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Resumo

Os principais objetivos deste trabalho consistem em estudar os espaços de Orlicz, Orlicz-

Sobolev e abordar a relação entre a minimalidade de um funcional na topologia de C1(Ω)

com a minimalidade desse funcional na topologia dos espaços de Orlicz-Sobolev. Como

consequência disso, estabeleceremos um resultado de �multiplicidade global� de soluções

positivas para uma classe de problemas de equações diferenciais parciais, no ambiente dos

espaços de Orlicz-Sobolev.

Palavras-chave: Espaços de Orlicz e Orlicz-Sobolev, Multiplicidade Global de Soluções

Positivas, Sub e Supersolução, Teoremas do Passo da Montanha.



Abstract

The main goals of this work are to study of the Orlicz and Orlicz-Sobolev spaces and

discuss the connection between the minimality of functionals in the topology C1(Ω) and

the minimality this functionals in the topology of W 1,P
0 (Ω). Consequently, we are going to

establish a result of � global multiplicity� of positive solutions for a class of partial di�erential

equations in the setting of Orlicz-Sobolev spaces.

Keywords: Orlicz and Orlicz-Sobolev spaces, Global Multiplicity of Positive Solutions,

Sub and Supersolutions, Mountain Pass Theorems.
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✭p1✮ ✿ a ∈ C1(0,+∞)✱ a > 0 ❡ ♠♦♥()♦♥❛✳

❆ ♣❛.)✐. ❞✐11♦✱ ❝♦♥1✐❞❡.❛.❡♠♦1 ❛ ❢✉♥56♦

p(t) =

{

a(|t|)t, 1❡ t 6= 0,

0, 1❡ t = 0,

❡ ❛11✉♠✐.❡♠♦1 7✉❡ p 8 ✉♠ ❤♦♠❡♦♠♦.✜1♠♦ ❝.❡1❝❡♥)❡ ❞❡ R ❡♠ R✳ ◆❡11❡ ❝❛1♦✱ ✜❝❛♠ ❜❡♠

❞❡✜♥✐❞❛1 ❛1 ◆✲❢✉♥5>❡1

P (t) =

∫ t

0

p(s)ds ❡ P̃ (t) =

∫ t

0

p−1(s)ds, t > 0,

❡♠ 7✉❡ P 8 ❞❡♥♦♠✐♥❛❞❛ ◆✲❢✉♥56♦ .❡♣.❡1❡♥)❛❞❛ ♣♦. p ❡ P̃ , ❛ ◆✲❢✉♥56♦ .❡♣.❡1❡♥)❛❞❛ ♣♦. p−1✳

❆❞♠✐)✐.❡♠♦1 ❛✐♥❞❛ 7✉❡ ✈❛❧❡♠ ❛1 1❡❣✉✐♥)❡1 ❞❡1✐❣✉❛❧❞❛❞❡1✿

✭p2) : 1 < p− := inf
t>0

tp(t)

P (t)
6 p+ := sup

t>0

tp(t)

P (t)
< +∞❀

(p3) : 0 < a− := inf
t>0

tp′(t)

p(t)
6 a+ := sup

t>0

tp′(t)

p(t)
< +∞.

❆11✐♠✱ ❞❛1 ❝♦♥1✐❞❡.❛5>❡1 ❛❝✐♠❛✱ ♣♦❞❡♠♦1 ❞❡✜♥✐. ♦ ❡1♣❛5♦ ❞❡ ❖.❧✐❝③✲❙♦❜♦❧❡✈ W 1,P
0 (Ω) ❛11♦✲

❝✐❛❞♦ ❛ ◆✲❢✉♥56♦ P 7✉❡✱ 1♦❜ ❛ ❤✐♣()❡1❡ (p2)✱ 8 ✉♠ ❡1♣❛5♦ ❞❡ ❇❛♥❛❝❤✱ .❡✢❡①✐✈♦ ❡ 1❡♣❛.I✈❡❧✳

❉❡11❛ ❢♦.♠❛✱ ♣♦❞❡♠♦1 ❝♦♥1✐❞❡.❛. ♦ 1❡❣✉✐♥)❡ ❢✉♥❝✐♦♥❛❧ ❞❡✜♥✐❞♦ ❡♠ W 1,P
0 (Ω) ♣♦.

I(u) =

∫

Ω

P (|∇u|)dx−

∫

Ω

F (x, u)dx,

❡♠ 7✉❡ F 8 ❞❛❞♦ ♣♦. ✭✶✮ ❡ f 1❛)✐1❢❛③ ❛ 1❡❣✉✐♥)❡ ❝♦♥❞✐56♦✿

(f∗) ✿ f(x, 0) = 0 ❡ ❡①✐1)❡♠ ✉♠ ❤♦♠❡♦♠♦.✜1♠♦ L♠♣❛. ❡ ❝.❡1❝❡♥)❡ h : R→ R ✭h(R) = R) ❡

❝♦♥1)❛♥)❡1 ♥6♦ ♥❡❣❛)✐✈❛1 a1 ❡ a2✱ )❛✐1 7✉❡

|f(x, t)| 6 a1 + a2h(|t|), ∀ t ∈ R, ∀ x ∈ Ω

❡

lim
t→∞

H(t)

P ∗(kt)
= 0, ∀ k > 0, ✭✷✮

♦♥❞❡

H(t) :=

∫ t

0

h(s)ds

8 ❛ ◆✲❢✉♥56♦ .❡♣.❡1❡♥)❛❞❛ ♣♦. h ❡ P ∗ 8 ❛ ◆✲❢✉♥56♦ ❝✉❥❛ ❛ ✐♥✈❡.1❛ 8 ❞❛❞❛ ♣♦.

(P ∗)−1(t) =

∫ t

0

P−1(s)

s1+
1
N

ds

✭❛7✉✐ ❡1)❛♠♦1 ❛❞♠✐)✐♥❞♦ 7✉❡

∫ 1

0

P−1(s)

s1+
1
N

ds < ∞ ❡

∫ ∞

1

P−1(s)

s1+
1
N

ds = ∞✱ ♣❛.❛ 7✉❡ P ∗

❡①✐1)❛ ❡ 1❡❥❛ ✉♠❛ ◆✲❢✉♥56♦✳✮

✸



❆❞✐❝✐♦♥❛❧♠❡♥*❡✱ ❞❡♥♦*❛♥❞♦ ♣♦-

h− := inf
t>0

th(t)

H(t)
, h+ := sup

t>0

th(t)

H(t)
, p∗− := inf

t>0

tp∗(t)

P ∗(t)
❡ p∗+ := sup

t>0

tp∗(t)

P ∗(t)

✈❛♠♦/ ❛❞♠✐*✐- 0✉❡ H /❛*✐/❢❛③✿

(h1) : 1 < h− := inf
t>0

th(t)

H(t)
6 h+ := sup

t>0

th(t)

H(t)
< +∞;

(h2) : p
+ < h− ≤ h+ ≤ p∗−.

❙♦❜ ❡//❛/ ❤✐♣8*❡/❡/✱ ♣-♦✈❛-❡♠♦/ ♦ /❡❣✉✐♥*❡ -❡/✉❧*❛❞♦ 0✉❡ ❣❡♥❡-❛❧✐③❛ ♦ *❡♦-❡♠❛ ❛♣-❡/❡♥✲

*❛❞♦ ♣♦- ❆❧♦♥/♦✱ ❆③♦-❡-♦ ❡ ▼❛♥❢-❡❞✐✿

❚❡♦#❡♠❛ ❆✿ ❆!!✉♠❛ %✉❡ (p1)✱ (p2)✱ (p3)✱ (f∗)✱ (h1) ❡ (h2) ✈❛❧❡♠✳ ❙❡

u0 ∈ W 1,P
0 (Ω) ∩ C1(Ω) + ✉♠ ♠,♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ 2♦♣♦❧♦❣✐❛ ❞❡ C1(Ω)✱ ❡♥25♦ u0 + ♠,♥✐♠♦

❧♦❝❛❧ ❞❡ I ♥❛ 2♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✳

❈♦♠♦ ✉♠❛ ❝♦♥/❡0✉>♥❝✐❛ ❞❡//❡ *❡♦-❡♠❛✱ ✈❛♠♦/ ❡/*❛❜❡❧❡❝❡- ✉♠ *❡♦-❡♠❛ ❞❡ /✉❜ ❡ /✉♣❡-✲

/♦❧✉?@♦ ♣❛-❛ ❛ /❡❣✉✐♥*❡ ❝❧❛//❡ ❞❡ ♣-♦❜❧❡♠❛/✿

(P ) :

{

−∆Pu = f(x, u), ❡♠ Ω,

u = 0, ♥❛ ∂Ω,

♦♥❞❡ ∆Pu := div(a(|∇u|)∇u)✳ ❆ /♦❧✉?@♦ ♦❜*✐❞❛ ♣♦- ❡//❡ ♠A*♦❞♦✱ ✈✐❛ ❚❡♦-❡♠❛ ❆✱ *❡♠ ❛

♣-♦♣-✐❡❞❛❞❡ ♣❡❝✉❧✐❛- ❞❡ /❡- ♠C♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ *♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✳

◆❡//❡ /❡♥*✐❞♦✱ ❞✐-❡♠♦/ 0✉❡ v ∈ W 1,P (Ω) A ✉♠❛ /✉❜/♦❧✉?@♦ ✭-❡/♣❡❝*✐✈❛♠❡♥*❡✱ ✉♠❛ /✉♣❡-✲

/♦❧✉?@♦✮ ❞❡ ✭G✮ /❡ v ≤ ✭-❡/♣✳ ≥✮ ✵ ❡♠ ∂Ω ❡ ♣❛-❛ *♦❞♦ φ ∈ W 1,P
0 (Ω) ❝♦♠ φ ≥ 0✱

∫

Ω

a(|∇v(x)|)∇v(x).∇φ(x)dx ≤ (-❡/♣✳ ≥)

∫

Ω

f(x, v(x))φ(x)dx

❡ 0✉❡ u ∈ W 1,P
0 (Ω) A /♦❧✉?@♦ ❢-❛❝❛ ❞❡ ✭G✮ /❡

∫

Ω

a(|∇u(x)|)∇u(x).∇φ(x)dx =

∫

Ω

f(x, u(x))φ(x)dx, ∀ φ ∈ W 1,P
0 (Ω). ✭✸✮

❊♠ ♣❛-*✐❝✉❧❛-✱ ❡♠ ❬✶✵❪ ♣-♦✈❛✲/❡ 0✉❡ ♦/ ♣♦♥*♦/ ❝-C*✐❝♦/ ❞❡ I /@♦ ❡①❛*❛♠❡♥*❡ ❛/ /♦❧✉?O❡/

❢-❛❝❛/ ❞❡ ✭G✮✳ ◆❡//❡ ❝♦♥*❡①*♦✱ ♠♦/*-❛-❡♠♦/ ✉♠ -❡/✉❧*❛❞♦ ❞❡ ♠✉❧*✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ /♦❧✉?O❡/

♣♦/✐*✐✈❛/ ♣❛-❛ ♦ /❡❣✉✐♥*❡ ♣-♦❜❧❡♠❛ ❞❡ ❛✉*♦✈❛❧♦-✿

(Pλ) :

{

−∆Pu = λf(x, u) + µ|u|q−2u, ❡♠ Ω,

u > 0 ❡♠ Ω ❡ u = 0 ♥❛ ∂Ω,

♦♥❞❡ q > p+✱ µ ≥ 0 A ✉♠ ♥P♠❡-♦ ✜①❛❞♦✱ f ∈ C(Ω× R,R) ❡ /❛*✐/❢❛③ ❛ /❡❣✉✐♥*❡ ❤✐♣8*❡/❡✿

(F0) f(x, t) ≥ 0 /❡ t ≥ 0, f(x, t) A ♥@♦ ❞❡❝-❡/❝❡♥*❡ ❡♠ t ≥ 0✳

✹



▼❛✐# ♣%❡❝✐#❛♠❡♥*❡✱ #❡ ❝♦♥#✐❞❡%❛%♠♦# ♦# ❝♦♥❥✉♥*♦#

Λ = {λ > 0 : (Pλ) *❡♠ ✉♠❛ #♦❧✉12♦ uλ},

Λ0 =
{

λ > 0 : (Pλ) *❡♠ ✉♠❛ #♦❧✉12♦ uλ ∈ W 1,P
0 (Ω)

3✉❡ 4 ✉♠ ♠5♥✐♠♦ ❧♦❝❛❧ ❞❡ Iλ ♥❛ *♦♣♦❧♦❣✐❛ C
1
}

❡ ❛##✉♠✐%♠♦# 3✉❡ f #❛*✐#❢❛③ ✉♠❛ ❞❛# ❝♦♥❞✐19❡#✿

✭❋✶✮ f(x, 0) 6= 0 ❡♠ Ω✱ ♦✉

✭❋✷✮ f(x, 0) = 0 ❡ ❡①✐#*❡♠ ✉♠ ❝♦♥❥✉♥*♦ ❛❜❡%*♦ U ⊂ Ω✱ ✉♠❛ ❜♦❧❛ ❢❡❝❤❛❞❛ B(x0, ε) ⊂ U ✱

r0 > 1 ❡ c > 0 ❝♦♥#*❛♥*❡# %❡❛✐#✱ *❛✐# 3✉❡ f(x, t) ≥ ctr0−1 ♣❛%❛ *♦❞♦ x ∈ B(x0, ε) ❡

t ∈ [0, 1]✳

♣%♦✈❛%❡♠♦# ♦# #❡❣✉✐♥*❡# %❡#✉❧*❛❞♦#✿

❚❡♦#❡♠❛ ❇✿ ❆!!✉♠❛ %✉❡ (p1)✱ (p2) ❡ (p3) ✈❛❧❡♠ ❡ %✉❡

f ∈ C(Ω × R,R) !❛*✐!❢❛③ (F0) ❡ (F1) ♦✉ (F2)✳ ❊♥*2♦ Λ0 ❡ Λ !2♦ ❛♠❜♦! ✐♥*❡4✈❛❧♦! ♥2♦

✈❛③✐♦!✱ inf Λ0 = inf Λ = 0 ❡ ✐♥*Λ ⊂ Λ0✱ ♣❛4❛ ❝❛❞❛ µ ≥ 0 ✜①❛❞♦✳

❚❡♦#❡♠❛ ❈✿ ❙♦❜ ❛! ❤✐♣<*❡!❡! ❞♦ ❚❡♦4❡♠❛ ❇✱ ❛!!✉♠❛ ❛❞✐❝✐♦♥❛❧♠❡♥*❡ %✉❡ f !❛*✐!❢❛③ (f∗)

❡ %✉❡ ✈❛❧❤❛♠ ❛! !❡❣✉✐♥*❡! ❝♦♥❞✐@A❡!✿

✶✳ µ > 0, q > p−∗ ❡

✷✳ ❡①✐!*❡♠ θ > p+ ❡ R1 > 0✱ *❛✐! %✉❡ 0 ≤ θF (x, t) ≤ tf(x, t)✱ ♣❛4❛ *♦❞♦ |t| ≥ R1 ❡ *♦❞♦

x ∈ Ω✳

❊♥*2♦ ♣❛4❛ ❝❛❞❛ λ ∈ ✐♥*Λ, (Pλ) *❡♠ ♣❡❧♦ ♠❡♥♦! ❞✉❛! !♦❧✉@A❡! uλ ❡ vλ *❛✐! %✉❡ uλ < vλ ❡

uλ E ✉♠ ♠F♥✐♠♦ ❧♦❝❛❧ ❞❡ Iλ ♥❛ *♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✳

❊##❡# *❡♦%❡♠❛# ❣❡♥❡%❛❧✐③❛♠ ♣❛%❛ ♦# ❡#♣❛1♦# ❞❡ ❖%❧✐❝③✲❙♦❜♦❧❡✈ ✉♠ %❡#✉❧*❛❞♦ ❛♣%❡#❡♥*❛❞♦

♣♦% ❆❧♦♥#♦✱ ❆③♦%❡%♦ ❡ ▼❛♥❢%❡❞✐ ♣❛%❛ ♦# ❡#♣❛1♦# ❞❡ ❙♦❜♦❧❡✈ W 1,p
0 (Ω)✱ 3✉❡ ♣♦❞❡ #❡% ❡♥✉♥❝✐❛❞♦

❝♦♠♦ #❡❣✉❡✿

✏ ❈♦♥!✐❞❡4❡ ♦ !❡❣✉✐♥*❡ ♣4♦❜❧❡♠❛ ❞❡ ❛✉*♦✈❛❧♦4✿

(Pλ) :

{

−∆pu = |u|
r−2u+ λ|u|q−2u, ❡♠ Ω,

u = 0 ♥❛ ∂Ω,

❝♦♠ 1 < q < p < r < p∗, λ > 0 ❡ Ω ⊂ RN
✉♠ ❞♦♠F♥✐♦ ❧✐♠✐*❛❞♦ ❡ !✉❛✈❡✳

❊①✐!*❡ 0 < λ0 <∞ *❛❧ %✉❡ ✿

✺



• ❙❡ λ > λ0✱ ♦ ♣%♦❜❧❡♠❛ (Pλ) ♥+♦ ,❡♠ -♦❧✉/+♦ ♣♦-✐,✐✈❛❀

• ❙❡ λ = λ0✱ ❡♥,+♦ ♦ ♣%♦❜❧❡♠❛ (Pλ) ❛❞♠✐,❡ ♣❡❧♦ ♠❡♥♦- ✉♠❛ -♦❧✉/+♦ ♣♦-✐,✐✈❛ u ∈ W 1,p
0 (Ω)❀

• ❙❡ 0 < λ < λ0✱ ❡♥,+♦ ♦ ♣%♦❜❧❡♠❛ (Pλ) ,❡♠ ♣❡❧♦ ♠❡♥♦- ❞✉❛- -♦❧✉/4❡- ♣♦-✐,✐✈❛- ❡♠

W 1,p
0 (Ω)✳✑

❆ ♦"❣❛♥✐③❛()♦ ❞❡,-❡ -"❛❜❛❧❤♦ 1 ❛ ,❡❣✉✐♥-❡✿

◆♦ ♣"✐♠❡✐"♦ ❝❛♣8-✉❧♦ -"❛-❛"❡♠♦, ❞♦, ❡,♣❛(♦, ❞❡ ❖"❧✐❝③ ❡ ❖"❧✐❝③✲❙♦❜♦❧❡✈✳ ◆❛ ,❡()♦ ✶✳✶✱

❡①♣♦♠♦, ♦, ❝♦♥❝❡✐-♦ ❞❡ ◆✲❢✉♥()♦ ❡ ♣"♦✈❛♠♦, ❛, ♣"♦♣"✐❡❞❛❞❡, ❜B,✐❝❛, ❞❡,,❛ ❝❧❛,,❡ ❡,♣❡❝✐❛❧

❞❡ ❢✉♥(C❡,✳ ❉❛❞❛ ✉♠❛ ◆✲❢✉♥()♦ P ✱ ❞❡✜♥✐♠♦, ❛ ❝❧❛,,❡ ❞❡ ❖"❧✐❝③ LP (Ω) ♣♦"

LP (Ω) = {u : Ω→ R ♠❡♥,✉"B✈❡❧ :

∫

Ω

P (u(x))dx <∞}.

