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Abstract

Using Kato-type inequality for n-dimensional minimal submanifold of Hn+m,

we obtain necessary conditions so that a complete minimal submanifold immersed

in Hn+m to be totally geodesic and using the Simons’ inequality to get complete

non-compact hypersurface immersed in Hn+1 with constant mean curvature to be

totally umbilical. If M n-dimensional complete spacelike CMC hypersurfaces is im-

mersed in Mn+1
1 (c), where c = {−1, 0, 1}, using the norm Ld of the tracelles second

fundamental form and the first eigenvalue of M , we prove that M is isometric to

H(c−H2), where H is the constant mean curvature of M .

Taking a generalized quasi-Einstein manifold (GQY-manifold), in certain direc-

tions for ∇µ, we have µ constant.

Lastly, considering (M̂n+1, ĝ) = Mn×f R, the warped product of M with R, be

a static space-time, where (Mn, g), n ≥ 3, is a noncompact, connected and oriented

Riemannian manifold and use the Einstein equation with perfect fluid as a matter

field to show that the energy density in M is zero. Using known techniques, we gave

estimates of the volume growth of the geodesic balls and the validity of the weak

maximum principle.

Keywords: totally geodesic, totally umbilical, de Sitter space, Lorentz space, anti-

de Sitter space, generalized quasi-Einstein manifold, static space-time, static vacuum

space.
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Introduction

The work was divided in four parts. The first is a preliminary with results

that we found interesting and were important to obtain some results. The following

chapters contain results obtained during the PhD program.

The celebrated Bernstein theorem states that if u(x, y) is a C2 function on R2

which solves the nonparametric minimal surface equation

div

(
∇u√

1 + |∇u|2

)
= 0,

then u is a linear function of x, y, i.e. the graph of u is a plane. It was proved

in the works of Fleming [46], Almgren [7] and Simons [90] that an entire minimal

graph in Rn+1 is a hyperplane provided n ≤ 7. When n > 7 counterexamples

were found by Bombieri [15] et al. do Carmo and Peng [41] and Fisher-Colbrie

and Schoen [45] proved independently that any complete oriented stable minimal

surface in R3 must be a plane, which is an important generalization of the Bernstein

theorem. Recall that a minimal submanifold in a Riemannian manifold is stable if

the second variation of its volume is always nonnegative for any normal variation

with compact support. For the higher dimensional case, it is interesting to know if a

complete oriented stable minimal hypersurface in Rn+1(3 ≤ n ≤ 7) is a hyperplane.

With respect to this problem, do Carmo and Peng proved the following result.

Theorem A.( [42]) Let Mn be a complete stable minimal hypersurface in Rn+1.

Suppose that

lim
R→∞

∫
Bp(R) |A|

2

R2q+2
= 0, q <

√
2

n
,

then M is a hyperplane. Here, Bp(R) denotes the geodesic ball of radius R centered
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at p ∈M and A is the second fundamental form of M .

The proof of this result relies on Simons’ formula for the Laplacian of |A|2

which is a fundamental tool in studying rigidity of Riemannian submanifolds. Many

interesting gap theorems for Riemannian submanifolds have been proved by using

Simons’ formula during the past years. In Chapter 2, we shall use Simons’ for-

mula, the technique developed in do Carmo-Peng’s paper [42], the estimates for

first eigenvalue obtained in Cheng-Yau [43] and Cheung-Leung [39] and the Sobolev

inequality in [58] to prove rigidity theorems for minimal submanifolds in a hyper-

bolic space. By definition, the hyperbolic space Hl is a simply connected complete

l-dimensional Riemannian manifold with a constant negative sectional curvature −1.

In Chapter 2, still using the ideas of Do Carmo-Peng, we study rigidity phe-

nomenon for complete non-compact hypersurfaces with constant mean curvature

(CMC hypersurfaces) in a hyperbolic space and space-like CMC hypersurfaces in a

Lorentz space forms. A hypersurface in a Lorentzian manifold is said to be space-

like if the induced metric on the hypersurface is positive definite. Let M be a CMC

hypersurface immersed in Hn+1(−1) or a space-like CMC hypersurface immersed in

Mn+1
1 (c), c = {−1, 0, 1}. According to c = 1; c = 0 or c = −1; Mn+1

1 (c) is called a

de Sitter space, a Minkowski space or an anti-de Sitter space, respectively.

A complete Riemannian manifold (Mn, g), n ≥ 3, is a generalized quasi-Einstein

manifold, if there exist three smooth functions f, µ and β on M such that

Ric+∇2f − µdf ⊗ df = βg,

where Ric and ∇2 denotes, respectively, the Ricci tensor and Hessian of the met-

ric g. This concept, introduced by Catino in [27], generalizes the m-quasi-Einstein

manifolds (see, for instance [11, 63]). Inspired by [27], we will introduce a class of

Riemannian manifolds (see [28]).

In Chapter 3 consider a generalized quasi Yamabe gradient soliton (GQY

manifold), let us point out that if µ = 0, (3.1) becomes the fundamental equation

of gradient Yamabe soliton. For λ = 0 the Yamabe soliton is steady, for λ < 0
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is expanding and for λ > 0 is shrinking. Daskalopoulos and Sesum [44] proved

that locally conformally flat gradient Yamabe solitons with positive sectional cur-

vature are rotationally symmetric. Then in [26], they proved that a gradient

Yamabe soliton admits a warped product structure without any additional hypoth-

esis. They also proved that a locally conformally flat gradient Yamabe solitons has a

more special warped product structure. Inspired by the Generalized quasi-Einstein

metrics (see [27, 63]), they started to consider the quasi Yamabe gradient solitons

(see [51, 62, 100]). In [51], they introduced the concept of quasi Yamabe gradi-

ent soliton and showed that locally conformally flat quasi Yamabe gradient solitons

with positive sectional curvature are rotationally symmetric. Moreover, they proved

that a compact quasi Yamabe gradient soliton has constant scalar curvature. Lean-

dro [62] investigated the quasi Yamabe gradient solitons on four-dimensional case

and proved that half locally conformally flat quasi Yamabe gradient solitons with

positive sectional curvature are rotationally symmetric. And he proved that half

locally conformally flat gradient Yamabe solitons admit the same warped product

structure proved in [26]. Wang [100] gave several estimates for the scalar curvature

and the potential function of the quasi Yamabe gradient solitons. He also proved

that a quasi Yamabe gradient solitons carries a warped product structure. In [28],

they define and study the geometry of gradient Einstein-type manifolds. This met-

ric generalizes the GQY manifolds. In chapter 3, together with Professor Benedito

Leandro, to prove, certain conditions, that µ is constant in the GQY manifolds.

In Chapter 4, together with Professors Benedito Leandro and Ernani Ribeiro, we

prove that a Riemannian manifold that satisfies the equations (4.3) and (4.4) it has

density energy equal to zero (µ = 0) and implying in a volume growth of polynomial

geodesic balls and thereby validating a version of the Omori-Yau maximum principle,

introduced by Rigoli and Setti [87].



Chapter 1

Preliminary

Assuming that the reader has a certain level of understanding about the issues

approached, we started the work with concepts and equations that will be funda-

mental for a better understanding of the covered subjects.

1.1 Concepts and fundamental equations

1.1.1 Tensors

Definition 1.1 (Tensors and Tensors fields). A tensor A of order s, briefly (0, s)-

tensor, at a point p on a differentiable n-dimensional manifold Mn is a multilinear

mapping

Ap : (TpM × · · · × TpM︸ ︷︷ ︸
s

)→ R

Similarly, a (1, s)-tensor at a point p is a multilinear mapping

Ap : (TpM × · · · × TpM︸ ︷︷ ︸
s

)→ TpM

Fix a point p ∈ M and let Ω be a neighborhood of p ∈ M on which it is

possible to define vectors fields E1, · · · , En ∈ χ(M), in such a fashion that at each

q ∈ Ω, the vectors {Ei(q)}ni=1 form a basis of TpM . We say that {Ei}ni=1 is a moving

frame on Ω and

Aj1,··· ,js = Ap (Ej1 , · · · , Ejs)
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are called the components of A in the frame {Ei}. The similar notation Aij1,··· ,js for

a (1, s)-tensors, we have

Aij1,··· ,jsEi = Ap (Ej1 , · · · , Ejs)

Remark 1.2. In this work we will use basically only tensors of the type (0, s) and

(1, s). More generally one considers also mixed tensors, for more details see [75].

Example 1.3. A Riemannian metric g, (0, 2)-tensor, yields an isomorphism of

TpM and your dual TpM
∗ by

TpM 3 X → g(·, X) ∈ TpM∗.

Example 1.4 (THE CURVATURE TENSOR). The curvature tensor is a

(1, 3)-tensor define by

X,Y, Z → R(X,Y, Z) := ∇Y∇XZ +∇X∇Y Z −∇[X,Y ]Z. (1.1)

where X,Y, Z ∈ TpM and ∇ is the Levi-Civita connection of M .

The components of the curvature tensor are given by

R

(
∂

∂xi
,
∂

∂xj

)
∂

∂xk
=

∑
l

Rlijk
∂

∂xl

Rlijk =
∂Γlij
∂xk

−
∂Γlik
∂xj

+
∑
r

(
ΓrijΓ

l
rk − ΓrikΓ

l
rj

)
.

By lowering the remaining upper index, we get the corresponding (0, 4)-tensor

X,Y, Z,W → g(R(X,Y )Z,W )

with components〈
R

(
∂

∂xi
,
∂

∂xj

)
∂

∂xk
,
∂

∂xl

〉
=

∑
s

Rsijkgsl = Rijkl.

From the definition of the tensor curvature, given X,Y, Z ∈ TpM

R(X,Y )Z +R(Y,Z)X +R(Z,X)Y = ∇Y∇XZ∇X∇Y Z +∇[X,Y ]Z

+∇Z∇Y Z∇Y∇ZX +∇[Y,Z]X +∇X∇ZY∇Z∇XY +∇[Z,X]Y

= ∇Y [X,Z] +∇Z [Y,X] +∇X [Z, Y ]−∇[X,Z]Y −∇[Y,X]Z −∇[Z,Y ]X

= [Y, [X,Z]] + [Z, [Y,X]] + [X, [Z, Y ]] = 0. (1.2)
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This equation above is known as first Bianchi identity and also, given X,Y, Z, T ∈

TpM :

i) 〈R(X,Y )Z, T 〉+ 〈R(Y,Z)X,T 〉+ 〈R(Z,X)Y, T 〉 = 0

ii) 〈R(X,Y )Z, T 〉 = −〈R(Y,X)Z, T 〉

iii) 〈R(X,Y )Z, T 〉 = −〈R(X,Y )T,Z〉

iv) 〈R(X,Y )Z, T 〉 = 〈R(Z, Y )X,T 〉.

Showing the symmetries of the curvature tensor.

Definition 1.5. Let A be a (0, s)-tensor field (resp. a (1, s)-tensor field), and let X

be a fixed vector field. Then we define the covariant derivative of A in the direction

X by the formula

(∇XA)(Y1, · · · , Ys) := ∇X(A(Y1, · · · , Ys))

−
s∑
i=1

(Y1, · · · , Yi−1,∇XYi, Yi+1, · · · , Ys)

∇XA is then also a (0, s)-tensor (resp. (1, s)-tensor), and ∇A is a (0, s+ 1)-tensor

(resp. (1, s+ 1)-tensor) by means of the formula

(∇A)(X,Y1, · · · , Ys) := (∇XA)(Y1, · · · , Ys).

Since A is an (1, s)-tensor, then for every i ∈ {1, · · · , s} and fixed vectors Xj, j 6= i,

whose contraction (or trace) is denoted by tr(A)

trA =

n∑
j=1

〈A(X1, · · · , Xi−1, Ej , Xi+1, · · · , Xs), Ej〉 (1.3)

trA is then a (1, s− 1)-tensor.

Example 1.6 (Ricci tensor, scalar curvature). The first contraction of the curvature

tensor R(X,Y, Z) is give by the expression

(trR)(X,Z) = tr(Y → R(X,Y, Z)) =
∑
i

〈R(X,Ei)Z,Ei〉
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and is called the Ricci tensor Ric(X,Z). The trace of the Ricci tensor is called the

scalar curvature S. One has

S =
∑
i,j

〈R(Ej , Ei)Ej , Ei〉.

Let σ ⊂ TpM be a two-dimensional subspace and x, y ∈ σ be two linearly

independent vectors the real number

K(σ) = K(x, y) =
〈R(x, y)z, w)〉
|x ∧ y|2

is called the sectional curvature of σ at p. Where |x ∧ y| represents the area of a

two-dimensional parallelogram determined by the pair of vectors x, y ∈ σ.

Using the notation given above, if X,Y, Z,W ∈ TpM ⊂ TpM are linearly

independent, denote by R and R the Ricci tensor of the M and M , respectively, we

have

Theorem 1.7 (Gauss Equation, see [16]). Let p ∈M ⊂M and X,Y be orthonormal

vectors in TpM . Then

〈R(X,Y )Z,W 〉 = 〈R(X,Y )Z,W 〉+ 〈A(X,Z), A(Y,W )〉 − 〈A(Y, Z), A(X,W )〉 (1.4)

where A is the 2nd fundamental form.

A result well known about the subject

Theorem 1.8 ( [16]). Let M be a n-dimensional Riemannian manifold, p a point

of M and {e1, · · · , en} an orthonormal basis of TpM . Then, since K(p, σ) = K0 for

all σ ⊂ TpM , if and only if

Rijkl = k0(δikδjl − δilδjk)

Theorem 1.9 (Ricci equation, [76]). Let M be an n-dimensional Riemannian man-

ifold and f ∈ C3(M) with orthonormal frame {ei}ni=1, to any 1 ≤ i, j, k ≤ n equality

is worth:

fijk − fikj =

n∑
l=1

flRijkl



or simply

fijk − fikj = flRijk
l

with fijk = ∇3f(ei, ej , ek) and using the Einstein notation.

The differential Bianchi Identity is, see [14], using the Einstein notation,

∇iRjkml +∇jRkiml +∇kRijml = 0. (1.5)

Contract on the indices i and l

0 = ∇lRjkml +∇jRklml +∇kRljml = ∇lRjkml −∇jRkm +∇kRjm

and then

∇lRjkml = ∇jRkm −∇kRjm. (1.6)

The above equation is also known as Bianchi identity. Now, trace on the indices k

and m,

gkm∇lRjkml = gkm∇jRkm − gkm∇kRjm

Since the metric is parallel, we can move the gkm terms inside,

∇lgkmRjkml = ∇jgkmRkm −∇kgkmRjm.

The left hand side is

∇lgkmRjkml = ∇lgkmglpRjkpm

= ∇lglpgkmRjkpm

= ∇lglpRjp = ∇lRlj .

Since ∇kgkmRjm = ∇kRkj , so we have the second Bianchi identity:

2∇lRlj = ∇jR. (1.7)

It is normal in the literature to find the following situation as well;

n∑
l=1

Rilkl = Rilkl

that is, repeated indices means that it is adding up in these indices.
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1.1.2 The second fundamental

Let f : Mn → M
n+m

be an immersion , ∇ and ∇ the Riemannian connection

of the M and M respectively. If X,Y are local vector fields on M , we defined

A(X,Y ) = ∇XY −∇XY

where X,Y are local extensions to M .

Let ν belongs to the orthogonal complement of TpM , (ν ∈ (TpM)⊥), the

mapping Hν : TpM × TpM → R given by

Hν = 〈A(X,Y ), ν〉, X, Y ∈ TpM

is a symmetric bilinear form.

