lu,u) = (Liwy + Loug, w1 + ug) = (Lyur,wy) + (Loug, uz),

and on the other hand, denoting by I; : F; — FE; the identity operator in E; for ¢ = 1,2, note
that
Hu1|\2 - HU2H2 = (Ulaul) - (u2,u2) = (11(u1),u1) + ( - Iz(u2),u2)-

Thus, setting L; := (—1)"I; for i = 1,2, it follows that L; : E; — E; are bounded, linear and
self-adjoint operators, for ¢ = 1,2. Thus, I satisfies (I1) in Theorem as before, and since
all assumptions are kept on h and f, then (I2) and (1) also hold here with the same proofs.
Therefore, it is only necessary to show the linking geometry in (I3), which will have a different
proof in this case, provided that Es is infinite dimensional. First of all, set S := 0B, N E;
and Q = {re+wug : 7> 0,us € Ey, ||re +uz|| <71}, where 0 < p < r are constants and e €
Eq,|le|]| = 1, is chosen as before. In fact, assuming a > ag, by the definition of ag, there exists

some unitary e € F7 such that

2 2 _ 2
agp /RN h(z)e*(x) de < |le||* =1 < a/RN h(z)e*(x) dz. (2.53)

Such e makes the following lemma true. Moreover, it is possible to show that S and @ “link”
following the same lines as in Lemma 1.1} Next lemma shows the linking geometry (I3) (z) — (ii)
of Theorem for some o > 0, w = 0 and arbitrary v € Es.

Lemma 2.13. Assume that (V) — (Va2), (h1) — (h2) and (f1) — (f2) hold for I. For Q and S
as above, and for sufficiently large ri > 0, it follows that I|s > o > 0 and I|pg < 0, for some
a > 0.
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Proof. The proof that I|g > a > 0, for some a > 0, is the same in Lemma thus it is not
repeated here. In purpose of proving that I|pg < 0, observe that I(uz) < 0, for all us € Es, then
it suffices to show that I(re+u) < 0 for r > 0,u € Ey and ||re + u|| > r1, for some 7 > 0 large
enough. Arguing indirectly assume that for some sequence (r,e + u,) C R*te @ Ey such that

||rne+un|| — +o00, I(rpe+uy) > 0 holds for all n € N. Then, seeking a contradiction, the desired
Tne + Up

|[Tne + upl|

Provided that (vj,) is bounded, up to subsequences it follows that v, — v = se +w in E. Then,

result holds. Firstly, set v, := = $pe + wy, where s, € R, w, € By and ||v,|| = 1.

vp(z) — v(x) almost everywhere in RY, and seeing that 1 = |[spe + wy||? = 82 + ||w,]|?, it

ensures that 0 < sfl <1, w, = win E and s, — s in RT. Then it yields

I(rpe 4+ uy) R | 9 / F(rpe(z) 4+ un(z))
Trmet e~ 2 1l =gl ) e + wnlP
1 F(ry n
- —/ () Elrme(@) Q(x)) dz > 0, (2.54)
2 Jrw |[rne + ||

1
and hence 3 < s < 1. Moreover, from ([2.53) there exists a bounded domain Qg C RY such that

1< a/ h(x)e?(x) da.
Qo
Hence, supp(e) N Qo # 0, and it follows that
0 > s —32a/ h(z)e?(x) da
Qo
> s <1 - a/ h(z)e?(x) dx> —(1-5)-a | h@)w(z)ds
Qo Q0
x) dz.

)
= 2 <2 — a/QO h(z)e?(x) dx) —1- a/Qo h(z)w?(z)

On the other hand, since v, — v in E, it converges strongly in L*(Q), then from assumption
(f1) it follows that

(2.55)

F(rne(-) + un(:))
|[7ne + un|?

) < ha B <) € L)

In addition, by (f2), and since ||rpe + u,|| = +00 as n — 400, it also follows that

F(rpe(x) + up(z))

Plou(@)lruel@) + @) a0
|[7ne + un|? ’

U (2)2||rne + up|[? 2

h(z)

= h(z)

almost everywhere in 0N supp(v), which is not empty since v = se + w, (€, w) 2@~y = 0 and

supp(e) N Qo # 0. Thus, by Lebesgue Dominated Convergence Theorem,
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/ h(m)F(Tne(x) + tn () d a/ h(z) (s*€*(z) +w?(z)) dz,
Qo Qo

[|rne + unl)? 2
as n — +oo. From ([2.54))

F(rpe(x) + up(x))
|[rne +unH2

0<2s2—-1-— 2/ h(z) de, (2.56)
Qo
and passing (2.54) to the limit as n — +oo, it yields
0 < 282 —1- a/ h(zx) (5262(56) + wQ(x)) dz
Qo

_ <2 _ a/QO h(z)eX(z) dx) - a/QO h@)w?(z) de, (2.57)

which is contrary to (2.55)). Therefore the lemma is proved. O

By Lemma functional I satisfies (I3) of Theorem Now, Theorem can be

proved.

Proof of Theorem[2-4 As proved along this section, due to all hypotheses on I, it satisfies (I1) —
(I4) in Theorem Applying Theorem it is obtained ¢ > « > 0, a critical value of I. Thus,
there exists u € F, such that I(u) = ¢ > 0 and I'(u) = 0, provided that I(u) > 0, then u # 0.
Since I € C*(E,R), u is a nontrivial weak solution to (P) in H'(RM). O
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Chapter

3
A Radial Nonlinear Schrodinger

Equation

This chapter aims to find solution to a radial nonlinear Schrédinger equation with a
sign-changing potential and an asymptotically linear nonlinearity.

For N > 3 consider the radial problem (P,) given by

—Au+V(z)u=g(z,u) in RV, (3.1)

where potential V satisfies:

(V1) V € L=®(RY) is a radial sign-changing function, V(z) = V(|z|) = V(r), r > 0;
2

(Va), Setting V (r) = V(r) + (V- 14)(2N ) and A := —% + V(r), an operator of L%(0,400),
_ r r
0 ¢ 0ess(A) and

sup [0(A) N (—00,0)] =0~ <0< o’ =inf [o(4) N (0,400)] .

Setting A := —A + V(z) as an operator of L2(RY), since V € L®(RY), A as well as
A are self-adjoint operators. Due to Hardy’s Inequality, operator A is treated in HOI(O, +00),
which can be written as H}(0,+00) = H- @ H® ® H*, with H~, H°, H™' the subspaces of
H}(0,4+00) where A is respectively negative, null and positive definite. In view of (V3), each
u € HT satisfies a+\|uH%Q(O7+OO) < (Au, 1) 12( 400)- Moreover, given u € Hg (0, +00) and setting
w = r%u, it yields w € H} ,(RY) (cf. [53] Section 3), where H! (RY) is the subspace of the

radially symmetric functions in H'(R™). In addition, changing variables, w satisfies

o0
lolfEagery = [ lw@) do = [ futa)Pdr = wx s s
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and
(Aw,w)Lz(RN) = / ( \2+V( Yw(x )2) dx
- / (I ()2 + 7 (ryu(r)) dr

- s U) L2(0,4-00)

where wy is the (N — 1)—dimensional surface measure of the sphere S¥~1 c RY. Hence
(RY) satisfied

aﬂ\wHiz(RN) < (Aw,w)r2rn), On the other hand, if some function w € H!

0< (AIT),IT))L2(RN) < UJFHIDH%Q(RNV

by density it could be regarded as a smooth function and then setting o := 7”%117, it would

belong to H' and would satisfy

J+‘|a"%2(0,+oo) (A )L2(0 +00)>»

which contradicts (V2),. Hence, writing H! ,(RY) = E~ @ E° @ ET, with E~, E°, ET the
subspaces where A is respectively negative, null and positive definite, if w € ET it satisfies
o 0l By < (Aw,w) 2 e,

Remark 3.1. Note that if o is an eigenvalue of A with eigenfunction u, the same argument
as above shows that o™ is an eigenvalue of A, with a radial eigenfunction w = r 7 ue EY. On

the other hand, if & is not an eigenvalue of A, since it belongs to cess(A), given € > 0 there
exist u. € H™ such that

0 el (0 5y < (Atte, 1) 1200 400y < (07 + 20,400y
. 1-N .
which ensures that w. :==1r 2 u. € ET satisfies

Therefore,
Aw,w
ot = it DOy (3.2
weE+ HwHLQ(RN)

Applying the same arguments comparing H~ and E~, it yields

o = lnf —(A’ZU,’U))LQ(RN)
wek™ HwH%Q(RN)

(3.3)

From hypothesis (V3), either 0 ¢ o(A) or it is an isolated eigenvalue of A. Since by
assumption 0 ¢ oess5(A), if 0 € o(A) it is an eigenvalue of finite multiplicity, hence ker(A) is

65



66

finite dimensional. The same conclusions hold for A, since there exists a correspondence between

the eigenfunctions of A and the radial eigenfunctions of A. Furthermore, u1,us € Hg (0, 4+00) are
orthogonal in L%(0, +o0) iff w; = r 2wy and wy =1 2 uy are orthogonal in L%(RY). Indeed,

o0 1
/ up(r)ug(r)dr = — w (z)wa(z) de.
0 WN RN
Therefore, H' is infinite dimensional iff E* is infinite dimensional, for i = —, 0, +.

A typical example of V satisfying (V1), — (V2), is a suitable continuous, periodic and
2

d
sign-changing V'(r), such that 0 ¢ J( -—+ V(r)), hence 0 is in a gap of the spectrum, which

dr?
d2
is composed by closed intervals. Since V(r) is continuous and changes sign, 2 + V(r) has
r
(N —=1)(N -3)

positive and negative spectrum. Moreover, V = V + Vy, where Vy(r) = o
_ r
decays sufficiently fast, then it is a Kato’s potential and hence A—compact, which ensures
2

- d
Oess(A) = O‘< — a2 + V(r)) by Weyl’s theorem (cf. [37], Corollary 11.3.6 page 290, or [44]
r ~ -
Corollary 2 page 113, and also [206] Sections 14.2-14.3), thus 0 ¢ o.ss(A) and o(A) also has

positive and negative part. Therefore, (V2), is satisfied.

Remark 3.2. Simple examples of potentials which satisfy or not our assumptions:

Ezx 1. V(r) = cos(r) satisfies (V1)r — (V2), by the previous observations.

1 1 - 1
=112 % does not satisfy (Va),, since 0 € oess(A). In fact, TETOO Vr)= —3

hence 0ess(A) = 0ess(A) = [f%,+oo).

Ez 2. V(r)

Moreover, the nonlinearity g satisfies:

(1) g(z,s) € C(RY x R,R) is a radial function such that |l|im0 g(J;,s) = 0, uniformly in = and
S|—
for all t € R,
t
G(z,t) :/ g(x,s)ds > 0;
0
(g2) lim 9(z,5) = h(x), uniformly in z, where h € L= (RY);

|s]—4o00 S

(93) ap = xieI]gN h(z) > o =inf [o(A4) N (0, +00)];

(g1) Setting & := A — J#, where J# is the operator multiplication by h(z) in L*(RY) and
denoting by o,(&) the point spectrum of &,

0 ¢ op(0);

1
(g95) Defining Q(zx, s) := ig(l', s)s—G(z,s) > 0 for all (z,5) € RV xR and ¥ := min{o™*, —07},
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3.1 Variational Setting 67

there exists dg > 0 such that

g(z,s)

>¥ -0 = Q(.T,S) > do-

An example of g satisfying (g1) — (g5) is an asymptotically linear continuous function
such that h(z) = agp > T as in (g3), then for a periodic V, since o(A) is pure absolutely
continuous, ag ¢ op(A) and hence 0 ¢ 0,(€) as in (g4). Model nonlinearities which appear in

Physics of propagations of laser beams in nonlinear medium with saturations are for instance

g(s) e and 9(8):<a0— ! )s-

1+ag's? exp s

Remark 3.3. Due to (g1) — (92), given € > 0 and 2 < p < 2* there ezists a constant C. > 0
such that
l9(@, 5)| < els| + CelsP~, (3.4)

and hence o
Gl ) < Glsf? + “Elsl” (3.5)

for all s € R, and for all z € RY.