❖ ❡,♣❛(♦ ❞❡ ❖"❧✐❝③ LP (Ω) 1 ❞❡✜♥✐❞♦ ❝♦♠♦ ,❡♥❞♦ ♦ ❡,♣❛(♦ ✈❡-♦"✐❛❧ ❣❡"❛❞♦ ♣♦" LP (Ω)✱ ✐,-♦

1✱ LP (Ω) =
〈

LP (Ω)
〉

✳ ◆♦ ❝❛,♦ ❡♠ F✉❡ P (t) = |t|p/p✱ LP (Ω) 1 ♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ❡,♣❛(♦ ❞❡

▲❡❜❡,❣✉❡ Lp(Ω)✱ ♣♦"-❛♥-♦ ♦, ❡,♣❛(♦, ❞❡ ❖"❧✐❝③ -"❛-❛♠✲,❡ ❞❡ ✉♠❛ ❣❡♥❡"❛❧✐③❛()♦ ❞♦, ❡,♣❛(♦,

❞❡ ▲❡❜❡,❣✉❡✳ H♦❞❡♠♦, ❞❡✜♥✐" ✉♠❛ ♥♦"♠❛✱ ❞❡ -❛❧ ♠❛♥❡✐"❛ F✉❡ LP (Ω) ♠✉♥✐❞♦ ❞❡,,❛ ♥♦"♠❛

,❡❥❛ ✉♠ ❡,♣❛(♦ ❞❡ ❇❛♥❛❝❤✳ ❱❡"❡♠♦, F✉❡✱ ,❡ ❛ ◆✲❢✉♥()♦ P ,❛-✐,❢❛③ ❝❡"-❛, ❝♦♥❞✐(C❡,✱ ❡♥-)♦

❛ ❝❧❛,,❡ ❞❡ ❖"❧✐❝③ LP (Ω) ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❡,♣❛(♦ ❞❡ ❖"❧✐❝③ LP (Ω) ❡✱ ❛❧1♠ ❞✐,,♦✱ LP (Ω) -❡♠

♣"♦♣"✐❡❞❛❞❡, ,❛-✐,❢❛-L"✐❛,✱ ❝♦♠♦ "❡✢❡①✐✈✐❞❛❞❡ ❡ ,❡♣❛"❛❜✐❧✐❞❛❞❡✳

◆❛ ,❡()♦ ✶✳✻✱ ❞❡✜♥✐"❡♠♦, ♦, ❡,♣❛(♦, ❞❡ ❖"❧✐❝③✲❙♦❜♦❧❡✈ ❛ ♣❛"-✐" ❞♦, ❡,♣❛(♦, ❞❡ ❖"❧✐❝③ ❞❡

♠❛♥❡✐"❛ ❛♥B❧♦❣❛ ❛ F✉❡ ,❡ ♦❜-❡♠ ♦, ❡,♣❛(♦, ❞❡ ❙♦❜♦❧❡✈ ❛ ♣❛"-✐" ❞♦, ❡,♣❛(♦, ❞❡ ▲❡❜❡,❣✉❡✳ ◆❛

,❡()♦ ✶✳✼✱ ♣"♦✈❛"❡♠♦, ✉♠ ✐♠♣♦"-❛♥-❡ "❡,✉❧-❛❞♦ ❞❡ ✐♠❡",)♦ ❞♦, ❡,♣❛(♦, ❞❡ ❖"❧✐❝③✲❙♦❜♦❧❡✈

❡♠ ❡,♣❛(♦, ❞❡ ❖"❧✐❝③✳ H♦" ✜♠✱ ❞❡✜♥✐"❡♠♦, W 1,P
0 (Ω)✱ F✉❡ ,❡"B ♦ ,✉❜❡,♣❛(♦ ❛♣"♦♣"✐❛❞♦ ♣❛"❛

❞❡✜♥✐"♠♦, ♦ ❢✉♥❝✐♦♥❛❧ I ❛,,♦❝✐❛❞♦ ❛♦ ♣"♦❜❧❡♠❛ ✭H✮✳

◆♦ ,❡❣✉♥❞♦ ❝❛♣8-✉❧♦✱ ♣"♦✈❛"❡♠♦, ❛❧❣✉♠❛, ♣"♦♣"✐❡❞❛❞❡, ❞♦ ❢✉♥❝✐♦♥❛❧ I F✉❡ ,❡")♦ R-❡✐,

♥♦, ❝❛♣8-✉❧♦, ,❡❣✉✐♥-❡,✳

❖ ♦❜❥❡-✐✈♦ ♣"✐♥❝✐♣❛❧ ❞♦ -❡"❝❡✐"♦ ❝❛♣8-✉❧♦ 1 ❛ ❞❡♠♦♥,-"❛()♦ ❞♦ ❚❡♦"❡♠❛ ❆✳ H"❡❝✐,❛♠♦,

♣"✐♠❡✐"❛♠❡♥-❡ ♣"♦✈❛" ✉♠❛ "❡❣✉❧❛"✐❞❛❞❡ ❞♦ -✐♣♦ C1,α(Ω) ♣❛"❛ ❛, ,♦❧✉(C❡, ❞❡ ✭H✮✳ ❉❡✈✐❞♦ ❛

♥)♦✲❧✐♥❡❛"✐❞❛❞❡ ❞♦ ♦♣❡"❛❞♦" ❛,,♦❝✐❛❞♦ ❛♦ ♣"♦❜❧❡♠❛ ✭H✮✱ ❛ -❡♦"✐❛ ❞❡ "❡❣✉❧❛"✐❞❛❞❡ ❞❡✈❡ ,❡"

❞❡,♦♥✈♦❧✈✐❞❛ ♣❛,,♦ ❛ ♣❛,,♦✳ ❖ F✉❡ ❢❛"❡♠♦, ♥♦ ♣"✐♠❡✐"♦ ♠♦♠❡♥-♦ 1 ♣"♦✈❛" F✉❡ ❛, ,♦❧✉(C❡,

❞❡ ✭H✮ ♣❡"-❡♥❝❡♠ ❛ L∞(Ω)✳ ❆ ♣❛"-✐" ❞✐,,♦✱ ❛ "❡❣✉❧❛"✐❞❛❞❡ C1,α(Ω) ,❡❣✉❡ ❞♦, -"❛❜❛❧❤♦,

❞❡ ▲✐❡❜❡"♠❛♥ ❬✷✸❪ ❡ ❬✷✹❪✳ ❈♦♠ ❜❛,❡ ♥❛ "❡❣✉❧❛"✐❞❛❞❡ ♦❜-✐❞❛ ❡ ✉,❛♥❞♦ ❛, ♣"♦♣"✐❡❞❛❞❡, ❞♦

❢✉♥❝✐♦♥❛❧ I ♣"♦✈❛"❡♠♦, ♦ ❚❡♦"❡♠❛ ❆✱ F✉❡ 1 ♦ "❡,✉❧-❛❞♦ ♣"✐♥❝✐♣❛❧ ❞❡,-❛ ❞✐,,❡"-❛()♦✳

◆♦ F✉❛"-♦ ❡ R❧-✐♠♦ ❝❛♣8-✉❧♦ ❞❛"❡♠♦, ✉♠❛ ❛♣❧✐❝❛()♦ ❞♦ "❡,✉❧-❛❞♦ ❛❜,-"❛-♦ ❛♣"❡,❡♥-❛❞♦

♥♦ ❝❛♣8-✉❧♦ ✸✳ H"✐♠❡✐"❛♠❡♥-❡✱ ✈❛♠♦, ✐♥-"♦❞✉③✐" ✉♠ ♠1-♦❞♦ ❞❡ ,✉❜ ❡ ,✉♣❡",♦❧✉()♦ ♣❛"❛ ♦

♣"♦❜❧❡♠❛ ✭H✮✳ H♦" ♠❡✐♦ ❞♦ ❚❡♦"❡♠❛ ❆ ✈❡"❡♠♦, F✉❡✱ ,♦❜ ❝❡"-❛, ❝♦♥❞✐(C❡,✱ ❛ ❡①✐,-Z♥❝✐❛ ❞❡

✻



✉♠❛ #✉❜#♦❧✉'(♦ u ❡ ✉♠❛ #✉♣❡+#♦❧✉'(♦ u ♥♦# ❣❛+❛♥.❡ ❛ ❡①✐#.1♥❝✐❛ ❞❡ ✉♠❛ #♦❧✉'(♦ ✉✱ 5✉❡ 6

♠7♥✐♠♦ ❧♦❝❛❧ ❞❡ I ❡♠ W 1,P
0 (Ω)✳ ❈♦♠♦ ✉♠❛ ❛♣❧✐❝❛'(♦ ❞❡#.❡ ❢❛.♦✱ ♣+♦✈❛+❡♠♦# ✉♠ +❡#✉❧.❛❞♦

❞❡ ♠✉❧.✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ♣❛+❛ ♦ ♣+♦❜❧❡♠❛ (Pλ)✳ ❱❡+❡♠♦# 5✉❡ ❡①✐#.❡ ✉♠ ✐♥.❡+✈❛❧♦✱ .❛❧ 5✉❡

♣❛+❛ .♦❞♦ λ > 0 ♥♦ ✐♥.❡+✐♦+ ❞❡##❡ ✐♥.❡+✈❛❧♦ ♦ ♣+♦❜❧❡♠❛ (Pλ) .❡♠ ♣❡❧♦ ♠❡♥♦# ❞✉❛# #♦❧✉'=❡#

♣♦#✐.✐✈❛#✱ ♦♥❞❡ ✉♠❛ ❞❡❧❛# 6 ♦❜.✐❞❛ ❛.+❛✈6# ❞♦ ♠6.♦❞♦ ❞❡ #✉❜ ❡ #✉♣❡+#♦❧✉'(♦ ❡ ❛ #❡❣✉♥❞❛ 6

♦❜.✐❞❛ ❛ ♣❛+.✐+ ❞♦ ❚❡♦+❡♠❛ ❞♦ ?❛##♦ ❞❛ ▼♦♥.❛♥❤❛✳

✼



Capı́tulo 1

❊!♣❛$♦! ❞❡ ❖)❧✐❝③ ❡ ❖)❧✐❝③ ✲ ❙♦❜♦❧❡✈

◆❡"#❡ ❝❛♣'#✉❧♦ ❛♣+❡"❡♥#❛+❡♠♦" ❛❧❣✉♥" +❡"✉❧#❛❞♦" ❝❧0""✐❝♦" ❡♥✈♦❧✈❡♥❞♦ ❡"♣❛3♦" ❞❡ ❖+❧✐❝③

❡ ❖+❧✐❝③✲❙♦❜♦❧❡✈✳

✶✳✶ ✲ ◆✲❋✉♥'(❡*

❉❡✜♥✐%&♦ ✶✳✶✳ ❉✐③❡♠♦" ;✉❡ P : R −→ R < ✉♠❛ ◆✲ ❢✉♥3>♦ ✭♦✉ ❢✉♥3>♦ ❞❡ ❨♦✉♥❣✮ "❡

P (t) =

∫ |t|

0

p(s)ds, t ∈ R,

♦♥❞❡ ❛ ❢✉♥3>♦ +❡❛❧ p : [0,+∞) −→ [0,+∞) #❡♠ ❛" "❡❣✉✐♥#❡" ♣+♦♣+✐❡❞❛❞❡"✿

✭✐✮ p(0) = 0❀

✭✐✐✮ p(s) > 0 ♣❛+❛ s > 0❀

✭✐✐✐✮ p < ❝♦♥#'♥✉❛ D ❞✐+❡✐#❛ ♣❛+❛ ;✉❛❧;✉❡+ s ≥ 0✱ ✐"#♦ <✱ "❡ s ≥ 0✱ ❡♥#>♦ lim
t→s+

p(t) = p(s)❀

✭✐✈✮ p < ♥>♦ ❞❡❝+❡"❝❡♥#❡ ❡♠ [0,+∞)❀

✭✈✮ lim
s→∞

p(s) =∞.

◆❡""❡ ❝❛"♦ ❞✐+❡♠♦" ;✉❡ P < ❛ ◆✲❢✉♥3>♦ +❡♣+❡"❡♥#❛❞❛ ♣♦+ p✳ ❙❡❣✉❡ ❞❛ ♠♦♥♦#♦♥✐❝✐❞❛❞❡

❞❡ p✱ ;✉❡ P < ✉♠❛ ❢✉♥3>♦ ❝♦♥✈❡①❛✳

❆ ♣+♦♣♦"✐3>♦ "❡❣✉✐♥#❡ ♥♦" ❞0 ✉♠❛ ♦✉#+❛ ♠❛♥❡✐+❛ ❞❡ ❞❡✜♥✐+ ◆✲❢✉♥3>♦✿

*+♦♣♦-✐%&♦ ✶✳✷✳ ✭❱❡# ❬✷✶❪ ♦✉ ❬✶✾❪✮ ❯♠❛ ❢✉♥12♦ ❝♦♥✈❡①❛ ❡ ❝♦♥67♥✉❛ P : R → [0,+∞) 8

◆✲❢✉♥12♦ ;❡✱ ;♦♠❡♥6❡ ;❡✱ ;❛6✐;❢❛③ ❛; ;❡❣✉✐♥6❡; ♣#♦♣#✐❡❞❛❞❡;✿

✭❛✮ C 8 ♣❛#❀

✽



✶✳✶✳ ◆✲❋✉♥'(❡*

✭❜✮ # $ ❡&'(✐'❛♠❡♥'❡ ❝(❡&❝❡♥'❡ ❡♠ [0,+∞)❀

✭❝✮ lim
t→0

P (t)

t
= 0❀

✭❞✮ lim
t→+∞

P (t)

t
= +∞.

❙❡ P $ ✉♠❛ ❢✉♥34♦ ❝♦♥✈❡①❛ &❛'✐&❢❛③❡♥❞♦ ❛& ❝♦♥❞✐39❡& ✭❛✮✲✭❞✮✱ ❡♥'4♦ &✉❛ (❡♣(❡&❡♥'❛♥'❡

✐♥'❡❣(❛❧ $ p : [0,+∞)→ [0,+∞)✱ ♦♥❞❡ p $ ❛ ❞❡(✐✈❛❞❛ ? ❞✐(❡✐'❛ ❞❡ P ✳

❊①❡♠♣❧♦ ✶✳✸✳ ❆* ❢✉♥'(❡* ❛ *❡❣✉✐0 *1♦ ❡①❡♠♣❧♦* ❞❡ ◆✲❢✉♥'(❡*✿

✶✳ P (t) =
|t|p

p
, 1 < p < +∞❀

✷✳ P (t) = et
2
− 1;

✸✳ P (t) = e|t| − |t| − 1;

✹✳ P (t) = (1 + |t|) ln(1 + |t|)− |t|.

❈♦♥*✐❞❡0❡ p : [0,+∞) −→ [0,+∞) ✉♠❛ ❢✉♥'1♦ *❛>✐*❢❛③❡♥❞♦ ❛* ❝♦♥❞✐'(❡* ✭✐✮✲✭✈✮ ❞❛

❉❡✜♥✐'1♦ ✶✳✶✳ ❆**✐♠✱ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞❛ ❛ ❢✉♥'1♦

p̃(s) = sup
p(t)≤s

t. ✭✶✳✶✮

*+♦♣♦,✐./♦ ✶✳✹✳ ❙❡❥❛♠ p &❛'✐&❢❛③❡♥❞♦ ❛& ❝♦♥❞✐39❡& ✭✐✮✲✭✈✮ ❞❛ ❞❡✜♥✐34♦ ✶✳✶ ❡ p̃ ❞❡✜♥✐❞♦

❝♦♠♦ ❡♠ ✭✶✳✶✮✳ ❊♥'4♦ ✈❛❧❡♠ ❛& &❡❣✉✐♥'❡& ❞❡&✐❣✉❛❧❞❛❞❡&✿

✶✳ p̃(p(t)) ≥ t, ∀ t ∈ R+
❀

✷✳ p(p̃(s)) ≥ s, ∀ s ∈ R+
❀

✸✳ p̃(p(t)− ε) ≤ t, ∀ ε > 0 ❡ ∀ t ∈ R+
❀

✹✳ p(p̃(s)− ε) ≤ s, ∀ ε > 0 ❡ ∀ s ∈ R+
✳

❉❡♠♦♥%&'❛)*♦✳

✶✳ ❈♦♥*✐❞❡0❡ ♦ ❝♦♥❥✉♥>♦ At = {t
′ : p(t′) ≤ p(t)}✳ ❈❧❛0❛♠❡♥>❡ t ∈ At ❡ ❛**✐♠

p̃(p(t)) = sup{t′ : p(t′) ≤ p(t)} ≥ t.

✷✳ ❉❡✜♥✐♥❞♦ tn = p̃(s) + 1
n
✱ ❡♥>1♦ p(tn) > s ♣❛0❛ >♦❞♦ n ∈ N ❡ tn ց p̃(s)✳ ❯*❛♥❞♦ ❛

❝♦♥>✐♥✉✐❞❛❞❡ J ❞✐0❡✐>❛ ❞❡ p✱ *❡❣✉❡ K✉❡ p(p̃(s)) ≥ s✳

✾



✶✳✶✳ ◆✲❋✉♥'(❡*

✸✳ ❙❡ t′ *❛.✐*❢❛③ p(t′) ≤ p(t)− ε < p(t)✱ ❡♥.3♦ ❞♦ ❢❛.♦ ❞❡ p *❡6 ♥3♦ ❞❡❝6❡*❝❡♥.❡ *❡❣✉❡ 9✉❡

t′ < t✳ :♦6.❛♥.♦ t ; ❝♦.❛ *✉♣❡6✐♦6 ❞❡

{t′ : p(t′) ≤ p(t)− ε}

❡ ❛**✐♠ p̃(p(t)− ε) = sup{t′ : p(t′) ≤ p(t)− ε} ≤ t✳

✹✳ ❉❛❞♦ ε > 0✱ ♣❡❧❛ ❞❡✜♥✐'3♦ ❞❡ *✉♣6❡♠♦ ❡①✐*.❡ t0 ❡♠ {t : p(t) ≤ s} *❛.✐*❢❛③❡♥❞♦

p̃(s)− ε ≤ t0 ≤ p̃(s), ❞♦♥❞❡ p(p̃(s)− ε) ≤ p(t0) ≤ s.

❖❜"❡$✈❛'(♦ ✶✳✺✳ ✶✳ ❆ ♣❛6.✐6 ❞❛ ♣6♦♣♦*✐'3♦ ❛♥.❡6✐♦6✱ ♣♦❞❡♠♦* 6❡♦❜.❡6 p ❛ ♣❛6.✐6 ❞❡ p̃ ❞❛

*❡❣✉✐♥.❡ ♠❛♥❡✐6❛✿

p(t) = sup{s : p̃(s) ≤ t}.

✷✳ p̃ *❛.✐*❢❛③ ❛* ❝♦♥❞✐'(❡* ✭✐✮✲✭✈✮ ❞❛ ❉❡✜♥✐'3♦ ✶✳✶ ✭❱❡6 ❬✶✾❪✮✳

✸✳ ❙❡ p ; ❝♦♥.N♥✉❛ ❡ ❡*.6✐.❛♠❡♥.❡ ❝6❡*❝❡♥.❡ ❡♠ [0,+∞)✱ ❡♥.3♦ p̃ ❝♦✐♥❝✐❞❡ ❝♦♠ p−1✳

❉❡✜♥✐'(♦ ✶✳✻✳ ❈♦♥*✐❞❡6❡ P ❛ ◆✲❢✉♥'3♦ 6❡♣6❡*❡♥.❛❞❛ ♣♦6 p✳ :❡❧❛ ❖❜*❡6✈❛'3♦ ✶✳✺✲✭✷✮✱ ♣♦✲

❞❡♠♦* ❝♦♥*.6✉✐6 ❛ ◆✲❢✉♥'3♦ 6❡♣6❡*❡♥.❛❞❛ ♣♦6 p̃(s) = sup
p(t)≤s

t✱ 9✉❡ ; ❞❛❞❛ ♣♦6

P̃ (t) =

∫ |t|

0

p̃(s)ds, t ∈ R.

◆❡**❡ ❝❛*♦ ❞✐6❡♠♦* 9✉❡ P̃ ; ❛ ◆✲❢✉♥'3♦ ❝♦♠♣❧❡♠❡♥.❛6 ❛ P ✳

❊①❡♠♣❧♦ ✶✳✼✳ ✭❛✮ ❙❡❥❛ P1(t) = |t|
p/p ❛ ◆✲❢✉♥'3♦ 6❡♣6❡*❡♥.❛❞❛ ♣♦6 p1(t) = tp−1✱ ❝♦♠

1 < p < +∞✳ ❊♥.3♦ p̃1(s) = s
1

p−1
❡ ♣♦6.❛♥.♦ P̃1(s) = |s|

q/q✱ ♦♥❞❡ 1/p+ 1/q = 1❀

✭❜✮ :❛6❛ ❛ ❢✉♥'3♦ ❞❡ ❨♦✉♥❣ P2(t) = e|t|−|t|−1, .❡♠♦* 9✉❡ p2(t) = (P2(t))
′ = et−1 (t ≥ 0)✱

❞♦♥❞❡ *❡❣✉❡ 9✉❡ p̃2(s) = ln(s+ 1) (s ≥ 0) ❡

P̃2(s) =

∫ |s|

0

p̃2(r)dr = (1 + |s|)ln(1 + |s|)− |s|.