Definition 1.10. The quadratic form IIν defined on TpM by

IIν(X) = Hν(X,X) (1.8)

is called the second fundamental form of f at p along the normal vector ν.

We have that the bilinear form Hν is associated to a linear self-adjoint

operator Aν : TpM → TpM by

〈Aν(X), Y 〉 = Hν(X,Y ) = 〈A(X,Y ), ν〉.

and also, taking X,Y ∈ TpM and ν ∈ (TpM)⊥. Then

〈Aν(X), Y 〉 = 〈A(X,Y ), ν〉 = 〈∇XY, ν〉

= 〈Y,−∇Xν〉,

that is,

Aν = −(∇Xν)>.

In Chapter 2 we will study a particular case of immersions for submanifolds,

justifying our next definitions.
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Definition 1.11. An immersion f : M → M is called to be geodesic at p ∈ M

if for every ν ∈ (TpM)⊥ the second fundamental form is identically zero at p. An

immersion f is called tottally geodesic if it is geodesic for all p ∈M .

Definition 1.12. An immersion f : M → M is minimal if every p ∈ TpM and

every ν ∈ (TpM)⊥ we have the trace of the Aν is zero, that is, trAν = 0.

Now, since f : Mn →M
n+m

is an immersion, taking p ∈M and {Ei}mi=1 an

orthonormal frame of the (TpM)⊥, with Ω ⊂ M is a neighborhood of the p, where

f is an embedding. We can write, at p,

A(X,Y ) =
m∑
i=1

Hi(X,Y )Ei =
m∑
i=1

〈A(X,Y ), Ei〉Ei

=

m∑
i=1

〈Ai(X), Y 〉Ei (1.9)

where Hi = HEi and Ai = AEi . We defined the mean curvature vector as

−→
H (p) =

−→
H =

1

n

m∑
i=1

(trAi)Ei

=
1

n

m∑
i=1

 n∑
j=1

〈Ai(ej), ej〉

Ei
=

1

n

m∑
i=1

 n∑
j=1

〈A(ej , ej), Ei〉

Ei
=

1

n

n∑
j=1

[
m∑
i=1

Hi(ej , ej)Ei

]
=

1

n

n∑
j=1

A(ej , ej)

where {ei}ni=1 is an orthonormal frame of the TpM . Of course that f is minimal if

and only if H(p) = 0

The next definition will be explored in the Chapter 2, Section 2.2.

Definition 1.13. Let f : Mn → M
n+m

an isometric immersion and p ∈ M . An

immersion f is said to be umbilical at p if exist Z ∈ (TpM)⊥ such that

A(X,Y ) = 〈X,Y 〉Z, ∀X,Y ∈ TpM (1.10)

An immersion f is totally umbilical if f is umbilical at every p ∈M



Here, it’s interesting to define an important operator that involves the second

fundamental form.

Let Mn be an n-dimensional Riemannian hypersurface of M
n+1

, with denote

the trace-free second fundamental form, the operator defined by

φ = A−HI,

where A is second fundamental form and H mean curvature of the M .

This operator is massively studied for problems involving rigidity and classi-

fication of hyperfurfaces in Riemannian and Semi-Riemannian manifods, for exam-

ple, see [6, 18, 53, 54, 98]. The square of the trace-free operator norm is given in the

form |φ|2 = |A|2 − nH2. In Chapter 2 using a limitation for the trace-free second

fundamental form and a condition of Do Carmo, Peng (see [42]), it was possible

to show that hypersurfaces of the hyperbolic space with this property are totally

umbilical, that is, φ ≡ 0.

In the Section 1.3, we will show an Simons’ inequality for Mn mean constant

curvature hypersurfaces immersed in Qn+1(κ) (space form with sectional curvature

κ), involving the trace-free second fundamental form (see eq. 1.43) to show the

results of the Chapter 2, Section 2.2.

1.1.3 The Index Lemma

Let J be a differentiable vector field along geodesic γ : [0, a]→M . We called J

of the Jacobi field if it satisfies the Jacobi Equation

J ′′ +R(γ′, J)γ′ = 0 (1.11)

where J ′′ = D2

dt2
J and J(0) = 0. If exist t0 ∈ (0, a] such that J(0) = J(t0) = 0, so the

point γ(t0) is said to be conjugate to γ(0) along γ. The maximum number of such

linearly independent fields is called the multiplicity of the conjugate point γ(t0).

Definition 1.14 (Index form). Let γ : [0, a] → M be a geodesic, V be a piecewise

differentiable vector field along γ. For t0 ∈ (0, a] let

It0(V, V ) =

∫ t0

0

{
〈V ′, V ′〉 − 〈R(γ′, V )γ′, V 〉

}
dt (1.12)



where V ′(t) = D
dtV (t).

Lemma 1.15 (Index Lemma, see [16]). Let γ : [0, a] → M be a geodesic without

conjugate points to γ(0) in the interval (0, a]. Let J a Jacobi field along γ, with

〈J, γ′〉 = 0, and let V a piecewise differentiable vector field along γ, with 〈V, γ′〉 = 0.

Suppose that J(0) = V (0) = 0 and that J(t0) = V (t0), t0 ∈ (0, a]. Then

It0(J, J) ≤ It0(V, V ) (1.13)

and equality occurs if and only if V = J on [0, t0]

This Lemma is very important for the study of the estimates of the curvature

and comparison of geodesics in Riemannian manifolds, for example Rauch Theorem

(see pg. 215 in [16]). In Chapter 4 we use this lemma for to proof the Theorem 4.2.

1.2 Kato-type inequality

Let Mn be an n-dimensional hypersurface in a space form Qn+1(κ). We choose

a local field of orthonormal frame {eA} in Qn+1(κ), with dual coframe ωA, such

that, at each point of Mn, e1, · · · , en are tangent to Mn and en+1 is normal to Mn.

We will use the following convention for the indices:

1 ≤ A,B,C, · · · ≤ n+ 1, 1 ≤ i, j, k, · · · ≤ n.

In this setting, denoting by ωAB the connection forms of Qn+1(κ), we have

that the structure equations of Qn+1(κ) are given by:

dωA =
n∑
i=1

ωAi ∧ ωi + ωAn+1 ∧ ωn+1, ωAB + ωBA = 0 (1.14)

dωAB =
n+1∑
C=1

ωAC ∧ ωCB −
1

2

n+1∑
C,D=1

KABCDωC ∧ ωD (1.15)

KABCD = κ(δACδBD − δADδBC). (1.16)

Remember that ωn+1 = 0 on M , so
∑n

i=1 ωn+1i ∧ ωi = dωn+1 = 0 and using

Cartan Lemma [30], we can write

ωn+1i =

n∑
j=1

hijωj , hij = hji. (1.17)
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This gives the second fundamental form of M , A =
∑n

i,j=1 hijωi⊗ωj⊗en+1.

Furthermore, the mean curvature H of M is defined by H = 1
n

∑n
i=1 hii.

The structure equations of M are given by

dωi =
n∑
j=1

ωij ∧ ωj , ωij + ωji = 0 (1.18)

dωij =

n+1∑
C=1

ωik ∧ ωkj −
1

2

n+1∑
k,l=1

Rijklωk ∧ ωl. (1.19)

Using the structure equations we obtain the Gauss Equation

Rijkl = κ(δikδjl − δilδjk) + (hikhjl − hilhjk) (1.20)

where Rijkl are the components of the curvature tensor of M . The components hijk

of the covariant derivative ∇A, by definition, satisfy

n∑
k=1

hijkωk = dhij +
n∑
k=1

hkjωki +
n∑
k=1

hikωkj . (1.21)

The Codazzi equation and the Ricci identity are, respectively, given by

hijk = hikj (1.22)

and

hijkl − hijlk =
n∑

m=1

hmjRmikl +
n∑

m=1

hmiRmjkl (1.23)

where hijk and hijkl denote the first and the second covariant derivatives of hij

(more details see [76]) .

The Laplacian ∆hij of hij is defined by ∆hij =
∑n

k=1 hijkk. From equations

(1.22) and (1.23), we obtain that

∆hij =
n∑
k=1

hkkij +
n∑

k,l=1

hklRlijk +
n∑

k,l=1

hliRlkjk. (1.24)

Since ∆|A|2 = 2(
∑n

i,j=1 hij∆hij +
∑n

i,j,k=1 h
2
ijk), from (1.24) we get

1

2
∆|A|2 =

n∑
i,j,k=1

h2
ijk +

n∑
k=1

hijhkkij +
n∑

k,l=1

hijhklRlijk +
n∑

k,l=1

hijhliRlkjk. (1.25)



Taking a (local) orthonormal frame {ei}ni=1 on M such that hij = µiδij

1

2
∆|A|2 = |∇A|2 +

n∑
i=1

µi(nH)ii +
1

2

n∑
i,j=1

Rijij(µi − µj)2. (1.26)

Using the Gauss equation (1.20) in the frame above, Rijij = κ+µiµj , and the facts

of easy verification

n∑
i,j=1

(µi − µj)2 = 2n|A|2

n∑
i,j=1

µiµj(µi − µj)2 = −2|A|4

we have

1

2
∆|A|2 = |∇A|2 + κn|A|2 − |A|4 +

n∑
i=1

µi(nH),ii (1.27)

To conclude the demonstration, we need the following lemma

Lemma 1.16. ( [104]) Let M be n-dimensional immersed submanifold with parallel

mean curvature in Qn+m(κ), then

|∇A|2 − |∇|A||2 ≥ 2

mn
|∇|A||2. (1.28)

So, we get the following Kato-type inequality for n-dimensional minimal

hypersurfaces of Qn+1(κ),

|A|∆|A|+ |A|4 + n|A|2 ≥ 2

n
|∇|A||2. (1.29)

�

In the Chapter 2, Section 2.1 the steps for demonstrations Kato-type in-

equality are given for minimal submanifolds of the Qn+m(κ), for more details see

[40, 90, 103]. Placing conditions on the length of the second fundamental form and

using Kato-type inequality for minimal submanifolds of the Hn+m(−1), it was possi-

ble to show that immersions with such properties are totally geodesic in Hn+m(−1)

and we produced an article with these results, see [81].
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1.3 Simons’ inequality: The traceless second fundamen-

tal form

Let Qn+1(κ) be the space form of constant sectional curvature κ and Mn a

hypersurface in Qn+1(κ) with constant mean curvature H. Choose {ωi}ni=1 be a

orthonormal frame field defined on M . Then the structure equations of M are given

by

dωi =
n∑
j=1

ωij ∧ ωi, ωij + ωji = 0

dωij =

n∑
k=1

ωik ∧ ωkj + Ωij , (1.30)

where

Ωij = −1

2

n∑
k,l=1

Rijklωk ∧ ωl, (1.31)

the functions Rijkl are called the components of the tensor curvature with Rijkl +

Rijlk = 0. For any f ∈ C2(M), we define its gradient and hessian by the following

formulas

df =
n∑
i=1

fiωi

n∑
j=1

fijωj = dfi +
n∑
j=1

fjωji

fi and fij are the components of the gradient and hessian, respectively.

Since φ =
n∑

i,j=1

φijωi ⊗ ωj be a symmetric tensor defined on M, written on

the frame {ωi}ni=1. Note that the covariant derivative of φij is defined by

n∑
k=1

φijkωk = dφij +
n∑
k=1

φkjωki +
n∑
k=1

φikωkj . (1.32)

The second covariant derivative of φij is defined by

n∑
l=1

φijklωl = dφijk +

n∑
m=1

φmjkωmi +

n∑
m=1

φimkωmj +

n∑
m=1

φijmωmk. (1.33)
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Taking exterior differentiate of (1.32), we obtain

n∑
l,k=1

φijklωl ∧ ωk =
n∑
k=1

φkjΩki +
n∑
k=1

φikΩkj .

Therefore,

n∑
k,l=1

(φijkl − φijlk)ωl ∧ ωk =
n∑

k,l=1

φijklωl ∧ ωk +
n∑

l,k=1

φijlkωk ∧ ωl

=
n∑
k=1

φkjΩki +
n∑
k=1

φikΩkj

+
n∑
l=1

φljΩki +
n∑
l=1

φilΩlj

with (1.31)

(φijkl − φijlk) = −
n∑

m=1

φmjRmilk −
n∑

m=1

φimRmjlk. (1.34)

The Laplacian of the tensor φij is defined to be
∑n

k=1 φijkk and so

∆φij =
n∑
k=1

φijkk

=
n∑
k=1

(φijkk − φikjk) +
n∑
k=1

(φikjk − φikkj) +
n∑
k=1

(φikkj − φkkij)

+

(
n∑
k=1

φkk

)
ij

(1.35)

Since φij satisfying ”Codazzi equation”

φijk = φikj ,

we have from (1.34) and (1.35)

∆φij =

(
n∑
k=1

φkk

)
ij

−
n∑

m,k=1

φmkRmikj −
n∑

m,k=1

φimRmkkj . (1.36)
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Being |φ|2 =

n∑
i,j=1

φ2
ij and trφ =

n∑
i=1

φii. Then equation (1.36) give us

1

2
∆|φ|2 = |∇|φ||2 + |φ|∆|φ|

=
n∑

i,j,k=1

φ2
ijk +

n∑
i,j=1

φij(trφ)ij

−
n∑

i,j,k,m=1

φijφmkRmikj −
n∑

i,j,k,m=1

φijφimRmkkj . (1.37)

Choose a frame field {ωi}ni=1 which diagonalizes φ at each fixed point on

Mn, i.e. φij = λiδij . Then (1.37) simplifies to

1

2
∆|φ|2 =

n∑
i,j,k=1

φ2
ijk +

n∑
i=1

λi(trφ)ii +
1

2

n∑
i,j=1

Rijij(λi − λj)2 (1.38)

where φijk are components of the covariant derivative of the tensor φ, and Rijij

is the sectional curvature of the plane spanned by {ei, ej}. Since φ = A − HI,

therefore, φei = λiei = (µi − H)ei, where Aei = µiei, i = 1, · · · , n, are they the

eigenvalues of the second form operator A. By Gauss formula, we conclude that

1

2

n∑
i,j=1

Rijij(λi − λj)2 =
1

2

n∑
i,j=1

(κ− λiλj)(λi − λj)2 − H

2

n∑
i,j=1

(λi + λj)(λi − λj)2

+
H2

2

n∑
i,j=1

(λi − λj)2. (1.39)

Remember that 0 = trφ =
∑n

i=1 λi, it is easy to check that

n∑
i,j=1

(λi − λj)2 = 2n|φ|2,

n∑
i,j=1

(λi + λj)(λi − λj)2 = 2n

n∑
i,j=1

λ3
i ,

n∑
i,j=1

λiλj(λi − λj)2 = −2|φ|4.

From the above, it follows that

1

2
∆|φ|2 = |∇|φ||2 + |φ|∆|φ|

=

n∑
i,j,k=1

φ2
ijk − |φ|4 − nH

n∑
i=1

λ3 + n(H2 + κ)|φ|2 (1.40)
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In this case, it follows from ( [17] (2.3), (2.4)) that

n∑
i,j,k=1

φ2
ijk ≥

2

n
|∇|φ||2 + |∇|φ||2

To conclude the demonstration we need the following lemma

Lemma 1.17. ( [4]) Let λi, i = 1, · · · , n, be real numbers such that
∑n

i=1 λi = 0

and
∑n

i=1 λ
2
i = β2, where β = const > 0. Then

− n− 2√
n(n− 1)

β3 ≤
n∑
i=1

λi ≤
n− 2√
n(n− 1)

β3

Proof of the lemma. We can assume that β > 0, and use the method of La-

grange’s multipliers to find the critical points of g =
∑n

i=1 λ
3
i subject to the condi-

tions:
∑n

i=1 λi = 0,
∑n

i=1 λ
2
i = β2. It follows that the critical points are given by

the values of λi that satisfy the quadratic equation

λ2
i − µλi − α = 0, i = 1, · · · , n.