3.1 Variational Setting

Let I : HY(RY) — R be the functional associated to problem (3.1)), then I is given by

1
I(u) = i(Au,u)Lz(RN) = fon G(z,u) dx. (3.6)
Note that in view of (V1), and (g1)—(g2), I : H*(R™) — Ris well defined and I € C*(H(RM),R).
Thus, as usual, a weak solution to (P.) is a critical point of I : H'(RY) — R, a function
u € HY(RY) such that for all v € H'(RY)

I'(u)v = (Au, v) r2myy — /RN g(z,u(x))v(x) de = 0.

Nevertheless, since V' and G are radial functions, in order to apply Theorem it is convenient
to define £ := H!

rad

H'Y(RY) and consider I : E — R. In fact, functions in E satisfy special properties that make

(R™), which is the Hilbert subspace of all radial symmetric functions in

true all necessary hypotheses on I : E — R, for example, recall that by Strauss [51] (cf. also [§]
Theorem A.I'.) E is compactly embedded in L?(RY), for any 3 € (2,2%).

1
Defining Q4 : E — Rby Q4(u) := / |Vu(z)? da:+/ V(z)u?(z) do = §(Au,u)L2(RN),
RN RN

it is a continuous quadratic form on E. Since E°, E~, E* are the closed subspaces of E on which

67



3.1 Variational Setting 68

Q4 is null, negative and positive definite, then as noticed before E = EY @ E~ @ E+. More-
over, if Bg ,[u,v] = (AU,'U)LQ(RN) for all u, v € E, is the bilinear form associated to Q4 and
u, v belong to distinct such subspaces, then Bg,[u,v] = 0 and Qa(u + v) = Qa(u) + Qa(v).
In addition E°, E~, E* are mutually orthogonal in the L?(R™)-inner product. Hence, for

u=u’+ut +u~ € E, it is suitable to take as a norm in E the expression
[lul? = |[ul[ = ]| 72 @y + Qalu®) — Qalu™),

which is equivalent to the standard norm of H'(RY). With the associated inner product, obtained
by means of By, [u, v], this norm makes E a Hilbert space with orthogonal subspaces E° Bt E~.
In fact, by (V2), and Remark for all u™ € ET and for all u~ € E~ it yields

G+HU+H%2(RN) < /RN <\Vu+(m),2 + V(:U)(qﬁ(x))?) dz = ||u™||?, (3.7)

and
—O'_HU_H%?(RN) < _/RN (IVU_(;C)P + V(ﬂ?)(u_(;p))Q) dr = Hu_’|2’ (38)

which ensures that the norm chosen above is equivalent to the standard norm in H! (R"), once

rad
E° = ker(A) is finite dimensional.
Observe that, I(u) = Qa(u) —/ G(z,u(z)) dz, for all u € E and since E is a subspace
RN

of HY(RY), I € C*(E,R). Moreover, I is indefinite on E, henceforth the goal is to apply Theorem
so as to get a critical point to I restricted to E, and by applying the Principle of Symmetric
Criticality (cf. [38]) conclude the critical point is actually a critical point to I : H'(RY) — R,

namely a weak solution to (P.). The main result of this chapter is stated below.

Theorem 3.1. Suppose (Vi), — (Va), and (g1) — (g5) hold true. Then problem (P,) in

possess a radial, nontrivial, weak solution in H 1(RN ).

In order to show that I satisfies (/) of Theorem , set By == ET and By := E~&®EV,
then it yields E2L = F1. Now, define L; : F; — FE;, for all u € E;, as given by

(Li, o) = Q(u)o = B [u,0] = (Au, ) ey

for all v € E;, i = 1,2, where Q’y(u)v denotes Fréchet derivative of Q4 at u acting on v. Hence,
L=L1+Lo: F1® Ey — F1® FEs is a well defined, linear, bounded operator and satisfies

1 1 1 1
Qa(u) = 5 (Au, u)p2@ry = 5@14(“)“ = 5Bqaluul = 5 (Lu, u)e.

Thus, setting B(u) := — G(z,u(z)) dz, for all u € E, it is possible to write
RN

I(u) = 3 (L, ) + B(w),
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3.2 Weak Continuity and Uniform Differentiation of I 69

satisfying (Iy).

3.2 Weak Continuity and Uniform Differentiation of I

In this section, assumption (I2) is proved, which ensures the necessary compactness for
the problem. Next lemma is a variant of Theorem A.IL. in [§] which is essential for proving that

I satisfies (I2). The original version of this result can be found in [51].

Lemma 3.1. Let P:RY xR = R and Q : R — R be two continuous functions satisfying

— 0, uniformly in x as |s| — +o0. (3.9)

Let (uy,) be a sequence of measurable functions from RN to R such that

sup /RN 1Q(un(2))| da < +o0, (3.10)

n

and
P(x,up(z)) = v(z) a. e in RY, (3.11)

as n — +oo. Then for any bounded Borel set % one has

/ |P(z,un(x)) —v(x)| dv — 0, (3.12)
B

as n — +oo. If one further assumes that

P(z,s) : .
— 0, uniformly in x as s — 0, 3.13
Q) 19
and
un(x) =0 as |x| = 400, uniformly with respect to n, (3.14)

then P(-,un()) converges to v in L'(RN) as n — +oo0.

Proof. In order to prove the first part of the proposition, it is sufficient to show that P(x, u,(z))

is uniformly integrable on . In fact, if this is case, due to (3.11))

/ P(2, un(2)) — v(z)| dz — 0,
BAAIP (e ()<

as n — 400, by applying Lebesgue Dominated Convergence Theorem, and the integral

/ Pz, un())] de,
PB{|P(z,un(z))|>R}
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3.2 Weak Continuity and Uniform Differentiation of I 70

is controlled by uniform integration. By condition (3.9) there exists C' > 0 such that
|P(2,up(2))] < C(L+|Q(un(@))]), = € RY.

Thus, in view of and Fatou’s Lemma, it follows that P(-,u,(-)) and v are in L'(%).
Moreover, since P is continuous, it maps compacts sets on compact sets, hence fixed R > 0, if
for some z € R, |P(z,u,(x))| > R, there exists M = M(R) > 0, such that |u,(x)| > M(R) and
M(R) — 400 as R — 4o00. Then

P(2, un(2))] dz < / |P(2, un(2))] da.

/%W{IP(%W(JE))DR} B |un (z)[>M(R)}

Applying condition (3.9)), given € > 0 there exist M(R) > 0, such that |u,(z)| > M(R) implies
|P(z,un(2))| < e|Q(un(z))| and € = (R) — 0 as M(R) — +o0. Then, there exist C' > 0 such
that

|P(z,up(x))| de <

/ |P(z,un(x))| dx
B{|un(x)|>M (R)}

< /IQun )| d

<

/O%H{P(x,un (z))|>R}

which shows the uniform integrability and ensures the result.

For the second part that P(-,u,(-)) converges tov in L'(R™) asn — +oo, note that
in virtue of given € > 0 there exists § > 0 such that |s| < ¢ implies |P(z, s)| < €]|Q(s)|,
uniformly in . Moreover, by given 0 > 0 there exists Ry > 0 such that |u,(x)| < 0 for
all |x| > Rp, uniformly in n. Thus, |x| > Ry implies |P(z,un(z))| < €|@Q(un(x))|, uniformly in
n. Therefore, by Fatou’s Lemma v € L'(R™) and

/ o(z)| dz < hmmf/ |P(2, un ()] dz < Cee.
{|=|>Ro} n o0 J{lz|>Ro}

In addition, from the first part, there exists ng € N such that for n > ng
/ |P(z,un(z)) —v(x)| de < e.
{lz|<Ro}
Hence, for n > ng it yields

/RN |P(z,un(x)) — v(z)|de < (2C + 1)e,

which gives the result. O

By means of the previous lemma, next result holds.
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3.2 Weak Continuity and Uniform Differentiation of I 71

Lemma 3.2. If g satisfies (g1) — (g2), then B is weakly continuous.

Proof. Let (u,) € E and suppose u, — uwin E, then (uy) is bounded in E. Due to (g1)—(g2),

for 2 < p < 2* one has

im C0) o ana mm &3 (3.15)
s—0 ’8’2 |s| =400 ’S’p

uniformly in z. Hence, choosing Q(s) = |s|? + |s|P, and P(-,s) = G(-,s), it is possible to apply

Lemma Indeed, in view of (3.15)) it follows that

G(z,s)

— 7 =0 d li — = 3.16
<50 [s]2 + [s]P M e s s~ (3.16)

uniformly in z. Then P and @ satisfy (3.9)) and (3.13)). Moreover,

sup /RN (Itn @ + @) ) dir = 5115 ([l By + iy ) < C < 400, (3.07)
since (uy,) is bounded in E and E is continuously embedded in L?(RY) and LP(R"). Hence
is satisfied. Provided that u, — u in E and E is compactly embedded in LP(R™), u,, — u
in LP(RY) and u,(r) — u(x) almost everywhere in RY. Thus, choosing v(z) = G(z,u(x)) it
follows that is satisfied. Finally, since (u,) C H}  (RY) and u,(x) — u(z) almost
everywhere in RV, it yields ‘ |11)12 up(x) = 0, uniformly with respect to n (cf. [8] Lemma
AIL). Therefore, applying Lgmmsio it yields G(-,un(-)) = P(-,un(-)) = v = G(-,u(-)) in
LY(RY) as n — +o0, namely,

B(uy) = — o G(z,up(z)) de — — . G(z,up(z)) = B(u),

as n — 400 and then B is weakly continuous. O

Next Lemma is proved indirectly by means of the compact embeddings of E on Lebesgue’s

spaces, as mentioned before.

Lemma 3.3. Assume that g satisfies (g1) — (g2), then B is uniformly differentiable on bounded
sets of E.

Proof. First, note that fixed R > 0 and given u + v, v € Br C E, the closed ball centered on

the origin, one has

|B(u+v) — B(u) — B'(u)v|

/IRN |G (z,u(z) +v(z)) — G(z,u(z)) — g(z,u(z))v(z)| do

/RN |9(@, 2(2)) = g(z,u(@))| |v(z)| dz
Col €l L2 @™yl (3.18)

IN

IN
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3.2 Weak Continuity and Uniform Differentiation of I 72

where £(z) := |g(z, 2(z)) — g(z,u(x))| and z(z) = u(z) + 6(z)v(z), with 0 < O(x) < 1 given
by Mean Value Theorem and Cs > 0 is the constant given by the continuous embedding
E — L2(RN).

With the purpose of proving that B is uniformly differentiable on bounded sets of E,
given ¢ > 0 it is sufficient to show there exist § > 0 such that Cs|[§|[ 2@~y < e forallu+v, v € Bg
with ||v|| < 6. Seeking a contradiction, suppose that it is not the case, then there exist Ry, e9 > 0
such that for all § > 0 there are us +vs, vs € Br, with ||vs|| < § and Ca|[§][ 2@y > €0 Thus, it

is possible to obtain for allm € Nand § = % functions u, +vy,, v, € B, such that ||v,|| < % and
Coll&nll 2@y > €0, for &u(x) = g(z, 20 () — (2, un(z))], With 2, = up + Opv,, and 0 < 0, <1
depending on u,, and v,, as before. Since v, — 0in E, then v, — 0 in L2(R"™), v,(x) — 0 almost
everywhere in RY and there exists 1 € L2(R") such that |v,(z)| < v(z) almost everywhere in
RY. Furthermore, since (un) C Bpy, it is bounded in E, then u, — w in E up to subsequences,
then u, — u in LIQOC(]RN ) up to subsequences, hence u,(z) — u(x) almost everywhere in RV
and fixed B,.(0) C RY there exists ¢, € L?(B,(0)) such that |u,(z)| < ¢.(x) almost everywhere
in B-(0) up to subsequences. In addition, z,(z) — u in E up to subsequences, then z, — u
in L?