❱❛❧❡ ♦❜*❡6✈❛6 9✉❡ ♥❡♠ *❡♠♣6❡ ; ♣♦**N✈❡❧ ❡♥❝♦♥.6❛6 ✉♠❛ ❢V6♠✉❧❛ ❡①♣❧N❝✐.❛ ♣❛6❛ ❛ ◆✲❢✉♥'3♦

❝♦♠♣❧❡♠❡♥.❛6✳ :♦6 ❡①❡♠♣❧♦✱ *❡ P (t) = et
2
− 1✱ ❡♥.3♦ p(t) = 2tet

2
❡ ♥3♦ ♣♦❞❡♠♦* ❡①♣❧✐❝✐.❛6

✉♠❛ ❡①♣6❡**3♦ ♣❛6❛ p̃(s)✳

:❛6❛ 9✉❛✐*9✉❡6 t, s ∈ R✱ *❡❣✉❡ ❞❛ ❞❡*✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ 9✉❡

ts ≤
|t|p

p
+
|s|q

q
, ♦♥❞❡ p, q > 1 ❡

1

p
+
1

q
= 1. ✭✶✳✷✮

❆ ♣6V①✐♠❛ ♣6♦♣♦*✐'3♦ ♥♦* ❛**❡❣✉6❛ 9✉❡ ❛ ❞❡*✐❣✉❛❧❞❛❞❡ ✭✶✳✷✮ ❛✐♥❞❛ ♣❡6♠❛♥❡❝❡ ✈W❧✐❞❛ *❡

.6♦❝❛6♠♦* ❛* ◆✲❢✉♥'(❡* |t|p/p ❡ |t|q/q ♣♦6 9✉❛❧9✉❡6 ♦✉.6♦ ♣❛6 ❞❡ ◆✲❢✉♥'(❡* ❝♦♠♣❧❡♠❡♥.❛6❡*✳

✶✵
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 !♦♣♦$✐&'♦ ✶✳✽✳ ✭❉❡#✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✮ ❙❡❥❛♠ P ❡ P̃ ✉♠ ♣❛2 ❞❡ ◆✲❢✉♥67❡# ❝♦♠♣❧❡♠❡♥✲

9❛2❡#✳ ❊♥9<♦ ♣❛2❛ =✉❛✐#=✉❡2 t ❡ s ∈ R ✈❛❧❡ ❛ #❡❣✉✐♥9❡ ❞❡#✐❣✉❛❧❞❛❞❡✿

ts ≤ P (t) + P̃ (s).

❉❡♠♦♥%&'❛)*♦✳

❋✐❣✉-❛ ✶✳✶✿ ◆✲❢✉♥'(❡* ❝♦♠♣❧❡♠❡♥6❛-❡*

7❡❧❛ ❝♦♥*6-✉'8♦ ❞❡ P̃ : ❣❡♦♠❡6-✐❝❛♠❡♥6❡ ❝❧❛-♦ ;✉❡

|t|p(|t|) = P (|t|) + P̃ (p(|t|) ✭✶✳✸✮

❡

|s|p̃(|s|) = P (p̃(|s|)) + P̃ (|s|). ✭✶✳✹✮

7❡❧❛ ♣❛-✐❞❛❞❡ ❞❡ P ❡ P̃ ✱ ♣-❡❝✐*❛♠♦* ♣-♦✈❛- ❛ ❞❡*✐❣✉❛❧❞❛❞❡ ❛♣❡♥❛* ♥♦ ❝❛*♦ ❡♠ ;✉❡ t, s ≥ 0✳

7-✐♠❡✐-❛♠❡♥6❡ *✉♣♦♥❤❛ ;✉❡ p(t) ≤ s✳ 7❡❧❛ 7-♦♣♦*✐'8♦ ✶✳✹

∫ s

p(t)

p̃(r)dr ≥ p̃(p(t))(s− p(t)) ≥ t(s− p(t)).

❉❛D

P (t) + P̃ (s) = P (t) +

∫ s

0

p̃(r)dr

= P (t) +

∫ p(t)

0

p̃(r)dr +

∫ s

p(t)

p̃(r)dr

≥ P (t) + st− tp(t) +

∫ p(t)

0

p̃(r)dr

= P (t) + P̃ (p(t)) + st− tp(t)
(1.3)
= st.

7♦- ♦✉6-♦ ❧❛❞♦✱ *❡ p(t) > s✱ ❡♥68♦ p̃(s) < t ❡ ♣♦-6❛♥6♦ ♣♦- ✉♠ -❛❝✐♦❝D♥✐♦ ❛♥E❧♦❣♦ ❡ ✉*❛♥❞♦

❛ ✐❞❡♥6✐❞❛❞❡ ✭✶✳✹✮ ♦❜6❡♠♦* 6❛♠❜:♠ ❛ ❞❡*✐❣✉❛❧❞❛❞❡ -❡;✉❡-✐❞❛✳

7-♦✈❛-❡♠♦* ❛ *❡❣✉✐- ❛❧❣✉♠❛* ♣-♦♣-✐❡❞❛❞❡* G6❡✐* ❞❛* ◆✲❢✉♥'(❡*✿

✶✶
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 !♦♣♦$✐&'♦ ✶✳✾✳ ❙❡❥❛♠ P ❡ P̃ ✉♠ ♣❛' ❞❡ ◆✲❢✉♥-.❡/ ❝♦♠♣❧❡♠❡♥3❛'❡/✳ ❊♥36♦ ❛/ /❡❣✉✐♥3❡/

♣'♦♣'✐❡❞❛❞❡/ /❡ ✈❡'✐✜❝❛♠✿

✶✳ P (αt) ≤ αP (t) ♣❛'❛ α ∈ [0, 1]❀

✷✳ P (t) < tp(t), ♣❛'❛ 3♦❞♦ t > 0❀

✸✳ P (βt) > βP (t) ♣❛'❛ 3♦❞♦ β > 1 ❡ t 6= 0❀

✹✳ P̃ (p(t)) ≤ P (2t)✱ ♣❛'❛ 3♦❞♦ t ≥ 0❀

✺✳ P̃

(

P (t)

t

)

< P (t), ♣❛'❛ 3♦❞♦ t > 0❀

✻✳ t < P−1(t)P̃−1(t), ♣❛'❛ 3♦❞♦ t > 0✳

❉❡♠♦♥%&'❛)*♦✳

✶✳ ❙❡❣✉❡ ❞✐/❡0❛♠❡♥0❡ ❞❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ P ❀

✷✳ ❯*❛♥❞♦ ♦ ❢❛0♦ ❞❡ p *❡/ ♥;♦ ❞❡❝/❡*❝❡♥0❡

P (t) =

∫ t

0

p(s)ds ≤ p(t)t.

❙✉♣♦♥❤❛ >✉❡ ❡①✐*0❛ t0 > 0 *❛0✐*❢❛③❡♥❞♦ P (t0) = t0p(t0)✳ ◆❡**❡ ❝❛*♦

∫ t0

0

p(t0)dr = t0p(t0) = P (t0) =

∫ t0

0

p(r)dr. ✭✶✳✺✮

❈♦♠♦ t0 > 0 ❡ p(t0) ≥ p(r), ♣❛/❛ 0♦❞♦ 0 ≤ r ≤ t0✱ ❡♥0;♦ ♣❛/❛ >✉❡ ✭✶✳✺✮ ✈❛❧❤❛✱

❞❡✈❡♠♦* 0❡/ p(r) = p(t0), >✳0✳♣ r ∈ (0, t0)✳ ❆**✐♠✱ ♣❡❧❛ ❝♦♥0✐♥✉✐❞❛❞❡ G ❞✐/❡✐0❛ ❞❡ p

♦❜0❡♠♦* 0 < p(t0) = p(0) = 0✱ ♦ >✉❡ I ❛❜*✉/❞♦✳ J♦/0❛♥0♦ P (t) < tp(t), ∀ t > 0❀

✸✳ J❡❧❛ ♣❛/✐❞❛❞❡ ❞❡ P ✱ ♣/❡❝✐*❛♠♦* ♣/♦✈❛/ ❛ ❞❡*✐❣✉❛❧❞❛❞❡ ❛♣❡♥❛* ♣❛/❛ t > 0✳ ❚♦♠❡ ❡♥0;♦

t > 0✱ ❞❡**❡ ♠♦❞♦

P (βt) =

∫ βt

0

p(r)dr =

∫ t

0

p(r)dr +

∫ βt

t

p(r)dr

≥ P (t) + (β − 1)tp(t) > βP (t);

❡ ♣♦/0❛♥0♦ ❛ ❞❡*✐❣✉❛❧❞❛❞❡ *❡❣✉❡❀

✹✳ P̃ (p(t))
(1.3)
= tp(t)− P (t) ≤ tp(t) ≤

∫ 2t

t

p(r)dr ≤

∫ 2t

0

p(r)dr = P (2t);

✶✷
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✺✳ ❚♦♠❛♥❞♦ t > 0✱ ♣❡❧♦ ✐5❡♠ ✷ ❞❡*5❛ ♣7♦♣♦*✐'8♦✱ P (t)/t < p(t)✳ ❈♦♥*✐❞❡7❡ ε > 0 5❛❧ :✉❡

P (t)/t = p(t)− ε. ;❡❧❛ ;7♦♣♦*✐'8♦ ✶✳✹ ❡ ❛ ✐❞❡♥5✐❞❛❞❡ ✭✶✳✹✮✱ 5❡♠♦*

P̃

(

P (t)

t

)

<
P (t)

t
p̃

(

P (t)

t

)

=
P (t)

t
p̃(p(t)− ε) ≤

P (t)

t
t = P (t);

✻✳ ;❡❧♦ ✐5❡♠ ❛♥5❡7✐♦7 5❡♠♦* :✉❡ P̃
(

P (t)
t

)

< P (t)✳ ❈♦♠♦ P @ ❜✐❥❡5✐✈❛ ❡♠ [0,∞)✱ ❝♦♥*✐❞❡✲

7❡♠♦* s > 0 5❛❧ :✉❡ P (s) = t✳ ❙❡♥❞♦ ❛**✐♠✱

P̃

(

t

P−1(t)

)

< t,

♣♦75❛♥5♦ t < P−1(t)P̃−1(t).

❉❡✜♥✐%&♦ ✶✳✶✵✳ ❙❡❥❛ P ✉♠❛ ◆✲❢✉♥'8♦✳ ❉✐③❡♠♦* :✉❡ P *❛5✐*❢❛③ ❛ ❝♦♥❞✐'8♦ ∆2 ✭ ; ∈ ∆2✮

*❡ ❡①✐*5❡♠ ❝♦♥*5❛♥5❡* k > 0 ❡ t0 ≥ 0 5❛✐* :✉❡

P (2t) ≤ kP (t), ∀ t ≥ t0.

❊①❡♠♣❧♦ ✶✳✶✶✳ ❙❛5✐*❢❛③❡♠ ❛ ❝♦♥❞✐'8♦ ∆2✿

✶✳ P1(t) =
|t|p

p
, 1 < p < +∞;

✷✳ P̃2(s) = (1 + |s|) ln(1 + |s|)− |s|;

◆8♦ *❛5✐*❢❛③❡♠ ❛ ❝♦♥❞✐'8♦ ∆2✿

✸✳ P2(t) = e|t| − |t| − 1❀

✹✳ P (t) = et
2
− 1.

▲❡♠❛ ✶✳✶✷✳ ❯♠❛ ◆✲❢✉♥()♦ P +❛,✐+❢❛③ ❛ ❝♦♥❞✐()♦ ∆2 +❡✱ +♦♠❡♥,❡ +❡✱ ♣❛4❛ ❝❛❞❛ l > 1✱

❡①✐+,❡♠ ❝♦♥+,❛♥,❡+ kl ❡ t0 ≥ 0 +❛,✐+❢❛③❡♥❞♦

P (lt) ≤ klP (t), t ≥ t0. ✭✶✳✻✮

❉❡♠♦♥%&'❛)*♦✳ ❙✉♣♦♥❤❛ :✉❡ P ∈ ∆2 ✳ ❊♥58♦

P (2t) ≤ kP (t), ∀ t ≥ t0.

❈♦♥*✐❞❡7❛♥❞♦ l > 1 ❛7❜✐57O7✐♦ ❡ n ∈ N 5❛❧ :✉❡ l < 2n✱ 5❡♠♦* :✉❡ ♣❛7❛ t ≥ t0

P (lt) ≤ P (2nt) ≤ knP (t).

❘❡❝✐♣7♦❝❛♠❡♥5❡✱ *❡ ✈❛❧❡ ✭✶✳✻✮ ♣❛7❛ 5♦❞♦ l > 1✱ ❡♥58♦ ❡♠ ♣❛75✐❝✉❧❛7 ✭✶✳✻✮ ✈❛❧❡ ♣❛7❛ l = 2✳

✶✸
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▲❡♠❛ ✶✳✶✸✳ ❯♠❛ ❝♦♥❞✐()♦ ♥❡❝❡++,-✐❛ ❡ +✉✜❝✐❡♥0❡ ♣❛-❛ 2✉❡ ✉♠❛ ◆✲❢✉♥()♦ P +❛0✐+❢❛(❛ ❛

❝♦♥❞✐()♦ ∆2 6 2✉❡ ❡①✐+0❛♠ ❝♦♥+0❛♥0❡+ t0 > 0 ❡ α > 1 0❛❧ 2✉❡

tp(t)

P (t)
< α, ♣❛-❛ 0♦❞♦ t ≥ t0.

❉❡♠♦♥%&'❛)*♦✳ ❙❡ P ∈ ∆2✱ ❝♦♥&✐❞❡)❡ k ❡ t0 *❛✐& ,✉❡

P (2t) ≤ kP (t), ∀ t ≥ t0.

.❡❧❛ .)♦♣♦&✐12♦ ✶✳✾✱ 2P (t) < P (2t) ≤ kP (t) ♣❛)❛ *♦❞♦ t > 0✱ ❛&&✐♠ k > 2✳ ❚♦♠❛♥❞♦

t ≥ t0✱ *❡♠♦&

kP (t) ≥ P (2t) =

∫ 2t

0

p(r)dr ≥

∫ 2t

t

p(r)dr ≥ p(t)t.

.♦)*❛♥*♦

tp(t)

P (t)
≤ k, ∀ t ≥ t0,

♦♥❞❡ k > 2✳

❘❡❝✐♣)♦❝❛♠❡♥*❡✱ &❡ ❡①✐&*❡♠ ❝♦♥&*❛♥*❡& t0 > 0 ❡ α > 1 &❛*✐&❢❛③❡♥❞♦

tp(t)

P (t)
< α, ∀ t ≥ t0,

❡♥*2♦

ln

(

P (2t)

P (t)

)

=

∫ 2t

t

p(r)

P (r)
dr ≤

∫ 2t

t

αP (r)

rP (r)
dr = α(ln(2t)− ln t) = α ln 2,

❞♦♥❞❡ P (2t) ≤ 2αP (t), ∀ t ≥ t0✳

❖❜"❡$✈❛'(♦ ✶✳✶✹✳ ❙❡ P ∈ ∆2✱ ❡♥*2♦ ♣❡❧♦ ▲❡♠❛ ✶✳✶✸ ❡ ❝♦♥&✐❞❡)❛♥❞♦✱ &❡♠ ♣❡)❞❛ ❞❡ ❣❡♥❡)❛✲

❧✐❞❛❞❡✱ t0 > 1 *❡♠♦& ,✉❡

ln

(

P (t)

P (t0)

)

=

∫ t

t0

p(r)

P (r)
dr ≤

∫ t

t0

α

r
dr = ln

(

t

t0

)α

❡ ♣♦)*❛♥*♦ P (t) ≤ Ctα ♣❛)❛ *♦❞♦ t ≥ t0 ❡ ❛❧❣✉♠❛ ❝♦♥&*❛♥*❡ α > 1✳ ❈♦♥&❡,✉❡♥*❡♠❡♥*❡ ♦

❣)❛✉ ❞❡ ✉♠❛ ◆✲❢✉♥12♦ P ∈ ∆2 B ❞♦♠✐♥❛❞♦✱ ♣❛)❛ t &✉✜❝✐❡♥*❡♠❡♥*❡ ❣)❛♥❞❡✱ ♣♦) ✉♠❛ ❢✉♥12♦

♣♦❧✐♥♦♠✐❛❧ Ctα ❝♦♠ α > 1✳ .♦) ❡&&❛ )❛③2♦ ❛& ◆✲❢✉♥1D❡& e|t|− |t| − 1 ❡ et
2
− 1 ♥2♦ &❛*✐&❢❛③❡♠

❛ ❝♦♥❞✐12♦ ∆2✱ ♣♦✐& ❡❧❛& ✈2♦ ♣❛)❛ ✐♥✜♥✐*♦ ♠❛✐& )F♣✐❞♦ ,✉❡ ,✉❛❧,✉❡) ❢✉♥12♦ ♣♦❧✐♥♦♠✐❛❧✳

❉❡✜♥✐'(♦ ✶✳✶✺✳ ❉✐③❡♠♦& ,✉❡ ✉♠❛ ◆✲❢✉♥12♦ P &❛*✐&❢❛③ ❛ ❝♦♥❞✐12♦ ∆̃2✱ &❡ ❡①✐&*❡♠ ❝♦♥&*❛♥*❡&

l > 1 ❡ s0 ≥ 0 *❛❧ ,✉❡

2lP̃ (s) ≤ P̃ (ls), ∀ s ≥ s0.

✶✹



✶✳✶✳ ◆✲❋✉♥'(❡*

▲❡♠❛ ✶✳✶✻✳ ❈♦♥#✐❞❡'❡ P ❛ ◆✲❢✉♥-.♦ '❡♣'❡#❡♥0❛❞❛ ♣♦' p✳ ❙❡ ❡①✐#0❡♠ ❝♦♥#0❛♥0❡# β > 1 ❡

t0 > 0 #❛0✐#❢❛③❡♥❞♦
tp(t)

P (t)
≥ β, ∀ t ≥ t0,

❡♥0.♦ P #❛0✐#❢❛③ ❛ ❝♦♥❞✐-.♦ ∆̃2✳

❉❡♠♦♥%&'❛)*♦✳ ❙❡❣✉❡ ❞❡ ♠❛♥❡✐1❛ ❛♥2❧♦❣❛ ❛♦ ▲❡♠❛ ✶✳✶✸

▲❡♠❛ ✶✳✶✼✳ ❯♠❛ ◆✲❢✉♥-.♦ P #❛0✐#❢❛③ ∆2 #❡✱ ❡ #♦♠❡♥0❡ #❡✱ P̃ #❛0✐#❢❛③ ∆̃2✱ ♦♥❞❡ P̃ 9 ❛

◆✲❢✉♥-.♦ ❝♦♠♣❧❡♠❡♥0❛' ❛ P ✳

❉❡♠♦♥%&'❛)*♦✳ ❙✉♣♦♥❤❛ 9✉❡ P̃ ∈ ∆̃2✳ ◆❡**❡ ❝❛*♦ ❡①✐*<❡♠ ❝♦♥*<❛♥<❡* l > 1 ❡ s0 ≥ 0 <❛✐* 9✉❡

P̃ (s) ≤
1

2l
P̃ (ls), ∀ s ≥ s0.

❉❡✜♥❛

P1(s) =
1

2l
P̃ (ls).

❆✜*♠❛+,♦ ✶✳✶✽✳ P̃1(t) =
1

2l
P (2t).

❖❜*❡1✈❡ 9✉❡

P1(s) =
1

2l
P̃ (ls) =

1

2l

∫ ls

0

p̃(r)dr =
1

2

∫ s

0

p̃(lr)dr,

❞❡**❡ ♠♦❞♦ P1 B ❛ ◆✲❢✉♥'D♦ 1❡♣1❡*❡♥<❛❞❛ ♣♦1 p1(r) :=
1
2
p̃(lr). ❙❡♥❞♦ ❛**✐♠

p̃1(s) = sup{r : p1(r) ≤ s}

= sup{r : p̃(lr) ≤ 2s}

=
1

l
sup{r : p̃(r) ≤ 2s} =

1

l
p(2s),

❞♦♥❞❡ ♦❜<❡♠♦* 9✉❡

P̃1(t) =

∫ t

0

p̃1(r)dr =
1

l

∫ t

0

p(2r)dr =
1

2l

∫ 2t

0

p(r)dr =
1

2l
P (2t).

❆✜*♠❛+,♦ ✶✳✶✾✳

1

2l
P (2t) ≤ P (t), ∀ t ≥ t0 = p1(s0).

E♦1 ❤✐♣F<❡*❡

P̃ (s) ≤ P1(s), s ≥ s0, ✭✶✳✼✮

❡♥<1❡<❛♥<♦✱ ❝♦♥*✐❞❡1❛♥❞♦ t ≥ t0, <❡♠♦* ♣❡❧❛ E1♦♣♦*✐'D♦ ✶✳✹ 9✉❡

p̃1(t) ≥ p̃1(t0) = p̃1(p1(s0)) ≥ s0. ✭✶✳✽✮

✶✺



✶✳✷✳ ❈❧❛&&❡& ❞❡ ❖*❧✐❝③

.♦* ♦✉1*♦ ❧❛❞♦✱ ♣♦* ✭✶✳✹✮ &❡❣✉❡ 8✉❡

p̃1(t)t = P1(p̃1(t)) + P̃1(t)

❡ ♣❡❧❛ ❞❡&✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ 1❡♠♦&

p̃1(t)t ≤ P̃ (p̃1(t)) + P (t).