Therefore, after reenumeration if necessary, the critical points are given by:

λ1 = λ2 = · · · = λp = a > 0, λp+1 = λp+2 = · · · = λn = −b < 0. (1.41)

Since, at the critical points,

β2 =
∑
i

λ2
i = pa2 + (n− p)b2

0 =
∑
i

λi = pa− (n− p)b

g =
∑
i

λ3
i = pa3 + (n− p)b3.

Solving the system, we have

a2 =
n− p
pn

β2, b2 =
p

n(n− p)
β2, g =

(
n− p
n

a− p

n
b

)
β2.

It follows that g decreases when p increases. Hence g reaches a maximum when

p = 1, and the maximum of g is given by

max(g) =

n∑
i=1

λ3
i = a3 − (n− 1)b3

= ((n− 1)b)3 − (n− 1)b3 = n(n− 2)(n− 1)b3

=
n− 2√
n(n− 1)

β3. (1.42)



�

So we have finally the following Simons’ inequality for Mn, mean constant

curvature hypersurfaces immersed in Qn+1(κ)

|φ|∆|φ| ≥ 2

n
|∇|φ||2 − |φ|4 − n− 2√

n(n− 1)
H|φ|3 + n(H2 + κ)|φ|2. (1.43)

�

In the Chapter 2, section 2.2. Placing conditions on the length of the trace-

free second fundamental form and using Simons’ inequality for Mn mean constant

curvature hypersurfaces immersed in Hn+1(−1), it was possible to show that im-

mersions with such properties are totally umbilical in Hn+1(−1).

1.4 Warped Product

Let’s turn our attention to a class of metrics on the product variety B × F .

Let’s define the warped product (see [14,75]).

Definition 1.18. Let be (B, gB) and (F, gF ) be Riemannian manifolds and f > 0

a function on B. The warped product M = B ×f F is a product manifold B × F

with metric

g = π∗gB + (π∗f)2σ∗gF ,

where π and σ are projections of B × F in B and F , respectively. Explicitly, for

u, v ∈ T(p,q)M , we have

g(u, v) = gB(dπ(u), dπ(v)) + (f ◦ π)2gF (dσ(u), dσ(v)).

Remark 1.19. If f is a constant equal to 1, we say that M is a Riemannian product

and g the product metric. When a manifold M can not be written as Riemannian

product of the others two manifolds we say that it is irreducible.

The fibers p × F = π−1(p) and the leaves B × q = σ−1(q), with p ∈ B and

q ∈ F are submanifolds of M . The warped product metric is characterized by
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1. For each q ∈ F , the mapping π|(B × q) is an isometry onto B,

2. For each p ∈ B, the mapping σ|(p× F ) is a positive homothety onto F , with

scale factor 1/f(p).

3. For each (p, q) ∈M , the leaf B×q and the fiber p×F are orthogonal in (p, q),

so we can decompose T(p,q)M in direct sum

T(p,q)M = T(p,q)(B × q)⊕ T(p,q)(p× F ).

We will call the vectors tangent to leaves of the horizontal and tangent to the

fibers are vertical. If v ∈ T(p,q)M denoted by hor(v) and ver(v) the components

horizontal e vertical de v, respectivamente.

Remark 1.20. For a product manifold B × F , denoted by F(B) the set of differ-

entiable functions on B, We have the following notions of lifting

1. If h ∈ F(B), the lift h for B × F is h̃ = h ◦ π ∈ F(B × F ).

2. If v ∈ TpB and q ∈ F so the lift ṽ do the v in (p, q) is the only vector in

T(p,q)(B × q), such that dπ(ṽ) = v.

3. If X ∈ X(B), the lift of X to B × F is the only vector field X̃ whose value at

each point (p, q) is the lift of X(p) to (p, q). This field is differentiable and is

the only element of X(B × F ), such that dπ(X̃) = X e dσ(X̃) = 0. Denoted

by L(B) the lift set elements of the X(B) to B × F .

Functions, tangents vectors and differentiable fields onto F can be lift to B × F

similarly using the projection σ.

Here, are some results about the warped product that will be very important

throughout the text. These results can be found in [75].

Lemma 1.21. If h ∈ F(B), so the gradient of the lift h ◦ π of h to M = B ×f F is

the lift to M of the gradient of h on B.

Denoting the Riemannian connections of the M , B e F by ∇, ∇B e ∇F ,

respectively, we can relate them as follows:
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Proposition 1.22. Let M = B ×f F a warped product. If X,Y ∈ L(B) and

V,W ∈ L(F ), so

1. ∇XY ∈ L(B) is the lift of ∇BXY from B,

2. ∇XV = ∇VX = X(f)
f V ,

3. hor(∇VW ) = − 〈V,W 〉f ∇f ,

4. ver(∇VW ) ∈ L(F ) is the lift of ∇FVW from F ,

where ∇f is the gradient of f in the metric g.

We will now present a result that relates the curvatures of M with the base

curvatures B, at the leaves F .

Proposition 1.23. Let M = B ×f F be a warped product with tensor curvature R.

Let RB and RF the pullback of the tensor curvature of B and F , respectively. If

X,Y, Z ∈ L(B) and U, V,W ∈ L(F ), so

1. R(X,Y )Z ∈ L(M) is the lift of RB(X,Y )Z ∈ L(B) from B,

2. R(V,X)Y = ∇2f(X,Y )
f V , where ∇2 is Hessian of the warped product M , Which

coincides with the Hessian of B in horizontal vector,

3. R(X,Y )V = R(V,W )X = 0,

4. R(X,V )W = 〈V,W 〉
f ∇X∇f ,

5. R(U, V )W = RF (U, V )W − 〈∇f,∇f〉
f2

{〈W,U〉V − 〈W,V 〉U}.

As a result of the above result, we’ll show how the Ricci tensor of the warped

product, Ric. We denoted RicB and RicF the pullback of the Ricci tensor of B and

F , respectively.

Corollary 1.24. About a warped product M = B ×f F with n = dim(F ) > 1, if

X,Y are horizontal and V,W vertical, so

1. Ric(X,Y ) = RicB(X,Y )− n∇
2f(X,Y )
f ,



2. Ric(X,V ) = 0,

3. Ric(V,W ) = RicF (V,W )− 〈V,W 〉{∆Bf
f + 1

f2
(n− 1)〈∇f,∇f〉},

onde ∆Bf is the laplacian of the f on B.

The above mentioned results demonstrations can be found in [14] and [75].

1.5 Weighted Manifolds and the Index

Let (Mn+1, g, efdµ) be a smooth metric measure space, which is a (n + 1)-

dimensional Riemannian manifold with a weighted volume form efdµ on M , where

f is a smooth function on M and dµ is the volume element induced by the metric g.

In this work, we denote by ”bar” all quantities on (Mn+1, g), for instance ∇ and Ric

are the Levi-Civita connection and the Ricci curvature tensor for g, respectively. In

(Mn+1, g, efdµ), the Bakry-Émery-Ricci curvature tensor will be defined by

Ricf := Ric+∇2
f.

where ∇2
f is the Hessian of f for ḡ.

Remark 1.25. In literature it is common to find the definition of the weighted

manifold as (Mn+1, g, e−fdµ). At the end of this section we will better understand

that defining a weight manifold is directly related to the manifold in question.

Now, consider an n-dimensional smooth immersion h : Σn → Mn+1, we

know that h induces a metric g = h∗g on Σ, thus h : (Σn, g) → (Mn+1, g) is an

isometric immersion. Here ∇, Ric, ∆ and dσ denote, respectively, the Levi- Civita

connection, the Ricci curvature tensor, the Laplacian, and the element volume form

of (Σ, g).

The restriction of the function f on Σ give us a weighted measure efdσ on

Σ, and hence (Σ, g, efdσ) is a smooth metric measure space. Associated with this

metric we have the weighted Laplacian, or drift Laplacian ∆f on Σ, defined by

∆fu := ∆u+ 〈∇f,∇u〉.
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The second fundamental form A : TpΣ× TpΣ→ R is given by

A(X,Y ) = 〈∇XY, ν〉ν

where p ∈ Σ, X,Y ∈ TpΣ, ν is a unit normal vector at p. Taking a local orthonormal

frame {ei}ni=1 of Σ, the components of A are aij = A(ei, ej) = 〈∇eiν, ej〉, and the

shape operator is

AX = ∇Xν, X ∈ TpΣ.

Moreover, the Mean curvature H of Σ is

H = tr(A) =

n∑
i=1

aii.

It is well known that in (Σ, g, efdσ) the weighted mean curvature Hf of the

hypersurface Σ is defined by

Hf = H + 〈∇f, ν〉, with ν ∈ Σ⊥.

Σ is a f -minimal hypersurface if

H + 〈∇f, ν〉 = 0. (1.44)

We define the weighted volume of Σ by

Vf (Σ) =

∫
Σ
efdσ. (1.45)

Let F : Σ× (−ε, ε)→M be a variation of Σ, i.e., F is a map with compact

support such that F (x, 0) = x for all x ∈ Σ. An immersed hypersurface Σ in

(M, g, efdµ) is called f -minimal if

d

dt
|t=0 Vf (F (Σ, t)) = 0 (1.46)

for all variations F of Σ. Therefore, Σ is a f -minimal hypersurfaces of M if and

only if it is a critical point of the weighted volume functional.

Moreover, an immersed hypersurface Σ ⊂M is called Lf -stable if f -minimal

and

d2

dt2
|t=0 Vf (F (M, t)) ≥ 0 (1.47)
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for all variations F of Σ.

We consider the following useful lemma.

Lemma 1.26. [70,86] For a Lf -stable hypersurface Σ of M the following inequality

holds for any smooth function η ∈ C∞0 (Σ):∫
Σ

[|∇η|2 − (|A|2 +Ricf (ν, ν))η2]efdσ ≥ 0, (1.48)

or equivalently∫
Σ
−η[∆fη + (|A|2 +Ricf (ν, ν))η]efdσ = −

∫
Σ
ηLfηe

fdσ ≥ 0. (1.49)

Now we assume that Σ is a two-sided hypersurface, that is, there is a globally-

defined unit normal ν on Σ. The Lf operator on Σ is given by

Lf := ∆f + (|A|2 +Ricf (ν, ν)). (1.50)

The operator Lf is called Lf -stability operator of Σ. Therefore, we can associate

the problem of Lf -stability with the Index Problem. Since ∆f is self-adjoint in the

weighted space L2(efdσ), we may define a symmetric bilinear form Bf on C∞0 (Σ)

by

Bf (φ, ψ) := −
∫

Σ
φLfψe

fdσ

=

∫
Σ

[〈∇φ,∇ψ〉 − (|A|2 +Ricf (ν, ν))φψ]efdσ. (1.51)

Definition 1.27. The Lf -index of Σ, denoted by Lf -ind(Σ), is defined to be the

maximum of the dimensions of negative definite subspaces for Bf , that is

Lf -ind(Σ) = sup
Ω⊂⊂Σ

Lf -ind(Ω),

In particular, using Lemma 1.26, Σ is Lf -stable if and only if Lf -ind(Σ) = 0.

Furthermore, from Lemma 1.26 we may define the Dirichlet problem for Lf on a

compact domain Ω ⊂ Σ:

Lfu = −λu, u ∈ C∞0 (Ω); u|∂Ω = 0.



and that the first eigenvalue of the Dirichlet problem for Lf operator is given by

λ1(Ω) = inf
η∈C∞0 (Ω)\{0}

∫
Σ[|∇η|2 − (|A|2 +Ricf (ν, ν))η2]efdσ∫

Σ η
2efdσ

.

Therefore, if the first eigenvalue of the Dirichlet problem for the stability

operator Lf is non-negative for all compact, Ω ⊂⊂ Σ, we have that Σ is Lf -stable, or

yet, if the number of negative (Dirichlet) eigenvalues of Lf over supremum compact

domains of Σ is zero, Lf -ind(Σ) = 0, which implies that Σ is Lf -stable .

Following we present a small motivation for the study of weighted manifolds.

1.5.1 Motivation

Weighted volume measures arise naturally from the study of conformal defor-

mation of a Riemannian metric. Let (M, g) be an n-dimensional and complete

Riemannian manifold, and let ∆g and µg denote the Laplace-Beltrami operator and

the Riemannian volume measure respectively. In a local chart, write g = (gij). Then

∆g =
1
√
g

n∑
i,j=1

∂

∂xi

√
ggij

∂

∂xj
and dµg =

√
gdx

where (gij) = (gij)
−1 and g = det(gij). Suppose the metric g is conformally de-

formed by a positive smooth function ϕ on M , that is, let g be a new metric on M

defined by, X,Y ∈ TM

g(X,Y ) = ϕg(X,Y )

Then the volume measure µg is the weighted volume measure ϕ
n
2 µg and

∆g = ϕ−1
{

∆g +
(n

2
− 1
)
∇lnϕ

}
and the transformed formula of Ricci curvature is given by ( See [14])

Ricg = Ricg −
n− 2

n
Hess(lnϕ) +

n− 2

4
∇lnϕ⊗∇lnϕ

−1

2

{
∆glnϕ+

n− 2

n
|∇lnϕ|2

}
g

where the hessian and gradient are computed using the metric g.
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We want to establish geometric results relating to the metric g by using the

data associated to the original metric g. To this end we need a concept of curvature

associated to a weighted Laplacian. Such a concept has been introduced by Bakry

and Emery [13]. Let L be a diffusion operator. Then the metric Γ and the curvature

operator Γ2 are defined by

Γ(f, g) =
1

2
{L(fg)− fLg − gLf}

Γ2(f, g) =
1

2
{LΓ(fg)− Γ(Lf, g)− Γ(Lg, f)}

respectively.

Then if L = ∆h we have (cf. [13] Proposition 3, p. 187)

Γ(f, g) = 〈∇f,∇g〉

and

Γ2(f, g) = 〈Hess(f), Hess(g)〉+ (Ric+Hess(h))(∇f,∇g) ∀ f, g ∈ C2(M)

We call Rich = Ric−Hess(h) the ”Ricci curvature” of the weighted Laplacian

∆h. It is natural to generalize known results for ∆ to ∆h using Ric−Hess(h). For

example we have the following several well known results using Ricci curvature.

Theorem 1.28 ( [99]). Every non-compact manifold with non-negative Ricci cur-

vature possesses infinite volume.

Theorem 1.29 ( [71]). Let M be an n-dimensional and complete Riemannian man-

ifold, and Ric ≥ k2 for some positive constant k. Then M is compact and the

diameter d(M) ≤
√
nk−1.

The following simple example shows that such results are no longer true for

a weighted Laplacian if we replace Ricci curvature by Ric−Hess(h).

Example 1.30. Let M = R2 be the Euclidean space with the standard metric, and

let h(x, y) = −(x2 + y2). Then Ric−Hess(h) = 2 but

V olh(M) =

∫
M
ehdxdy <∞

although M is non-compact, where V olh(M) < ∞, the volume associated to ∆h.

Moreover, Theorem 1.29 does not hold if we replace Ricci curvature by Ric−Hess(h).



Chapter 2

Minimal submanifolds and

CMC hypersurfaces

In this Chapter we present results obtained from studies related to do Carmo-Peng’s

theorem, thus achieving conditions for having totally geodesic immersions or totally

umbilical immersions in submanifolds of the hyperbolic space and conditions for

a complete non compact CMC hypersurface in Mn+1
1 (c), where c = {−1, 0, 1}, is

isometric hyperbolic space Hn(−r2).