2 (RY) up to subsequences, hence z,(z) — u(z) almost everywhere in RY, which implies

that &,(z) — 0, almost everywhere in RY, provided that g is continuous. Moreover, in view of
Remark 3.3| with p = 2, it yields

En(z)> < 2“9(37,2,1(33))‘24-}g(%un(x))ﬂ
< 2[C%en(@)? + Cfun(a) ]
< 20 [2(jun(@) + [oa@)P) + un(a)P?]
< 202[3|un(x)\2+2lvn(ﬂf)\2]
< 602[902(37)+¢2($)]7 (3.19)

almost everywhere in B,.(0). Since p? +? € L'(B,(0)), applying Lebesgue Dominated Conver-

gence Theorem, it yields

| @ ds o, (3.20)
B-(0)
as n — +00. On the other hand, since (z,) C H! (RY) and (u,) C H! ,(RY) are bounded
sequences, it follows that
lim z,(z)= lim w,(x)=0,
|x| =400 |z| =400

uniformly with respect to n, by the characterization of decay of radial functions (cf. for instance
[8] Radial Lemma A.IT). Hence, given ¢ > 0, there exists 7 > 0 such that |z| > r implies
|zn ()], |un(x)| < ¢ for all n € N. Moreover, given ¥ > 0 by (g1) there exists ¢ > 0 sufficiently
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3.3 Linking Geometry 73

small such that |g(z, s)| < ¥|s| for all |s| <. Hence, for r > 0 sufficiently large, it yields
9(z, zn(2))] < V|zn(z)] and [g(z, un(2))] < Dlun(z)],

for all || > r and since (2,) and (u,) are bounded in L2(RY), it yields

2 5 )
/]R{N\BT(O) en(@)l” dz < 2/RN\BT(0) [’g(m,zn(m))’ + |g9(@, un(z))| ]dx

< 2 (12 (@) + lun(@)]?) de
RN\ B,.(0)
< 29 Slip (Hani2(RN) + HUHH%%RN))
< Cv
1 €0 2
I 21
< 2<CQ> ’ 21

for ¥ sufficiently small. Therefore, combining (3.20)) and (3.21)) it follows that as n — +oo

2 2
50 2 _ 2 ]. 50

Thus, passing to the limit as n — 400 it yields a contradiction. Therefore, the result holds. [J

3.3 Linking Geometry
Now, the linking structure in (I3) is proved. To do so, set S := (0B, N E) and
Q:={re+ug:r>0,uz € Ey,||re+ ug|| <ri},

where 0 < p < 7 are constants and e € Ej, ||e|]| = 1, is chosen suitably. Indeed, due to the strict
inequality in (¢g3) and from Remark it is possible to choose e € E; a unitary vector given by
the spectral family of operator A and ¢ > 0 small enough satisfying

1
L= lell® = Qale) = 5(Ae, €) 2

1

< §(U++5)H€Hi2(RN)
1

< §G0H€Hi2(RN)
1

< / h(z)e?(z) da. (3.22)
2 JpN

Choosing such an e, by means of (3.22)) it is possible to show that for sufficiently large r; > 0
one has I|g > a > 0 for some o > 0, and I|pg < 0 holds true. Moreover, as noticed before, S
and @ “link”. Hence, I satisfies (I3) for some o > 0, w = 0 and arbitrary v € Es.
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3.3 Linking Geometry 74

Lemma 3.4. Under the hypotheses (V1) — (Va), on V and (g1) — (g3) on g, I satisfies (I3).

Proof. Since S C Ep, by Remark for 2 < p < 2* and for all uy € S, it yields

Iw) = gl - / Gz, u(

37— [ (Gl + S >\)dw

L, € 2 2 Ce
3¢ - (58Il + SEcpihup

Y

Y

1 C, _
p*(dy —dy) = a >0, (3.23)

A\

where €, p are sufficiently small, such that 1 > eC3 and also
1 2 Cg —9
d1 Z:§(1—€C2) >?C£pp =:d

Therefore, from (3.23)), (I3) (¢) holds for I.
In order to prove that I satisfies (I3) (i7) in Theorem with w = 0, observe that

I(u) <0, for all u € By = E~ @ E°, then it suffices to show that I(re+u) < 0 for r > 0,u € Ey
and ||re + u|| > ry, for some r; > 0 large enough. Arguing indirectly assume that for some
sequence (rpe + up) C RYe ® By with ||rpe + uy|| — +oo, I(rpe + uy) > 0 holds, for all n € N.

Seeking a contradiction, set
. Tpetuy

tn = [|rne + | R

where s, € RY w, = w,, + wl € By = E~ @ EY and ||@,|| = 1. Provided that (i) is bounded,
(RN). Then,

up to subsequences, i, (z) — @(z) almost everywhere in R, 5, — s in RT, w, — w in E, and

up to subsequences it follows that u, — % = se + w in E, hence u,, — u in L?OC

w? — w® in E, since s, w;, and w? are also bounded, (w®) € E° and E° is finite dimensional.
Noting that 1 = |[spe + wy||?> = 2 + ||w;, ||? + ||wd]|[?, it follows that 0 < s2 < 1, and it yields

I G
Ilre tun) - apoie 2 _/ (@ raclz) T un(2)) 4,
[|rne + un| ||rne + un|
= 252 —1— ||02 - / Gl raelw) +un(@) oo (3.24)
" " RN |[7ne + un|[? ’

1
hence 3 < 2 < 1. Moreover, from ([3.22) it is possible to choose a bounded domain Q C R¥,
such that

1< ;/ﬂh(x)ez(:l;) dx.
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3.3 Linking Geometry 75

Hence,
0 > s2—5° /h
# (15 [ o)) do ) - 0 - ) - [ b)) do
= 2 (205 [ n@e o) < 1= )P - 5 [ 1) d (3.25)

v

On the other hand, from assumptions (g1) — (g2) and since @, is convergent in L?(£2), there exists
some 1 € L'(Q) such that

’G( o rne() + un())

Hrne—f—unHQ

\grm\anor?w()ew )

Moreover, provided that ||rpe 4+ uy|| — +o0, and @,(z) — a(x) # 0, almost everywhere in
supp(u), it follows that uy(z) = Uy (x)||rne + un(z)|| = +o0 almost everywhere in supp(u), as

n — 400, hence

G(z,rne(r) + un(@)) _ G2, in(2)l|rne + un|) a3
Hrne—l—unW ﬂ%(w)”rne—I—UnHQ

@, L h)i)

almost everywhere in supp(2) as n — +o00. Note that, supp(a) # ), because @ = se + w, with

supp(e) # 0 and (e, w)p2gny = 0. Thus, by Lebesgue Dominated Convergence Theorem,

/ Gz, rne(z) + un(z
Q

||Tne+un||2

dm—> / z) + w(z))’ de,

as n — +oo. From (3.24)) one has
02 G(z,rne(z) + un(z))
— |lwnll” =

252 — 1
o [7e + ]2

dx > 0.

Passing to the limit as n — 400, it yields

o
IN

257 — 1 — [[u®|? —;/Qh(x) (@) + w*(@)) d
= & <2 - ;/Qh(az)e2(:c) da:) NI ;/Qh(:z)wQ(x) de, (3.26)

which is contrary to (3.25)). Therefore the result holds. O
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3.4 Boundedness of Cerami Sequences

Finally, in this section the boundedness of Cerami sequences is verified, which shows
that hypothesis (I4) holds true, and then the existence result for problem (3.1)) is proved.

For the boundedness of Cerami sequences, standard arguments are applied and hypothe-
ses (g4) and (gs) are finally exploited. It is important to point out that these assumptions are
only used in order to prove next lemma, since the special properties of radial functions are not

sufficient when problem (P,) is treated in RY.

Lemma 3.5. Suppose that V satisfies (V1), — (Va), and g satisfies (g1) — (g5), then I satisfies
(Iy).

Proof. Let b > 0 be an arbitrary constant, and take (u,) C I~'([c —b,c+b]) such that
(1 + [Jun||) I (un)|| — 0, it is necessary to show that (u,) is bounded. Suppose by contradiction

that ||u,|| — “+o0, up to subsequences. Setting i, := Tanll
Un

and @, — @ in L (RN ), for B € (2,2%), due to the compact embeddings previously mentioned
(cf. [51] and [8]). Writing up, = u,f +u,, +ul € ET @ E~ @ E°, by the choice of u,, it satisfies

it is bounded, hence i, — 4 in E

on(l) = I’(un>||uf|2
- H;null(un)&j{
= e - [ NW%(MI(@ dr. (3.27)
and
on(l) = I/(un)Huj‘z
= g %
= e [ 2 @ @) o (3.29)

Subtracting (3.28)) from (3.27), and using that 1 = ||@]||? + ||@; ||* + [|a®][?, it yields
. 9@, un () -
on(1) =1~ 18]~ [ A8 [t o) — (@ ()2 (3.29)
RN Un()
Provided that (%2) c E°, which is finite dimensional, then the weak convergence implies that
) — % in E.

On the other hand, given ¢ € C§°(RY) and setting supp(y) := K, since @, — @ in
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L?(K), by applying Lebesgue Dominated Convergence Theorem it follows that

[ 2 @pta) do = [ h@yiala)eto) do +o,(1),
K K

as n — +oo. Hence, it yields

o) = T
Qe [ glmu@)
= S [ et d
= (Aﬂn,gp)Lz(RN)—/Kh(x)ﬂn(a:)gp(:c) dz + o, (1)
= (Oln, p)r2@ny + on(1)

= (0, ¢)r2@n) + on(1). (3.30)

Due to (3.30), if @ # 0 it is an eigenvector of ¢ with eigenvalue 0. Nevertheless, from (g4),
0 ¢ 0,(0) and hence @ = 0. It means that @™ = 4~ = @° = 0 and thus @ — 0 in LS(RY), for
B € (2,2%), due to the compact embeddings, and @ — 0 in E. Hence, from (3.29) one arrives

at

/R i g(‘izj‘(’;()x)) (5 (2))? = (i (2))2 ] dz = 1+ 0a(1). (3.31)
Now, defining Q,, := {x eRN: W <og—0byppr C RN for all n e N and for

8o > 0 given by (gs), since o9 < oF then UonH%Q(RN) < ||wl|f? for all w € E* @& E~, it follows
that

|9(z, un(2))] (N2 — (@ ()2 da o — ot (@) + (a7 (2))?|dx
[t ) 2t < oo =) [ [( R + ()]
S (UO - 50) Hai + 'INL;H%%RN)
< b e
< 1% (3.32)
o)
Combining (3.31]) and ({ one has
ac,un(a: )| 2| ds
/RN\Q Tl | @) = @)
- lg(@, un ()] (z))?|dz + o
R e (e onth
> j(;—i—on(l)
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3.4 Boundedness of Cerami Sequences 78

and thus,
0
liminf/ 9(@ tn(x |‘ (@, (2))|dz > =2 (3.33)
n—+oo Jpny,  |un(z 00
Furthermore, since M is bounded, applying Hoélder Inequality for 5 € (2,2*) one has
s
e i )]s < CRY i
dr < C|IR™ \ Q, 5 U, + U, ) 3.34
[ BN QT+ oy, (339

for some C' > 0. Provided that @;" — 0 in L#(RN) for 8 € (2,2*), in view of (3.33) and (3.34)) it
yields
IRV \ Q,| = 400, as n — +oo. (3.35)

Nevertheless, in virtue of (gs5) and since (u, ) is a Cerami sequence one can find a constant M > 0
such that

1
M > I(up) — =1 (un)un = Q(z, up(x))dz > / Q(, up(x))dz > 5o|RN \ Q,|, (3.36)
2 RN RN\Q,,
which contradicts (3.35)). Therefore, (uy,) is bounded and the result holds. O

Lastly, the main result of the chapter is demonstrated below.