❆&&✐♠✱

P1(p̃1(t)) + P̃1(t) ≤ P̃ (p̃1(t)) + P (t). ✭✶✳✾✮

❉❡&&❡ ♠♦❞♦✱ &❡ t ≥ t0✱ ❡♥1?♦ ♣♦* ✭✶✳✼✮ ✲ ✭✶✳✾✮ ♦❜1❡♠♦&

P̃1(t) ≤ [P̃ (p̃1(t))− P1(p̃1(t))] + P (t) ≤ P (t),

✐&1♦ C✱ P (2t) ≤ 2lP (t), t ≥ t0✳ .♦*1❛♥1♦ P &❛1✐&❢❛③ ∆2✳

❘❡❝✐♣*♦❝❛♠❡♥1❡✱ &✉♣♦♥❤❛ 8✉❡ P ∈ ∆2✳ ❉❡&&❡ ♠♦❞♦ ❡①✐&1❡♠ ❝♦♥&1❛♥1❡& k > 0 ❡ t0 ≥ 0

1❛✐& 8✉❡

P (2t) ≤ kP (t), ∀ t ≥ t0.

❆❧C♠ ❞✐&&♦✱ &❡❣✉❡ ❞❛ .*♦♣♦&✐H?♦ ✶✳✾ 8✉❡ k > 2✳ ❉❡✜♥✐♥❞♦ P2(t) =
1
k
P (2t), ♣❡❧♦ ♠❡&♠♦

❛*❣✉♠❡♥1♦ ❛♥1❡*✐♦* ♦❜1❡♠♦& 8✉❡ P̃2(s) =
1
k
P̃

(

k
2
s
)

❡ P̃ (s) ≤ P̃2(s), ∀ s ≥ s0 = p(t0).

.♦*1❛♥1♦ P̃ ∈ ∆̃2✱ ❝♦♠♦ 8✉❡*J❛♠♦& ♣*♦✈❛*✳

❉❡✜♥✐%&♦ ✶✳✷✵✳ ❉✐③❡♠♦& 8✉❡ ✉♠❛ ◆✲❢✉♥H?♦ P C ∆✲ *❡❣✉❧❛*✱ &❡ P ∈ ∆2 ∩ ∆̃2✳

❊①❡♠♣❧♦ ✶✳✷✶✳ P1(t) = |t|
p/p C ∆✲ *❡❣✉❧❛*✳

✶✳✷ ✲ ❈❧❛''❡' ❞❡ ❖+❧✐❝③

◆♦ 8✉❡ &❡❣✉❡ Ω ⊂ RN
C ✉♠ ❞♦♠J♥✐♦ ❧✐♠✐1❛❞♦ ❝♦♠ ❢*♦♥1❡✐*❛ &✉❛✈❡✱ ♦♥❞❡ ❡&1❛♠♦& ❝♦♥&✐✲

❞❡*❛♥❞♦ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡&❣✉❡✳

❉❡✜♥✐%&♦ ✶✳✷✷✳ ❙❡❥❛ P ✉♠❛ ◆✲❢✉♥H?♦✳ ❆ ❝❧❛&&❡ ❞❡ ❖*❧✐❝③ LP (Ω) C ❞❡✜♥✐❞❛ ♣♦*

LP (Ω) =

{

u : Ω→ R ♠❡♥&✉*P✈❡❧;

∫

Ω

P (u(x))dx < +∞

}

.

❊♠ ♣❛*1✐❝✉❧❛*✱ L∞(Ω) ⊂ LP (Ω)✱ ♣❛*❛ 8✉❛❧8✉❡* ◆✲❢✉♥H?♦ P ✳

✶✻



✶✳✷✳ ❈❧❛&&❡& ❞❡ ❖*❧✐❝③

❖❜"❡$✈❛'(♦ ✶✳✷✸✳ ❆❞♦0❛*❡♠♦& ❛ &❡❣✉✐♥0❡ ♥♦0❛56♦✿

ρ(u) = ρ(u, P ) :=

∫

Ω

P (u(x))dx.

❊①❡♠♣❧♦ ✶✳✷✹✳ ❖& ❡&♣❛5♦& ❞❡ ▲❡❜❡&❣✉❡ Lp(Ω) ❝♦♠ p > 1✱ &6♦ ❝❛&♦& ❡&♣❡❝✐❛✐& ❞❡ ❝❧❛&&❡& ❞❡

❖*❧✐❝③✳ ❉❡ ❢❛0♦✱ &❡ ❝♦♥&✐❞❡*❛*♠♦& ❛ ◆✲❢✉♥56♦ P (t) = |t|p/p✱ 0❡♠♦& @✉❡ ♦ ❝♦♥❥✉♥0♦ Lp(Ω) =

LP (Ω)✳

❚❡♦$❡♠❛ ✶✳✷✺✳ L1(Ω) =
⋃

P

LP (Ω)✱ ♦♥❞❡ ❛ ✉♥✐(♦ ) *♦♠❛❞❛ ,♦❜.❡ *♦❞❛, ❛, ◆✲❢✉♥23❡,✳

❉❡♠♦♥%&'❛)*♦✳ ❈♦♥&✐❞❡*❡ u ∈ LP (Ω)✱ ♣❛*❛ ❛❧❣✉♠❛ ◆✲❢✉♥56♦ P (t) =

∫ |t|

0

p(r)dr✳ ❙❡ u C

❧✐♠✐0❛❞❛✱ ❡♥06♦ u ∈ L1(Ω)✳ ❙✉♣♦♥❤❛ ❡♥06♦ @✉❡ u C ✐❧✐♠✐0❛❞❛✳

❈♦♠♦ p(t) → +∞ @✉❛♥❞♦ t → +∞✱ ❡♥06♦ 0♦♠❡♠♦& K > 0 0❛❧ @✉❡ p
(

|u(x)|
2

)

≥ 1✱ ♣❛*❛

0♦❞♦ |u(x)| > K✳ ❉❡✜♥✐♥❞♦

ΩK = {x ∈ Ω : |u(x)| ≤ K},

♦❜0❡♠♦&✿

+∞ > 2

∫

Ω

P (|u|)dx = 2

∫

Ω

∫ |u(x)|

0

p(r)drdx ≥ 2

∫

Ω

∫ |u(x)|

|u(x)|/2

p(r)drdx

≥

∫

Ω

p

(

|u(x)|

2

)

|u(x)|dx ≥

∫

Ω\ΩK

p

(

|u(x)|

2

)

|u(x)|dx. ✭✶✳✶✵✮

❉❛I✱

∫

Ω

|u(x)|dx =

∫

Ω\ΩK

|u(x)|dx+

∫

ΩK

|u(x)|dx

≤

∫

Ω\ΩK

|u(x)|dx+K|ΩK |

≤

∫

Ω\ΩK

p

(

|u(x)|

2

)

|u(x)|dx+K|ΩK |
(1.10)
< +∞,

♣♦*0❛♥0♦ u ∈ L1(Ω)✳

❚♦♠❡ ❛❣♦*❛ u ∈ L1(Ω)✳ ◗✉❡*❡♠♦& ♣*♦✈❛* @✉❡ u ∈ LP (Ω)✱ ♣❛*❛ ❛❧❣✉♠❛ ◆✲❢✉♥56♦ P ✳ M❛*❛

✐&&♦ ❝♦♥&✐❞❡*❡ ♦& ❝♦♥❥✉♥0♦&

Ωn = {x ∈ Ω : n− 1 ≤ |u(x)| < n}.

❆&&✐♠✱

∫

Ω

|u(x)|dx =
∞
∑

n=1

∫

Ωn

|u(x)|dx

≥
∞
∑

n=1

(n− 1)|Ωn| =
∞
∑

n=1

n|Ωn| − |Ω|.

✶✼



✶✳✷✳ ❈❧❛&&❡& ❞❡ ❖*❧✐❝③

.♦*0❛♥0♦✱

∞
∑

n=1

n|Ωn| < +∞.

❙❡❥❛ {αn} ⊂ R ✉♠❛ &❡7✉8♥❝✐❛ ❡&0*✐0❛♠❡♥0❡ ❝*❡&❝❡♥0❡✱ ❝*❡&❝❡♥❞♦ ✐♥❞❡✜♥✐❞❛♠❡♥0❡✱ ❝♦♠

α1 = 1✱ ♣❛*❛ ❛ 7✉❛❧ ❛✐♥❞❛ 0❡♥❤❛♠♦&

∞
∑

n=1

αnn|Ωn| < +∞.

❉❡✜♥✐♥❞♦ p : [0,∞) −→ [0,∞) ♣♦*

p(t) =

{

t, 0 ≤ t < 1,

αn, n ≤ t < n+ 1,

0❡♠♦& 7✉❡ p = ♥>♦ ❞❡❝*❡&❝❡♥0❡✱ ❝♦♥0?♥✉❛ @ ❞✐*❡✐0❛✱ p(0) = 0✱ p(t) > 0 ♣❛*❛ t > 0 ❡

lim
t→∞

p(t) =∞✳ ❈♦♥&✐❞❡*❛♥❞♦ ❛ ◆✲❢✉♥D>♦

P (t) =

∫ |t|

0

p(r)dr,

♣❡❧♦ ❢❛0♦ ❞❡ P (n) =

∫ n

0

p(r)dr ≤ nαn 0❡♠♦&

∫

Ω

P (|u(x)|)dx =
∞
∑

n=1

∫

Ωn

P (|u(x)|)dx

≤
∞
∑

n=1

P (n)|Ωn| ≤
∞
∑

n=1

nαn|Ωn| <∞.

.♦*0❛♥0♦ u ∈ LP (Ω)✱ ❝♦♠♦ 7✉❡*?❛♠♦& ♣*♦✈❛*✳

❖ ♣*F①✐♠♦ *❡&✉❧0❛❞♦ ❡&0❛❜❡❧❡❝❡ ✉♠❛ ♠❛♥❡✐*❛ ❞❡ ❝♦♠♣❛*❛* ❞✉❛& ❝❧❛&&❡& ❞❡ ❖*❧✐❝③✳

❚❡♦#❡♠❛ ✶✳✷✻✳ ❙❡❥❛♠ P1 ❡ P2 ❞✉❛' ◆✲❢✉♥,-❡'✳ ❆ ✐♥❝❧✉'3♦

LP1(Ω) ⊂ LP2(Ω)

♦❝♦55❡ '❡✱ '♦♠❡♥7❡ '❡✱ ❡①✐'7❡♠ ❝♦♥'7❛♥7❡' ♣♦'✐7✐✈❛' t0 ❡ a 7❛✐' ;✉❡

P2(t) ≤ aP1(t), ∀ t ≥ t0. ✭✶✳✶✶✮

❉❡♠♦♥%&'❛)*♦✳ (⇐) ❈♦♥&✐❞❡*❛♥❞♦ u ∈ LP1(Ω)✱ 0❡♠♦& 7✉❡

ρ(u, P2) ≤ |Ω|P2(t0) + aρ(u, P1) <∞.

✶✽



✶✳✷✳ ❈❧❛&&❡& ❞❡ ❖*❧✐❝③

(⇒) ❙✉♣♦♥❤❛✱ ♣♦* ❛❜&✉*❞♦✱ 6✉❡ ✭✶✳✶✶✮ ♥9♦ &❡ ✈❡*✐✜6✉❡✳ ◆❡&&❡ ❝❛&♦ ❡①✐&>❡ ✉♠❛ &❡6✉@♥❝✐❛

❝*❡&❝❡♥>❡ {tn}✱ ❝♦♠ t1 > 0✱ >❛❧ 6✉❡

P2(tn) > 2nP1(tn).

❉✐✈✐❞✐♥❞♦ Ω ❡♠ &✉❜❞♦♠B♥✐♦& Ωn >❛✐& 6✉❡

|Ωn| =
P1(t1)|Ω|

2nP1(tn)
,

✈❛♠♦& ❞❡✜♥✐* u : Ω −→ R ❝♦♠♦ &❡❣✉❡✿

u(x) =











tn, &❡ x ∈ Ωn,

0, &❡ x /∈
∞
⋃

n=1

Ωn.

❆✜*♠❛♠♦& 6✉❡ u ❛&&✐♠ ❞❡✜♥✐❞❛ ♣❡*>❡♥❝❡ ❛ LP1(Ω)✳ ❉❡ ❢❛>♦✱

ρ(u, P1) =
∞
∑

n=1

∫

Ωn

P1(u(x))dx =
∞
∑

n=1

P1(tn)|Ωn| = P1(t1)|Ω|
∞
∑

n=1

1

2n
<∞.

G*♦✈❛*❡♠♦& ❛❣♦*❛ 6✉❡ u /∈ LP2(Ω)✱ ♦ 6✉❡ H ✉♠ ❛❜&✉*❞♦✳ G❛*❛ ✐&>♦✱ ♦❜&❡*✈❡ 6✉❡

ρ(u, P2) =
∞
∑

n=1

∫

Ωn

P2(u(x))dx =
∞
∑

n=1

P2(tn)|Ωn|

>
∞
∑

n=1

2nP1(tn)|Ωn| =
∞
∑

n=1

2nP1(tn)|Ω|
P1(t1)

P1(tn)
=∞.

❖❜"❡$✈❛'(♦ ✶✳✷✼✳ ❙❡❣✉❡ ❞♦ >❡♦*❡♠❛ ❛♥>❡*✐♦* 6✉❡ ❞✉❛& ◆✲❢✉♥JK❡& P1 ❡ P2 ❞❡>❡*♠✐♥❛♠ ❛

♠❡&♠❛ ❝❧❛&&❡ ❞❡ ❖*❧✐❝③ &❡✱ &♦♠❡♥>❡ &❡✱ ❡①✐&>❡♠ ❝♦♥&>❛♥>❡& ♣♦&✐>✐✈❛& a, b ❡ t0✱ >❛✐& 6✉❡

aP2(t) ≤ P1(t) ≤ bP2(t), ∀ t ≥ t0.

❉❡ ♠♦❞♦ ❣❡*❛❧✱ ✉♠❛ ❝❧❛&&❡ ❞❡ ❖*❧✐❝③ ♥9♦ >❡♠ ❡&>*✉>✉*❛ ❞❡ ❡&♣❛J♦ ✈❡>♦*✐❛❧ ✭✈❡* ❬✶✾❪✱ ♣❣ ✻✺✮✳

❖ ♣*Q①✐♠♦ *❡&✉❧>❛❞♦ ♥♦& ❞R ✉♠❛ ❝♦♥❞✐J9♦ ♥❡❝❡&&R*✐❛ ❡ &✉✜❝✐❡♥>❡ ♣❛*❛ 6✉❡ ✉♠❛ ❞❡>❡*♠✐♥❛❞❛

❝❧❛&&❡ ❞❡ ❖*❧✐❝③ &❡❥❛ ✉♠ ❡&♣❛J♦ ✈❡>♦*✐❛❧✳

❚❡♦$❡♠❛ ✶✳✷✽✳ ❙❡❥❛ P ✉♠❛ ◆✲❢✉♥*+♦✳ ❊♥/+♦ LP (Ω) 0 ❡1♣❛*♦ ✈❡/♦4✐❛❧ 1❡✱ ❡ 1♦♠❡♥/❡ 1❡✱

P ∈ ∆2✳

❉❡♠♦♥%&'❛)*♦✳ (⇒) ❙❡ LP (Ω) H ❡&♣❛J♦ ✈❡>♦*✐❛❧ ❡ u ∈ LP (Ω)✱ ❡♥>9♦ 2u ∈ LP (Ω)✱ ✐&>♦ H

ρ(u, P1) <∞, ♦♥❞❡ P1 H ❛ ◆✲❢✉♥J9♦ ❞❛❞❛ ♣♦* P1(t) := P (2t)✳ G♦*>❛♥>♦

LP (Ω) ⊂ LP1(Ω),

✶✾



✶✳✸✳ ❊$♣❛'♦$ ❞❡ ❖,❧✐❝③

❡ ❛$$✐♠ $❡❣✉❡ ❞♦ ❚❡♦,❡♠❛ ✶✳✷✻ 7✉❡ ❡①✐$9❡♠ ❝♦♥$9❛♥9❡$ ♣♦$✐9✐✈❛$ t0 ❡ a 9❛✐$ 7✉❡

P (2t) ≤ aP (t), ∀ t ≥ t0,

♦✉ $❡❥❛✱ P ∈ ∆2✳

(⇐) ❙✉♣♦♥❤❛ 7✉❡ P ∈ ∆2✱ ❡♥9@♦ ❞❛❞♦ l > 1 ❡①✐$9❡♠ ❝♦♥$9❛♥9❡$ ♣♦$✐9✐✈❛$ kl ❡ t0 9❛✐$ 7✉❡

P (lt) ≤ klP (t), ∀ t ≥ t0.

❚♦♠❛♥❞♦ u ∈ LP (Ω) ❡ ❝♦♥$✐❞❡,❛♥❞♦ ♦ ❝♦♥❥✉♥9♦ A = {x : Ω : |u(x)| < t0}✱ 9❡♠♦$ 7✉❡

ρ(lu, P ) =

∫

Ω\A

P (lu(x))dx+

∫

A

P (lu(x))dx

≤ kl

∫

Ω\A

P (u(x))dx+ P (lt0)|A| <∞,

♣♦,9❛♥9♦ lu ∈ LP (Ω) ♣❛,❛ l > 1✳

❙❡ 0 ≤ l ≤ 1✱ ❡♥9@♦ ♣❛,❛ 9♦❞♦ x ∈ Ω 9❡♠♦$ P (lu(x)) ≤ P (u(x))✱ ♣♦✐$ P A ♣❛, ❡ ❝,❡$❝❡♥9❡✱

❛$$✐♠ ρ(lu, P ) ≤ ρ(u, P ) < +∞✳ ◆♦ ❝❛$♦ ❡♠ 7✉❡ l < 0✱ lu ∈ LP (Ω)✱ ♣♦✐$ −lu ∈ LP (Ω) ❡ P

A ♣❛,✳

❈♦♥$✐❞❡,❡ ❛❣♦,❛ u1 ❡ u2 ∈ L
P (Ω)✳ ❊♥9@♦

ρ(u1 + u2, P ) =

∫

Ω

P

(

1

2
(u1(x) + u2(x))

)

dx ≤
1

2
ρ(2u1, P ) +

1

2
ρ(2u2, P ) < +∞,

♣♦,9❛♥9♦ u1 + u2 ∈ L
P (Ω)✳

❉❡ 9✉❞♦ 7✉❡ ♠♦$9,❛♠♦$✱ LP (Ω) A ❡$♣❛'♦ ✈❡9♦,✐❛❧✳

✶✳✸ ✲ ❊%♣❛(♦% ❞❡ ❖-❧✐❝③

❉❛❞❛ ✉♠❛ ◆✲❢✉♥'@♦ P ✱ ❞❡♥♦9❛,❡♠♦$ ♣♦, LP (Ω) ♦ ♠❡♥♦, ❡$♣❛'♦ ✈❡9♦,✐❛❧ 7✉❡ ❝♦♥9A♠

LP (Ω)✳ ❊♠ ♦✉9,❛$ ♣❛❧❛✈,❛$✱ LP (Ω) A ♦ ❡$♣❛'♦ ✈❡9♦,✐❛❧ ❣❡,❛❞♦ ♣♦, LP (Ω)✱ ✐$9♦ A✱

LP (Ω) =
〈

LP (Ω)
〉

.

G❡❧♦ ❚❡♦,❡♠❛ ✶✳✷✽✱ LP (Ω) ❝♦✐♥❝✐❞❡ ❝♦♠ LP (Ω) $❡✱ $♦♠❡♥9❡ $❡✱ P $❛9✐$❢❛③ ∆2✳

❉❡✜♥✐,❡♠♦$ ❛ $❡❣✉✐♥9❡ ♥♦,♠❛ ❡♠ LP (Ω)✿

‖u‖P := sup

{∣

∣

∣

∣

∫

Ω

u(x)v(x)dx

∣

∣

∣

∣

: ρ(v, P̃ ) ≤ 1

}

,

7✉❡ A ❞❡♥♦♠✐♥❛❞❛ ♥♦,♠❛ ❞❡ ❖,❧✐❝③✳

✷✵



✶✳✸✳ ❊$♣❛'♦$ ❞❡ ❖,❧✐❝③

▲❡♠❛ ✶✳✷✾✳ ❈♦♥#✐❞❡'❡ P ❛ ◆✲❢✉♥-.♦ '❡♣'❡#❡♥0❛❞❛ ♣♦' p✳ ❙✉♣♦♥❤❛ 4✉❡ u ∈ LP (Ω) ❡ ‖u‖P ≤

1✳ ❊♥0.♦ ❛ ❢✉♥-.♦ v0(x) := p(|u(x)|) ♣❡'0❡♥❝❡ ❛ LP̃ (Ω) ❡ ρ(v0, P̃ ) ≤ 1✳

❉❡♠♦♥%&'❛)*♦✳ 1,✐♠❡✐,❛♠❡♥4❡ ♣,♦✈❛,❡♠♦$ 6✉❡ ♣❛,❛ 4♦❞❛ ❢✉♥'9♦ v ∈ LP̃ (Ω) 4❡♠♦$

∣

∣

∣

∣

∫

Ω

u(x)v(x)dx

∣

∣

∣

∣

≤

{

‖u‖P , $❡ ρ(v, P̃ ) ≤ 1,

‖u‖P ρ(v, P̃ ), $❡ ρ(v, P̃ ) > 1.
✭✶✳✶✷✮

❆ ♣,✐♠❡✐,❛ ✐♥❡6✉❛'9♦ ❡♠ ✭✶✳✶✷✮ $❡❣✉❡ ❞✐,❡4❛♠❡♥4❡ ❞❛ ❞❡✜♥✐'9♦ ❞❛ ♥♦,♠❛ ‖·‖P ✳ 1❛,❛

♦❜4❡, ❛ $❡❣✉♥❞❛ ✐♥❡6✉❛'9♦✱ ♥♦4❡ 6✉❡ ♣❡❧❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ P 4❡♠♦$

P̃

(

v(x)

ρ(v, P̃ )

)

≤
1

ρ(v, P̃ )
P̃ (v(x)),

❞♦♥❞❡

∫

Ω

P̃

(

v(x)

ρ(v, P̃ )

)

dx ≤
1

ρ(v, P̃ )

∫

Ω

P̃ (v(x))dx = 1.