The first section is the result of studies with Prof. Dr. Xia and is based on work

of the H. Pina and C. Xia [81].

2.1 Rigidity of complete minimal submanifolds in a hy-

perbolic space

We shall use Simons’ formula, the technique developed in do Carmo-Peng’s pa-

per [17], the estimates for first eigenvalue obtained in Cheng-Yau [43] and Cheun-

gLeung [39] and the Sobolev inequality in [58] to prove rigidity theorems for minimal

submanifolds in a hyperbolic space. Our results are as follows

Theorem 2.1. Let M be an n-dimensional complete immersed minimal submanifold

in Hn+m such that (n2 − 6n+ 1) + 8/m > 0 and let d be a constant satisfying



1. if m = 1 and n = 2, then

d ∈
(

0,
1

2

)
;

2. if m = 1 and n > 3, then

d ∈
(

(n− 1)

n
,
(n− 2)(n− 1)

n

)
;

3. if m ≥ 2 and n > 5, then

d ∈ (n− 1)2

2n

(
1−

√
1− 4n

(n− 1)2

(
1− 2

mn

)
, 1 +

√
1− 4n

(n− 1)2

(
1− 2

mn

))
.

Suppose that

lim sup
R→∞

∫
Bp(R) |A|

d

R2
= 0, (2.1)

and

sup
x∈M
|A|2(x) < D(n,m, d) =


(
d− 1 + 2

n

) (n−1)2

d2
− n, if m = 1,

2
3

((
1− mn−2

dmn

) (n−1)2

d − n
)
, if m ≥ 2,

(2.2)

then M is totally geodesic.

Theorem 2.2. Let M be an n-dimensional complete immersed minimal submanifold

in Hn+m such that (n2 − 6n+ 1) + 8/m > 0. Suppose that

lim sup
R→∞

∫
Bp(R) |A|

d

R2
= 0, (2.3)

where d is a constant satisfying

1. if m = 1 and n > 3, then

d ∈
(

(n− 1)

n
,
(n− 2)(n− 1)

n

)
;

2. if m > 1 and n > 5, then

d ∈ (n− 1)2

2n

(
1−

√
1− 4

(n− 1)2

(
n− 2

m

)
, 1 +

√
1− 4

(n− 1)2

(
n− 2

m

))
.

There exists a positive constant C which depends only on n, m, and d such that if∫
M
|A|n < C, (2.4)

then M is totally geodesic.
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2.1.1 Proof of the main theorems

Before proving the results, let us recall some known facts we need.

Let M be a complete submanifold immersed in a simply connected space

form Mn+m(κ) of constant curvature κ. We adopt the usual convention on the

range of the indices

1 ≤ A,B,C, · · · ≤ n+m, 1 ≤ i, j, k, · · · ≤ n, n+ 1 ≤ α, β, γ, · · · ≤ n+m.

Choose a local orthonormal adapted frame {ea} in Mn+m(κ), so that, when

restricted to Mn, the vectors eα, are perpendicular to M . Let {ωA} and {ωAB}

be the dual basis to {eA} and the connection forms on Mn+m(κ), respectively.

Restricting these forms to Mn, we have

ωiα = hαijω
j , hαij = hαji,

and

Rijkl = c(δikδjl − δilδjk) +
∑
α

hαikh
α
jl − hαilhαjk

A = hαijω
i ⊗ ωj ⊗ eα,

−→
H =

1

n

∑
i

hαiieα

∇A = hαijkω
i ⊗ ωj ⊗ ωk ⊗ eα, hαijk = hαikj ,

where we have used the Einstein’s summation convention, A is the second funda-

mental form, Rijkl are the components of the Riemannian curvature tensor,
−→
H is the

mean curvature vector of M and hαijk are the components of the covariant derivative

of hαij . Let

|A|2 =
∑
i, j, α

(hαij)
2, H =

1

n

√√√√∑
α

(∑
i

hαii

)2

be the squared length of the second fundamental form and the mean curvature of

M, respectively. With these notations, the Gauss Equation has the shape:

hαijkl − hαijlk =
∑
t

hαtjRtikl −
∑
t

hαitRtjkl.
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When M is minimal, that is, H ≡ 0, using the definition of the Laplacian of hαij ,

the Gauss and Codazzi equations, we can obtain the well-known Simons’ formula

(cf. [40], [90]):

1

2
∆|A|2 = |∇A|2 + nc|A|2 +

∑
α, β

tr(AαAβ −AβAα)2 −
∑
α, β

tr(AαAβ), (2.5)

where |∇A|2 =
∑

i, j, k, α

(hαijk)
2 and Aα = (hαij)n×n.

The last terms in the above expression can be estimated as (cf. [40], [90],

[103])

∑
α, β

tr(AαAβ −AβAα)2 −
∑
α, β

tr(AαAβ) ≤ b(m)|A|4, (2.6)

with b(1) = 1, and b(m) = 3
2 if m ≥ 2

Recalling that ∆|A|2 = 2|A|∆|A| + 2|∇|A||2, using (2.6), Lemma 1.16 and

taking κ = −1, we get the following Kato-type inequality for n-dimensional minimal

submanifold of Hn+m(−1):

|A|∆|A|+ b(m)|A|4 + n|A|2 ≥ 2

mn
|∇|A||2 (2.7)

Setting η = d
2 , we have

∆|A|η = η(η − 1)|A|η−2|∇|A||2 + η|A|η−1∆|A|. (2.8)

Multiplying (2.8) by |A|η and using (2.7), we have

|A|η∆|A|η = |A|η(η(η − 1)|A|η−2|∇|A||2 + η|A|η−1∆|A|) (2.9)

=
η − 1

η
|∇|A|η|2 + η|A|2η−2|A|∆|A|

≥
(

1− nm− 2

ηnm

)
|∇|A|η|2 − (nη + ηb(m)|A|2)|A|2η

Let φ be a function in C∞0 (M). Multiplying (2.9) by φ2 and integrating on M , we

get (
1− mn− 2

ηmn

)∫
M
φ2|∇|A|η|2 ≤

∫
M

(nη + ηb(m)|A|2)φ2|A|2η (2.10)

+

∫
M
φ2|A|η∆|A|η.
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It then follows from divergence theorem that(
1− mn− 2

ηmn

)∫
M
φ2|∇|A|η|2 ≤ −

∫
M
φ2|∇|A|η|2 − 2

∫
M
φ|A|η〈∇φ,∇|A|η〉+

+

∫
M

(nη + ηb(m)|A|2)φ2|A|2η.

That is, (
2− mn− 2

ηmn

)∫
M
φ2|∇|A|η|2 ≤ −2

∫
M
φ|A|η〈∇φ,∇|A|η〉 (2.11)

+

∫
M

(nη + ηb(m)|A|2)φ2|A|2η.

The following estimates for the first eigenvalue are important tools for us.

Lemma 2.3. ( [43]) Let M be a complete Riemannian manifold. Suppose that

there are numbers a and c such that, for all geodesic balls Bp(r) of radius r around

some point p, V ol(Bp(r)) ≤ cra. Then lim infi→∞ 4iλ1(B(2i)) is bounded, where

λ1(Bp(2
i) is the first Dirichlet eigenvalue of the Laplacian of Bp(2

i). In particular,

lim infr→∞ r
2λ1(Bp(r)) is bounded and

λ1(M) := inf
f∈H1

0 (M),f 6=0

∫
M |∇f |

2∫
M f2

(2.12)

Lemma 2.4. ( [101]) Let M be a complete simply connected Riemannian manifold

with sectional curvature KM ≤ −1 and let N be an n-dimensional complete non-

compact submanifold immersed in M . Assume that the mean curvature vector of N

satisfies |H|(x) ≤ (n− 1)/n < 1, ∀x ∈ N . Then

λ1(M) ≥ (n− 1− nl)2

4
. (2.13)

The Sobolev inequality below is needed in the proof of Theorem 2.2.

Lemma 2.5. (See [58]) Let M be an n-dimensional complete hypersurface in a

Hadarmard manifold M with mean curvature H. There exists a positive constant a

which depends only on n such that(∫
M
|ψ|

n
n−1

)n−1
n

≤ a
∫
M

(|∇ψ|+ ψH) , (2.14)
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for any ψ ∈ H1
0 (M).

Now we are ready to prove the main results in this section.

Proof of Theorem 2.1. From (2.2), we can find a sufficiently small ε > 0 such

that

ηb(m)|A|2(x) + ηn ≤
(

2− nm− 2

ηnm

)
(n− 1)2

4
− ε, ∀x ∈M (2.15)

We have from Lemma 2.4 that∫
M
|A|2ηφ2 ≤ 4

(n− 1)2

∫
M
|∇(φ|A|η)|2. (2.16)

Substituting (2.15) and (2.16) into (2.11), we get

(
2− mn− 2

ηmn

)∫
M
φ2|∇|A|η|2 (2.17)

≤ −2

∫
M
φ|A|η〈∇φ,∇|A|η〉+

(
2− mn− 2

ηmn
− 4ε

(n− 1)2

)∫
M
|∇(φ|A|η)|2.

That is,

4ε

(n− 1)2

∫
M
|∇|A|η|2φ2 (2.18)

≤ 2δ

∫
M
φ|A|η〈∇φ,∇|A|η〉+ (1 + δ)

∫
M
|A|2η|∇φ|2,

where δ = 1− mn−2
ηmn −

4ε
(n−1)2

. Combining (2.18) with Young’s inequality

2δ

∫
M
φ|A|η〈∇φ,∇|A|η〉 ≤ ε

(n− 1)2

∫
M
|∇|A|η|2φ2 +

(n− 1)2

ε
δ2

∫
M
|A|2η|∇φ|2,

we infer

3ε

(n− 1)2

∫
M
|∇|A|η|2φ2 ≤

(
1 + δ +

(n− 1)2

ε
δ2

)∫
M
|A|2η|∇φ|2 (2.19)

Fix a point p ∈M and choose φ to be a cut-off function with the properties

0 ≤ φ ≤ 1, |∇φ| ≤ 1

R
, φ =

 1 on Bp(R)

0 on M \Bp(2R)
(2.20)

One can then easily get from (2.19) that∫
Bp(R)

|∇|A|η|2φ2 ≤
∫
M
|∇|A|η|2φ2

≤ (n− 1)2

3ε

(
1 + δ +

(n− 1)2

ε
δ2

) ∫
Bp(2R) |A|

2η

R2
. (2.21)
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Taking R → ∞ and using (2.1), we conclude that ∇|A| = 0, that is, |A| =

c = const. If c 6= 0, we know from (2.1) that

lim sup
R→∞

V ol[Bp(R)]

R2
= 0. (2.22)

It then follows from Lemma 2.3 the λ1(M) = 0 which contradicts with (2.13). Hence

|A| = 0.

�

Proof of Theorem 2.2. Replacing ψ by ψ
2(n−1)
n−2 in (2.14), we get(∫

M
|ψ

2(n−1)
n−2 |

n
n−1

)n−1
n

≤ a
∫
M
|∇ψ

2(n−1)
n−2 |

using the Hölder’s inequality, we have(∫
M
|ψ|

2n
n−2

)n−2
n

≤ a1

∫
M
|∇ψ|2 (2.23)

where a1 =
[
a2(n−1)

n−2

]2
. Taking η = d

2 , ψ = |A|ηφ, with φ ∈ C∞0 (M), we get

(∫
M

(|A|ηφ)
2n
n−2

)n−2
n

≤ a1

∫
M
|∇(|A|ηφ)|2. (2.24)

Setting γ =
(∫
M |A|

n
) 2
n and using Hölder’s inequality again we obtain∫

M
|A|2η+2φ2 ≤

(∫
M
|A|n

) 2
n
(∫

M
(|A|ηφ)

2n
n−2

)n−2
n

≤ a1γ

∫
M
|∇(|A|ηφ)|2. (2.25)

Combining (2.11), (2.13) and (2.25) we have(
2− mn− 2

ηmn

)∫
M
φ2|∇|A|α|2 ≤ −2

∫
M
φ|A|η〈∇φ,∇|A|η〉+ (2.26)(

ηba1γ +
4ηn

(n− 1)2

)∫
M
|∇(|A|ηφ)|2.

that is,(
2− mn− 2

ηmn
− l
)∫

M
φ2|∇|A|η|2 ≤ 2(l − 1)

∫
M
φ|A|η〈∇φ,∇|A|η〉+ (2.27)

+l

∫
M
|A|2η|∇φ|2.



where

l = ηba1γ +
4ηn

(n− 1)2
.

Observe that the condition on the number d = 2η in Theorem 2.2 implies that

2− mn− 2

ηmn
− 4ηn

(n− 1)2
> 0.

Now let us take the constant C in Theorem (2.2) as

C =

(
2− mn−2

ηmn −
4ηn

(n−1)2

ηba1

)n
2

. (2.28)

With this choice for C, it is easy see that if (2.4) holds then

2− mn− 2

ηmn
− l > 0.

Hence, we can find a ξ > 0 so that(
2− mn− 2

ηmn
− l
)
≥ ξ. (2.29)

Consequently, we have

ξ

∫
M
φ2|∇|A|η|2 ≤ 2(l − 1)

∫
M
φ|A|η〈∇φ,∇|A|η〉+ l

∫
M
|A|2η|∇φ|2. (2.30)

For any σ > 0, it holds

2(l − 1)

∫
M
φ|A|η〈∇φ,∇|A|η〉 ≤ |l − 1|σ

∫
M
φ2|∇|A|η|2 +

|l − 1|
σ

∫
M
|A|2η|∇φ|2.

(2.31)

Making an appropriate choice for σ so that |l− 1|σ ≤ ξ
2 , we can deduce from (2.30)

and (2.31) that there exists a constant θ > 0 such that∫
M
φ2|∇|A|η|2 ≤ θ

∫
M
|A|2η|∇φ|2. (2.32)

One can now define the cut-off function as in (2.20) and use the same arguments as

in the proof of the final part of Theorem 2.1 to show that M is totally geodesic.

�
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2.2 CMC hypersurfaces in hyperbolic space and semi-

Riemannian manifolds

This section is the result of studies with Prof. Dr Xia, Prof. Dr. Wang and Prof.

Dr. Adriano and is based on work H. Pina and C. Xia [81]. I would like to thank

you for your contributions.

An important issue in differential geometry is to investigate relations between

the geometric structure and the geometric invariants of submanifolds. A pioneering

work in this direction due to Simons [90] states that if M is an n-dimensional closed

minimal submanifold in an (n + m)-dimensional unit sphere with squared norm of

the second fundamental form less than n/(2−1/m), then M is totally geodesic. The

proof of this result is based on so-called Simons’ formula about the Laplacian of the

squared norm of the second fundamental form of the minimal submanifolds. The

appearance of Simons’ formula is a landmark in the theory of submanifolds. The

generalizations of Simons’ formula have been widely used to prove rigidity theorems

for submanifolds. Many interesting gap results have been proven during the past

years.

In this section, we study rigidity phenomenon for complete non-compact hyper-

surfaces with constant mean curvature (CMC hypersurfaces) in a hyperbolic space

and space-like CMC hypersurfaces in a Lorentz space form. Before stating our re-

sults, let us fix some notations. Let Hn+1(−1) be the (n+ 1)-dimensional complete

Riemannian manifold with constant sectional curvature −1 and let Mn+1
1 (c) denote

the Lorentzian space form with constant sectional curvature c ∈ {−1, 0, 1}. Accord-

ing to c = 1, c = 0 or c = −1, Mn+1
1 (c) is called a de Sitter space, a Minkowski

space or anti-de Sitter space, respectively. A hypersurface in a Lorentzian manifold

is said to be space-like if the induced metric on the hypersurface is positive definite.