Proof of Theorem[3.1l Provided that I satisfies all assumptions (I;) — (4) in Theorem it
ensures a critical point u € E of I, with I(u) = ¢ > a > 0, hence u is a non-trivial critical point
to I : E — R. It implies that I'(u)v = 0, for all v € H! ,(RY). Nevertheless, the Principle of
Symmetric Criticality [38] implies that I’(u)v = 0 for all v € H'(R"™), namely, u is a critical
point to I as a functional defined on the whole H'(R"). Since I € C*(H'(RM),R), it yields that

u is a nontrivial weak solution to (P,). In addition, since u € F, it is a radial weak solution. [
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Chapter

4

Non-cooperative Hamiltonian Elliptic

Systems in RN

This chapter is devoted to solve non-cooperative Hamiltonian elliptic systems under
hypotheses on the potentials inspired by [50].
For N > 2 consider the elliptic system (ES) given by

{ —Au+ Vl(ZE)’LL = Fu(xv u, U) in RV (4.1)

—Av + Vo(z)v = —Fy(z,u,v) in RY,
where, for i = 1,2, the potentials V; € L (RY), satisfy
(V1); There exist constants a; > 0 such that V;(z) > —a; for all z € RY;
(V2); Defining for all Q C RY open,
v;() := inf {/ (\Vu(x)|2 + %(x)uz(x)) dr:u € HY(Q), ull L2y = 1} ,
Q
assume that lim 1;(RY \ B,) = 400, where B, = {z € RV : |z| < r};
r—+00

3); oetting the first eigenvalue of operator A; := —A + V;(x) in V
V)i S he fi lue of A A+, L2(RY) b

ML= inf {/RN (IVu(@)? + Vi(z)u?(z)) do:u e H'RY), |[ull 2@y = 1} ;

assume that A} > 0;
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(V) There exists h(x) € L (RY) and constants ag > 1, ¢g > 0, rg > 0 such that

loc

M) < co |1+ (max{0, Vi) |, i Jo| > ro.

2

Moreover, setting ag := ian h(z), assume that ag > Al > 0.
zeR

Remark 4.1. Note that potentials satisfying

e LY(RM),

1
Vi(z) = +o00 as |z| = +oo, or Vi(x)>Vo>0 and Vi)

or even such that
Q)| < 400 for all M >0,

where QAV} = {z € RN : Vj(z) < M}, also satisfy conditions (V1); — (Va);. However, potentials
such as Vi(z) = z323 ... 22 — a;, with constants a; > 0 such that N} > 0, satisfy conditions
(V1)i — (V3); although they do not satisfy any of the conditions mentioned above. Furthermore,

the following hypothesis

lim | ) (QAV})\(BT) =0, for all M>0,
i=1,2

is a sufficient condition for hypothesis (Va); (cf. [50], Theorem 1.4 and [12], Remark 1.3).

Due to hypotheses (V1); and (V3);, problem (ES) must be treated in the subspace of
HY (RN R?) defined by

E = {(ul,u2) e HY(RN R?) : / (Vl(x)u%(:c) + Va(z)u3(z)) dz < —i—oo} , (4.2)
RN

which is a Hilbert space continuously embedded in H'(R™ R?) when endowed with the inner

product

<(u1,u2), (vl,v2)>E = Z /RN (Vu(z) - V() + Vi(z)ui(z)vi(z)) da, (4.3)

i=1,2

and the correspondent norm }|(U1,U2)H2E, = ((ul, u2), (Ul,UQ))E (cf. [42] and [50], both Lemma
2.1). Furthermore, E is compactly embedded in the weighted spaces Li(x) (RN, R?), for
4
Oé()(N — 2)
2.4 and also [50], Proposition 3.1). Hence, the spectra of operators A; are discrete and consist

2<s<4o0if N =2 and for 2 < s < 2% := 2* — if N > 2 (cf. [42], Proposition

of a sequence ! of positive eigenvalues such that \!, — 400 as n — +oo (cf. [50], Lemma 3.2).
Note that 2% is such that 2 < 2# < 2* taking into account that ag > 1.
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4.1 Asymptotically Quadratic Elliptic Systems 81

All hypotheses and observations made up to now, will be assumed throughout this chap-
ter. From now both, asymptotically and super quadratic cases are treated, but separately in two

sections.

4.1 Asymptotically Quadratic Elliptic Systems

With the aim of treating the asymptotically quadratic case, the following assumptions

on the Hamiltonian F' are required.

(F1) F(z,s,t) € CYRN x R R*) and

Flz,s,t) =o(|(s,t)]?), as |(s
Flz,s:t) _ z)+o as |(s 00
|(S,t)’2 _h( )+ (1)7 |( ’t)|_>+ )

uniformly in z € RV.
(Fy) Setting Q(z, s,t) := Fy(x,s,t)s + Fi(x,s,t)t — 2F(x, s,t) for all (z,s,t) € RY x R?, one has

lim  Q(z,s,t) = +oo, uniformly in zeRY.
|(s,t)[—+o0

Remark 4.2. It is worth to highlight the close relation between hypotheses (V') and (Fy). Since
a linking geometry is sought, these assumptions provide the required features for the functional
associated to problem (ES). Thereby, note that, if instead of F > 0 as in (F1), it was considered
F <0, then in (V) it would be asked ag > N\}. Indeed, in this case, problem (ES) could be treated

in the same way, provided that the positions of the equations were exchanged.

In view of (F}), given ¢ > 0, for 2 < p < +oo if N = 2 and for 2 < p < 27 if N > 2,
there exist constants C > 0, and C. > 0 such that

[F(@,ul@), v(@))] < Ch(a) (=l(u(@), v(@)]? + Cel(u(@), v(@)I"), (4.4)

almost everywhere in RY. In addition, assuming also hypotheses (V1); — (V3); for i = 1,2 and
(V), the functional

/ }F(x,u(:v),v(z:))‘ dx
RN

belongs to C'(E,R), since for all £ > 0 given it satisfies

/RN |F (2, u(z),v(x))] dz < efl(u, 0)|[F + Cell(u, 0|13, (4.5)
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4.1 Asymptotically Quadratic Elliptic Systems 82

for some constant C; > 0 (cf. [42], Lemma 2.2 and also [50], Lemma 3.1).

In virtue of (V) and (F}) it is possible to assert that the growth of F' is controlled by
the growth of V; by means of h, hence F' can be unbounded but under some restrictions. For

instance, a function F' such that

s3 t3
(Fs(x,s,t),Ft(m,S,t)> = coh(r) (1—1—32’ 1+t2> ’

or

s(s2+12)  t(s®+1?)
1+s24+12"14+s2+1¢2)7

(Fs(x,s,t),Ft(as,s,t)) = coh(z) (

where h(z) > ag > A, Vi(z) > [h(z)]™ for |z| > 1o, with ¢y, ag, 7o positive constants and
ap > 1, satisfy assumptions (V') and (F}).

The main result of this section is stated below.

Theorem 4.1. Under the assumptions (V1); — (V3);, (V) and (Fy) — (Fy), system has a

nontrivial solution in H'(RYN R?).

4.1.1 Variational Framework

In order to tackle problem (4.1)) by means of variational methods, the strongly indefinite
functional I : E — R given by

I(u,v) = ;/}RN (IVu<m)!2+V1(x)u2(x)— |Vv(x)\2—\/2(x)v2(:c))dx—/RN F(z,u(z),v(z)) dz
= 5(10IE = 10.91E) - [ P (@), o) d, w6

is associated to the elliptic system (ES). Thereby, I € C'(E,R) and
Fuoew) = [ (Tule)- Vela) + Viloyu(e)e(o) do
_ /R (Vo) V(o) + Va(a)o()o(e)) do
- / Fulz, ulx), v(2))o(z) do — /R R (), v@)(a) dr

_ /RN (Fu(a:,u(x ,v(2))p(r) + Fv(a:,u(x),v(:c))zp(x)) dr. (4.7)

Hence critical points of I are weak solutions for (4.1). Thus, from now on, the plan is
to find a critical point to I by applying Theorem [I.4] since [ is an indefinite functional.
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4.1 Asymptotically Quadratic Elliptic Systems 83

Henceforth, it is necessary to check that I satisfies (1) — (14).
First, it is convenient to analyze operator A := (A;, —Ay) for A; defined as in
(V3); as an operator of L2(RY R?) such that A(u,v) := (Aju, —Aw) € L*(RN R?), for

all (u,v) in the domain of A. Moreover, for all (u,v) € E, one has

(Afw,v), (u,0)) — [/, 0)|[2, =[]0, v)| [ (4.8)

L2(RN R2)

Hence, defining

E, = {(u, 0) € H(RY R?) : Vi(2)u? () do < —i—oo}

RN

and

By = {(O,v) e HYRY,R?) : [ Va(z)?(z) do < +oo},

RN
it yields FE := Fy & E,. Thus, setting L, := Id : Fy — FEy, Ly := —Id : F5 — F, and
L:FE — FE with L := Ly + Lo, where Id is identity operator, it follows that

(L) () = ((0).(0,0)) = ((0.0).(0.%)) .

Therefore, I satisfies (/1) in Theorem |1.4] since

(L(u,v),(u,v})E _ ((u,O),(u,O))E—((O,v),(O,v))E
= |l(w, 0)[|% = 11(0, v)||%

= (A(u, v), (u, v)) (4.9)

L2(RN R2)’

and then .
I(u,v) = 5 (L(u, v), (u, v))E + B(u,v),

where

B(u,v) := _/RN F(z,u(x),v(x)) dz. (4.10)

Remark 4.3. Since each A; has discrete and positive spectrum o(A;) = {\e} fori=1,2,
A has discrete spectrum o(A) = {\LYU{=X\2}. In fact, since E is compactly embedded
in L, (RN, R?), it implies that o(A) is discrete (cf. [42], Proposition 2.4). In addition,
A is an eigenvalue of A iff there exists (u,v) € E \ {0} such that A(u,v) = A(u,v),
namely, Aju = Au and Ayv = (—=A)v. Provided that, w # 0 or v # 0, then X is an
eigenvalue of A iff it is an eigenvalue of Ay or —\ is an eigenvalue of Ay. Therefore, A

has positive and negative spectra composed respectively by AL — +o0o and —\2 — —co
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4.1 Asymptotically Quadratic Elliptic Systems 84

as n — +oo. Furthermore, Al is the smallest positive eigenvalue of A and —\? is the
largest negative eigenvalue of A, and in virtue of (V3);, 0 ¢ o(A). In addition, FE, and
E5 correspond to the subspaces of E where A is positive definite, and negative definite,

respectively, and both are infinite dimensional.

4.1.2 Establishing Compactness

So as to ensure that I satisfies (/) in Theorem the following lemmas are
stated and proved.

Lemma 4.1. Under the hypotheses (V1); — (V3):, (V) and (Fy), functional B : E — R
defined as in 15 weakly continuous.

Proof. Let (uy, v,) = (u,v) weakly in E, since E is compactly embedded in Lj, ,, (R", R?)
for 2 < s < 400 if N = 2 and for 2 < s < 2% if N > 2, then (u,,v,) — (u,v),
up to subsequences, strongly in LZ(I) (RY,R?). By the converse of Lebesgue Dominated
Convergence Theorem, there exist functions (ps,1s) € LZ(I)(RN ,R?) for s =2,
and s = p such that, up to subsequences, |u,(z)] < @s(z), |vp(x)] < Ys(z) and

(un (), v(2)) = (0s(x),1s(7)), almost everywhere in RY. Hence,
F(z, un(z), vn(x)) = F(z,u(z),v(1)),
almost everywhere in RY, and from (4.4)) it follows that

|F (2, un (), vn ()|

IN

Ch(e) [el(un(e), va(@)) P + Cul(tn (), va))I
Ch(a) [l(eale), in(@)P + (o) (@], (411)

IN

almost everywhere in RY. Therefore, applying Lebesgue Dominated Convergence Theo-

rem, it yields
/RN F(x,un(z),vp(x)) de — | F(z,u(z),v(z)) dz,

RN

as n — 400, namely, B(un,v,) — B(u,v) and B is weakly continuous. ]

Lemma 4.2. Assuming that (V1); — (V3);, (V) and (Fy) hold, functional I is uniformly
differentiable on bounded sets of E.