❙❡♥❞♦ ❛$$✐♠✱ ρ
(

v
ρ(v,P̃ )

, P̃
)

≤ 1✱ ♦ 6✉❡ ✐♠♣❧✐❝❛ ❡♠

∣

∣

∣

∣

∫

Ω

u(x)
v(x)

ρ(v, P̃ )
dx

∣

∣

∣

∣

≤ ‖u‖P

❞❡$$❡ ♠♦❞♦ ♦❜4❡♠♦$ ❛ ✐♥❡6✉❛'9♦ ❞❡$❡❥❛❞❛✳

❙✉♣♦♥❤❛ 6✉❡ ‖u‖P ≤ 1 ❡ ❝♦♥$✐❞❡,❡ ❛ $❡❣✉✐♥4❡ $❡6✉F♥❝✐❛✿

un(x) =

{

|u(x)|, $❡ |u(x)| ≤ n,

0, $❡ |u(x)| > n.

❈♦♠♦ ❛$ ❢✉♥'I❡$ un $9♦ ❧✐♠✐4❛❞❛$✱ 4❡♠♦$ 6✉❡ P̃ (p(|un|) $9♦ ❧✐♠✐4❛❞❛$ ✭ ♥♦4❡ 6✉❡ p ❡ P̃ $9♦

♥9♦ ❞❡❝,❡$❝❡♥4❡$✮ ❡ ♣♦,4❛♥4♦ ♠❡♥$✉,J✈❡✐$✳ ❙✉♣♦♥❤❛ ♣♦, ❛❜$✉,❞♦ 6✉❡ ❛ ❛✜,♠❛'9♦ ❞♦ ❧❡♠❛

♥9♦ $❡❥❛ ✈❡,❞❛❞❡✐,❛✱ ❡♥49♦ ρ(v0, P̃ ) > 1✳ 1❡❧❛ ❝♦♥4✐♥✉✐❞❛❞❡ ❞❡ p ❡ P̃ ✱ 4❡♠♦$ 6✉❡

P̃ (p(|un(x)|)) −→ P̃ (p(|u(x)|)), x ∈ Ω.

❆❧K♠ ❞✐$$♦✱ P̃ (p(|un|)) ≤ P̃ (p(|un+1|)), ∀ n ∈ N. 1♦,4❛♥4♦✱ $❡❣✉❡ ❞♦ ❚❡♦,❡♠❛ ❆✳✸ 6✉❡

lim

∫

Ω

P̃ (p(|un|))dx =

∫

Ω

P̃ (p(|u|))dx > 1

❡ ❛$$✐♠ ❡①✐$4❡ n0 ∈ N 4❛❧ 6✉❡

∫

Ω

P̃ (p(|un0 |)dx > 1.

1♦, ♦✉4,♦ ❧❛❞♦✱

P̃ (p(|un0(x)|)) < P (|un0(x)|) + P̃ (p(|un0(x)|))
(1.3)
= |un0(x)|p(|un0(x)|). ✭✶✳✶✸✮

✷✶



✶✳✸✳ ❊$♣❛'♦$ ❞❡ ❖,❧✐❝③

❈♦♠♦ p(|un0 |) ∈ L
P̃ (Ω)✱ ❡♥56♦ ✐♥5❡❣,❛♥❞♦ ✭✶✳✶✸✮ ♦❜5❡♠♦$✿

∫

Ω

P̃ (p(|un0(x)|))dx <

∫

Ω

|un0(x)|p(|un0(x)|dx

(1.12)

≤ ‖un0‖P

∫

Ω

P̃ (p(|un0(x)|))dx,

❡ ✐$5♦ ❝♦♥5,❛❞✐③ ❛ ✐♥❡<✉❛'6♦ ‖un0‖P ≤ ‖un‖P ≤ 1✳

▲❡♠❛ ✶✳✸✵✳ ❙✉♣♦♥❤❛ '✉❡ u ∈ LP (Ω) ❡ '✉❡ ‖u‖P ≤ 1✳ ❊♥+,♦ u ∈ LP (Ω) ❡ ρ(u, P ) ≤ ‖u‖P .

❉❡♠♦♥%&'❛)*♦✳ ❙❡❥❛ v0(x) = p(|u(x)|)sgnu(x)✱ ❡♥56♦ ♣❡❧♦ ▲❡♠❛ ✶✳✷✾ 5❡♠♦$ <✉❡ ρ(v0, P̃ ) ≤ 1

❡ ♣❡❧❛ ✐❞❡♥5✐❞❛❞❡

u(x)v0(x) = P (u(x)) + P̃ (v0(x)),

♦❜5❡♠♦$

∫

Ω

P (u(x))dx ≤

∫

Ω

P (u(x))dx+

∫

Ω

P̃ (v0(x))dx

=

∫

Ω

u(x)v0(x)dx
lema1.29

≤ ‖u‖P .

C❛,❛ ❝❛❧❝✉❧❛, ❛ ♥♦,♠❛ ‖u‖P ✱ ♣,❡❝✐$❛♠♦$ ❝♦♥❤❡❝❡, ❛ ❡①♣,❡$$6♦ ❞❛ ◆✲❢✉♥'6♦ ❝♦♠♣❧❡♠❡♥5❛,

❛ P ❡ ✐$5♦ ♥❡♠ $❡♠♣,❡ I $✐♠♣❧❡$ ❞❡ $❡ ♦❜5❡,✳ ❆ $❡❣✉✐, ❞❡✜♥✐,❡♠♦$ ✉♠❛ ♥♦,♠❛ ❡<✉✐✈❛❧❡♥5❡ ❛

♥♦,♠❛ ‖·‖P ❡♠ LP (Ω)✱ <✉❡ I ❡①♣,❡$$❛ $♦♠❡♥5❡ ❡♠ 5❡,♠♦$ ❞❡ P ✳

()♦♣♦,✐./♦ ✶✳✸✶✳ ❆ ❡①♣/❡00,♦

|u|P := inf{λ > 0 :

∫

Ω

P

(

u(x)

λ

)

dx ≤ 1},

❞❡✜♥❡ ✉♠❛ ♥♦/♠❛ ❡♠ LP (Ω)✱ ❝❤❛♠❛❞❛ ♥♦/♠❛ ❞❡ ▲✉①❡♠❜✉/❣♦✳

❉❡♠♦♥%&'❛)*♦✳ ❈♦♥$✐❞❡,❛♥❞♦ 0 6= u ∈ LP (Ω)✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✵

ρ

(

u

‖u‖P
, P

)

≤ 1

❡ ❛$$✐♠ |u|P < +∞ ✳ ❙❡ u = 0✱ ❡♥56♦ |u|P = 0✳ C♦,5❛♥5♦ ✱ ❡♠ <✉❛❧<✉❡, ❝❛$♦✱ | · |P ❡$5N ❜❡♠

❞❡✜♥✐❞♦✳

• ❈❧❛,❛♠❡♥5❡✱ $❡ u = 0 ❡♥56♦ |u|P = 0✱ ♣♦✐$ ♥❡$$❡ ❝❛$♦

ρ
(u

λ
, P

)

= 0 ♣❛,❛ 5♦❞♦ λ > 0.

C♦, ♦✉5,♦ ❧❛❞♦✱ $❡ |u|P = 0 ❡♥56♦ ❡①✐$5❡ ✉♠❛ $❡<✉O♥❝✐❛ ❞❡ ♥P♠❡,♦$ ♣♦$✐5✐✈♦$ {λn} 5❛❧

<✉❡

λn → |u|P = 0 ❡ ρ

(

u

λn

, P

)

≤ 1, ∀ n ∈ N.

✷✷



✶✳✸✳ ❊$♣❛'♦$ ❞❡ ❖,❧✐❝③

❋✐①❛♥❞♦ n0 ∈ N✱ ♣❛,❛ n $✉✜❝✐❡♥7❡♠❡♥7❡ ❣,❛♥❞❡ 7❡♠♦$ :✉❡

λn0

λn
> 1✱ ❛$$✐♠ $❡❣✉❡ ❞❛

;,♦♣♦$✐'<♦ ✶✳✾ :✉❡

P

(

u(x)

λn

)

= P

(

λn0

λn

.
|u(x)|

λn0

)

>
λn0

λn

P

(

|u(x)|

λn0

)

=
λn0

λn

P

(

u(x)

λn0

)

.

;♦,7❛♥7♦

λn0

λn

ρ

(

u(x)

λn0

, P

)

≤ ρ

(

u(x)

λn

, P

)

≤ 1, ✭✶✳✶✹✮

♣❛,❛ 7♦❞♦ n $✉✜❝✐❡♥7❡♠❡♥7❡ ❣,❛♥❞❡✳

❋❛③❡♥❞♦ n→∞ ❡♠ ✭✶✳✶✹✮✱ ♦❜7❡♠♦$

+∞ = lim
n→∞

ρ

(

u(x)

λn0

, P

)

≤ 1,

❡①❝❡7♦ $❡ ρ
(

u(x)
λn0

, P
)

= 0 :✳7✳♣ ❡♠ Ω✳ ◆❡$$❡ ❝❛$♦ u(x) = 0 :✳7✳♣ ❡♠ Ω✱ ❝♦♠♦ :✉❡,C❛♠♦$

♦❜7❡,✳

•

|αu|P = inf{λ > 0 : ρ

(

|α|u

λ
, P

)

≤ 1}

= inf{|α|λ′ > 0 : ρ
( u

λ′
, P

)

≤ 1}

= |α| inf{λ′ > 0 : ρ
( u

λ′
, P

)

≤ 1} = |α||u|P .

• ❚♦♠❛♥❞♦ u ❡ v ❡♠ LP (Ω)✱ $❡ u ♦✉ v E ③❡,♦ ❡♥7<♦ ❛ ❞❡$✐❣✉❛❧❞❛❞❡ 7,✐❛♥❣✉❧❛, $❡❣✉❡

7,✐✈✐❛❧♠❡♥7❡✳ ❙❡ ❛♠❜♦$ ❢♦,❡♠ ♥<♦ ✐❞❡♥7✐❝❛♠❡♥7❡ ♥✉❧♦$✱ ❡♥7<♦

ρ

(

u(x) + v(x)

|u|P + |v|P
, P

)

≤ ρ

(

|u(x)|+ |v(x)|

|u|P + |v|P
, P

)

= ρ

(

|u|P
|u|P + |v|P

.
|u(x)|

|u|P
+

|v|P
|u|P + |v|P

.
|v(x)|

|v|P
, P

)

≤
|u|P

|u|P + |v|P
ρ

(

|u(x)|

|u|P
, P

)

+
|v|P

|u|P + |v|P
ρ

(

|v(x)|

|v|P
, P

)

≤ 1

♣♦✐$ ✈❡,❡♠♦$ ♣♦$7❡,✐♦♠❡♥7❡ :✉❡ |u|p = min{λ > 0 : ρ
(u

λ
, P

)

≤ 1}✳ ❆$$✐♠ |u + v|P ≤

|u|P + |v|P ✳

 !♦♣♦$✐&'♦ ✶✳✸✷✳ |u|P = min{λ > 0 : ρ
(

u
λ
, P

)

≤ 1}✳

✷✸



✶✳✸✳ ❊$♣❛'♦$ ❞❡ ❖,❧✐❝③

❉❡♠♦♥%&'❛)*♦✳ ❈♦♥$✐❞❡,❡ 0 6= u ∈ LP (Ω) ❡ $❡❥❛ {λn} ✉♠❛ $❡6✉7♥❝✐❛ ♠✐♥✐♠✐③❛♥8❡ ❞❡ |u|P ✱

✐$8♦ :✱ {λn} : ✉♠❛ $❡6✉7♥❝✐❛ ❞❡ ♥;♠❡,♦$ ♣♦$✐8✐✈♦$ ❝♦♥✈❡,❣✐♥❞♦ ♣❛,❛ |u|P ✳ ❙❡♥❞♦ ❛$$✐♠✱ ♣❛,❛

8♦❞♦ x ∈ Ω 8❡♠♦$

P

(

u(x)

λn

)

−→ P

(

u(x)

|u|P

)

.

❈♦♠♦ P
(

u(x)
λn

)

≥ 0, ∀ x ∈ Ω✱ ❡♥8?♦ ♣❡❧♦ ❚❡♦,❡♠❛ ❆✳✹ $❡❣✉❡ 6✉❡

∫

Ω

P

(

u(x)

|u|P

)

dx ≤ sup
n

{∫

Ω

P

(

u(x)

λn

)

dx

}

≤ 1,

❝♦♠♦ 6✉❡,C❛♠♦$✳

❖❜"❡$✈❛'(♦ ✶✳✸✸✳ ❙❡ K > 0 : 8❛❧ 6✉❡

∫

Ω

P

(

u(x)

K

)

dx = 1✱ ❡♥8?♦ |u|P = K✳

❉❡ ❢❛8♦✱ ❜❛$8❛ ♦❜$❡,✈❛, 6✉❡ ♣❛,❛ 8♦❞♦ ε > 0 $❛8✐$❢❛③❡♥❞♦ K − ε > 0✱ 8❡♠✲$❡

∫

Ω

P

(

u(x)

K − ε

)

dx =

∫

Ω

P

(

|u(x)|

K − ε

)

dx >

∫

Ω

P

(

|u(x)|

K

)

dx =

∫

Ω

P

(

u(x)

K

)

dx = 1.

H♦, ♦✉8,♦ ❧❛❞♦✱ $❡ P $❛8✐$❢❛③ ∆2 ❡ |u|P = K ❡♥8?♦ 8♦♠❛♥❞♦ ε ∈ (0, K/2) 8❡♠♦$ 6✉❡

∫

Ω

P

(

u(x)

K − ε

)

dx > 1 ❡ P

(

|u(x)|

K − ε

)

≤ P

(

2|u(x)|

K

)

∈ L1(Ω).

❈♦♠♦

lim
ε→0+

P

(

|u(x)|

K − ε

)

= P

(

|u(x)|

K

)

,

❡♥8?♦ ♣❡❧♦ ❚❡♦,❡♠❛ ❆✳✶

1 ≤ lim
ε→0+

∫

Ω

P

(

|u(x)|

K − ε

)

dx =

∫

Ω

P

(

|u(x)|

K

)

dx ≤ 1.

H♦,8❛♥8♦

∫

Ω

P

(

u(x)

K

)

dx = 1.

-$♦♣♦"✐'(♦ ✶✳✸✹✳  ❛"❛ ❝❛❞❛ u ∈ LP (Ω)✱

|u|P ≤ ‖u‖P ≤ 2|u|P .

❉❡♠♦♥%&'❛)*♦✳ ❙❡ u = 0✱ ♥?♦ ❤J ♦ 6✉❡ ❢❛③❡,✳ ❙✉♣♦♥❤❛ ❡♥8?♦ 6✉❡ u 6= 0✳ ◆❡$8❡ ❝❛$♦✱ ♣❡❧♦

▲❡♠❛ ✶✳✸✵

ρ

(

u(x)

‖u‖P
, P

)

≤ 1,

♣♦,8❛♥8♦ |u|P ≤ ‖u‖P ✳

H♦, ♦✉8,♦ ❧❛❞♦✱ $❡❣✉❡ ❞❛ H,♦♣♦$✐'?♦ ✶✳✸✷ 6✉❡ ρ
(

u(x)
|u|P

, P
)

≤ 1✱ ❛$$✐♠

∥

∥

∥

∥

u

|u|P

∥

∥

∥

∥

P

= sup
ρ(v,P̃ )≤1

∣

∣

∣

∣

∫

Ω

u(x)

|u|P
v(x)dx

∣

∣

∣

∣

Y oung

≤ ρ

(

u

|u|P
, P

)

+ 1 ≤ 2,

✷✹



✶✳✸✳ ❊$♣❛'♦$ ❞❡ ❖,❧✐❝③

♣♦,1❛♥1♦ ‖u‖P ≤ 2|u|P ✳

❉❡✜♥✐%&♦ ✶✳✸✺✳ ❖ ❡$♣❛'♦ ✈❡1♦,✐❛❧ ♥♦,♠❛❞♦ (LP (Ω), | · |P ) 5 ❝❤❛♠❛❞♦ ❡$♣❛'♦ ❞❡ ❖,❧✐❝③ ❝♦♠

,❡$♣❡✐1♦ ❛ ◆✲❢✉♥';♦ P ✳

❆✜♠ ❞❡ $✐♠♣❧✐✜❝❛, ❛ ♥♦1❛';♦✱ ✐,❡♠♦$ ♥♦$ ,❡❢❡,✐, ❛♦ ❡$♣❛'♦ (LP (Ω), | · |P ) ❛♣❡♥❛$ ❝♦♠♦

LP (Ω)✳

❚❡♦-❡♠❛ ✶✳✸✻✳ LP (Ω)
❝♦♥#✳

→֒ L1(Ω).

❉❡♠♦♥%&'❛)*♦✳ ?,✐♠❡✐,❛♠❡♥1❡✱ ❝♦♠♦ LP (Ω) ⊂ L1(Ω)✱ ❡♥1;♦ LP (Ω) =
〈

LP (Ω)
〉

⊂ L1(Ω).

❈♦♥$✐❞❡,❡ ❛❣♦,❛ P̃ ❛ ◆✲❢✉♥';♦ ❝♦♠♣❧❡♠❡♥1❛, ❛ P ✱ C > 0 1❛❧ B✉❡ P̃ (C) = 1/|Ω| ❡ u ∈ LP (Ω)✳

❈♦♠♦

∫

Ω

P̃ (C)dx = 1✱ 1❡♠♦$

∫

Ω

|u(x)|dx =
1

C

∫

Ω

Cu(x)$❣♥u(x)dx

≤
1

C
sup

ρ(v,P̃ )≤1

∣

∣

∣

∣

∫

Ω

u(x)v(x)dx

∣

∣

∣

∣

=
1

C
‖u‖P ≤

2

C
|u|P ,

❝♦♠♦ B✉❡,C❛♠♦$ ♦❜1❡,✳

❚❡♦-❡♠❛ ✶✳✸✼✳ ❚♦❞♦ ❡$♣❛'♦ ❞❡ ❖)❧✐❝③ . ❝♦♠♣❧❡0♦✳

❉❡♠♦♥%&'❛)*♦✳ ❈♦♠♦ ❛$ ♥♦,♠❛$ | · |P ❡ ‖·‖P !"♦ ❡$✉✐✈❛❧❡♥+❡!✱ ❡♥+"♦ ❛❞♦+❛.❡♠♦! ❛ ♥♦.♠❛

‖·‖P ♣❛.❛ ♦ ♣.♦✈❛. ♦ +❡♦.❡♠❛✳

❙❡❥❛ {un} ⊂ LP (Ω) !❡$✉4♥❝✐❛ ❞❡ ❈❛✉❝❤②✱ ✐!+♦ 9✱

lim
n,m→∞

‖um − un‖P = 0.

:❡❧♦ ❚❡♦.❡♠❛ ✶✳✸✻✱ {un} 9 !❡$✉4♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ L1(Ω)✳ ❈♦♠♦ L1(Ω) 9 ❝♦♠♣❧❡+♦✱ ❡♥+"♦

❡①✐!+❡ u0 ∈ L1(Ω) +❛❧ $✉❡

un → u0, ❡♠ L1(Ω).