Let M be an n-dimensional complete CMC hypersurface immersed in Hn+1(−1)

or an n-dimensional space-like CMC hypersurface immersed in Mn+1
1 (c). In both

cases, we denote by A and H = 1
n trA the second fundamental form and the mean

curvature of M , respectively. Without loss of generality, we will assume throughout
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this paper that H ≥ 0. Let 〈, 〉 be the Riemannian metric on M and φ the traceless

second fundamental form of M which is defined by

〈φX, Y 〉 = 〈AX,Y 〉 −H〈X,Y 〉, ∀X,Y ∈ TpM, p ∈M.

In the first part of this paper, we consider CMC hypersurfaces in a hyperbolic space.

Theorem 1. Let M be a n(≥ 2, 6= 3)-dimensional complete non-compact CMC

hypersurface immersed in Hn+1(−1) such that

H <
n(n− 1)− 2

√
(n− 2)(6n− 9)

n2 + 4n− 8
. (2.33)

Suppose that

lim sup
R→+∞

∫
Bp(R) |φ|

d

R2
= 0, (2.34)

for some d satisfying

2n(1−H2)

(n− 1− nH)2
d ∈

(
1−

√
1 +

4(n− 2)(H2 − 1)

(n− 1− nH)2
, (2.35)

1 +

√
1 +

4(n− 2)(H2 − 1)

(n− 1− nH)2

)
,

where Bp(R) denotes the geodesic ball of radius R centered at p ∈M . If

sup
x∈M

(
|φ|2 +

n(n− 2)√
n(n− 1)

H|φ|

)
<

(
1− n− 2

nd

)
(n− 1− nH)2

d
− n(1−H2),(2.36)

then M is totally umbilical.

In next result we replace the point-wise condition (1.10) by a global condition,

that is, the Ln-norm of |φ| on M .

Theorem 2. Let M be a n(> 3)-dimensional complete non-compact CMC hyper-

surface immersed in Hn+1(−1). Suppose that (2.34) is satisfied for a constant d

such that

2n(1−H2)

(n− 1− nH)2
d ∈

(
1−

√
1 + 4

(n− 2)(1−H2)

(n− 1− nH)2
, 1 +

√
1 + 4

(n− 2)(1−H2)

(n− 1− nH)2

)
(2.37)
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with

H <
n(n− 1)− 2

√
(n− 2)(6n− 9)

n2 + 4n− 8
. (2.38)

If there exists a positive constant C which depends only on n, H, and d such that∫
M
|φ|n < C, (2.39)

then M is totally umbilical.

In the next section, we will cover CMC hypersurfaces in semi-Riemannian

manifolds Mn+1
1 (c), with constant curvature c ∈ {−1, 0, 1}.

CMC Hypersurfaces in Mn+1
1 (c)

When the ambient spacetime is Lorentz-Minkowski space Mn+1
1 (0) = Ln+1 and the

spacelike hypersurface is given as a graph of a certain function u, the condition of

constant mean curvature H is written in terms of u as follows:

(1− |∇u|2)∆u+ (∇2u)(∇u,∇u) = nH(1− |∇u|2)
3
2 , |∇u|2 < 1

where, ∇, ∇2 and ∆ denote the gradient, Hessian and Laplacian of M , respectively.

Cheng and Yau [38], to show that if M be a maximal, so the only entire solutions

to that equation are linear. The case H 6= 0, which has a completely different

behaviour, was extensively studied by [2, 92].

In 1977 Goddard, conjectured the following: Every complete spacelike CMC

hypersurface in Mn+1
1 (1) = Sn+1

1 (1) must be totally umbilical. The first result

in this direction was obtained by J. Ramanathan [84], 1987, he proved that if a

complete spacelike CMC hypersurface in M3
1(1) with H2 < 1, then the surface is

totally umbilical. Akutagawa [2], 1987, has proved that Goddard’s conjecture is

true in Mn+1
1 (c), with c > 0, when n = 2 and H2 < c or n ≥ 3 and H2 < 4 (n−1)

n2 .

Montiel [68], 1988, exhibited examples of complete spacelike CMC hypersurfaces in

Mn+1
1 (1) with H2 ≥ 4 (n−1)

n2 and being non totally umbilical, the so-called hyperbolic

cylinders, which are isometric to the Riemannian product Mn−1
1 (c1)×M1

1 (c2), where
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c1 > 0, c2 < 0 and 1
c1

+ 1
c2

= 1. Montiel to showed example: Consider the spacelike

hypersurface embedded into Sn+1
1 given by

Mn =
{
x ∈ Sn+1

1 | − x2
0 + x2

1 + · · ·+ x2
k = − sinh2 r

}
with r > 0 and 1 ≤ k ≤ n. M is isometric to the Riemannian product Hk(1 −

coth2 r)× Sn−k(1− tanh2 r) with mean curvature

H2 ≥ 1

n2
(coth r + (n− 1) tanh r)2 ≥ 4(n− 1)

n2

Then the Goddard’s Conjecture is not always true. The following theorem is

generalizations of the [38] and can be seen as an extension of Goddard’s conjecture

for complete non-compact spacelike CMC hypersurfaces in Mn+1
1 (c), where c =

{−1, 0, 1}.

Theorem 3. Let M be an n(≥ 3)-dimensional non-compact complete spacelike CMC

hypersurface immersed in Mn+1
1 (c), c ∈ {−1, 0, 1}. Suppose that (2.34) is satisfied

for constant d such that

(n− 1)(H2 − c)−
√

(n− 1)2(H2 − c)2 −H2(n2 − 4n+ 5)(H2 − c)
nH2(n2 − 4n+ 5)

<
d

2(n− 1)(n− 2)
< (2.40)

(n− 1)(H2 − c) +
√

(n− 1)2(H2 − c)2 −H2(n2 − 4n+ 5)(H2 − c)
nH2(n2 − 4n+ 5)

,

with

inf
x∈M

(
|φ|2 − n(n− 2)√

n(n− 1)
H|φ|+ n(c−H2)

)
> −

(
n2 − 4n+ 5

n− 2

)
nH2

4
. (2.41)

If the first eigenvalue of Laplacian of M satisfies

λ1(M) >
n2H2d2

16(n− 2)

(
n2 − 4n+ 5

n(d− 1) + 2

)
, (2.42)

in additional for c = 1 if H > (n−1)2

2(n−2) . Then M = Hn(c−H2), c = {−1, 0, 1}.

The next theorem extends the result obtained by J. Ramanathan [84] for surfaces

in M3
1 (c).
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Theorem 4. Let M be a non-compact complete space-like CMC surface immersed

in M3
1 (c), c = {−1, 0, 1}. Suppose that (2.34) is satisfied with a constant d satisfying

d ∈
(

0,
1

2

)
(2.43)

and the first eigenvalue of M bounded by

λ1(M) >
d(H2 − c)

2
, (2.44)

with H > 1 if c = 1. Then M = H2(c−H2).

Remark 1.1 An important result due to Cheng-Yau states that the first eigen-

value of a complete non-compact Riemannian manifold with polynomial volume

growth is zero (Cf. [43], [66]). Combining this result with the Calabi- Cheng-Yau

theorem (Cf. [21], [34]) we know that the mean curvature H of M in Theorems 1.3,

1.4 and 1.5 is not zero since λ1(M) > 0. The following theorem considers maximal

immersions in anti de-Sitter space Mn+1
1 (−1).

Theorem 5. Let M be an n (≥ 2)-dimensional complete maximal spacelike hyper-

surface immersed in Mn+1
1 (−1). Suppose that

lim
R→+∞

1

R2

∫
Bp(R)

|A|d = 0, (2.45)

where d is a positive constant such that

n− 1

n
< d <

(n− 1)(n− 2)

n
(2.46)

where Bp(R) is the geodesic ball centred in p ∈M . If the first eigenvalue of Laplacian

of M bounded lower by

λ1(M) >
d2n2

4(n(d− 1) + 2)
, (2.47)

then M is totally geodesic.

2.3 Proof of the main theorems - Hn+1(−1)

From the definition of the traceless part of second fundamental form of M , that is,

φ = A −HI, we have |φ|2 = |A|2 − nH2. Both parts of this work we will consider
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H > 0, otherwise simply reverse the orientation of M . Cheung and Zhou [19] get

the following Simons’ type inequality for traceless second fundamental form:

|φ|∆|φ| ≥ 2

n
|∇|φ||2 − |φ|4 − n(n− 2)√

n(n− 1)
H|φ|3 + n(H2 − 1)|φ|2. (2.48)

Taking θ = n(n−2)√
n(n−1)

H and β = n(H2 − 1) then the above inequality is rewritten as

|φ|∆|φ| ≥ 2

n
|∇|φ||2 − |φ|4 − θ|φ|3 + β|φ|2. (2.49)

By (2.49), we compute

|φ|σ∆|φ|σ = |φ|σdiv(∇|φ|σ)

=
σ − 1

σ
|∇|φ|σ|2 + σ|φ|2σ−2|φ|∆|φ|

≥ σ − 1

σ
|∇|φ|σ|2 +

2σ

n
|φ|2σ−2|∇|φ||2 (2.50)

−σ
(
|φ|2σ+2 − θ|φ|2σ+1 + β|φ|2σ

)
=

(
1− n− 2

nσ

)
|∇|φ|σ|2 − σ

(
|φ|2 + θ|φ| − β

)
|φ|2σ,

where σ is a nonnegative constant. Let f ∈ C∞0 (M). Multiplying (2.50) by f2 and

integrating on M , we obtain(
1− n− 2

nσ

)∫
M
|∇|φ|σ|2f2 ≤

∫
M
f2|φ|σ∆|φ|σ + σ

∫
M

(
|φ|2 + θ|φ| − β

)
f2|φ|2σ.

Applying the divergence theorem in inequaliy above we obtain(
2− n− 2

nσ

)∫
M
|∇|φ|σ|2f2 ≤ −2

∫
M
|φ|σf〈∇|φ|σ,∇f〉+ (2.51)

+σ

∫
M

(
|φ|2 + θ|φ| − β

)
f2|φ|2σ.

Proof of Theorem 1. From (2.33), (2.35) and (2.36) taking d = 2σ, we can find

ε > 0 sufficiently small in

ε ∈
(

0,

(
2− n− 2

nσ

)
(n− 1− nH)2

4σ

)
(2.52)

such that

|φ|2 + θ|φ| − β ≤
(

2− n− 2

nσ

)
(n− 1− nH)2

4σ
− ε. (2.53)
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Substituting in (2.51) we have(
2− n− 2

nσ

)∫
M
|∇|φ|σ|2f2 ≤ −2

∫
M
|φ|σf〈∇|φ|σ,∇f〉 (2.54)

+

((
2− n− 2

nσ

)
(n− 1− nH)2

4
− σε

)∫
M
f2|φ|2σ.

Taking γ = (n−1−nH)2

4 , by Lemmas 2.3 and 2.4, we get∫
M
f2 ≤ 4

(n− 1− nH)2

∫
M
|∇f |2 =

1

γ

∫
M
|∇f |2.

We can taking f = |φ|σf in inequality above and substituting in (2.54) we have(
2− n− 2

nσ

)∫
M
|∇|φ|σ|2f2 ≤ −2

∫
M
|φ|σf〈∇|φ|σ,∇f〉 (2.55)

+

((
2− n− 2

nσ

)
− σε

γ

)∫
M
|∇(|φ|σf)|2.

So we got the following inequality

σε

γ

∫
M
|∇|φ|σ|2f2 ≤ 2δ

∫
M
|φ|σf〈∇|φ|σ,∇f〉+ (δ + 1)

∫
M
|φ|2σ|∇f |2,(2.56)

where δ = 1− n−2
nσ −

σε
γ . Using Young’s inequality in (2.56) we have

3σε

4γ

∫
M
|∇|φ|σ|2f2 ≤ (δ + 1 +

4γ

σε
δ2)

∫
M
|φ|2σ|∇f |2. (2.57)

Fix a point p ∈M we can choose f to be a cut-off function with the properties

0 ≤ f ≤ 1, |∇f | ≤ 1

R
, f =

 1 on Bp(R)

0 on M \Bp(2R).
(2.58)

One can then easily get from (2.57) that∫
Bp(R)

|∇|φ|σ|2f2 ≤
∫
M
|∇|φ|σ|2f2 ≤ 4γ

3σε
(δ + 1 +

4γ

σε
δ2)

∫
M
|φ|2σ|∇f |2. (2.59)

Taking R → +∞, by (2.34) we conclude that ∇|φ| = 0, that is, |φ| = c, where c is

constant. If c 6= 0, we know again from (2.34) that

lim sup
R→∞

V ol[Bp(R)]

R2
= 0. (2.60)

It then follows from Lemma 2.3 the λ1(M) = 0, which contradicts with (2.13).

Hence |φ| = 0.
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Proof of Theorem 2. Let ψ ∈ H1
0 (M), ψ ≥ 0. Replacing ψ by ψ

2(n−1)
n−2 in (2.14)

and using Hölder’s inequality, we get(∫
M
ψ

2n
n−2

)n−1
n

≤ a1

∫
M

(|∇ψ|+ ψH)2 , (2.61)

where a1 =
[
a2(n−1)

n−2

]2
. Taking ψ = |φ|σf , with f ∈ C∞0 (M), f ≥ 0 in (2.61), we

get (∫
M

(|φ|σf)
2n
n−2

)n−2
n

≤ a1

∫
M

(|∇(|φ|σf)|+ |φ|σfH)2 (2.62)

≤ 2a1

∫
M

(
|∇(|φ|σf)|2 + |φ|2σf2H2

)
.

Setting Λ =
(∫
M |φ|

n
) 2
n , we then get from Hölder’s inequality that∫

M
|φ|2σ+2f2 ≤

(∫
M
|φ|n

) 2
n
(∫

M
(|φ|σf)

2n
n−2

)n−2
n

≤ 2a1Λ

∫
M

(
|∇(|φ|σf)|2 + |φ|2σf2H2

)
. (2.63)

Taking ε > 0, returning in (2.51) and using the Young’s inequality

θ|φ| ≤ θ2|φ|2

2ε
+
ε

2
,

we get (
2− n− 2

nσ

)∫
M
|∇|φ|σ|2f2 ≤ −2

∫
M
|φ|σf〈∇|φ|σ,∇f〉+ (2.64)

σ

(
1 +

θ2

2ε

)∫
M
f2|φ|2σ+2 + σ

(ε
2
− β

)∫
M
f2|φ|2σ.

Using (2.61), (2.62) and (2.63) in (2.64) we have(
2− n− 2

nσ

)∫
M

|∇|φ|σ|2f2 ≤ −2

∫
M

|φ|σf〈∇|φ|σ,∇f〉+ (2.65)

2a1Λσ

(
1 +

θ2

2ε

)∫
M

|∇(f |φ|σ)|2 +

[
2a1Λσ

(
1 +

θ2

2ε

)
H2 + σ

(ε
2
− β

)]∫
M

f2|φ|2σ.