Proof. Fixed R > 0 and given (uy, us) + (vy,v2), (v1,v2) € Bg C E, the closed ball with
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4.1 Asymptotically Quadratic Elliptic Systems 85

radius R, centered on the origin, one has

‘B(U1 + v1, U2 —|—v2) — B(ul,uQ) - B’(ul,uQ)(vl,vg)‘

dzr

= /N ’F(iﬁaul + v, ug +v2) — F(z,u1,u2) — Fu(@,ur,ug)vi — Fy (@, u1, ug)va
R

: /RN h(gl;)é

Fu(fL',Zl,ZQ) +Fv($,21,22) - Fu(l',U1,UQ) - FU(LU,Ul,UQ)‘ ‘h(iﬂ)%(’l}l,vz)‘dfﬂ

< Col€llpe@myll(v1, v2)lle, (4.12)
where
&(x) = L Fu(z, 21(2), 22(2)) +Fy (@, 21 (), 22(2)) = Fy (2, ur (@), ua (2)) = Fy (2, w1 (), uz(2)) ‘

h(a:)%

and (21(z), 22(x)) = (u1(x), ua(x)) + (01 (x)v1 (), O2(x)ve(x)), where 0 < 6;(z) < 11is given
by Mean Value Theorem and C5 > 0 is the constant given by the continuous embedding
E < L, (RY,R?). In order to prove that B is uniformly differentiable on bounded sets
of E, it is sufficient to show that given £ > 0 there exist § > 0 such that Cy|[&][2mn) < €
for all (u1,us) + (v1,v9), (vi,v2) € Br C E with ||(vy,v2)||g < . However, by definition
of limit, this is equivalent to show that & — 0 in L*(R") as (v1,ve) — 0 in E.

Observe that (vi,v3) — 0 in E implies (vi,v2) — 0 in Lj ) (RY,R?) for
2<s<+o0if N=2and for 2 < s < 2% if N > 2, then (vl(x),vg( )) — 0 almost
everywhere in R and there exist (o, 1) € Lj,(RY,R?) such that [vi(z)] < ¢,(2),
lva(2)| < 4bs(z) almost everywhere in RY. Moreover, (21(z), 20(z)) — (ui(z),uq())
almost everywhere in RY. Thus, £(x) — 0 almost everywhere in RY. Furthermore, from
(F1) and L’Hospital rule, one has

|Fu(z, 21(2), 22(2))| < Ch(z)|(21(x), 22(x))| and |Fy(z, 21(z), 22(x))| < Ch(z)|(21 (), 22(x))|,

almost everywhere in R”, for some constant C' > 0 and the analogous holds for u; instead
of z;. Then, for s = 2 it follows that

P < s [[Aue @) (@) |+ (o0, 20)|)
o u<x,ul<x>,u2<x>>\ (@), (@)
< i | (I, )+ (2080 o), ua(o)])
< S [|<v1<x> ()P + 3]0 (), w2

(4.13)

IN
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4.1 Asymptotically Quadratic Elliptic Systems 86

Therefore, by applying Lebesgue Dominated Convergence Theorem it yields

16122 a5, = / (@) de — 0,
RN

as (v1,v9) — 0 in E and the result hold. O

4.1.3 Linking Geometry

Under the purpose of proving that I satisfies (I3) in Theorem as usual, set
S:=0B,NE; and Q:={(re,v):r>0,(0,v) € Ey, ||(re,v)||g <1},

where 0 < p < 7y are constants, (e,0) € F; and e is an eigenfunction associated to A}
the first eigenvalue of A;, with ||(e,0)||g = 1, therefore, such S and @ “link”. Due to the
strict inequality ag > Al in hypothesis (V') and from (4.8, such an e satisfies

1 = \|<e,0>|r%=(A<6>0>v<ea0>)Lz<RN,Rz>

= [ (@ + Vi)t @) de = (e )

Al lel ’%2(RN)
< CLOH(eaO)H%?(RN,RQ)

< / h(@)l(e@), 0) da (4.14)

Thereby, by means of (4.14)) it is possible to show that if r; > 0 is large enough, then
Ils > o> 0and I|sg < 0 for some a > 0. Thus, [ satisfies (I3) for some o« > 0, w =0

and arbitrary (0,v) € E. Indeed, next lemma gives the result.
Lemma 4.3. Suppose that (V1); — (V3);, (V) and (Fy) hold, then I satisfies (I3).
Proof. Note that S C Fy, then from (4.6) and (4.5)), for all (uy,0) € S, it yields

I(u,0) = %H(ul,mué—/RNqulm,m a1

1

50° = (el1u, 0l + Cl(ur, 0)| 1)

o[-

p2(d1 - dg) = > O, (415)

v

v
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4.1 Asymptotically Quadratic Elliptic Systems 87

where ¢, p are chosen small enough, so that 1 > 2¢ and

1
d1 Z:§—€>C€pp_2 =: dg.

Therefore, from (.15)), (I5) (i) holds for 1.

In order to prove that [ satisfies (/3) (i7) in Theorem with w = 0, observe
that 1(0,v) < 0, for all (0,v) € Es, then it suffices to show that I(re,v) < 0 for
r > 0, (0,v) € Ey and ||(re,v)||g > 71, for some r; > 0 large enough. Arguing
indirectly assume that some sequence (r,e,v,) C RTe @ Ej satisfies ||(r,e,v,)||g — 400

and I(rpe,v,) > 0 for all n € N. Seeking a contradiction, set

Sp€, Wn) = 77—~
) = T )
where s, € RT,(0,w,) € Fy and ||(spe,w,)||p = 1. Provided that (s,e, w,) is bounded,
up to subsequences, it follows that (s,e,w,) — (se,w) in E, hence (s,e,w,) — (se,w)
in L,zl(x) (RY,R?), due to the compact embedding E — Li(x) (RY,R?). Then, up to sub-
sequences, (spe(x), w,(z)) — (se(x), w(x)) almost everywhere in RY, s, — s in R and

(0,w,) — (0,w) in Es, since s, and (0, w,) are also bounded. Noting that
1= [[(sne, wa)llE = sy + 1100, wn)| |,

it follows that 0 < s% <1, and it yields

I(rpe,vy) 1y, 5 5 F(z,rpe(z),v,(z))

e o)B 3 (S0l —liowl) - [ oo
o1 [ Fare@ue)
- a5/ oo 70 (4.16)

1
hence 5 < s? < 1. Moreover, from (4.14) one has 1 < / h(z)|(e(x),0)|* dv. Then,
RN

0 > 82_82/1RN h(z)|(e(x),0)|* dx

> g (1 - /RN h@)|(e(), 0)2 dx) - % - /RN h@)|(0, w(@)) o, (4.17)

On the other hand, since (sne,v,) is convergent in Lj , (RY,R?), there exists some
(p2,¢2) € L7, (RY,R?) such that [s,e(z)] < @o(x) and |w,(z)] < o(x) almost ev-
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4.1 Asymptotically Quadratic Elliptic Systems 88

erywhere in RY and from (4.4) with p = 2, it follows that

F(z,rpe(x), v,(z))

(e, vn)| [

< Ch()|(sne(), wa (x))[? < Ch(x)|(2(x), ¥a(@))]?,

almost everywhere in RV, for some constant C' > 0. Provided that ||(rpe, v,)||z — +00,
and (spe(x),w,(z)) — (se(z),w(x)) # 0, almost everywhere in supp(e), it follows that
(rne(z), vn(2)) = (sn€(x), wn(2))[|(rne, vn)l|p — +oo almost everywhere in supp(e), as

n — 400, hence in view of (F}) one has

F(x,mme(@),va(@)) _ F(z[lrae + tn||p(sne(@), wn(@))[(sne(x), wa(x))[?

[1(rne, vn)| [ [Irne + un|[%| (sne(x), wn ()]
= h(@)|(se(x), w())* + 0a(1),

almost everywhere in supp(se,w) as n — +oo. Note that, supp(se,w) # (), because

supp(e) # (). Thus, by Lebesgue Dominated Convergence Theorem,

/ F(x,rne(x),vn(iﬂ))drp_) h(z)|(se(x), w(x))|* da,

[1(rne, va)l|% RN

as n — +o00. From (4.16) one has

gl [ Handon) g
RN

" [|(rne, vn) [

Passing to the limit as n — +o0, it yields

0 < 82———/ h(x)‘(se(x),w(m)”2 dx
_ & (1—/Qh(:v)|(e(x),0)|2 dx) —%—/Qh(x)y(o,w(x))ﬁ dr,  (418)

which is contrary to (4.17)). Therefore the result holds. m

4.1.4 Boundedness of Cerami Sequences

Next lemma ensures [ satisfies last hypothesis in Theorem [1.4] Finally, with this
result it will be possible to prove Theorem

Lemma 4.4. Assuming that (V1); — (V3);, (V) and (Fy) — (F») hold, I satisfies (I4).
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4.1 Asymptotically Quadratic Elliptic Systems 89

Proof. Let b > 0 be an arbitrary constant, and take (u,,v,) C I7*([c —b,c+ b])
such that (1 + [|(wn, va)||E) ||’ (tn, va)||er — O, it is necessary to show that (u,,v,) is
bounded. Suppose by contradiction that ||(u,,v,)||r — 400, up to subsequences. Setting

(U, Up) == M, it is bounded, hence (@, 0,) — (4, ?) in F and due to the compact

B ||<umvn)||E
embeddings F Lz(x)(RN,RQ) for 2 <s < 4+o0if N=2and 2 < s <27 if N > 2,

it implies that (u,,0,) — (@,0) in Lz(m)(RN,Rz). Writing (un, v,) = (un,0) + (0,v,) €
E, & Es, it satisfies

1

on(1) = —H<umUn)HEI'(un,vn)(ﬁn,O)
= ol - [ P ) dn
= ol - [ P g g (1.19)
and
on(l) — mmumvn)(o,@n)
= -l - [ PO g 4w

Subtracting (4.20]) from (4.19), and using that 1 = || (@, 0)||% + ||(0, 0,)||%, it yields

On(l) — 1 /RN |:Fu(x7un(x)7vn(x>)ﬁ2 (.T) o Fv(l‘?un(x)?Un(x))@Z(x) dr. (421)

Provided that (@, @) — (@,0) in L}, (RY,R?), there exist (po,¢) € Li, (RY,R?)
such that |, ()] < ¢2(z) and |0, (z)] < o(x), almost everywhere in RY. Furthermore,
from (F}) it follows that

Fv(x> un(‘ﬂ? Un(x))

Un ()

’ Fu(@, un (), va())

< Ch(z) and ‘ ‘ < Ch(z),

for some constant C' > 0, almost everywhere in RY. Hence,

Fu(xy un(‘r)7 'Un(ﬂl')) ~2

o Fv(xaun(x>7vn(x)) ~2
()

Un (.I') o (=)

< Cnfw) (@) + 72 (x))

< Ch(@)(¢3(e) + v3()).
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4.1 Asymptotically Quadratic Elliptic Systems 90

Since (@, 0,) — (@, 0) in L, (RY,R?), [(un(2), v, (2))| = +oo0, for all 2 € RY such that
(u(x),0(x)) # 0, then from (F7) and L’Hospital rule, it follows that

F“(x’u;(fm))’ U”(x))ai(cc) bl u;(z;)), U”(w))ﬁi(x) — 2h(x) [@*(z) — 0°(2)]

as n — +oo, for all z € RY (a(z),d(x)) # 0. Therefore, by Lebesgue Dominated
Convergence Theorem one has

/RN [Fu(%un(w)yvn(x)) .

W2 (x _Fv(xuun(m),vn(I))~2
Un(l‘) n( )

02 — 9%(z)] dz.
on(@) vn(w)} dx — /]RN 2h(x) [u (x) ( )] d
(4.22)

Hence, passing to the limit in (4.21)) as n — +o0, it yields

/R . 2h(z) [@*(z) — 0°(z)] do = 1, (4.23)

which implies there exists Q2 C RY such that |Q] > 0 and (u(z),d(x)) # 0 for all z € Q,
otherwise yields a contradiction.