:❡❧♦ ❚❡♦.❡♠❛ ❆✳✷✱ ❡①✐!+❡ ✉♠❛ !✉❜!❡$✉4♥❝✐❛ {unk
} +❛❧ $✉❡

unk
(x)→ u0(x), $✳+✳♣ ❡♠ Ω.

❈♦♠♦ {unk
} 9 ❛✐♥❞❛ ✉♠❛ !❡$✉4♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ LP (Ω)✱ ❡♥+"♦ +♦♠❛♥❞♦ ε > 0 ❛.❜✐+.C.✐♦✱

♣♦❞❡♠♦! ❡♥❝♦♥+.❛. k(ε) > 0✱ +❛❧ $✉❡ ♣❛.❛ +♦❞♦ k, k + p > k(ε) +❡♥❤❛♠♦!

∫

Ω

|unk+p
− unk

||v|dx < ε, ✭✶✳✶✺✮

✷✺



✶✳✹✳ ■♠❡&'(♦ ❡♠ ❡'♣❛,♦' ❞❡ ❖&❧✐❝③

♣❛&❛ 3♦❞♦ v ∈ LP̃ (Ω) ❝♦♠ ρ(v, P̃ ) ≤ 1✳ ❉♦ ❚❡♦&❡♠❛ ❆✳✹✱ ❢❛③❡♥❞♦ p→∞✱ '❡❣✉❡ <✉❡

∫

Ω

|u0 − unk
||v|dx ≤ ε, ✭✶✳✶✻✮

♣❛&❛ 3♦❞♦ v ∈ LP̃ (Ω) ❝♦♠ ρ(v, P̃ ) ≤ 1 ❡ k > k(ε)✳

@♦& ✭✶✳✶✻✮ ✱ 3❡♠♦' <✉❡ u0−unk
∈ LP (Ω)✳ ❈♦♠♦ unk

∈ LP (Ω)✱ ❡♥3(♦ u0 ∈ LP (Ω)✳ ❆❧B♠

❞✐''♦✱ ❛✐♥❞❛ ♣♦& ✭✶✳✶✻✮

‖unk
− u0‖P ≤ ε, ∀ k > k(ε),

❛''✐♠ {unk
} ❝♦♥✈❡&❣❡ ❡♠ LP (Ω) ♣❛&❛ u0 ❡ ♣♦&3❛♥3♦ {un} ❝♦♥✈❡&❣❡ ♣❛&❛ u0 ❡♠ LP (Ω)✱ ♣♦✐'

{un} B ✉♠❛ '❡<✉D♥❝✐❛ ❞❡ ❈❛✉❝❤② <✉❡ ❛❞♠✐3❡ '✉❜'❡<✉D♥❝✐❛ ❝♦♥✈❡&❥✐♥❞♦ ♣❛&❛ u0✳

❚❡♦#❡♠❛ ✶✳✸✽✳ ✭❉❡#✐❣✉❛❧❞❛❞❡ ❞❡ ❍+❧❞❡,✮ ❙❡ P ❡ P̃ #/♦ ◆✲❢✉♥56❡# ❝♦♠♣❧❡♠❡♥:❛,❡#✱ ❡♥:/♦

uv ∈ L1(Ω) ❡

∣

∣

∣

∣

∫

Ω

u(x)v(x)dx

∣

∣

∣

∣

≤ 2|u|p|v|P̃ .

❉❡♠♦♥%&'❛)*♦✳ @❡❧❛ ❞❡'✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣

∫

Ω

|u|

|u|P

|v|

|v|p
dx ≤ ρ

(

u

|u|P

)

+ ρ

(

v

|v|P

)

≤ 2.

@♦&3❛♥3♦

∫

Ω

|uv|dx ≤ 2|u|P |v|P .

✶✳✹ ✲ ■♠❡'()♦ ❡♠ ❡(♣❛-♦( ❞❡ ❖'❧✐❝③

❉❡✜♥✐./♦ ✶✳✸✾✳ ❙❡❥❛♠ P1 ❡ P2 ◆✲❢✉♥,M❡'✳ ❉✐③❡♠♦' <✉❡ P2 ❝&❡'❝❡ ♠❛✐' ❧❡♥3♦ <✉❡ P1

✭ P2 ≺ P1✮✱ '❡ ❡①✐'3❡♠ ❝♦♥'3❛♥3❡' ♣♦'✐3✐✈❛' k ❡ t0 3❛✐' <✉❡

P2(t) ≤ P1(kt), ∀ t ≥ t0.

❙❡ P2 ≺ P1 ❡ P1 ≺ P2✱ ❡♥3(♦ ❞✐&❡♠♦' <✉❡ P1 ❡ P2 '(♦ ❡<✉✐✈❛❧❡♥3❡'✳

❊①❡♠♣❧♦ ✶✳✹✵✳ P1 ≺ P2✱ ♦♥❞❡ P1(t) = tp ❡ P2(t) = tq, ❝♦♠ 1 < p < q✳

❉❡✜♥✐./♦ ✶✳✹✶✳ ❙❡ P1 ❡ P2 '(♦ ◆✲❢✉♥,M❡' 3❛✐' <✉❡

lim
t→∞

P2(λt)

P1(t)
= 0,

♣❛&❛ 3♦❞♦ λ > 0✱ ❡♥3(♦ ❞✐③❡♠♦' <✉❡ P2 ❝&❡'❝❡ ❡'3&✐3❛♠❡♥3❡ ♠❛✐' ❧❡♥3♦ <✉❡ P1 ❡ ❞❡♥♦3❛♠♦'

✐''♦ ♣♦& P2 ≺≺ P1.

✷✻



✶✳✹✳ ■♠❡&'(♦ ❡♠ ❡'♣❛,♦' ❞❡ ❖&❧✐❝③

❆ '❡❣✉✐&✱ ✈❛♠♦' ❛♣&❡'❡♥9❛& ❛❧❣✉♥' &❡'✉❧9❛❞♦' ❞❡ ✐♠❡&'(♦ ♣❛&❛ ❡'♣❛,♦' ❞❡ ❖&❧✐❝③✳

❚❡♦#❡♠❛ ✶✳✹✷✳ ❙❡ P2 ≺ P1✱ ❡♥$%♦ LP1(Ω)
❝♦♥#✳

→֒ LP2(Ω)✳

❉❡♠♦♥%&'❛)*♦✳ ❚♦♠❡♠♦' ❝♦♥'9❛♥9❡' ♣♦'✐9✐✈❛' λ ❡ t0 9❛✐' ;✉❡

P2(t) ≤ P1(λt), ∀ t ≥ t0 ✭✶✳✶✼✮

❡ ❝♦♥'✐❞❡&❡♠♦' t1 = P−12

(

1
2|Ω|

)

❡ Λ = max{1, P2(t0)
P1(λt1)

}✳

❆✜#♠❛,-♦ ✶✳✹✸✳ ?❛&❛ t > t1✱ 9❡♠✲'❡ P2(t) ≤ ΛP1(λt)✳

❉❡ ❢❛9♦✱ '❡ t1 ≥ t0✱ ❡♥9(♦ ❛ ❞❡'✐❣✉❛❧❞❛❞❡ ❞❡'❡❥❛❞❛ '❡❣✉❡ ❞✐&❡9❛♠❡♥9❡ ❞❡ ✭✶✳✶✼✮ ❡ ❞♦ ❢❛9♦

;✉❡ Λ ≥ 1✳ ❙❡ t1 < t0 ❡ t ≥ t0 9❛♠❜F♠ ♥(♦ ❤H ♦ ;✉❡ '❡& ❢❡✐9♦✳ ❙❡ t1 < t0 ❡ t1 ≤ t ≤ t0✱ ❡♥9(♦

P1(λt1) ≤ P1(λt) ❡ P2(t) ≤ P2(t0)✳ ◆❡''❡ ❝❛'♦

P2(t) ≤ P2(t0)
P1(λt)

P1(λt1)
≤ ΛP1(λt),

♦ ;✉❡ ❝♦♥❝❧✉✐ ❛ ♣&♦✈❛ ❞❛ ❛✜&♠❛,(♦✳

❚♦♠❛♥❞♦ u ∈ LP1(Ω) ❡ ❞❡✜♥✐♥❞♦

Ω(u) = {x ∈ Ω :
|u(x)|

2Λλ|u|P1

< t1},

9❡♠♦'

∫

Ω

P2

(

|u(x)|

2Λλ|u|P1

)

dx =

∫

Ω(u)

P2

(

|u(x)|

2Λλ|u|P1

)

dx+

∫

Ω\Ω(u)

P2

(

|u(x)|

2Λλ|u|P1

)

dx

❆❢✳1.43

≤

∫

Ω(u)

P2(t1)dx+
1

2

∫

Ω\Ω(u)

P1

(

|u(x)|

|u|P1

)

dx

≤ P2(t1)|Ω|+
1
2

∫

Ω

P1

(

|u(x)|

|u|P1

)

dx

≤
1

2
+
1

2
= 1.

❆''✐♠

|u|P2 ≤ 2Λλ|u|P1 .

❆❧F♠ ❞✐''♦✱ ♣♦& ✭✶✳✶✼✮

ρ
(u

λ
, P2

)

≤ |Ω|P2(t0) + ρ(u, P1) < +∞,

♣♦&9❛♥9♦ LP1(Ω) ⊂ LP2(Ω)✳

❉❡✜♥✐,-♦ ✶✳✹✹✳ ❉✐③❡♠♦' ;✉❡ ✉♠❛ '❡;✉K♥❝✐❛ {fn} ❞❡ ❢✉♥,L❡' ♠❡♥'✉&H✈❡✐' ❝♦♥✈❡&❣❡ ❡♠

♠❡❞✐❞❛ ♣❛&❛ f : Ω −→ R✱ '❡ ♣❛&❛ ❝❛❞❛ ε > 0 ❡ δ > 0 ❞❛❞♦'✱ ❡①✐9✐& ✉♠ ✐♥9❡✐&♦ M 9❛❧ ;✉❡ '❡

n > M ✱ ❡♥9(♦

vol({x ∈ Ω : |fn(x)− f(x)| > ε}) ≤ δ.

✷✼



✶✳✹✳ ■♠❡&'(♦ ❡♠ ❡'♣❛,♦' ❞❡ ❖&❧✐❝③

❖❜"❡$✈❛'(♦ ✶✳✹✺✳ ❚♦❞❛ '❡4✉6♥❝✐❛ {fn} ❝♦✈❡&❣❡♥:❡ ❡♠ ♠❡❞✐❞❛ ; ❈❛✉❝❤② ❡♠ ♠❡❞✐❞❛✳ ❉❡

❢❛:♦✱ '✉♣♦♥❤❛ 4✉❡ fn → f ❡♠ ♠❡❞✐❞❛✳ ❈♦♥'✐❞❡&❡ a > 0 ❡ m,n ∈ N ❡ ❞❡✜♥❛

En(a) = {x ∈ Ω : |fn(x)− f(x)| ≥ a}

❡

Em,n(a) = {x ∈ Ω : |fm(x)− fn(x)| ≥ a}.

❙❡ x /∈ Em(a/2) ❡ x /∈ En(a/2)✱ ❡♥:(♦ |fm(x) − f(x)| < a/2 ❡ |fn(x) − f(x)| < a/2✳

❆''✐♠✱ |fm(x) − fn(x)| < a✱ ❞♦♥❞❡ x /∈ Em,n(a)✳ E♦&:❛♥:♦✱ '❡ x ∈ Em,n(a)✱ ❡♥:(♦ x ∈

Em(a/2)∪En(a/2)✱ ❞❛F |Em,n(a)| ≤ |Em(a/2)|+ |En(a/2)|
n,m→∞
−→ 0✱ ♣♦✐' fn → f ❡♠ ♠❡❞✐❞❛✳

❖' ♣&G①✐♠♦' &❡'✉❧:❛❞♦' '❡&(♦ I:❡✐' 4✉❛♥❞♦ ❢❛❧❛&♠♦' '♦❜&❡ ✐♠❡&'K❡' ❡♠ ❡'♣❛,♦' ❞❡ ❖&❧✐❝③✲

❙♦❜♦❧❡✈✳

❚❡♦$❡♠❛ ✶✳✹✻✳ ❈♦♥#✐❞❡'❡ P1 ❡ P2 ◆✲❢✉♥,-❡# ❡ #✉♣♦♥❤❛ 1✉❡ P2 ≺≺ P1✳ ❙❡ ✉♠❛ #❡1✉5♥❝✐❛

{un} 7 ❧✐♠✐9❛❞❛ ❡♠ LP1(Ω) ❡ ❝♦♥✈❡'❣❡♥9❡ ❡♠ ♠❡❞✐❞❛✱ ❡♥9=♦ {un} ❝♦♥✈❡'❣❡ ❡♠ LP2(Ω)✳

❉❡♠♦♥%&'❛)*♦✳ ❋✐①❡ ε > 0 ❡ ❝♦♥'✐❞❡&❡ vj,k(x) =
uj(x)−uk(x)

ε
✳ ❈❧❛&❛♠❡♥:❡ vj,k ; ❧✐♠✐:❛❞❛ ❡♠

LP1(Ω)✱ ❞✐❣❛♠♦' 4✉❡ |vj,k|P1 ≤ K✳ ❖ ❢❛:♦ ❞❡ P2 ≺≺ P1✱ ♥♦' ❞✐③ 4✉❡ ♣♦❞❡♠♦' ❡♥❝♦♥:&❛&

t0 > 0 :❛❧ 4✉❡

P2(t) ≤ P1

(

t

4K

)

≤
1

4
P1

(

t

K

)

, ∀ t ≥ t0.

❈♦♥'✐❞❡&❡ δ = 1
4P2(t0)

❡ ❞❡✜♥❛

Ωj,k =

{

x ∈ Ω : |vj,k(x)| ≥ P−12

(

1

2|Ω|

)}

.

❈♦♥❝❧✉F♠♦' ❞❛ ❖❜'❡&✈❛,(♦ ✶✳✹✺ 4✉❡ ❡①✐':❡ ✉♠ ✐♥:❡✐&♦ N ✱ '✉✜❝✐❡♥:❡♠❡♥:❡ ❣&❛♥❞❡✱ :❛❧ 4✉❡ '❡

j, k ≥ N ✱ ❡♥:(♦ vol(Ωj,k) ≤ δ. ❉❡✜♥✐♥❞♦

Ω′j,k = {x ∈ Ωj,k : |vj,k(x)| ≥ t0}, Ω′′j,k = Ωj,k − Ω′j,k,

❡♥:(♦ ♣❛&❛ j, k ≥ N :❡♠♦'

∫

Ω

P2(|vj,k(x)|)dx =

∫

Ω\Ωj,k

P2(|vj,k(x)|)dx+

∫

Ω′
j,k

P2(|vj,k(x)|)dx+

∫

Ω′′
j,k

P2(|vj,k(x)|)dx

≤

∫

Ω

P2

(

P−12

(

1

2|Ω|

))

dx+
1

4

∫

Ω′
j,k

P1

(

|vj,k(x)|

K

)

dx+

∫

Ω
′′
j,k

P2(t0)dx

≤
1

2
+
1

4

∫

Ω

P1

(

|vj,k(x)|

K

)

dx+ |Ω
′′

j,k|P2(t0)

≤
1

2
+
1

4

∫

Ω

P1

(

|vj,k(x)|

|vj,k|P1

)

dx+
1

4
≤ 1 .

❆''✐♠ |vj,k|P2 ≤ 1✱ ❞♦♥❞❡ |uj − uk|P2 ≤ ε✳

✷✽



✶✳✺✳ ❈♦♥&❡(✉*♥❝✐❛& ❞❛ ❝♦♥❞✐/0♦ (p2)

❈♦"♦❧$"✐♦ ✶✳✹✼✳ ❙✉♣♦♥❤❛ '✉❡ P2 ≺≺ P1✱ S ⊂ LP1(Ω) * ❧✐♠✐.❛❞♦ ❡♠ LP1(Ω) ❡ ♣0*✲❝♦♠♣❛❝.♦

❡♠ L1(Ω)✱ ❡♥.3♦ S * ♣0*✲❝♦♠♣❛❝.♦ ❡♠ LP2(Ω)✳

❉❡♠♦♥%&'❛)*♦✳ ❚♦♠❛♥❞♦ {un} ✉♠❛ &❡(✉*♥❝✐❛ ❡♠ S ❡ ✉&❛♥❞♦ ♦ ❢❛4♦ ❞❡ S &❡5 ♣57✲❝♦♠♣❛❝4♦

❡♠ L1(Ω)✱ ❡♥40♦ ♣♦❞❡♠♦& ♦❜4❡5 ✉♠❛ &✉❜&❡(✉*♥❝✐❛ {unk
} ❡ u ∈ S ❞❡ 4❛❧ ♠♦❞♦ (✉❡ unk

→ u

❡♠ L1(Ω)✳ <❡❧♦ ❚❡♦5❡♠❛ ❆✳✻✱ {uk} ❝♦♥✈❡5❣❡ ❡♠ ♠❡❞✐❞❛✳ ❆&&✐♠✱ ♣❡❧♦ 4❡♦5❡♠❛ ❛♥4❡5✐♦5 4❡♠♦&

(✉❡ {unk
} 7 ❝♦♥✈❡5❣❡♥4❡ ❡♠ LP2(Ω)✳

✶✳✺ ✲ ❈♦♥'❡)✉+♥❝✐❛' ❞❛ ❝♦♥❞✐01♦ (p2)

❙❡❥❛ P ✉♠❛ ❢✉♥/0♦ ❞❡ ❨♦✉♥❣ 5❡♣5❡&❡♥4❛❞❛ ♣❡❧♦ ❤♦♠❡♦♠♦5✜&♠♦ p : R→ R✱ ♦♥❞❡ P &❛4✐&✲

❢❛③ (p2)✳ <5♦✈❛5❡♠♦& ❛❣♦5❛ ❛❧❣✉♠❛& ❞❡&✐❣✉❛❧❞❛❞❡& (✉❡ &❡50♦ G4❡✐& ❛♦ ❧♦♥❣♦ ❞❡&4❡ 45❛❜❛❧❤♦✳

▲❡♠❛ ✶✳✹✽✳ ❙✉♣♦♥❤❛ '✉❡ P * ✉♠❛ ◆✲❢✉♥73♦ '✉❡ 8❛.✐8❢❛③ (p2)✳ ❊♥.3♦✿

✭✶✮ 8❡ 0 < t ≤ 1✱ ❡♥.3♦ tp
+
P (l) 6 P (tl) 6 tp

−
P (l),

✭✷✮ 8❡ t > 1✱ ❡♥.3♦ tp
−
P (l) 6 P (tl) 6 tp

+
P (l),

✭✸✮ 8❡ |u|P ≤ 1✱ ❡♥.3♦ |u|p
+

P 6 ρ(u) 6 |u|p
−

P ,

✭✹✮ 8❡ |u|P > 1✱ ❡♥.3♦ |u|p
−

P 6 ρ(u) 6 |u|p
+

P .

❉❡♠♦♥%&'❛)*♦✳

✭✶✮ <❡❧❛ ♣❛5✐❞❛❞❡ ❞❡ P ✱ 7 &✉✜❝✐❡♥4❡ ❝♦♥&✐❞❡5❛5♠♦& ♦ ❝❛&♦ ❡♠ (✉❡ l > 0✳ ❚♦♠❡ ❡♥40♦

l > 0 ❡ t ∈ (0, 1]. ❉❡&&❡ ♠♦❞♦✱

ln

(

P (tl)

P (l)

)

= −

∫ l

tl

p(s)ds

P (s)

(p2)

≤ −p−
∫ l

tl

1

s
ds = ln tp

−

❡ ❛&&✐♠

P (tl) 6 tp
−

P (l), ∀ l > 0 ❡ t ∈ (0, 1].

❉❛ ♠❡&♠❛ ❢♦5♠❛✱

P (tl) > tp
+

P (l), ∀ l > 0 ❡ t ∈ (0, 1].

✭✷✮ ❆♥N❧♦❣♦ ❛♦ ✐4❡♠ ✭✶✮✳

✭✸✮ ❙❡ |u|P ≤ 1✱ ❡♥40♦ &❡❣✉❡ ❞♦ ✐4❡♠ ❛♥4❡5✐♦5 ❝♦♠ l = u(x) ❡ t = 1/|u|P ✱ (✉❡

1

|u|p
−

P

∫

Ω

P (u(x))dx 6

∫

Ω

P

(

u(x)

|u|P

)

dx

✷✾



✶✳✺✳ ❈♦♥&❡(✉*♥❝✐❛& ❞❛ ❝♦♥❞✐/0♦ (p2)

❡

∫

Ω

P

(

u(x)

|u|P

)

dx ≤
1

|u|p
+

P

∫

Ω

P (u(x))dx.