Taking γ = (n−1−nH)2

4 , we have from Lemma 2.4 and (2.65) that(
2− n− 2

nσ

)∫
M
|∇|φ|σ|2f2 ≤ −2

∫
M
|φ|σf〈∇|φ|σ,∇f〉 (2.66)

+σ

[
2a1Λ

(
1 +

θ2

2ε

)(
1 +

H2

γ

)
+

1

γ

(ε
2
− β

)]∫
M
|∇(f |φ|σ)|2.
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We soon have(
2− n− 2

nσ
− σκ

)∫
M
|∇|φ|σ|2f2 ≤ 2 (σκ− 1)

∫
M
|φ|σf〈∇|φ|σ,∇f〉

+σκ

∫
M
|φ|2σ|∇f |2, (2.67)

where

κ = 2a1Λ

(
1 +

θ2

2ε

)(
1 +

H2

γ

)
+

1

γ

(ε
2
− β

)
.

Then for each ε > 0, using (2.37) and (2.38) we can take the constant C in Theorem

2 as

C =

 2− n−2
nσ + σ

γ

(
β − ε

2

)
2a1σ

(
1 + θ2

2ε

)(
1 + H2

γ

)
n

2

. (2.68)

So that if (2.39) holds then(
2− n− 2

nσ

)
− σκ > 0. (2.69)

Hence, we can find a ρ > 0 such that(
2− n− 2

nσ

)
− σκ ≥ ρ. (2.70)

Consequently,

ρ

∫
M
|∇|φ|σ|2f2 ≤ 2(σκ− 1)

∫
M
|φ|σf〈∇|φ|σ,∇f〉 (2.71)

+σκ

∫
M
|φ|2σ|∇f |2.

For any δ > 0, it holds

2(σκ− 1)

∫
M
|φ|σf〈∇|φ|σ,∇f〉 ≤ |σκ− 1|δ

∫
M
|∇|φ|σ|2f2

+
|σκ− 1|

δ

∫
M
|φ|2σ|∇f |2. (2.72)

Making an appropriate choice for δ so that |σκ−1|δ ≤ ρ, we can deduce from (2.72)

that there exists a constant C2 > 0 such that∫
M
|∇|φ|σ|2f2 ≤ C2

∫
M
|φ|2σ|∇f |2. (2.73)

One can now use the same arguments as in the proof of the final part of Theorem

1 to show that M is totally umbilical.



CHAPTER 2. MINIMAL SUBMANIFOLDS AND CMC HYPERSURFACES 54

2.4 Proof of the main theorems - Mn+1
1 (c)

Consider the inequality deduced by Montiel in [69] for spacelike CMC hypersurfaces

in Mn+1
1 (c):

1

2
∆|φ|2 ≥ |∇φ|2 + |φ|2

(
|φ|2 − n(n− 2)√

n(n− 1)
H|φ|+ n(c−H2)

)
. (2.74)

Since that H is constant, in [60] we have the following Kato’s inequality:

Lemma 2.6. Let M be an spacelike hypersurface immersed in Mn+1
1 (c) with parallel

mean curvature, then

|∇φ|2 − |∇|φ||2 ≥ 2

n
|∇|φ||2. (2.75)

On the other hand, H constant provides us with ∇A = ∇φ and ∇|A|2 = ∇|φ|2.

So, using 2.75 we can rewrite (2.74) as follows

|φ|∆|φ| ≥ 2

n
|∇|φ||2 + |φ|2

(
|φ|2 − n(n− 2)√

n(n− 1)
H|φ|+ n(c−H2)

)
. (2.76)

Taking θ = n(n−2)√
n(n−1)

H and β = n(c−H2) then the above inequality is rewritten as

|φ|∆|φ| ≥ 2

n
|∇|φ||2 + |φ|2

(
|φ|2 − θ|φ|+ β

)
. (2.77)

Similarly to what was done in (2.50), by (2.77) we compute

|φ|α∆|φ|α ≤
(

1− n− 2

nα

)
|∇|φ|α|2 + α

(
|φ|2 − θ|φ|+ β

)
|φ|2α, (2.78)

where α is a nonnegative constant. The following Lemma is a important tools for

us.

Lemma 2.7. [1] - Let Mn a complete spacelike hypersurface in M
n+1
1 (c). If M

has {µ}, {µ, ν} as a set of its main curvatures, with µ and ν constants, then M is

isometric

(i) Umbilical hypersurface

Rn = {x ∈Mn+1
1 (c);xn+1 = 0}

or

Hn(−r2) =

{
x ∈Mn+1

1 (c);

n∑
i=1

x2
i − x2

n+1 = − 1

r2

}
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(ii) Euclidean product space of Rm and hyperbolic space Hn−m(−r2), i.e.,

Rm ×Hn−m(−r2) =

{
x ∈Mn+1

1 (c);
n∑

i=m+1

x2
i − x2

n+1 = − 1

r2

}

Proof Theorem 3. Let f ∈ C∞0 (M). Multiplying (2.78) by f2 and integrating on

M , we obtain(
1− n− 2

nα

)∫
M
|∇|φ|α|2f2 ≤ α

∫
M

(
−|φ|2 + θ|φ| − β

)
f2|φ|2α (2.79)

+

∫
M
f2|φ|α∆|φ|α.

By (2.41) exists ε > 0 such that

−|φ|2 + θ|φ| − β <
(
n2 − 4n+ 5

n− 2

)
nH2

4
− ε.

Applying the Divergence Theorem in (2.79) and using Young’s inequality we have(
2− n− 2

nα
− ε
)∫

M

|∇|φ|α|2f2 ≤ 1

ε

∫
M

|∇f |2|φ|2α (2.80)

+α

((
n2 − 4n+ 5

n− 2

)
nH2

4
− ε
)∫

M

f2|φ|2α.

Taking f = f |φ|α in (2.11) and using Young’s inequality we obtain

λ1

∫
M
f2|φ|2α ≤ 1 + ε

ε

∫
M
|∇f |2|φ|2α + (1 + ε)

∫
M
|∇|φ|α|2f2. (2.81)

Note that it is possible to obtain ε > 0 such that 2 − n−2
nα − ε > 0. Multiplying

(2.80) by (1 + ε) and (2.81) by 2− n−2
nα − ε and joining these inequalities we get[

λ1

(
2− n− 2

nα
− ε
)
− α

((
n2 − 4n+ 5

n− 2

)
nH2

4
− ε
)

(1 + ε)

] ∫
M
f2|φ|2α ≤

≤ (1 + ε)

(
2− n− 2

nα
− ε+

1

ε

)∫
M
|∇f |2|φ|2α.(2.82)

We can taking d = 2α. Rearranging the therms in (2.82) we have[
λ1

(
nd− (n− 2)

nα

)
− d

8

(
n2 − 4n+ 5

n− 2

)
nH2 (2.83)

−ε
(
α

(
n2 − 4n+ 5

n− 2

)
nH2

4
+ λ1 + 1 + ε

)]∫
M
f2|φ|d

≤ (1 + ε)

(
2− n− 2

nα
− ε+

1

ε

)∫
M
|∇f |2|φ|d.
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By (2.40) and (2.42) for c = {−1, 0, 1}, case c = 1 consider H2 > (n−1)2

2(n−2) , we have

λ1

(
nd− (n− 2)

nα

)
− d

8

(
n2 − 4n+ 5

n− 2

)
nH2

−ε
(
α

(
n2 − 4n+ 5

n− 2

)
nH2

4
+ λ1 + 1 + ε

)
> 0.

Therefore, exists a constant C such that (2.83) give us∫
M
f2|φ|d ≤ C

∫
M
|∇f |2|φ|d. (2.84)

One can then easily get from (2.84) and using the cut-off function (2.58) that∫
Bp(R)

|φ|d ≤
∫
M
f2|φ|d ≤ C1

∫
Bp(R)

|∇f |2|φ|d. (2.85)

Taking R → +∞ and using (2.34), we conclude that |φ| = 0 in M , that is, M is

totally umbilical. Since that H is constant, we can observe that M is isoparametric.

By Lemma 2.7, M is isometric to Rn or Hn(−r2). By hypothesis λ1(M) > 0, which

shows us that M is isometric to Hn(−r2). The fact that M has constant mean

curvature and the eigenvalues of the second fundamental form are all equal, implies

that −r2 = c−H2.

Proof Theorem 4. When n = 2 the inequality (1.28)becomes

|φ|α∆|φ|α ≥ |∇|φ|α|2 + α|φ|2α+2 + 2α(c−H2)|φ|2α. (2.86)

Let q a nonegative constant and f ∈ C∞0 (M). Multiplying (2.86) by f2|φ|2qα and

integrating on M , we obtain∫
M
|∇|φ|α|2|φ|2qαf2 ≤ 2α(H2 − c)

∫
M
f2|φ|2(q+1)α − α

∫
M
f2|φ|2(q+1)α+2(2.87)

+

∫
M
f2|φ|(2q+1)α∆|φ|α.

Applying the Divergence Theorem and by Young’s inequality in(2.87) we get

(2(q + 1)− ε)
∫
M
|∇|φ|α|2|φ|2qαf2 ≤ 1

ε

∫
M
|∇f |2|φ|2(q+1)α + (2.88)

2α(H2 − c)
∫
M
f2|φ|2(q+1)α − α

∫
M
f2|φ|2(q+1)α+2.
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Since d := 2(q+1)α, it’s possible to obtain ε > 0 such that
d

α
−ε = 2(q+1)−ε > 0.

Multiplying (2.88) by (q + 1)(q + 1 + ε) and (2.31) by

(
d

α
− ε
)

and joining these

inequalities we have(
d

α
− ε
)
λ1

∫
M
f2|φ|d ≤

(
d

α
− ε
)

(q + 1 + ε)

ε

∫
M
|∇f |2|φ|d

+
(q + 1)

ε
(q + 1 + ε)

∫
M
|∇f |2|φ|d

+2α(H2 − c)(q + 1)(q + 1 + ε)

∫
M
f2|φ|d

−α(q + 1)(q + 1 + ε)

∫
M
f2|φ|d+2.

For a quick calculation in expression above we can obtain(
d

α
λ1 +

d2

2α
(c−H2)− ε

(
λ1 + d(H2 − c)

))∫
M
f2|φ|d +(2.89)

α(q + 1)(q + 1 + ε)

∫
M
f2|φ|d+2 ≤ (q + 1 + ε)

ε

(
d

α
+ q + 1 + ε

)∫
M
|∇f |2|φ|d.

By (2.43) and (2.44) we get

d

α
λ1 +

d2

2α
(c−H2)− ε

(
λ1 + d(H2 − c)

)
> 0,

with H > 1 if c = 1. So exists a positive constant C1 such that (2.89) can be

rewritten as ∫
M
f2|φ|d ≤ C1

∫
M
|∇f |2|φ|d. (2.90)

Using the same argument in the final of the Theorem 3 we have that M is to-

tally umbilical, as the eigenvalues of the second fundamental form are all equal and

λ1(M) > 0, by Lemma 2.7 M = H2(c−H2).

Proof of Theorem 5. Since that c = −1 and H = 0 in (2.6) we get

|A|∆|A| ≥ 2

n
|∇|A||2 + |A|2

(
|A|2 − n

)
. (2.91)

Let α a nonnegative constant. As already done in previous results, by (2.91) we

compute

|A|α∆|A|α ≥
(

1− n− 2

nα

)
|∇|A|α|2 + α

(
|A|2 − n

)
|A|2α. (2.92)
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Let f ∈ C∞0 (M). Multiplying (2.92) by f2 and integrating over M , we obtain(
1− n− 2

nα

)∫
M
|∇|A|α|2f2 ≤ −α

∫
M

(|A|2 − n)f2|A|2α

+

∫
M
f2|A|α∆|A|α.

≤
∫
M
f2|A|α∆|A|α + nα

∫
M
f2|A|2α

Applying the Divergence Theorem and Young’s inequality in inequality above, we

get (
2− n− 2

nα
− ε
)∫

M

|∇|A|α|2f2 ≤
(

1 +
1

ε

)∫
M

|∇f |2|A|2α + nα

∫
M

f2|A|2α.(2.93)

Taking f = f |A|α in (2.11) and using Young inequality

λ1

∫
M
f2|A|2α ≤ 1 + ε

ε

∫
M
|∇f |2|A|2α + (1 + ε)

∫
M
|∇|A|α|2f2. (2.94)

Note that it is possible to obtain ε > 0 such that 2 − n− 2

nα
− ε > 0. Multiplying

2.93 by (1 + ε) and (2.94) by 2− n− 2

nα
− ε and joining these inequalities we have[

λ1

(
2− n− 2

nα
− ε
)
− nα(1 + ε)

] ∫
M
f2|A|2α ≤

≤ (1 + ε)

ε

(
3− n− 2

nα

)∫
M
|∇f |2|A|2α. (2.95)

Since d = 2α, by (2.46) and (2.47) exist a constant C > 0 such that∫
M
f2|A|d ≤ C

∫
M
|∇f |2|A|d. (2.96)

Set the cut-off function as in (2.58). As already done in previous results, provided

that (2.45) is satisfied, we concluded that |A| = 0 on M , that is, M is totally

geodesic. Therefore isometric to a hyperbolic space Hn(−1).



Chapter 3

Generalized quasi Yamabe

gradient Solitons

This section is the result of studies with Prof. Dr. Benedito L. N. and is based on

work of the B.L. Neto and H. Pina [64]. Thank you for your contribution.

A complete Riemannian manifold (Mn, g), n ≥ 3, is a generalized quasi Yam-

abe gradient soliton (GQY manifold), if there exist a constant λ and two smooth

functions, f and µ, on M , such that

(R− λ)g = ∇2f − µdf ⊗ df (3.1)

where R denotes the scalar curvature of the metric g and df is the dual 1-form of

∇f . In a local coordinates system, we have

(R− λ)gij = ∇i∇jf − µ∇if∇jf. (3.2)

When f is a constant function, we say that (Mn, g) is a trivial generalized quasi

Yamabe gradient soliton. Otherwise, it will be called nontrivial.

As it was said in the introduction, the essence of this chapter is to demonstrate

the following Theorem. We will see that it has several consequences

59
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Theorem 3.1. Let (Mn, g), n ≥ 3, be a nontrivial complete generalized quasi

Yamabe gradient soliton satisfying (3.1). Then,

µ must be constant on each connected component of M or (3.3)

∇µ and ∇f are parallel. (3.4)

Catino, Mastrolia, Monticella and Rigoli [28] showed that a complete general-

ized quasi Yamabe gradient soliton (Mn, g) has a warped product structure without

any hypothesis over g (we recommend Theorem 5.1 on [28] to reader (see also [26])).

As a consequence of Theorem 3.1, we have

Theorem 3.2. [51] Let (Mn, g)n≥3, be a nontrivial complete connected general-

ized quasi Yamabe gradient soliton satisfying (3.1) and (3.3), with positive sectional

curvature. Then

(a) if n = 3, (Mn, g) is rotationally symmetric;

(b) if n ≥ 5 and W = 0, (Mn, g) is rotationally symmetric.

Theorem 3.3. [62] Let (M4, g) be a nontrivial complete connected half locally

conformally flat generalized quasi Yamabe gradient soliton satisfying (3.1) and (3.3),

with positive sectional curvature. Then, M4 is rotationally symmetric.

Theorem 3.4. [51] Let (Mn, g), n ≥ 3, be a nontrivial compact connected gen-

eralized quasi Yamabe gradient soliton satisfying (3.1) and (3.3). Then, the scalar

curvature R of the metric g is constant.

From Theorem 3.1, we show that a nontrivial complete connected generalized

quasi Yamabe gradient soliton admits a warped product structure (see Proposition

3.7). In the special case when (Mn, g) is locally conformally flat, we can say more

about the warped product structure (see [26,29,44,51,100]).