On the other hand, since (u,,v,) is a Cerami sequence, there exists a constant
My > 0 such that

My > I(uy,v,) — %I’(un, V) (U, V)
— %/RN (Fu(x, Upy Un ) Uy, — Fo(, U, v v, — 2F (2, un,vn)> dx
= 5 [ Q@) (@) dr
> /Q z, up (), v, (2)) de. (4.24)

Provided that |(u,(x),v,(z))| — 400, for all x € Q, in view of (F}), it yields

%/QQ(:B,un(x),vn(x)) dx — +o00,

as n — +00. Passing (4.24) to the limit, a contradiction holds. H
At long last, the main result is proved.

Proof of Theorem [{.1. Provided that I satisfies all assumptions (I;) — (1) in Theorem
1.4] it ensures a critical point (u,v) € E of I, with I(u,v) = ¢ > a > 0. It implies
that I'(u,v)(p,v) = 0, for all (¢,v) € E and I(u,v) > 1(0,0), thus (u,v) # 0. Since
I € C'(E,R), it yields that (u,v) is a nontrivial solution to system (ES) in (4.1). O
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4.2 Super Quadratic Elliptic Systems

The following assumptions on the Hamiltonian F' are required for the super

quadratic case.

(F]) F(z,s,t) € CHRY x R?,RY),

[(Fula,s,t), Fi(w,s,1)) |
h(x)

=o(|(s,t)]) as |(s,t)] = 0, uniformly in =z,

4

and for some 2 < p < +o0if N=2or2<p<2¥ = ————
Oéo(N—2)

it N > 2,
|(Fy(z, s,t), Fi(z, 5,t))| < coh(z)(1+[(s,0)[P"), for all (z,s,t) € RY x R

(F})  lim F(z,s,t)

Note that for such a p given in (F]) and arbitrary ¢ > 0, there exist constants
C >0, C. > 0 such that (4.4) and (4.5) hold. Hence, the functional

/RN |F(z,u(z),v(z))| do

belongs to C'(E,R) (cf. [42], Lemma 2.2 and also [50], Lemma 3.1).
In addition, defining Q(z,u,v) = F,(x,u,v)u+ F,(x,u,v)v—2F(z,u,v) as in (Fy),
in order to ensure the boundedness of Cerami sequences, one of the following conditions

is required.
(F}) There exist constants ¢; > 0 and 6 > min{l,g(p—Q)} such that for all
(z,u,v) € RY x R%

Qz,u,v) > crh(z)|(u, v)|’;

or
(FY) There exists a constant D > 1 such that

Q(:'U7 w? Z) S DQ(‘/’E‘? u7 U)J

for all (u,v), (w, z) € R? with |(w, 2)| < |(u,v)]|.

Remark 4.4. It is worth to mention that since the functional associated to system (ES)
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is indefinite, hypothesis (F}) is relevant to establish the boundedness of Cerami sequences.
Indeed, (F}) is a consequence of both following conditions (AR) and (F}), which also give

the boundedness of Cerami sequences.
(AR)  There exists u > 2 such that for all (x,u,v) € RN x R?

0 < puF(z,u,v) < F,(x,u,v)u+ Fy(z,u,v)v;

N
(Fy)  There exist constants c¢; > 0 and 6 > min{l,;(p— 2)} such that for all

(,u,v) € RY x R?,
F(z,u,v) > ch(x)|u,v]’.

Note that from (AR) and (F}) for all (xz,u,v) € RY x R?, one has
Fy(x,u,v)u+ Fy(z,u,v)v — 2F (2,u,v) > (1 — 2)F(z,u,v) > (1 — 2)erh(w)|u, v]?,

showing that (AR) and (F}) imply (F}). Moreover, only hypothesis (AR) is not suffi-
cient for the boundedness, provided that standard arguments involving this assumption

only bounds the difference ||(uy,,0)||% — ||(0,v,)||%, which appears in the functional. Fur-

thermore, considering 6 > 5} o 1(p — 2) instead of 0 > 5(}) — 2) and exploiting the
g —

hypotheses assumed on V;, it is possible to weak hypothesis (F}) only assuming

Fy(x,u,v)u + Fy(z,u,v)v — 2F (2, u,v) > c1|(u,v)|’.

Remark 4.5. Hypothesis (FY) was introduced by Jeanjean and Tanaka [29], so as to
bound Cerami sequences in cases where conditions as (AR) or (F)) are not satisfied by
the nonlinearity, for example when F(x,s,t) = coh(z)(log |(s, t)])2 (s2,2), for |(s,t)| > 1.

Similarly to asymptotically quadratic case, the relation between (V') and (FY)
shows that the growth of F'is controlled by the growth of V; by means of h, hence F' can

be unbounded but under some restrictions. For instance, a function F' such that
(P s,0), Filw,5,0)) = coh() (I(s, D125, (s, D1 1)
where h(z) > ap > A, Vi(z) > [h(z)]™ for |z| > ro, with co, ag, ro positive constants

and «ay > 1, satisfy assumptions (V') and (F}).

Now, the main result of this section is stated.
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Theorem 4.2. Suppose that (Vi); — (V3)i, (V) and (F]) — (F3) hold, then system
has a nontrivial solution in H*(RN R?). If (F}) is replaced by (FY), the conclusion still

remains true.

Under the purpose of proving Theorem [4.2] the variational structure established
in Subsection 4.1.1 is assumed here. Thereby, I satisfies (/1) in Theorem [I.4] which must
be applied with the aim of getting a non trivial critical point to I. Furthermore, the
conclusions of Lemmas and [£.2] in Subsection 4.1.2, are exactly the same replacing
(F1) by (F]). Thus, (Iy) is satisfied by I as well.

4.2.1 Linking Structure
In order to prove that I satisfies (I3) in Theorem [1.4] all arguments in Subsection
4.1.3 are adapted to super quadratic case. As before,

S:=(0B,NE;) and Q:={(re,v):r>0,(0,v)€ Es,||(re,v)||g <},

where 0 < p < 1y are constants and (e, 0) € F; is an arbitrary vector with ||(e,0)||g = 1,
therefore, such S and @ “link”. Next lemma shows that if ; > 0 is large enough, then
Ils > o> 0and I|sg < 0 for some a > 0. Thus, [ satisfies (I3) for some v > 0, w =0
and arbitrary (0,v) € Ej.

Lemma 4.5. Assume that (V1); — (V3);, (V) and (F]) — (F3) hold, then I satisfies (I3).

Although (I3) (¢) holds for I by the same argument found in Lemma [4.3] for the

sake of completeness, this proof is repeated here.

Proof. From (4.6)) and (4.5), for all (u,0) € S, it yields

I,0) = Sl 0~ [ Fen(@).0) do
> 20 = (el O + Cll(u, 011
2 1 2
o[ -or]
> a>0, (4.25)

where ¢, p are chosen small enough. Therefore, (I3) (i) holds for I.
For showing (I3) (i) with w = 0, since I(0,v) < 0, for all (0,v) € Es, it
is enough to prove that I(re,v) < 0 for r > 0, (0,v) € Ey and ||(re,v)||g > r, for
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some r; > 0 sufficiently large. Seeking a contradiction, assume that some sequence
(rne,v,) C Rte @ By satisfies ||(rpe, v,)||g — +00 and I(r,e,v,) > 0 for all n € N. Set

(rne, vy)
S,Ee. W =
(ns ) = T o

where s, € RT,(0,w,) € Fy and ||(spe,w,)||p = 1. Provided that (s,e, w,) is bounded,
up to subsequences, it follows that (s,e,w,) — (se,w) in E, hence (spe,w,) — (se,w)
in Li(x) (RY,R?), due to the compact embedding E — Li(x) (RY,R?). Then, up to sub-

sequences, (s,e(r),w,(z)) — (se(z),w(x)) almost everywhere in RY, s, — s in RT

and (0,w,) — (0,w) in Ey. Since 1 = ||(spe,w,)||% = 2 + [|(0,w,)||%, it follows that
0< si < 1, and it yields
I(rpe,vy) 1 F(x,rpe(x), v,(x))
0< Tt — (0l 0w - | )
€, Un)| 1% v ||(rne, vl
1 F(x,r, , Un,
Lol [ Mendond),
2 RN ||(Tneavn)||E

e L[ Flre@oaol)
= g [ e el wna) P dr, (426

1
hence 3 S s? < 1. Provided that ||(rne,v,)||z — +00 and
(suc (), wa(2) — (se(a), w(2)) # 0
almost everywhere in supp(e), it follows that

(rne(x), vn(w)) = (sne(x), wa(2))][(rne, va)l|lz = +o0,

almost everywhere in supp(e), as n — +o00, hence in view of (F}) one has

F(z,rpe(x), v,(z))
|(rne(x), vy (2))[?

almost everywhere in supp(se,w) as n — +oo. Note that, supp(se,w) # 0, because

[(sne(x), wa(@))]* = +o0,

supp(e) # (). Thus, by Fatou’s Lemma,

F(z,rpe(x), v,(z)) )
Lo Tt et v unla di = o (.27

as n — +o00o. In virtue of (4.26)) one has
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s L[ P
>85> [ Tt oy Cre(e) P

Due to (4.27), passing to the limit as n — +o0 it yields a contradiction. ]

1
2

Remark 4.6. Note that the assumption ag > A} in (V'), is irrelevant in the super quadratic
case, since inequality 15 not used to establish the linking geometry as was done in
Lemmal[4.3. Therefore, for the super quadratic case, it is just necessary to require ag > 0
in (V). Thereby, if ' < 0 were considered instead of F' > 0, to treat the problem would
be necessary only to exchange one equation for the another, requiring hypothesis (Fy) for
—F > 0 instead of F.

4.2.2 Boundedness of Cerami Sequences

Last hypothesis in Theorem is ensured in this subsection, and subsequently
Theorem is going to be proved. Two lemmas are proved, the first one assuming (F}),

and the second one considering hypothesis (F}') instead.
Lemma 4.6. Under the hypotheses (V1); — (V3);, (V) and (F)) — (F}), I satisfies (1y).

Proof. Let b >0 be a constant such that ¢c—b > 0 and take (u,,v,) C I"*([c —b,c+ b])
such that (1 + [|(wn, va)||£) | (tn, vy)||er — 0, it is necessary to show that (u,,v,) is

bounded. Since (u,,v,) is a Cerami sequence, it satisfies

0n(1) = I' (tn, V) (t, 0) = || (tt, 0) |35 — /RN Fu(@,up(2), vn(2))un () dz (4.28)
and

0 (1) = I' (U, v,)(0,v,) = —|[(0,v,)]% — /RN Fo(z, un(x), v, (x))op(x) do.  (4.29)
Subtracting from , and using (FY), it yields

ol = o)+ [ (P nle).vn)n() = Fofe (o), w0 (a))on(a)) d

mo + /RN |(Fu(2, un (@), v (), o (2, un (2), v (2)))] [ (un (), 0n(2)| d
motco [ b@) (<l (unle). on@)? + Cullun(a), va(o) ) da

mo + 000225“(“%7 UH)HQE + coCel|(tn, U”)H]zﬁm(RN,RQ)’ (4.30)

IN

IA

IN
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for arbitrary ¢ > 0, some constants mg, C. > 0 and for C5 > 0 a constant given by the
embedding E — L7, (RY,R?). Hence, in view of (4.30), one has

(1 — coC3e)|[(wn, va) || < Mo + coC|| (wn, Un)“ii( (Y R2); (4.31)

On the other hand, observe that from (F3) and since (uy,, v,,) is a Cerami sequence,

for some constant M > 0, one has

M > I(un,vn)—%I'(un,vn)(umyn)
— %/RN (Fu(:c,un(:v),vn(x))un(x) + Fv(x,un(ﬂﬁ),vn(x))vn(x)> dr

_ /RN F(z,u,(z),v,(x)) dz
— % » Q(7, un(x),va(x)) d

7(2)|(n (), va ()| d

2 RN

C1
= EH(U’M U”>||i‘z(z)(RN,R2)7 (432)

thus, (up, v,) is a bounded sequence in Lj  (RY,R?). Observe that, if p = ¢ from (4.31]
one has (u,,v,) bounded in E. If not, first consider the case 2 < p < 6, then there exists
t € (0,1) such that p = t2 + (1 — )60, hence applying Holder Inequality and in view of

(4.32) it implies that

2 (1-1)8
L O [ | NS [

2M '
< (B9 el (43)

Substituting (4.33)) in (4.31)), it yields
2 2 2M\ 2 2
(1 = eoC3) l(um, 0)Il} <m0+ @Ce (=) Ol wnl, (434)
1
and since 2t < 2, choosing ¢ > 0 small enough, it ensures that (uy,,v,) is bounded in E.
Now, it remains to consider the case § < p < 2% then there exists ¢ € (0,1) such that

p =127 + (1 — t)f. Again from Holder Inequality and using the boundedness in (4.32)) it
follows that
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tQ# (1—t)9
| |(Un7 Un)| Liﬁ)(RNsz) | | (Um Un) | |Lz(z)(RN7]R2)

2M 1=t # #
(7) CEZ [ (am, )27, (4.35)

=
S
3
<
3
—
SE
hS]
E
2
=
=
AN

where Cy% > 0 is the constant given by the embedding F — L,Qj(tc) (RY,R?). Substituting

(4.35)) in (4.31)), it yields

oM\
(1=l ol < mo e (20) - CE unn I’ (430

N
and 127 < 2, provided that 6 > E(p — 2), hence choosing € > 0 small enough, it ensures
that also in this case (u,,v,) is bounded in E. Therefore, the result holds.
O

Lemma 4.7. Supposing that (V1); — (V3)i, (V)), (F]) — (F3) and (FY) hold true for I, it
satisfies (1y).