❆&&✐♠✱ ❞❛ ❖❜&❡6✈❛/0♦ ✶✳✸✸ &❡❣✉❡ (✉❡

∫

Ω

P

(

u(x)

|u|P

)

dx = 1 ❡ ♣♦6;❛♥;♦

1

|u|p
−

P

∫

Ω

P (u(x))dx ≤ 1 ≤
1

|u|p
+

P

∫

Ω

P (u(x))dx,

❞♦♥❞❡ ♦❜;❡♠♦& ❛ ❞❡&✐❣✉❛❧❞❛❞❡ ❞❡&❡❥❛❞❛✳

✭✹✮ ❆♥A❧♦❣♦ ❛♦ ✐;❡♠ ✭✸✮✳

▲❡♠❛ ✶✳✹✾✳ ❈♦♥#✐❞❡'❡ (✉❡ P * ✉♠❛ ◆✲❢✉♥01♦✱ P̃ * ❛ ◆✲❢✉♥01♦ ❝♦♠♣❧❡♠❡♥6❛' 7 P ❡

ρ̃(u) = ρ(u, p̃) =

∫

Ω

P̃ (u(x))dx.

❙✉♣♦♥❤❛ (p2)✳ ❊♥61♦✿

✭✶✮ #❡ 0 < t ≤ 1✱ ❡♥61♦ t
p−

p−−1 P̃ (l) 6 P̃ (tl) 6 t
p+

p+−1 P̃ (l),

✭✷✮ #❡ t > 1✱ ❡♥61♦ t
p+

p+−1 P̃ (l) 6 P̃ (tl) 6 t
p−

p−−1 P̃ (l),

✭✸✮ #❡ |u|P̃ ≤ 1✱ ❡♥61♦ |u|
p−

p−−1

P̃
6 ρ̃(u) 6 |u|

p+

p+−1

P̃
,

✭✹✮ #❡ |u|P̃ > 1✱ ❡♥61♦ |u|
p+

p+−1

P̃
6 ρ̃(u) 6 |u|

p−

p−−1

P̃
.

❉❡♠♦♥%&'❛)*♦✳ ❙❡❣✉✐♥❞♦ ♦& ♣❛&&♦& ❞❛ ♣6♦✈❛ ❞♦ ❧❡♠❛ ❛♥;❡6✐♦6✱ D &✉✜❝✐❡♥;❡ ♠♦&;6❛6 (✉❡

p+

p+ − 1
6

tp−1(t)

P̃ (t)
6

p−

p− − 1
, ∀ t > 0.

❖6❛✱ ♣♦6 ❤✐♣G;❡&❡

p− 6
sp(s)

P (s)
6 p+, ∀ s > 0. ✭✶✳✶✽✮

❙✉❜&;✐;✉✐♥❞♦ s ♣♦6 p−1(t) ❡♠ ✭✶✳✶✽✮✱ ♦❜;❡♠♦&

p−1P (p−1(t)) ≤ tp−1(t) ≤ p+P (p−1(t)), t > 0.

❆❧D♠ ❞✐&&♦✱ ❞❡ ✭✶✳✹✮ &❡❣✉❡ (✉❡

p−
(

tp−1(t)− P̃ (t)
)

6 tp−1(t) 6 p+
(

tp−1(t)− P̃ (t)
)

,

♣♦6;❛♥;♦

p+

p+ − 1
6

p−1(t)t

P̃ (t)
6

p−

p− − 1
,

❝♦♠♦ (✉❡6I❛♠♦& ♣6♦✈❛6✳
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✶✳✻✳ ❖ ❡%♣❛(♦ EP (Ω)

✶✳✻ ✲ ❖ ❡&♣❛)♦ EP (Ω)

❉❡✜♥✐%&♦ ✶✳✺✵✳ ❉✐③❡♠♦% .✉❡ ✉♠❛ %❡.✉0♥❝✐❛ {un} ⊂ LP (Ω) ❝♦♥✈❡4❣❡ ❡♠ ♠6❞✐❛ ♣❛4❛

u ∈ LP (Ω) .✉❛♥❞♦

lim
n→∞

ρ(un − u) = lim
n→∞

∫

Ω

P (un − u)dx = 0.

❖❜.❡/✈❛%&♦ ✶✳✺✶✳ ❱✐♠♦% .✉❡ %❡ u ∈ LP (Ω) ❡ |u|P ≤ 1✱ ❡♥:;♦ ♣❡❧♦ ▲❡♠❛ ✶✳✸✵ ❡ ♣❡❧❛

@4♦♣♦%✐(;♦ ✶✳✸✹✱

ρ(u, P ) ≤ 2|u|P . ✭✶✳✶✾✮

❆%%✐♠✱ %❡ un → u ❡♠ LP (Ω)✱ ❡♥:;♦ ♣♦4 ✭✶✳✶✾✮ %❡❣✉❡ .✉❡ un ❝♦♥✈❡4❣❡ ❡♠ ♠6❞✐❛ ♣❛4❛ u✳

@♦4:❛♥:♦✱ ❝♦♥✈❡4❣0♥❝✐❛ ❡♠ LP (Ω) ✐♠♣❧✐❝❛ ❡♠ ❝♦♥✈❡4❣0♥❝✐❛ ❡♠ ♠6❞✐❛✳ ❆ 4❡❝F♣4♦❝❛ ❞❡%%❡

❢❛:♦ ♥❡♠ %❡♠♣4❡ 6 ✈❡4❞❛❞❡✐4❛ ✭✈❡4 ❬✶✾❪✱ ♣❛❣ ✼✺✮✳ ❖ ♣4L①✐♠♦ 4❡%✉❧:❛❞♦ ♥♦% ❞❛ ✉♠❛ ❝♦♥❞✐(;♦

♣❛4❛ .✉❡ ❡%%❡% ❞♦✐% :✐♣♦% ❞❡ ❝♦♥✈❡4❣0♥❝✐❛ %❡❥❛♠ ❡.✉✐✈❛❧❡♥:❡%✳

❚❡♦/❡♠❛ ✶✳✺✷✳ ❈♦♥#✐❞❡'❡ P ✉♠❛ ◆✲❢✉♥./♦ 0✉❡ #❛1✐#❢❛③ ∆2✳ ❙❡

∫

Ω

P (un)dx→ 0,

❡♥1/♦

un → 0, ❡♠ LP (Ω).

❉❡♠♦♥%&'❛)*♦✳ ❈♦♠♦ P %❛:✐%❢❛③ ∆2✱ ❡♥:;♦ ♣❛4❛ ❝❛❞❛ ε ∈ (0, 1) ❡①✐%:❡♠ ❝♦♥%:❛♥:❡% ♣♦%✐:✐✈❛%

kε ❡ tε %❛:✐%❢❛③❡♥❞♦

P

(

t

ε

)

≤ kεP (t), ∀ t ≥ tε.

❉❛F

∫

Ω

P
(un

ε

)

dx ≤

∫

[|un|≤tε]

P
(un

ε

)

dx+ kε

∫

[|un|>tε]

P (un)dx.

❉❡%❞❡ .✉❡ un ❝♦♥✈❡4❣❡ ♣❛4❛ 0 ❡♠ ♠6❞✐❛✱ ❡♥:;♦ kε

∫

[|un|>tε]

P (un)dx
n→∞
−→ 0✳

❆✜/♠❛%&♦ ✶✳✺✸✳

∫

[|un|≤tε]

P
(un

ε

)

dx→ 0 .✉❛♥❞♦ n→∞✳

❉❡ ❢❛:♦✱ %❡❥❛

xn =

∫

[|un|≤tε]

P
(un

ε

)

dx, n ∈ N.

❈♦♠♦

∫

Ω

P (un)dx→ 0✱ ❡♥:;♦ %❡❣✉❡ ❞♦ ❚❡♦4❡♠❛ ❆✳✷ .✉❡ ❡①✐%:❡ ✉♠❛ %✉❜%❡.✉0♥❝✐❛ {unk
} :❛❧

.✉❡

unk
(x)→ 0, .✳:✳♣ ❡♠ Ω.

✸✶



✶✳✻✳ ❖ ❡%♣❛(♦ EP (Ω)

❆%%✐♠✱

P

(

unk
(x)

ε

)

χ[|unk
|≤tε](x) −→ 0, .✳/✳♣ ❡♠ Ω, ✭✶✳✷✵✮

♦♥❞❡ χ[|unk
|≤tε](x) 6 ❛ ❢✉♥(9♦ ❝❛;❛❝/❡;<%/✐❝❛ ❞♦ ❝♦♥❥✉♥/♦ {x ∈ Ω : |unk

(x)| ≤ tε}.

❖❜%❡;✈❡ ❛✐♥❞❛ .✉❡

P

(

unk
(x)

ε

)

χ[|unk
|≤tε](x) ≤ P

(

tε
ε

)

∈ L1(Ω). ✭✶✳✷✶✮

❉❡ ✭✶✳✷✵✮ ❡ ✭✶✳✷✶✮✱ %❡❣✉❡ ♣❡❧♦ ❚❡♦;❡♠❛ ❆✳✶ .✉❡

∫

Ω

P

(

unk
(x)

ε

)

χ[|unk
|≤tε](x)dx→ 0,

✐%/♦ 6

∫

[|unk
|≤tε]

P
(unk

ε

)

dx→ 0.

❉❡%%❡ ♠♦❞♦✱

∫

Ω

P
(unk

ε

)

dx ≤ 1

❡ ♣♦;/❛♥/♦ |unk
|P ≤ ε✱ ♣❛;❛ /♦❞♦ nk %✉✜❝✐❡♥/❡♠❡♥/❡ ❣;❛♥❞❡✳ ❘❡♣❡/✐♥❞♦ ❡%%❡ ❛;❣✉♠❡♥/♦✱

❝♦♥❝❧✉<♠♦% .✉❡ /♦❞❛ %✉❜%❡.✉F♥❝✐❛ ❞❡ {un} ❛❞♠✐/❡ %✉❜%❡.✉F♥❝✐❛ ❝♦♥✈❡;❣✐♥❞♦ ♣❛;❛ 0✱ ♣♦;/❛♥/♦

{un} ❝♦♥✈❡;❣❡ ♣❛;❛ 0✳

❉❡✜♥✐%&♦ ✶✳✺✹✳ ❉❡✜♥✐♠♦% EP (Ω) ❝♦♠♦ %❡♥❞♦ ♦ ❢❡❝❤♦ ❡♠ LP (Ω) ❞♦ ❡%♣❛(♦ ❞❛% ❢✉♥(H❡%

❡%%❡♥❝✐❛❧♠❡♥/❡ ❧✐♠✐/❛❞❛% L∞(Ω)✳ ❊♠ ;❡%✉♠♦✱

EP (Ω) = L∞(Ω)
|·|P

,

❡ ❡%%❡ 6 ✉♠ ❡%♣❛(♦ ♥♦;♠❛❞♦ ❝♦♠ ❛ ♥♦;♠❛ ✐♥❞✉③✐❞❛ ❞❡ LP (Ω)✳

❚❡♦-❡♠❛ ✶✳✺✺✳ ❈♦♥#✐❞❡'❡ ❛ ◆✲❢✉♥-.♦ P ✳ ❊♥1.♦ EP (Ω) = LP (Ω) #❡✱ ❡ #♦♠❡♥1❡ #❡✱ P

#❛1✐#❢❛③ ∆2✳

❉❡♠♦♥%&'❛)*♦✳ K;✐♠❡✐;❛♠❡♥/❡ ♦❜%❡;✈❡ .✉❡ %❡ u ∈ EP (Ω)✱ ❡♥/9♦ ❡①✐/❡ u0 ∈ L∞(Ω) /❛❧ .✉❡

|u− u0|P < 1/2. ❉❡%%❡ ♠♦❞♦✱ ♣❡❧♦ K;♦♣♦%✐(9♦ ✶✳✾

1

2|u− u0|P

∫

Ω

P (2u(x)− 2u0(x))dx ≤

∫

Ω

P

(

u(x)− u0(x)

|u− u0|P

)

dx ≤ 1,

❞♦♥❞❡

∫

Ω

P (2u(x)− 2u0(x))dx ≤ 2|u− u0|P < 1

✸✷



✶✳✻✳ ❖ ❡%♣❛(♦ EP (Ω)

❡ ♣♦*+❛♥+♦ 2u−2u0 ∈ L
P (Ω)✳ ❈♦♠♦ u0 ∈ L∞(Ω) ⊂ LP (Ω)✱ ❡♥+0♦ ♣❡❧♦ ❢❛+♦ ❞❡ P %❡* ❝♦♥✈❡①❛

❡ ♣❛*✱ +❡♠♦% 7✉❡

u =
1

2
(2u− 2u0) +

1

2
(2u0) ∈ LP (Ω).

❈♦♥❝❧✉9♠♦% ❡♥+0♦ 7✉❡ EP (Ω) ⊂ LP (Ω). ❉❡%%❡ ♠♦❞♦✱ %❡ EP (Ω) = LP (Ω) ❡♥+0♦ ♥❡❝❡%%❛*✐❛✲

♠❡♥+❡ P ∈ ∆2✱ ❝❛%♦ ❝♦♥+*=*✐♦✱ ♣❡❧♦ ❚❡♦*❡♠❛ ✶✳✷✽

EP (Ω) ⊂ LP (Ω) ( LP (Ω).

❘❡❝✐♣*♦❝❛♠❡♥+❡✱ %✉♣♦♥❤❛ 7✉❡ P ∈ ∆2✳ ◆❡%%❡ ❝❛%♦✱ ✈✐♠♦% 7✉❡

LP (Ω) = LP (Ω).

❈♦♥%✐❞❡*❡ u ∈ LP (Ω) ❡ ❛ %❡❣✉✐♥+❡ %❡7✉E♥❝✐❛ ❞❡ ❢✉♥(F❡% ❡%%❡♥❝✐❛❧♠❡♥+❡ ❧✐♠✐+❛❞❛%✿

un(x) =

{

u(x), %❡ |u(x)| ≤ n,

0, %❡ |u(x)| > n.

❈♦♠♦ P (|u(x)− un(x)|) ≤ P (|u(x)|) ∈ L1(Ω), ❡♥+0♦ ♣❡❧♦ ❚❡♦*❡♠❛ ❆✳✶

∫

Ω

P (|u(x)− un(x)|)dx→ 0

❡ ❛%%✐♠ %❡❣✉❡ ❞♦ ❚❡♦*❡♠❛ ✶✳✺✷ 7✉❡ un → u ❡♠ LP (Ω)✱ ♣♦*+❛♥+♦ u ∈ EP (Ω)✳

❚❡♦#❡♠❛ ✶✳✺✻✳ ❖ ❡"♣❛%♦ EP (Ω) ' "❡♣❛()✈❡❧✳

❉❡♠♦♥%&'❛)*♦✳ ❈♦♥%✐❞❡*❡ u ∈ L∞(Ω)✱ ♦♥❞❡ |u|∞ = a✳ J❡❧♦ ❚❡♦*❡♠❛ ❆✳✼✱

❡①✐%+❡ ✉♠❛ %❡7✉E♥❝✐❛ ❞❡ ❢✉♥(F❡% ❝♦♥+9♥✉❛% {un}✱ ♦♥❞❡ |un(x)| ≤ a ❡ u(x) − un(x) L ❞✐✲

❢❡*❡♥+❡ ❞❡ ③❡*♦ %♦♠❡♥+❡ ❡♠ ✉♠ ❝♦♥❥✉♥+♦ Ωn ⊂ Ω ❝✉❥❛ ♠❡❞✐❞❛ L ♠❡♥♦* 7✉❡ 1/n✳ ❉❡%%❡

♠♦❞♦

‖u− un‖P = sup
ρ(v,P̃ )≤1

∣

∣

∣

∣

∫

Ω

[u(x)− un(x)]v(x)dx

∣

∣

∣

∣

≤ 2a sup
ρ(v,P̃ )≤1

∫

Ωn

|v(x)|dx = 2a ‖χΩn
‖P ,

♦♥❞❡ χΩn
(x) L ❛ ❢✉♥(0♦ ❝❛*❛❝+❡*9%+✐❝❛ ❞♦ ❝♦♥❥✉♥+♦ Ωn✳

❖❜%❡*✈❡ ❛✐♥❞❛ 7✉❡

∫

Ω

P

(

χΩn
(x)P−1

(

1

|Ωn|

))

dx =

∫

Ω

χΩn
(x)

1

|Ωn|
dx = 1,

❞♦♥❞❡

|χΩn
|P =

1

P−1(1/|Ωn|)
.

✸✸



✶✳✼✳ ❉✉❛❧✐❞❛❞❡ ❡♠ ❊,♣❛.♦, ❞❡ ❖1❧✐❝③

4♦15❛♥5♦ |χΩn
|P

n→∞
−→ 0 ❡ ❛,,✐♠

‖u− un‖P ≤ 2a ‖χΩn
‖P

n→∞
−→ 0,

❞❡✈✐❞♦ ❛ ❡8✉✐✈❛❧9♥❝✐❛ ❞❛, ♥♦1♠❛, | · |P ❡ ‖·‖P ✳

41♦✈❛♠♦, ❡♥5:♦ 8✉❡ ♦ ❝♦♥❥✉♥5♦ ❞❛, ❢✉♥.=❡, ❝♦♥5>♥✉❛, ? ❞❡♥,♦ ❡♠ EP (Ω)✳ 4♦1 ♦✉51♦ ❧❛❞♦✱

♣❛1❛ 5♦❞❛ ❢✉♥.:♦ ❝♦♥5>♥✉❛ u✱ ♣♦❞❡♠♦, ❡♥❝♦♥51❛1 ✉♠❛ ,❡8✉9♥❝✐❛ ❞❡ ❢✉♥.=❡, ♣♦❧✐♥✐♠✐❛✐, ❝♦♠

❝♦❡✜❝✐❡♥5❡, 1❛❝✐♦♥❛✐, 8✉❡ ❝♦♥✈❡1❣❡ ✉♥✐❢♦1♠❡♠❡♥5❡ ♣❛1❛ u✳ ◆♦ ❡♥5❛♥5♦✱ 5♦❞❛ ,❡8✉9♥❝✐❛ ❞❡

❢✉♥.=❡, {un} 8✉❡ ❝♦♥✈❡1❣❡ ✉♥✐❢♦1♠❡♠❡♥5❡ ♣❛1❛ u✱ ❝♦♥✈❡1❣❡ ♣❛1❛ u ♥❛ ♥♦1♠❛ ‖·‖P ✱ ♣♦✐, ,❡

❝♦♥,✐❞❡1❛1♠♦, ε > 0 ❛1❜✐51E1✐♦✱ ❡♥5:♦ ♣♦❞❡♠♦, ♦❜5❡1 n0 ∈ N 5❛❧ 8✉❡

|un(x)− u(x)| < ε, ∀ n ≥ n0 ❡ x ∈ Ω.

❆,,✐♠✱ ,❡ n ≥ n0✱ 5❡♠♦, 8✉❡

‖un − u‖P ≤ sup
ρ(v,P̃ )≤1

∫

Ω

|un(x)− u(x)||v|dx

≤ ε sup
ρ(v,P̃ )≤1

∫

Ω

|v(x)|dx

❨♦✉♥❣

≤ ε

(∫

Ω

P (1)dx+ 1

)

,

♣♦15❛♥5♦ ❝♦♥❝❧✉>♠♦, 8✉❡ ‖un − u‖P → 0✳ ❈♦♥,❡8✉❡♥5❡♠❡♥5❡✱ ♦ ❝♦♥❥✉♥5♦ ❝♦♥5E✈❡❧ ❞♦, ♣♦✲

❧✐♥I♠✐♦, ❝♦♠ ❝♦❡✜❝✐❡♥5❡, 1❛❝✐♦♥❛✐, ? ❞❡♥,♦ ❡♠ EP (Ω)✳

❈♦"♦❧$"✐♦ ✶✳✺✼✳ ❙❡ P ∈ ∆2 ❡♥#$♦ LP (Ω) & '❡♣❛*+✈❡❧✳

❉❡♠♦♥%&'❛)*♦✳ ❙❡ P ∈ ∆2✱ ❡♥5:♦ ♣❡❧♦ ❚❡♦1❡♠❛ ✶✳✺✺ ♦❜5❡♠♦, 8✉❡ EP (Ω) = LP (Ω) ❡

♣♦15❛♥5♦✱ ♣❡❧♦ 5❡♦1❡♠❛ ❛♥5❡1✐♦1✱ LP (Ω) ? ,❡♣❛1E✈❡❧✳

❖❜,❡"✈❛01♦ ✶✳✺✽✳ ❆ 1❡❝>♣1♦❝❛ ❞♦ ❈♦1♦❧E1✐♦ ✶✳✺✼ ? ✈❡1❞❛❞❡✐1❛✳ ❊♠ ✭❬✶✾❪✱ ❚❡♦1❡♠❛ ✶✵✳✷✮✱

♣1♦✈❛✲,❡ 8✉❡ ,❡ P /∈ ∆2✱ ❡♥5:♦ LP (Ω) ♥:♦ ♣♦❞❡ ,❡1 ,❡♣❛1E✈❡❧✳

✶✳✼ ✲ ❉✉❛❧✐❞❛❞❡ ❡♠ ❊-♣❛/♦- ❞❡ ❖2❧✐❝③

❈♦♥,✐❞❡1❡ (LP (Ω))′ ♦ ❡,♣❛.♦ ❞✉❛❧ ❞❡ LP (Ω) ✳ ❆❞♠✐5✐1❡♠♦, ❛ ,❡❣✉✐♥5❡ ♥♦1♠❛ ❡♠ (LP (Ω))′✿

‖F‖(LP )′ := sup{|F (u)| : |u|P ≤ 1}.