Theorem 3.5. Let (Mn, g), n ≥ 3, be a nontrivial complete connected generalized

quasi Yamabe gradient soliton satisfying (3.1) and (3.3). Suppose f has no critical

point and is locally conformally flat, then (Mn, g) is the warped product

(R, dr2)×|∇u| (Nn−1, ḡN )
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where u = e−µf , and (Nn−1, ḡ) is a space of constant sectional curvature.

Therefore, when µ is constant on equation (3.1), from the above theorems

we also have a classification to the gradient Yamabe solitons.

3.1 Proof of Theorem 3.1

In this section we first recall some basic facts on tensors that will be useful in

the proof of our main results. We then prove our Theorem 3.1. For operators

S, T : H → H defined over an n-dimensional Hilbert space H, the Hilbert-Schmidt

inner product is defined according to

〈S, T 〉 = tr
(
ST?

)
, (3.5)

where tr and ? denote, respectively, the trace and the adjoint operation.

For a Riemannian manifold (Mn, g), n ≥ 3, the Weyl tensor W is defined by

the following decomposition formula

Rijkl = Wijkl +
1

n− 2

(
Rikgjl +Rjlgik −Rilgjk −Rjkgil

)
− R

(n− 1)(n− 2)

(
gjlgik − gilgjk

)
, (3.6)

where Rijkl stands for the Riemannian curvature operator. In [25], Cao and Chen

introduced a covariant 3-tensor D given by

Dijk =
1

n− 2
(Rjk∇if −Rik∇jf) +

1

(n− 1)(n− 2)
(Ril∇lfgjk −Rjl∇lfgik)

− R

(n− 1)(n− 2)
(∇ifgjk −∇jfgik). (3.7)

The tensor D is skew-symmetric in its first two indices and trace-free, i.e.,

Dijk = −Djik and gijDijk = gikDijk = gjkDijk = 0.

We will show how these two tensors are related.

In order to set the stage for the proof that follows let us recall some equations

for any dimension. Moreover, since

∇i|∇f |2 = 2∇i∇jf∇jf, |∇f |2 = gij∇if∇jf and ∆f = gij∇i∇jf
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the trace of (3.2) is given by

∆f − µ|∇f |2 = n(R− λ) (3.8)

and

(R− λ)∇if =
1

2
∇i|∇f |2 − µ|∇f |2∇if. (3.9)

Taking the covariant derivative of (3.8) we get

n∇iR = ∇i(∆f)− (∇iµ|∇f |2 + µ∇i|∇f |2). (3.10)

Now, taking the covariant derivative in (3.2) we get

∇iRgjk = ∇i∇j∇kf − [∇iµ∇jf∇kf + µ(∇i∇jf∇kf +∇jf∇i∇kf)]. (3.11)

Contracting (3.11) over i and k, and using the Ricci equation we obtain

∇jR = Rjl∇lf +∇j(∆f)−
[
gik∇iµ∇kf∇jf + µ

(
1

2
∇j |∇f |2 + ∆f∇jf

)]
.

From (3.8) and (3.10) and the above equation one has

∇jR = Rjl∇lf + n∇jR+∇jµ|∇f |2 +
µ

2
∇j |∇f |2

− gik∇iµ∇kf∇jf − nµ(R− λ)∇jf − µ2|∇f |2∇jf.

Then, from (3.9) we can infer

(n− 1)∇jR = −Rjl∇lf − |∇f |2∇jµ

+ [gik∇iµ∇kf + µ(n− 1)(R− λ)]∇jf. (3.12)

Lemma 3.6. Let (Mn, g) be an n-dimensional generalized quasi Yamabe gradient

soliton satisfying (3.2). Then we have:

Wijkl∇lf = Dijk + (∇iµ∇jf∇kf −∇jµ∇if∇kf) +

(
|∇f |2

n− 1

)
(gik∇jµ− gjk∇iµ)

+
g(∇µ,∇f)

n− 1
(gjk∇if − gik∇jf).

where Dijk is defined from (3.7).
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Proof. We may use equation (3.2) to obtain

∇iRgjk −∇jRgik = ∇i∇j∇kf −∇j∇i∇kf + µ(∇if∇j∇kf −∇jf∇i∇kf)

+ (∇jµ∇if∇kf −∇iµ∇jf∇kf).

Then, by Ricci identity, we get

∇iRgjk −∇jRgik = Rijkl∇lf + µ(∇if∇j∇kf −∇jf∇i∇kf)

+ (∇jµ∇if∇kf −∇iµ∇jf∇kf).

Now, from (3.2) we have

∇iRgjk −∇jRgik = Rijkl∇lf + µ(R− λ)(∇ifgjk −∇jfgik)

+ (∇jµ∇if∇kf −∇iµ∇jf∇kf).

It then follows from (3.6) that

∇iRgjk −∇jRgik = Wijkl∇lf +
1

(n− 2)
(Rik∇jf −Rjk∇if)

+
1

(n− 2)
(Rjl∇lfgik −Ril∇lfgjk) −

R

(n− 1)(n− 2)
(∇jfgik −∇ifgjk)

+µ(R− λ)(∇ifgjk −∇jfgik) + (∇jµ∇if∇kf −∇iµ∇jf∇kf). (3.13)

From (3.12), we obtain

∇iRgjk −∇jRgik =
1

(n− 1)
(Rjl∇lfgik −Ril∇lfgjk) +

|∇f |2

(n− 1)
(∇jµgik −∇iµgjk)

+
1

(n− 1)
(∇jµ∇if∇kf −∇iµ∇jf∇kf) +

+ µ(R− λ)(∇ifgjk −∇jfgik) +

+
g(∇µ,∇f)

n− 1
(gjk∇if − gik∇jf). (3.14)

Combining (3.13) and (3.14), we finish the proof of Lemma 3.6.

We define the 3-tensor E as follows

Eijk = (∇iµ∇jf∇kf −∇jµ∇if∇kf) +

(
|∇f |2

n− 1

)
(gik∇jµ− gjk∇iµ)

+
g(∇µ,∇f)

n− 1
(gjk∇if − gik∇jf). (3.15)
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Taking into account this definition, we deduce from Lemma 3.6 that

Wijkl∇lf = Dijk + Eijk. (3.16)

Proof of Theorem 3.1. Since the Weyl tensor and the 3-tensor D are trace free, i.e.

gjkWijkl = gjkDijk = 0 contracting (3.16) over j and k, we get

gjkEijk = 0. (3.17)

from (3.17) we have

0 =

(
n− 2

n− 1

)
|∇f |2

[
|∇µ|2, |∇f |2 − g(∇µ,∇f)2

]
. (3.18)

Considering f nontrivial, from the above equation we can conclude that:

I) If g(∇µ,∇f) = 0, i.e., ∇f and ∇µ are orthogonal, Theorem 3.1 it is true.

II) On the other hand, if g(∇µ,∇f) 6= 0 from (3.18) we obtain

|∇µ|2|∇f |2 − g(∇µ,∇f)2 = 0

which means that ∇µ and ∇f are parallel.

2

3.2 The warped product structure

Following the steps in [26], we can prove that a GQY manifold admits a warped

product structure without any additional hypothesis over M . From Theorem 3.1 by

using a conformal change of variable on (3.1) (u = e−µf ), we get

µu(R− λ)g = ∇2u. (3.19)

Cheeger and Colding [29] characterized the warped product structure of (3.19). We

will sketch the proof of such warped product structure here for completeness.

Consider the level surface Σ = f−1(c) where c is any regular value of the

potential function f . Suppose that I is an open interval containing c such that f

has no critical point. Let UI = f−1(I). Fix a local coordinates system

(x1, x2, · · · , xn) = (r, θ2, · · · , θn)
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in UI , where (θ2, · · · , θn) is any local coordinates system on the level surface Σc,

and indices a, b, c, · · · range from 2 to n. Then we can express the metric g as

ds2 =
1

|∇f |2
df2 + gab(f, θ)dθadθb,

where gab(f, θ)dθadθb is the induced metric and θ = (θ2, · · · , θn) is any local coordi-

nates system on Σc. From (3.9)

1

2
∇a|∇f |2 = [(R− λ) + µ|∇f |2]∇af = 0.

Since |∇f |2 is constant on Σc, we can make a change of variable

r(x) =

∫
df

|∇f |

so that we can express the metric g in UI as

ds2 = dr2 + gab(r, θ)dθadθb.

Let ∇r = ∂
∂r , then |∇r| = 1 and ∇f = f ′(r) ∂∂r on UI . Then,

∇∂r∂r = 0. (3.20)

Now, by (3.20) and (3.1), it follows that

(R− λ) = ∇2f(∂r, ∂r)− µ(df ⊗ df)(∂r, ∂r) = f ′′(r)− µ(f ′(r))2. (3.21)

Whence, from Theorem 3.1 and (3.21), we can see that R is also constant on Σc.

Moreover, since g(∇f, ∂a) = 0, from (3.1) the second fundamental formula on Σc is

given by

hab = −g(∂r,∇a∂b) =
∇a∇bf
|∇f |

=
(R− λ)

|∇f |
gab. (3.22)

Therefore, from (3.21) and (3.22) we have

hab =
f ′′(r)− µ(f ′(r))2

f ′(r)
gab. (3.23)

From (3.23) the mean curvature is given by

H = (n− 1)
f ′′(r)− µ(f ′(r))2

f ′(r)
(3.24)
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wich is also constant on Σc.

Furthermore, from the second fundamental formula on Σc, we have that

hab = −g(∂r,∇a∂b) = −g(∂r,Γ
l
ab∂l) = −Γ1

ab. (3.25)

On the other hand,

Γ1
ab = −1

2
g11 ∂

∂r
gab. (3.26)

Therefore, from (3.23), (3.25) and (3.26) we get

2
f ′′(r)− µ(f ′(r))2

f ′(r)
gab =

∂

∂r
gab. (3.27)

Hence, it follows from (3.27) that

gab(r, θ) = (f ′e−µf )2gab(r0, θ),

where the level set {r = r0} corresponds to Σr0 = f−1(r0), for any regular value r0

of the potential function f .

Therefore we can announce the following result analogous to the Proposition

2.1 in [26] (we also recommend [44,100]).

Proposition 3.7. Let (Mn, g) be a nontrivial complete connected generalized quasi

Yamabe gradient Yamabe soliton, satisfying the GQY equation (3.1), and let

Σc = f−1(c) be a regular level surface. Then

(1) The scalar curvature R and |∇f |2 are constants on Σc.

(2) The second fundamental form of Σc is given by

hab =
H

n− 1
gab. (3.28)

(3) The mean curvature H = (n− 1) (R−λ)
|∇f | is constant on Σc.

(4) In any open neighborhood Uβα = f−1
(
(α, β

)
of Σc in which f has no critical

points, the GQY metric g can be expressed as

ds2 = dr2 + (f ′(r)e−µf )2ḡab

where (θ2, · · · , θn) is any local coordinates system on Σc and ḡ(r, θ) =

gab(r0, θ)dθadθb is the induced metric on Σc = r−1(r0).
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Proof of Theorem 3.5. Consider the warped product manifold, by Proposition

(3.7)

(Mn, g) = (I, dr2)× φ(Nn−1, ḡ), (3.29)

where ds2 = dr2 + (φ)2ḡ. Fix any local coordinates system θ = (θ2, · · · , θn) on

Nn−1, and choose (x1, x2, · · · , xn) = (r, θ2, · · · , θn). Now (see [14,26,75]) the scalar

curvature formulas of (Mn, g) and (Nn−1, ḡ) are related by

R = φ−2R̄− (n− 1)(n− 2)

(
φ′

φ

)2

− 2(n− 1)
φ′′

φ
.

Therefore, since φ = f ′e−µf , from Theorem 3.1 and Proposition 3.7 we have that R̄

does not depend on θ. Then R̄ is constant.

Moreover, the Weyl tensor W for an arbitrary warped product manifold (3.29)

is given by (see [14,26,75]):

W1a1b = − 1

n− 2
R̄ab +

R̄

(n− 1)(n− 2)
ḡab, (3.30)

W1abc = 0, (3.31)

and

Wabcd = φW̄abcd. (3.32)

Where W̄ denotes the Weyl tensor of (Nn−1, ḡ). Therefore, since the warped product

manifold (3.29) is locally conformally flat, i.e. W = 0, from (3.30) and (3.32) we see

that N is Einstein and W̄ = 0. Then, from (3.6) we have

R̄abcd =
R̄

(n− 1)(n− 2)
(ḡbdḡac − ḡbcḡad).

Since R̄ is constant, we get that R̄abcd is also constant. Thus N is a space form.

2



Chapter 4

Bounds on volume growth in

static vacuum space

This section is the result of studies with Prof. Dr. Benedito L.N., Prof. Dr. Ernani

B. [65]. Thank you for your contributions.

Let (M̂n+1, ĝ) = Mn ×f R, the warped product of M with R, be a static

space-time endowed with

ĝ = −f2dt2 + g, (4.1)

where (Mn, g), n ≥ 3, is a noncompact, connected and oriented Riemannian mani-

fold, and f : Mn → (0,+∞) is a positive smooth warped function. In this approach,

the Einstein equation with perfect fluid as a matter field is given by

R̂ic− R̂

2
ĝ = (µ+ ρ)η ⊗ η + ρĝ, (4.2)

where R̂ic and R̂ stand for the Ricci tensor and the scalar curvature with respect

to ĝ, respectively; whereas η is a 1-form with ĝ(η, η) = −1 whose associated vector

field represents the flux of the fluid. Moreover, µ and ρ are nonnegative smooth

functions, namely the energy density and pressure, respectively; for more details,

we refer the reader to [55] and [57]. At the same time, it follows from Proposition

1.23, equations (4.1) and (4.2) that

fR̊ic = ∇̊2f (4.3)
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as well as

µ =
R

2
and ρf =

n− 1

n

(
∆f − n− 2

2(n− 1)
Rf

)
, (4.4)

where R̊ic stands for the traceless of Ric. Besides, ∆ denotes the Laplacian and R

is the scalar curvature with respect to g (cf. [14, 61,75]).

In the sequel, we shall present a simple proof that the energy density µ vanishes

on the boundary Σ of manifolds Mn satisfying (4.3) and (4.4). Here, Σ is compact

(possibly with boundary). More precisely, we have established the following result.

Theorem 4.1. Let (Mn, g, f) be a Riemannian manifold satisfying (4.3) and (4.4).

Then the energy density µ = 0 on Σ.

In order to proceed, we remember that when µ and ρ vanish in (4.2) we

obtain the well-known static vacuum Einstein equations. Indeed, following the ter-

minology used in [8, 9, 55], we deduce from (4.3) and (4.4) that a semi-Riemannian

manifold (M̂, ĝ) is Ricci-flat (i.e., R̂ic = 0) if and only if the (positive) warped

function f and the metric g satisfy the static vacuum equations

fRic = ∇2f and ∆f = 0. (4.5)

In this case, it is easy to check that the scalar curvature R is identically zero. These

equations have been extensively studied in classical general relativity. Some explicit

examples can be found in [8, 9, 57] and [61].

It should be point out that if a manifold (Mn, g) satisfying (4.5) is geodesi-

cally complete, then the warped function f must be constant. Therefore, in the

spirit of [8, 9] and [55], throughout this article we consider non trivial solution to

(4.5), which are connected and complete up to the boundary, or equivalently, com-

plete away from the horizon (cf. Theorem 3.2 in [8], or Theorem 4.6 in Section

4.1, see also [9] p. 996). In addition, we assume that the boundary Σ is compact,

non-empty and such that g and f extends smoothly to Σ. We remember that the set

Σ = {f = 0} is called the horizon. We further highlight that Σ may be defined as

the set of limit points of Cauchy sequences on (Mn, g) on which f converges to 0

(cf. [9]). In general relativity, the horizon is closely related with the event horizon,



CHAPTER 4. BOUNDS ONVOLUMEGROWTH IN STATIC VACUUM SPACE70

i.e., the boundary of a black hole. For a comprehensive reference on such a subject,

we indicate, for instance [8, 9, 14,55,57] and [59].