Proof. Let b >0 be a constant such that ¢c—b > 0 and take (u,,v,) C I"*([c —b,c+ b])
such that (1 + [|(wn,vn)||E)[|I'(wn, va)|[er — 0, it is necessary to show that (u,,v,)
is bounded. Seeking a contradiction, suppose that ||(u,,v,)||g — +o00, up to
subsequences and define (a,,0,) = M, the normalized sequence. Since it is

(s va)lle
bounded, (u,,?,) — (4,?) in E, up to subsequences, and due to the compact embed-

dings E — Lz(x)(RN,Rz) for 2 < s < 4o0if N=2and 2 <s < 27 if N > 2, it implies
that (@, 3,) = (@,7) in L, (RY, R?),
Suppose that (@(x),o(x)) = (0,0) almost everywhere in RY and for e € (0,1)
define UZ = (t5uy, etév,) € E such that
1(U:) = 1 . 4.
(U5) trél[(?,)l(] (tun, etvy,) (4.37)
Provided that (a@,9) — 0 in L, (RY,R?), from (F}) for each s > 0 fixed, there exists
C, > 0, which does not depend on ¢, such that

/ F(xa San(‘r)a 58’&”(.1‘)) dﬂf S Cs {||(ﬂn7 ﬂn)“ii (RN,]RQ) + H(ﬂfn7 an)HiP (RN R2)} — 07
RN (z) h(z) )
(4.38)
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as n — +o0o. Moreover, since ||(un,v,)||g — +00, for n large enough one has

10 2 1 (e )

un:“ﬂ)HE’ | (s vn)||

= (1@, 0) 11 — <10, 3)I1%) — / P (e, s (), £50,(2)) dr. (439)

Since I(un,v,) > ¢ —b > 0, it follows that ||(@,,0)||%2 > [/(0,9,)||%. Combining this
1
inequality with 1 = ||(@y,0)[|% + (0, 0,)||%, it implies that ||(a@y,0)[|3 > 3 Hence, from

(4.38) and (4.39)) it implies that

2
o e AR TIN ~ 2 25 2
liminf () > 2 liminf (]1(@, 0)I[% - | (in, 0)] 3
2

R AR T ~ 2
= 5 (=& liminf[[(an, 0)||5
2
> -2,
for all s > 0 and ¢ € (0,1). Thus,
liminf I(U;) = +oo for all e € (0,1). (4.40)

n—-+0oo

On the other hand, if there exists a subsequence (n;) C N, such that for some
en, € (0,1) one has t,;* € (0,1), in view of (4.37) it implies that I'(Up;*)Upi* = 0. In
addition, since t,;* € (0,1), in virtue of (F¥) it follows that

Uy = J(U,i:k)—%ﬁ(Uizk)Uizk
1 en €n
— 5/RNQ(m,Ifnk’%tnk(x),5nktnk’“vnk(x)) dx
D
2 Jan

D 1
= E{I(HHMUW) - 51,(unk’vnk)<unk7vnk)}

< M, (4.41)

IN

Q(ZL’, Un, (ZL‘), Uny, ($)) dx

for some M > 0, provided that (u,,,v,,) is also a Cerami sequence. However, from (4.41))

one arrives at
lim sup I(Unt*) < M,

k——+o0

contradicting (4.40)). Thus, such a subsequence (n;) C N cannot exist and hence, there

exists ng € N such that for all n > ny and for all € € (0,1) one has 5 = 1. Furthermore,
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by the continuity of I it yields
I(U;) = I(up, cvy) = I(up,v,) as e — 1,
for each m > ngy. Then, for each n > ng there exists ¢, € (0,1) such that
(U2 < I(un, v,) + % (4.42)

for all € € [e,,1]. Hence, if &, € [g,,1] is such that I[(U") > I(U:) for all € € [g,,1], in
view of (4.42) it follows that

limsup I(U") < limsup I (uy,,v,) = c. (4.43)

n—-4o00 n—+400

However, from (4.40|) for each ¢ € [g,,1) there exists n. € N such that n > n. implies

1 1
I(Ug) > T > o then, it yields

liminf 7(U;") > liminf I(U;) > lim

n—-+00 n—-+00 n—+oco 1 — En

= +oo, (4.44)

since €, — 1, in virtue of (4.42). Thus, (4.44)) contradicts (4.43]).

Therefore, (@, ) cannot be the null function, namely there exists Q C RY with
|2] > 0, such that (a(z),v(z)) # (0,0) for all z € Q. Furthermore, since

/RN F(, un (@), va(@) - 1<|y(an,0)||§ - H(O’@n)||2E> M (un,vn)

([T 2 " e 00l
< Sl 0l < 5,
one has 12 / F(x’“”@)’vn(x))|(ﬂn,f)n)|2d:r. (4.45)
2% Jo Tun(2), (@)

Nevertheless, in view of (£}), for all z € Q it implies that

F(z,up(x),v,(x))
[(un (), va(2))|?

as n — 400, provided that |(un(z), vn(2))| = |(tn(x), 0n(2))] ||(tn, vn)||p — +00 for all
x € (), as n — 400. Passing (4.45)) to the limit and applying Fatou’s Lemma, it yields

/ F(z,un(z),v,(2))
o |(un(z),vn(2))[?

| (T, D )|* — 00,

> liminf (T, Tp) [P d = +00,

1
2 n—-+oo
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which is a contradiction. Therefore, (u,,v,) is bounded, and the result holds. O
At long last, the main result is proved.

Proof of Theorem[{.Z Provided that I satisfies all assumptions (/1) — (I4) in Theorem
[1.4] it ensures a critical point (u,v) € E of I, with I(u,v) = ¢ > o > 0. It implies that
I'(u,v)(p,v) = 0, for all (p,v) € E and I(u,v) > 0 = I1(0,0), thus (u,v) # 0. Since
I € CY(E,R), it yields that (u,v) is a nontrivial solution to system (ES) in (4.1). O

It is worth to mention that depending on the nonlinearity, the solutions (u,v)
found in Theorem [4.1] or in Theorem [4.2] could be either semi-trivial (u,0) or vectorial

(u,v), but never semi-trivial (0, v), since such solutions have positive energy ¢ > 0.
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Auxiliary Results

In this chapter, as a matter of completeness are stated the most important auxiliary

results used along with this work.

Theorem 1.1°. [9], page 394

Let A be a self-adjoint operator in Hilbert space H. Then

1) there is a spectral family E), —oo < A < 400, that is, a family of self-adjoint projection
operators F in H depending on a real parameter \ satisfying

a) E\E, = E,E\ = E) for i <\,

b) E\io = E) in the strong operator topology, that is

lim E)\JrEf = E)\fa
e—0t

in the norm of H for any f € H;

¢) in the strong operator topology we have

lim F\=0, lim FE,=1I;

A——00 A—400

d) if A = (A, A] is a half-open interval on the real axis, —oco < A\; < Ay < 400 and
E(A) = E,, — E\,, then E(A)H C D(A) and for f € E(A)H the inequalities

and the estimate

(A= AD I < A2 = Ml S]]

hold for A € A. This means that vectors in F(A)H for small A are almost eigenvectors
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of A with the eigenvalue \ € A;
e) A is recovered from the family {E\} by the formula

+oo
A= / AdEy

—00

which means that f € H belongs to D(A) if and only if the integral

+o0o +oo
| vaEsn = [ vdiEgP <+

oo —0o0

converges. Moreover, the left-hand side of this inequality equals ||Af||*> and

A= [ T ME)

—00

where the integral is to be understood as

a——00,—+00

B
lim / (B f)

with respect to the norm in H, while integrals along a finite interval are just limits of

their integral sums with respect to the norm in H and they even are uniform in all f for

A< 1

2) The spectral family with properties a) — e) is unique.

Theorem 30. [23], page 150

If a measurable locally bounded function V' (z) is such that

liminf V(x) > a,

|z| =400

then the operator L = —A+V (z) is semi-bounded from below and has a discrete spectrum
on (—o0,a), so that for any € > 0 the spectrum of L on (—oo,a — ¢) consists of a finite

number of eigenvalues of finite multiplicities.

Corollary 11.3.6 (Weyl) [37], page 290

Let T be self-adjoint and B hermitian. If B is T'—compact, then

Oess (T + B) = Oess (T)
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Proposition 6.6. [43] page 36

For each s € [1, +00), E = W22(5*, R2V) is compactly embedded in L*(S*, R2).

In particular there is an a; > 0 such that

[l2]]s < asl]2l;

forall z € F.

Corollary 2 [44], page 113

Let A be a self-adjoint operator and let C' be a relatively compact perturbation
of A. Then:

(a) B = A+ C defined with D(B) = D(A) is a closed operator;
(b) If C is symmetric, B is self-adjoint;
(€) Oess(A) = Oess(B).

Theorem 3.15 [51], page 44

Let V€ L>*, S :=A+V(z) and

limess inf V(z) =1.

R—+oo  |o>R

(7) Then o.(S) C [I,+00);
(i7) If

1 f -1l = h = .
Ri}riloiss‘;gR]V() [|] =0, then o0.(S)=1[l,+0o0)

Lemma 1.21 (Lions’ Lemma) [57], page 16

Let r > 0 and 2 < ¢ < 2*. If (u,) is bounded in H'(RY) and if
sup / lun|? — 0, n — +o0,
B(yr)

yeRN

then u,, — 0 in LP(RY) for 2 < p < 2%,

103



Bibliography

[1] Ambrosetti, A. and Rabinowitz, P. H.: Dual Variational Methods in Critical Point
Theory and Applications. J. Functional Analysis, 14, 349-381, 1973.

[2] Azzollini, A. e Pomponio, A.: On the Schrédinger Equation in RY under the Effect
of a General Nonlinear Term. Indiana Unwversity Mathematics Journal 58 No. 3,

1361-1378, 2009. [1]

[3] Bartolo, P., Benci, V. and Fortunato, D.: Abstract Critical Point Theorems and
Applications to some Nonlinear Problems with "Strong" Resonance at Infinity. Non-
linear Analysis Theory, Methods € Applications 7, 981-1012, 1983.

[4] Bartsch, T. and Clapp, M.: Critical Point Theory for Indefinite Functionals with
Symmetries. J. Func. Anal. 138, 107-136, 1996.