Before proceeding it is important to recall the definition of quasi-Einstein

manifolds which is closely related to the problem of building Einstein manifolds.

To be precise, a complete Riemannian manifold (Mn, g), n ≥ 2, will be called m-

quasi-Einstein manifold, or simply quasi-Einstein manifold, if there exist a smooth

potential function f on Mn and a constant λ satisfying the following fundamental

equation

Ricmf = Ric+∇2f − 1

m
df ⊗ df = λg. (4.6)

It is easy to check that 1-quasi-Einstein manifolds with λ = 0 are static vacuum

spaces, that is, it becomes Eq. (4.5). Indeed, considering the function u = e−f

on Mn, we immediately get ∇u = −u∇f as well as ∇2f − df ⊗ df = − 1
u∇

2u

and these equations confirm our remark. Moreover, it is easy to see that a∞-quasi-

Einstein manifold means a gradient Ricci soliton. Ricci solitons model the formation

of singularities in the Ricci flow and correspond to self-similar solutions; for more

details see, for instance, [23]. Following the terminology of Ricci solitons, a quasi-

Einstein metric g on a manifold Mn will be called expanding, steady or shrinking,

respectively, if λ < 0, λ = 0 or λ > 0. For more details see, for instance, [10,14,22,83]

and [85].

A classical theorem due to Calabi [20] and Yau [99] asserts that the geodesic

balls of complete non-compact manifolds with non negative Ricci tensor have at

least linear growth, that is,

V ol(Bp(r)) ≥ cr,

for any r > r0 where r0 is a positive constant and Bp(r) is the geodesic ball of

radius r centered at p ∈Mn and c is a constant that does not depend on r. In [72],

Munteanu and Sesum obtained the same type of growth for steady gradient Ricci

soliton. While Barros et al. [10] were able to prove the same type of growth for steady

m-quasi-Einstein manifold (with m 6= 1). The classical Bishop volume comparison

theorem guarantees that the geodesic balls of complete non-compact manifolds with
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non negative Ricci tensor must have the following growth rates

c1r
n ≥ V ol(Bp(r)),

for some positive constant c1 and r > 0 sufficiently large. In [24], H.-D. Cao and D.

Zhou proved an analog of Bishop’s theorem for gradient shrinking solitons. While

Munteanu and Sesum [72] showed that the geodesic balls of steady gradient Ricci

soliton have at most exponential volume growth, namely, there exist uniform con-

stants c, a and r0 so that for any r > r0 we have

V ol(Bp(r)) ≤ cea
√
r.

As well known, volume growth rate is an important piece of geometric information.

In this spirit, we obtain an upper bound on the growth of volume of geodesic balls for

spatial factor of a static space which is similar to Bishop’s estimate. More precisely,

we have established the following result.

Theorem 4.2. Let (Mn, g, f), n ≥ 3, be a Riemmanian manifold satisfying (4.5).

Then there exist uniform constants a and r0 so that for any r > r0

V ol(Bp(r)) ≤ c rn+a,

where c is the volume of the unitary ball.

For what follows, we remember that the Omori-Yau maximum principle

(at infinity) is a very powerful tool in Geometric Analysis and it is related to a

number of properties of the underlying Riemannian manifold, ranging from the

realm of stochastic analysis to that of geometry and PDEs. In [79], Pigola, Rigoli and

Setti extended the Omori-Yau maximum principle to a larger class of manifolds and

operators, see [79, Remark 1.2 & Examples 1.13, 1.14]. In particular, Pigola, Rigoli

and Setti [78,79] introduced the concept of weak Omori-Yau maximum principle as

follows.

Definition 4.3. Let (Mn, g) be a Riemannian manifold. We say that the weak

Omori-Yau maximum principle holds if for every function u ∈ C2(M) with
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u∗ : = supM u < +∞, there exists a sequence {xk} ⊂ M, k = 1, 2, . . . , such that,

for every k.

u(xk) > u∗ − 1/k and ∆u(xk) < 1/k.

It is worthwhile to remark that the validity of the Weak maximum principle (at

infinity) implies, for instance, stochastic completeness (cf. [79, 80]). Recall that the

Lϕ-Laplacian operator, or simply ϕ-Laplacian, is given by

Lϕu = div(|∇u|−1ϕ(|∇u|)∇u), (4.7)

for some function u ∈ C1(M). Notice that if the vector field in brackets is not

C1, then the divergence in (4.7) must be considered in distributional sense. The

ϕ-Laplacian arises from the Euler-Lagrange equation associated to the energy func-

tional

Λ(u) =

∫
φ(|∇u|),

where φ(t) =
∫ t

0 ϕ(s)ds. Notice that when ϕ(t) = t in (4.7) the ϕ-Laplacian re-

duces to Laplace-Beltrami operator ∆u. On the other hand, when ϕ(t) = tp−1 in

(4.7) the ϕ-Laplacian become the p-Laplacian div(|∇u|p−2∇u), p > 1. Further,

when ϕ(t) = 1/(1 + t2)α, it becomes the generalized mean curvature operator,

div
(

∇u
(1+|∇u|2)α

)
, α > 0.

Inspired in the weak maximum principle to the Laplacian ∆, Rigoli and

Setti [87] studied its validity for the ϕ-Laplacian operator. They were able to prove

under suitable geometric assumptions a weak version of the Omori-Yau maximum

principle for the ϕ-Laplacian. For more details on this subject, we refer the reader

to [87].

Next, as an application of Theorem 4.2, we have established a weak maxi-

mum principle at infinity for the ϕ-Laplacian Riemmanian manifold satisfying (4.5).

Theorem 4.4. Let (Mn, g, f), n ≥ 3, be a Riemmanian manifold satisfying (4.5).

Let u be a smooth function on Mn with u∗ = supM u < +∞ and such that the vector

field |∇u|−1ϕ(|∇u|)∇u is of class at least C1. Then the weak maximum principle at

infinity holds for ϕ-Laplacian on Mn.



It is interesting to observe that the regularity condition in the statement of

Theorem 4.4 is certainly satisfied in the case of the Laplacian, p-Laplacian or the

generalized mean curvature operator once u is assumed to be at least C2.

4.1 Background

In order to set the stage for the proof of the main results we shall present some

lemmas which will be useful for the establishment of the desired results. To start

with, we recall a lemma that can be found in [8, 55].

Lemma 4.5 ( [8,55]). Let (M, g, f) be a Riemannian manifold satisfying (4.3) and

(4.4). Then there is no critical point of f in Σ.

Proof. Since the proof is short, we include its proof here for the sake of completeness.

To begin with, from (4.4) we obtain that ∆f = 0 in Σ. Next, consider Crit(f) =

{x ∈ M ; (∇f)(x) = 0}. Further, since ∆f = 0 in Σ we may use Hopf’s lemma

(cf. [48]) to conclude that |∇f | > 0 for any p ∈ Σ. Whence, Crit(f)∩Σ = ∅, which

finishes the proof of the lemma.

In the sequel we recall a well known result due to Anderson [8] which plays

a crucial role in the to prove of Theorem 4.2.

Theorem 4.6 ( [8], Theorem 3.2). Let (Mn, g, f) be a solution to the static vacuum

equations (4.5).

1. Suppose that (Mn, g) is a complete Riemannian manifold and f > 0 on Mn,

then Mn must be flat, and f is constant.

2. Let U ⊂M be any domain with smooth boundary on which f > 0. Assume that

r(x) = distM (x, ∂U), for x ∈ U. Then there is an absolute constant K < +∞

such that

|∇f |
f

(x) ≤ K

r(x)
, (4.8)

where the constant K does not depend on the domain U (since f > 0 on U),

or on the static vacuum solution (Mn, g).



To conclude this section we recall a result due to Rigoli and Setti [87] which

will be used in the proof of Theorem 4.4.

Theorem 4.7 ( [87]). Let Mn be a complete Riemannian manifold. Suppose that

lim inf
r→+∞

log V ol(Bp(r))

r1+δ
< +∞, (4.9)

for some δ > 0, and let u be a smooth function on Mn such that u∗ = supu < +∞.

In addition, assume that the vector field X = |∇u|ϕ(|∇u|)∇u is of class at least C1.

Then there exists a sequence {xk} ⊂M , k = 1, 2, . . . , such that

• u(xk)→ u∗,

• Lϕu(xk) ≤ 1/k.

Now we are ready to prove the main results.

4.1.1 Proof of the Main Results

Proof of Theorem 4.1 To begin with, we rewrite (4.3) in local coordinates as

follows

f

(
Rij −

R

n
gij

)
= ∇i∇jf −

∆f

n
gij . (4.10)

In particular, it is not difficult to check from (4.10) that

fR̊ij∇jf =
1

2
∇i|∇f |2 −

∆f

n
∇if, (4.11)

where R̊ij = Rij − R
n gij .

On the other hand, take the covariant derivative of (4.10) and then use the

well-known Ricci identity ∇i∇j∇kf −∇j∇i∇kf = Rijkl∇lf to achieve

f(∇iR̊jk −∇jR̊ik) + (R̊jk∇if − R̊ik∇jf) = Rijkl∇lf

+
1

n

(
∇j(∆f)gik −∇i(∆f)gjk

)
.(4.12)

Hereafter, by using the twice contracted second Biachi identity (eq. (1.7)), we
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get

1

2
∇jR = gik∇iRjk

= gik∇i
{
Rjk −

R

n
gjk +

R

n
gjk

}
= gik∇iR̊jk + gik

(
gjk∇i

R

n

)
.

Therefore,

gik∇iR̊jk =
n− 2

2n
∇jR. (4.13)

The trace over i and k of (4.12) gives

gik
{

(∇iR̊jk −∇jR̊ik) + (R̊jk∇if − R̊ik∇jf)
}

= gik
{
Rijkl∇lf +

+
1

n

(
∇j(∆f)gik − ∇i(∆f)gjk

)}
. (4.14)

Using (4.13) and the fact gikR̊ik = 0, we have

1

2(n− 1)

[
(n− 2)f∇jR− 2R∇jf

]
= ∇j(∆f). (4.15)

In the sequel, it is easy to check that, from (4.11) and (4.15), on Σ = {f = 0},

we have
1

2
∇j |∇f |2 −

∆f

n
∇jf = 0 (4.16)

and

− R

n− 1
∇jf = ∇j(∆f). (4.17)

Whence, it follows from Eq. (4.17) that

− R

n− 1
|∇f |2 = g(∇(∆f),∇f). (4.18)

Upon integrating (4.18) over Σ we may use Lemma 4.5 jointly with Stoke’s formulae

to infer

−
∫

Σ

R

n− 1
|∇f |2 =

∫
Σ
g(∇(∆f),∇f) = −

∫
Σ

(∆f)2 +

∫
∂Σ

∆f
∂f

∂η
, (4.19)

where η = ∇f
|∇f | . But, from (4.4) we have ∆f = 0 on Σ and then Eq. (4.16) jointly

with Lemma 4.5 guarantees that |∇f |2 is a non null constant on Σ. Next, since

2µ = R is nonnegative, it suffices to substitute these informations into (4.19) to

conclude that µ = 0 on Σ. This gives the requested result.
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�

In the sequel we shall present the proof of Theorem 4.2, which was mainly

inspired in the trend of Munteanu and Wang [73] as well as Munteanu and Sesum

[72].

Proof of Theorem 4.2 Firstly, we denote by

dV |expx(r,θ) = J(x, r, θ)drdθ

the volume form in the geodesic polar coordinates centered at x as for r > 0 and θ

a tangent vector field on x ∈M and

r = d(x0, x), for x0 ∈M.

From now on we omit the dependence on θ. In this approach, it is known that

∆r =
J ′

J
(r).

Now, let γ(s) be a minimizing geodesic starting from x0, such that γ(0) = x0.

In particular, given any orthonormal basis {Ei}n−1
i=1 such that γ′ ⊥ Ei at γ(s), Yi is

the Jacobi fields along γ with Yi(0) = 0 and Yi(s) = Ei. From this, it is known that

∆r =

n−1∑
i=1

It(Yi, Yi).

By using the Index lemma, for any piecewise differentiable vector field Wi along γ,

we get

It(Yi, Yi) ≤
∫ t

0
{g(Wi,Wi)(s)− g(R(γ′,Wi)γ

′,Wi)(s)}ds.

Now, if Ei is the parallel unit field generated by Yi(t) and µ is a piecewise differen-

tiable function, taking Wi = µEi, we deduce

It(Yi, Yi) ≤
∫ t

0
{(µ′)2 − µ2g(R(γ′, Ei)γ

′, Ei)}(s)ds.

Whence, by taking the trace over i, with X = γ′(s), we arrive at

∆r ≤
∫ t

0
{(n− 1)(µ′)2 − µ2Ric(X,X)}ds.
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Proceeding, since ∆r = J ′

J , we may express µ(s) = s
t to infer

J ′

J
(t) ≤ (n− 1)

t
− 1

t2

∫ t

0
s2Ric(X,X)ds (4.20)

on the other hand, since f is positive, we use the static vacuum equation (4.5) to

obtain

Ric(X,X) =
1

f
∇2f(X,X)

=

(
f ′

f

)′
+

(
f ′

f

)2

≥
(
f ′

f

)′
.

This substituted into (4.20) yields

J ′

J
(t) ≤ n− 1

t
− 1

t2

∫ t

0
s2

(
f ′

f

)′
(s)ds.

where f(s) = f(γ(s)) and 0 ≤ s ≤ t. Therefore, upon integrating by parts we achieve

J ′

J
(t) ≤ n− 1

t
+

2

t2

∫ t

0
s
f ′

f
(s)ds− f ′

f
(t). (4.21)

Moreover, we already know from Eq. (4.8) (see also Theorem 3.2 in [8]) that
(
f ′

f

)
is bounded from above. This combined with (4.21) gives

J ′

J
(t) ≤ n− 1

t
+

2

t2

∫ t

0
s
f ′

f
(s)ds− f ′

f
(t)

≤ n− 1

t
+

2

t2

∫ t

0
s

(
K

s

)
ds+

K

t

≤ n− 1

t
+

2K

t
+
K

t
=
n− 1 + 3K

t
,

which can be rewritten as(
log J(t)

)′
≤ n− 1 + 3K

t
.

Hereafter, upon integrating from s = 1 to s = s0 we infer

J(t)

J(1)
≤ tn−1+3K .

From here it follows that

Area (Bx0(r)) ≤ Area (Bx0(1)) rn−1+3K . (4.22)
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To conclude, it suffices to integrate (4.22) to obtain

V ol(Bx0(r)) ≤ crn+a,

where c is the volume of the unitary ball and a is constant.

�

Proof of Theorem 4.4 We start invoking Theorem 4.2 to deduce that there exists

positive constants a, c and r0 so that for any r > r0

V ol(Bp(r)) ≤ crn+a.

Easily one verifies that

log V ol(Bp(r))

r1+δ
≤ log crn+a

r1+δ

=
log c

r1+δ
+ (n+ a)

log r

r1+δ
.

Letting r → +∞ we obtain

lim inf
r→+∞

log V ol(Bp(r))

r1+δ
< +∞.

Therefore, it suffices to apply Theorem 4.7 to conclude that there exists a sequence

(xn) ⊂M , n = 1, 2, . . ., such that

u(xn)→ u∗

and

Lϕu(xn) <
1

n
.

This is what we wanted to prove

�
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