[5] Bartsch, T. and Ding, Y.H.: Deformation Theorems on Non-metrizable Vector Spaces
and Applications to Critical Point Theory. Math. Nachr. 279, 1267-1288, 2006. [3], [0]

[6] Bartsch, T. and Willem, M.: Infinitely Many Radial Solutions of a Semilinear Elliptic
Problem on RY™. Arch. Rational Mech. Anal. 124, 261-276, 1993.

[7] Benci, V. and Rabinowitz, P. H.: Critical Point Theorems for Indefinite Functionals.
Inventiones Math. 52, 241-273, 1979. [1}, 2, B} [} [12} [13]} [15] 22} [27] [28]

[8] Berestycki, H. and Lions, P. L.: Nonlinear Scalar Field Equations I. Arch. Rat. Mech.
Anal. 82, 313-346, 1983. [1], [67}, [69] [71]

[9] Berezin, F. A. and Shubin, M. A.: The Schridinger Equation, Kluwer Academic
Publishers, 1991. [2§| [46}, [47], 59}, [60]

104



Bibliography References 105

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Brezis, H. and Lieb, E. H.: A Relation Between Pointwise Convergence of Functions
and Convergence of Functionals. Proc. Amer. Math. Soc. 88 No. 3, 486-490, 1983.
00

Cerami, G.: Un Criterio di Esistenza per i Punti Critici su Varieta Illimitate. Rc. Ist.
Lomb. Sci. Lett. 112, 332-336, 1978.

Chang, S. M., Lin, C. S. Lin, T. C. and Lin, W. W.: Segregated Nodal Domains of
Two-dimensional Multi-species Bose-Einstein Condensates. Physica D 196, 341-361,
2004. 10

Chen, S. and Zhang, D.: Existence of nontrivial solutions for asymptotically lin-
ear periodic Schrodinger equations. Complex Variables and FElliptic Equations: An
International Journal 60, 252-267, 2015. 3]

Costa, D. G.: On a Class of Elliptic Systems in RY. Electronic Journal of Differential
Equations 7, 1-14, 1994. [10]

Costa, D. G. and Magalhaes, C. A.: A Unified Approach to a Class of Strongly
Indefinite Functionals. Journal of Differential Equations 125, 521-547, 1996. 2] [4]

Costa, D. G. and Magalhaes, C. A.: A Variational Approach to Non-cooperative
Elliptic Systems. Nonlinear Analysis, Theory, Methods & Applications, 25 No 7,
699-715, 1995. [10] [IT]

Costa, D. G. and Tehrani, H.: Existence and Multiplicity Results for a Class of
Schrodinger Equations with Indefinite Nonlinearities. Adv. in Differential Equations
8, 1319-1340, 2003. [6] 4], [46]

Coti-Zelati Sissa, V. and Rabinowitz, P. H.: Homoclinic Type Solutions for a Semi-
linear Elliptic PDE on RY. Communications on Pure and Aplied Mathematics 45,
1217-1269, 1992.

De Figueiredo, D. G. and Ding, Y.: Strongly Indefinite Functionals and Multiple
Solutions of Elliptic Systems. Transactions of the American Mathematical Society
365 No. 7, 2973-2989, 2003.

Ding, Y. and Jeanjean, L.: Homoclinic Orbits for a Non-periodic Hamiltonian Sys-
tem. Journal of Differential Equations 237, 473-490, 2007.

Ding, Y. and Ruf, B.: Solutions of a Nonlinear Dirac Equation with External Fields.
Arch. Rational Mech. Anal. 190, 57-82, 2008.

105



Bibliography References 106

[22]

23]

[24]

[25]

[26]

[27]

28]

29]

[30]

[31]

32|

[33]

Edelson, A. L. and Stuart, C. A.: The Principle Branch of Solutions of a Nonlinear
Elliptic Eigenvalue Problem on RY. Journal of Differential Equations 124, 279-301,

1996. [6l [1

Egorov, Y. and Kondratiev, V.: On Spectral Theory of Elliptic Operators vol 89,
Birkhauser Verlag, 1996. [44]

Fan, M., Wang, J., Xiao, L. and Zhang, F.: Existence and multiplicity of semiclassical
solutions for asymptotically Hamiltonian elliptic systems. J. of Math. Anal. Appl.
339, 340-351, 2013. [[]]

Gladwell, G. M. L.: Inverse Problems in Scattering: An Introduction, Solid Mechanics
and its Applications vol 23, Springer Science + Business Media Dordrecht, 1993.

Hislop, P. D. and Sigal, I. M.: Introduction to Spectral Theory with Applications to
Schrodinger Equations, Springer-Verlag, New York, Inc, 1996.

Jeanjean, L.: On the Existence of Bounded Palais-Smale Sequences and Application
to a Landesman-Lazer Type Problem Set on RY. Proc. Roy. Soc. Edinburgh 129A,
787-809, 1999. [

Jeanjean, L. and Tanaka, K.: A Positive solution to an Asymptotically Linear Elliptic
Problem on RY Autonomous at Infinity. ESAIM: Cont. Opt. Calc. Var. 7, 597-614,
2002.

Jeanjean, L. and Tanaka, K.: Singularly Perturbed Elliptic Problems with Super-
linear or Asymptotically Linear Nonlinearities. Calculus of Variations 21, 287-318,

2004. [IT], P2

Krasnoselski, M. A.: Topological Methods in the Theory of Nonlinear Integral Equa-
tions, New York, Macmillan, 1964.

Kryszewski, W. and Szulkin, A.: Generalized Linking Theorem with an Application
to Semilinear Schrodinger Equation. Adv. Differ. Equ. 3, 441-472, 1998. 2] [3], [0]

Li, G. and Szulkin A.: An Asymptotically Periodic Schrédinger Equation with Indef-
inite Linear Part. Communications in Contemporary Mathematics 4 No. 4, 763-776,
2002.

Li, G. and Wang, C.: The Existence of a Nontrivial Solution to a Nonlinear Elliptic
Problem of Linking Type without the Ambrosetti-Rabinowitz Condition. Ann. Acad.
Sci. Fenn. Math. 36, 461-480, 2011. 2, [}

106



Bibliography References 107

[34]

[35]

[36]

[37]

[38]

[39]

[40]

|41]

[42]

[43]

[44]

[45]

[46]

Lin, T. C. and Wei, J.: Symbiotic Bright Solitary Wave Solutions of Coupled Non-
linear Schrodinger equations. Nonlinearity 19, 2755-2773, 2006.

Lions, P. L.: The Concentration-compactness Principle in the Calculus of Variations.
The Locally Compact Case. Ann. Inst. Henri Poincaré, Analyse Non Linéaire 1, 109-
145 and 223-283, 1984.

Maia, L. de A., Oliveira Junior, J. C. and Ruviaro, R.: A Non-periodic and Asymptot-
ically Linear Indefinite Variational Problem in RY. Indiana University Mathematics
Journal 66 No. 1, 31-54, 2017. [5] [7]

Oliveira, C. R.: Intermediate Spectral Theory and Quantum Dynamics, Progress in
Mathematical Physics vol 54, Birkhéuser, 20009.

Palais, R. S.: The Principle of Symmetric Criticality. Comm. Math. Phys. 69, 19-30,

1979. 68} [7§)

Pankov, A. A.: Lecture Notes on Schrodinger Equations, Nova Science Publishers,

2007. [0, [60)

Pankov, A. A.: Periodic Nonlinear Schrédinger Equation with Application to Pho-
tonic Crystals. Milan Journal of Mathematics 73, 259-287, 2005.

Pomponio, A.:An asymptotically linear non-cooperative elliptic system with lack of
compactness. The Royal Society, Mathematical, Physical and Engineering Sciences

459 No. 2037, 2265-2279, 2007. [I]]

Rabelo, P.: Existence and Multiplicity of Solutions for a Class of Elliptic Systems in
RY. Nonlinear Analysis 71, 2585-2599, 2009. [80] [82]

Rabinowitz, P. H.: Minimax Methods in Critical Point Theory with Applications to
Differential Equations, American Mathematical Society, 1984. [27], [36] [103]

Reed, M. and Simon, B.: Methods of Modern Mathematical Physics, Analysis of
Operators, Vol. IV, Academic Press, New York, 1978. 137, [66],

Schechter, M.: Global Solutions of Nonlinear Schréodinger Equations. Calculus of
Variations 56:40, 2017.

Schechter, M.: Linking Methods in Critical Point Theory, Birkhauser, Boston, 1999.

107



Bibliography References 108

[47] Schechter, M. and Zou, W.: An Infinite-dimensional Linking Theorem and Applica-
tions. Journal of Differential Fquations 201, 324-350, 2004.

[48] Schechter, M and Zou, W.: Weak Linking Theorems and Schrédinger with Critical
Sobolev Exponent. ESAIM Cont. Opt. Calc. Var. 9, 601-619, 2003.

[49] Silva, E. A. B.: Subharmonic Solutions for Sub-quadratic Hamiltonian Systems.
Journal of Differential Equations 115 No.1, 120-145, 1995. [

[50] Sirakov, B.: Existence and Multiplicity of Solutions of Semi-linear Elliptic Equations

in RN. Calculus of Variations 11, 119-142, 2000. [§] [9} [11} [79] [80]

[51] Strauss, W. A: Existence of Solitary Waves in Higher Dimensions. Comm. Math.
Phys. 55, 149-162, 1977. [67, [69, [76),

[52] Stuart, C. A.: An Introduction to Elliptic Equations on R, Trieste Notes, 1998.

[53] Stuart, C. A, and Zhou, H. S.: Applying the Mountain Pass Theorem to an Asymp-
totically Linear Elliptic Equation on RY. J. CommPDE 24, 1731-1758, 1999. , ,
04!

[54] Szulkin, A. and Weth, T.: Ground state solutions for some indefinite variational

problems. J. Func. Anal. 257, 3802-3822, 2009. [1}, [7]

[55] Szulkin, A. and Zou, W.: Homoclinic Orbits for Asymptitotically linear Hamiltonian
Systems. J. Func. Anal. 187, 25-41, 2001. [3]

[56] Watanabe, T.: Radial Solutions with a Vortex to an Asymptotically Linear Elliptic
Equation. Nonlinear Differential Equations and Applications 15, 387-411, 2018.

[57] Willem, M.: Minimaz Theorems, vol 24, Birkhduser, 1996. [2] [52]

[58] Wang, J., Xu, J. and Zhang, F.: Existence and Multiplicity of Solutions for Asymp-
totically Hamiltonian Elliptic Systems in RY. J. of Math. Anal. Appl. 367, 193-203,
2010. [

108



	Introduction
	An Abstract Linking Theorem for Cerami Sequences
	Notion of Linking and Some Definitions
	A Quantitative Deformation Lemma
	Proof of the Main Result

	Applications on Indefinite Problems
	An Asymptotically  Quadratic  Hamiltonian  System  via  an  Abstract  Linking  Theorem
	Variational Structure
	Setting Compactness
	Linking Geometry
	Boundedness of Cerami Sequences

	A  Nonlinear  Schrödinger  Equation  Corresponding to a Hamiltonian System
	Variational Structure
	Setting Compactness
	Linking Geometry
	Boundedness of Cerami Sequences

	Asymptotically  Linear Schrödinger  Equations in  RN via an Abstract Linking Theorem
	Variational Setting
	Boundedness of Cerami Sequences
	Setting Some Necessary Hypotheses
	Linking Geometry
	A Schrödinger Operator with Purely Absolutely Continuous Spectrum


	A Radial Nonlinear Schrödinger Equation
	Variational Setting
	Weak Continuity and Uniform Differentiation of I
	Linking Geometry
	Boundedness of Cerami Sequences

	Non-cooperative Hamiltonian Elliptic Systems in RN
	Asymptotically Quadratic Elliptic Systems
	Variational Framework
	Establishing Compactness
	Linking Geometry
	Boundedness of Cerami Sequences

	Super Quadratic Elliptic Systems
	Linking Structure
	Boundedness of Cerami Sequences


	Auxiliary Results
	Bibliography Rerefences