▲❡♠❛ ✶✳✺✾✳ ❉❛❞♦ v ∈ LP̃ (Ω)✱ ♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛* Fv : L
P (Ω)→ R✱ ❞❡✜♥✐❞♦ ♣♦*

Fv(u) =

∫

Ω

u(x)v(x)dx ✭✶✳✷✷✮

♣❡*#❡♥❝❡ ❛♦ ❡'♣❛7♦ ❞✉❛❧ (LP (Ω))′ ❡ ❛ ♥♦*♠❛ ‖F‖(LP )′ '❛#✐'❢❛③

|v|P̃ ≤ ‖Fv‖(LP )′ ≤ 2|v|P̃ . ✭✶✳✷✸✮

✸✹



✶✳✼✳ ❉✉❛❧✐❞❛❞❡ ❡♠ ❊,♣❛.♦, ❞❡ ❖1❧✐❝③

❉❡♠♦♥%&'❛)*♦✳ ❈❧❛1❛♠❡♥6❡ Fv 7 ❧✐♥❡❛1✳ ❆❧7♠ ❞✐,,♦✱ ,❡❣✉❡ ❞❛ ❞❡,✐❣✉❛❧❞❛❞❡ ❞❡ ❍<❧❞❡1 =✉❡

|Fv(u)| ≤ 2|u|P |v|P̃ , ∀ u ∈ LP (Ω).

>❛1❛ ❡,6❛❜❡❧❡❝❡1 ❛ ♦✉61❛ ❞❡,✐❣✉❛❧❞❛❞❡ ✈❛♠♦, ❛,,✉♠✐1 =✉❡ v 6= 0 ❡ =✉❡ ‖Fv‖(LP )′ = K > 0.

❉❡✜♥❛

u(x) =







P̃( |v(x)|K )
|v(x)|
K

, ,❡ v(x) 6= 0,

0, ,❡ v(x) = 0.

❙❡ |u|P > 1✱ ❡♥6C♦ ♣❡❧❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ P ❡ ❛ >1♦♣♦,✐.C♦ ✶✳✾✱ ♦❜6❡♠♦,

|u|P ≤

∫

Ω

P (|u(x)|)dx =

∫

Ω

P





P̃
(

|v(x)|
K

)

|v(x)|
K



 dx

<

∫

Ω

P̃

(

|v(x)|

K

)

dx =
1

K

∫

Ω

u(x)|v(x)|dx. ✭✶✳✷✹✮

❊♥61❡6❛♥6♦

∫

Ω

u(x)

|u|P
|v(x)|dx ≤ ‖Fv‖(LP )′ ,

❞♦♥❞❡

1

‖Fv‖(LP )′

∫

Ω

u(x)|v(x)|dx ≤ |u|P . ✭✶✳✷✺✮

❉❡,,❡ ♠♦❞♦✱ ♣♦1 ✭✶✳✷✹✮ ❡ ✭✶✳✷✺✮ ❝♦♥❝❧✉K♠♦, =✉❡ |u|P < |u|P ✱ ♦ =✉❡ 7 ❛❜,✉1❞♦✳ ❊,,❛ ❝♦♥61❛✲

❞✐.C♦ ♠♦,61❛ =✉❡ |u|P ≤ 1 ❡ ♣♦16❛♥6♦ |u.,❣♥v|P ≤ 1✳ ❆,,✐♠

‖Fv‖(LP )′ = sup
|w|P≤1

|Fv(w)| ≥ |Fv(,❣♥v.u)| = ‖Fv‖(LP )′

∣

∣

∣

∣

∫

Ω

P̃

(

|v(x)|

K

)

dx

∣

∣

∣

∣

,

❞❡ ♠♦❞♦ =✉❡

∫

Ω

P̃

(

|v(x)|

‖Fv‖(LP )′

)

≤ 1, ✭✶✳✷✻✮

❞♦♥❞❡ ❝♦♥❝❧✉K♠♦, =✉❡

|v|P̃ ≤ ‖Fv‖(LP )′ .

✸✺



✶✳✼✳ ❉✉❛❧✐❞❛❞❡ ❡♠ ❊,♣❛.♦, ❞❡ ❖1❧✐❝③

❖❜"❡$✈❛'(♦ ✶✳✻✵✳ ❖ ▲❡♠❛ ❛♥6❡1✐♦1 ♣❡1♠❛♥❡❝❡ ✈8❧✐❞♦ ,❡ ❝♦♥,✐❞❡1❛♠♦, Fv ❝♦♠♦ ✉♠ ❡❧❡♠❡♥6♦

❞❡ (EP (Ω))′✱ ✐,6♦ :✱ ;✉❛♥❞♦ 1❡,61✐♥❣✐♠♦, ❛ ❛.=♦ ❞❡ Fv ❛♦, ❡❧❡♠❡♥6♦, ❞❡ EP (Ω)✳ ◆❡,,❡ ❝❛,♦✱

♣❛1❛ ♦❜6❡1 ❛ ♣1✐♠❡✐1❛ ✐♥❡;✉❛.=♦ ❞❡ ✭✶✳✷✸✮✱ ,✉❜,6✐6✉✐♠♦, ‖Fv‖(LP )′ ♣♦1 ‖Fv‖(EP )′ ❡ u ♣♦1 χnu✱

♦♥❞❡ χn : ❛ ❢✉♥.=♦ ❝❛1❛❝6❡1E,6✐❝❛ ❞❡

Ωn = {x ∈ Ω : |u(x)| ≤ n}.

❊✈✐❞❡♥6❡♠❡♥6❡ χnu ∈ EP (Ω), ❛❧:♠ ❞✐,,♦✱ ♣❡❧♦ ♠❡,♠♦ ❛1❣✉♠❡♥6♦ ✉,❛❞♦ ♥♦ ▲❡♠❛ ✶✳✺✾✱

♦❜6❡♠♦, ;✉❡ |χnu|P ≤ 1 ❡ ❛,,✐♠ ❛ ❞❡,✐❣✉❛❧❞❛❞❡ ✭✶✳✷✻✮ : ,✉❜,6✐6✉E❞❛ ♣♦1

∫

Ω

χn(x)P̃

(

|v(x)|

‖Fv‖(EP )′

)

dx ≤ 1.

❈♦♠♦

lim
n→∞

χn(x) = 1, ;✳6✳♣ ❡♠ Ω,

❡♥6=♦ ♣❡❧♦ ❚❡♦1❡♠❛ ❆✳✹ 6❡♠♦,

∫

Ω

P̃

(

|v(x)|

‖Fv‖(EP )′

)

dx ≤ 1,

❛,,✐♠ |v|P̃ ≤ ‖Fv‖(EP )′ . M❡❧❛ ❞❡,✐❣✉❛❧❞❛❞❡ ❞❡ ❍O❧❞❡1 ♦❜6❡♠♦, 6❛♠❜:♠ ;✉❡ ‖Fv‖(EP )′ ≤ 2|v|P̃ .

M♦16❛♥6♦ |v|P̃ ≤ ‖Fv‖(EP )′ ≤ 2|v|P̃ .

❉❡✜♥❛♠♦, ❛ ,❡❣✉✐♥6❡ ❛♣❧✐❝❛.=♦✿

Γ : LP̃ (Ω) −→ (EP (Ω))′

v 7−→ Γ(v) : EP (Ω) −→ R

u 7−→ 〈Γ(v), u〉 := Fv(u) =

∫

Ω

u(x)v(x)dx.

➱ ❢8❝✐❧ ✈❡1 ;✉❡ Γ : ❧✐♥❡❛1✳ ❆❧:♠ ❞✐,,♦✱ ,❡❣✉❡ ❞❛ ♦❜,❡1✈❛.=♦ ❛♥6❡1✐♦1 ;✉❡ Γ : ✉♠❛ ❛♣❧✐❝❛.=♦

✐♥❥❡6✐✈❛✳ M1♦✈❛1❡♠♦, ❛ ,❡❣✉✐1 ;✉❡ Γ : 6❛♠❜:♠ ,♦❜1❡❥❡6✐✈❛✳

❚❡♦$❡♠❛ ✶✳✻✶✳ ❙❡❥❛ F ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛, ❧✐♠✐-❛❞♦ ❡♠ EP (Ω)✱ ✐0-♦ 1✱ F ∈ (EP (Ω))′.

❊♥-3♦ ❡①✐0-❡ v ∈ LP̃ (Ω) -❛❧ 5✉❡

F (u) =

∫

Ω

u(x)v(x)dx, ∀ u ∈ EP (Ω).

❉❡♠♦♥%&'❛)*♦✳ ❈♦♥,✐❞❡1❡♠♦, F ∈ (EP (Ω))′ ❡

Σ = {S ⊆ Ω : S : ♠❡♥,✉18✈❡❧}.

✸✻



✶✳✼✳ ❉✉❛❧✐❞❛❞❡ ❡♠ ❊,♣❛.♦, ❞❡ ❖1❧✐❝③

❱❛♠♦, ❞❡✜♥✐1 ❛ ,❡❣✉✐♥8❡ ❢✉♥.:♦

T : Σ −→ R

S 7−→ T (S) = F (χS),

♦♥❞❡ χS ; ❛ ❢✉♥.:♦ ❝❛1❛❝8❡1<,8✐❝❛ ❞❡ S✳

❱✐♠♦, =✉❡

∫

Ω

P

(

|χS(x)|P
−1

(
1

|S|

))

dx = 1,

❛,,✐♠

|T (S)| = |F (χS)| ≤ ‖F‖(EP )′ |χS|P =
‖F‖(EP )′

P−1(1/|S|)

|S|→0
−→ 0.

>❡❧♦ ❚❡♦1❡♠❛ ❆✳✾✱ ♣♦❞❡♠♦, ❡♥❝♦♥81❛1 ✉♠❛ ❢✉♥.:♦ ♠❡♥,✉1C✈❡❧ v 8❛❧ =✉❡

T (S) =

∫

S

v(x)dx. ✭✶✳✷✼✮

❙❡ u ; ✉♠❛ ❢✉♥.:♦ ,✐♠♣❧❡,✱ ✐,8♦ ;✱

u(x) =
m∑

i=1

αiχSi
(x),

❝♦♠ Si ⊂ Ω, Si ∩ Sj = ∅ ♣❛1❛ i 6= j✱ ❡♥8:♦ ♣♦1 ✭✶✳✷✼✮ 8❡♠♦, =✉❡

F (u) =
m∑

i=1

αiF (χSi
) =

m∑

i=1

αiT (Si)

=
m∑

i=1

αi

∫

Si

v(x)dx =
m∑

i=1

∫

Ω

v(x)χSi
(x)dx =

∫

Ω

u(x)v(x)dx.

❆❣♦1❛ ,❡❥❛ F1 ♦ ❢✉♥❝✐♦♥❛❧ ❞❛❞♦ ♣♦1

F1(u) =

∫

Ω

u(x)v(x)dx, u ∈ EP (Ω).

>❡❧♦ =✉❡ ❢♦✐ ♦❜,❡1✈❛❞♦ F1(u) = F (u)✱ ♣❛1❛ 8♦❞❛ ❢✉♥.:♦ ,✐♠♣❧❡, u✳ ❊♥81❡8❛♥8♦ ♦ ❝♦♥❥✉♥8♦

❞❛, ❢✉♥.K❡, ,✐♠♣❧❡, ; ❞❡♥,♦ ❡♠ EP (Ω)✱ ❝♦♥,❡=✉❡♥8❡♠❡♥8❡ F1(u) = F (u), ∀ u ∈ EP (Ω)✳

◆♦, 1❡,8❛ ♣1♦✈❛1 =✉❡ v ∈ LP̃ (Ω)✳ ❖1❛✱ ❝♦♥,✐❞❡1❛♥❞♦ u ∈ LP (Ω) ❡ ❛ ,❡=✉M♥❝✐❛

{un} ⊂ L∞(Ω) ♦♥❞❡

un(x) =

{

u(x), ,❡ |un(x)| ≤ n,

0, ,❡ |un(x)| > n

8❡♠♦, =✉❡ |un|P ≤ |u|P ❡

lim
n→∞

|un(x)v(x)| = |u(x)v(x)|

✸✼



✶✳✽✳ ❊$♣❛'♦$ ❞❡ ❖,❧✐❝③✲❙♦❜♦❧❡✈

♣❛,❛ 5✉❛$❡ 7♦❞♦ x ∈ Ω ✳ ❉❡$❡ ♠♦❞♦✱ ♣❡❧♦ ❚❡♦,❡♠❛ ❆✳✹

∣
∣
∣
∣

∫

Ω

u(x)v(x)dx

∣
∣
∣
∣
≤ sup

n

∫

Ω

|un(x)v(x)|dx

= sup
n

F (|un|$❣♥v)| ≤ ‖F‖(EP )′ |u|P <∞.

@♦,7❛♥7♦ v ∈ LP̃ (Ω)✱ ❝♦♠♦ 5✉❡,A❛♠♦$ ♣,♦✈❛,✳

❉❛ ❧✐♥❡❛,✐❞❛❞❡ ❞❡ Γ✱ ❞❛ ❖❜$❡,✈❛'B♦ ✶✳✻✵ ❡ ❞♦ ❚❡♦,❡♠❛ ✶✳✻✶ ❝♦♥❝❧✉A♠♦$ 5✉❡ Γ E ✉♠

✐$♦♠♦,✜$♠♦ ❡ ❛$$✐♠✱ ♣♦, ♠❡✐♦ ❞❡$7❡ ✐$♦♠♦,✜$♠♦✱ ❡$❝,❡✈❡,❡♠♦$

LP̃ (Ω) = (EP (Ω))′.

❙❡ P $❛7✐$❢❛③ ❛ ❝♦♥❞✐'B♦ ∆2✱ ❡♥7B♦ ♣❡❧♦ ❚❡♦,❡♠❛ ✶✳✺✺

LP̃ (Ω) = (LP (Ω))′.

❉❛ ♠❡$♠❛ ❢♦,♠❛✱ $❡ P̃ $❛7✐$❢❛③ ∆2✱ ❡♥7B♦

LP (Ω) = (LP̃ (Ω))′.

❆ ♣❛,7✐, ❞✐$$♦✱ ♣♦❞❡♠♦$ ❡♥✉♥❝✐❛, ♦ $❡❣✉✐♥7❡ ,❡$✉❧7❛❞♦✿

❚❡♦#❡♠❛ ✶✳✻✷✳ ❙❡ P " ∆✲$❡❣✉❧❛$✱ ❡♥+,♦ LP (Ω) " $❡✢❡①✐✈♦✳

❖❜,❡#✈❛./♦ ✶✳✻✸✳ ❙❡ P ♥B♦ $❛7✐$❢❛③ ∆2✱ ❡♥7B♦ ♣♦❞❡✲$❡ ♣,♦✈❛, 5✉❡ ❡①✐$7❡ ✉♠ ❢✉♥❝✐♦♥❛❧

❧✐♥❡❛, ❝♦♥7A♥✉♦ ❡♠ (LP (Ω))′ 5✉❡ ♥B♦ ♣♦❞❡ $❡, ❞❛❞♦ ♣♦, ✭✶✳✷✷✮✱ ♣❛,❛ ♥❡♥❤✉♠ v ∈ LP̃ (Ω)

✭ ✈❡, ❬✷✶❪✱ ❚❡♦,❡♠❛ ✸✳✶✸✳✺✮✳ ❉❡$$❛ ♠❛♥❡✐,❛ ♣♦❞❡♠♦$ ❝♦♥❝❧✉✐, 5✉❡ ❛ ,❡❝A♣,♦❝❛ ❞♦ ❚❡♦,❡♠❛

✶✳✻✷ E ✈❡,❞❛❞❡✐,❛✳

✶✳✽ ✲ ❊%♣❛(♦% ❞❡ ❖-❧✐❝③✲❙♦❜♦❧❡✈

❉❡✜♥✐,❡♠♦$ ♦$ ❡$♣❛'♦$ ❞❡ ❖,❧✐❝③✲❙♦❜♦❧❡✈ ❞❡ ♠❛♥❡✐,❛ ❛♥R❧♦❣❛ ❛ 5✉❡ $❡ ❞❡✜♥❡ ♦$ ❡$♣❛'♦$

❞❡ ❙♦❜♦❧❡✈ ❛ ♣❛,7✐, ❞♦$ ❡$♣❛'♦$ ❞❡ ▲❡❜❡$❣✉❡✳

❉❡✜♥✐./♦ ✶✳✻✹✳ ❉❛❞❛ P ✉♠❛ ◆✲❢✉♥'B♦✱ ❞❡✜♥✐♠♦$ W 1,P (Ω) ❝♦♠♦ $❡♥❞♦ ♦ ❡$♣❛'♦ ✈❡7♦,✐❛❧

W 1,P (Ω) = {u ∈ LP (Ω) : ∃ f1, ..., fn ∈ LP (Ω) $❛7✐$❢❛③❡♥❞♦
∫

Ω

u
∂φ

∂xi

dx = −

∫

Ω

fiφdx, ∀ φ ∈ C∞0 (Ω), ∀ i = 1, ..., n}.

✸✽



✶✳✽✳ ❊$♣❛'♦$ ❞❡ ❖,❧✐❝③✲❙♦❜♦❧❡✈

❙❡ ✉ ∈ W 1,P (Ω)✱ ❡♥89♦ ♣❡❧♦ ❧❡♠❛ ❞❡ ❉✉ ❇♦✐$ ❘❛②♠♦♥❞ 8❛✐$ ❢✉♥'@❡$ fi $9♦ A♥✐❝❛$ ❡ $9♦

❝❤❛♠❛❞❛$ ❞❡,✐✈❛❞❛$ ❢,❛❝❛$ ❞❡ u✳ ❉❡♥♦8❛,❡♠♦$ fi =
∂u
∂xi

❡ ∇u = ( ∂u
∂x1

, ..., ∂u
∂xn

)✳

C♦❞❡♠♦$ ❞❡✜♥✐, ❡♠ W 1,P (Ω) ❛ $❡❣✉✐♥8❡ ♥♦,♠❛✱

|u|1,P = |u|P + |∇u|P , ∀ u ∈ W 1,P (Ω),

♦♥❞❡ ❡$8❛♠♦$ ❞❡♥♦8❛♥❞♦ ♣♦, |∇u|P ❛ ♥♦,♠❛ ❞❡ ▲✉①❡♠❜✉,❣♦ ❞❡ |∇u|✳

❉❡✜♥✐%&♦ ✶✳✻✺✳ ❖ ❡$♣❛'♦ W 1,P (Ω) ♠✉♥✐❞♦ ❞❛ ♥♦,♠❛ | · |P H ❝❤❛♠❛❞♦ ❡$♣❛'♦ ❞❡ ❖,❧✐❝③✲

❙♦❜♦❧❡✈ ❛$$♦❝✐❛❞♦ ❛ ◆✲❢✉♥'9♦ P ✳

❚❡♦-❡♠❛ ✶✳✻✻✳ W 1,P (Ω) := (W 1,P (Ω), |.|1,P )  ✉♠ ❡$♣❛'♦ ❞❡ ❇❛♥❛❝❤✳

❉❡♠♦♥%&'❛)*♦✳ ❈♦♥$✐❞❡,❡♠♦$ ♦ ❡$♣❛'♦ ✈❡8♦,✐❛❧ (LP (Ω))N+1 = LP (Ω)×LP (Ω)×· · ·×LP (Ω)

♠✉♥✐❞♦ ❞❛ $❡❣✉✐♥8❡ ♥♦,♠❛✿

|u|(LP )N+1 = |u0|P + |(u1, ..., uN)|P , ∀ u ∈ (LP (Ω))N+1.

❉❡✜♥✐♥❞♦ ❛ ❛♣❧✐❝❛'9♦

T : W 1,P (Ω) −→ (LP (Ω))N+1

u 7−→ (u,∇u),

♣♦❞❡♠♦$ ✐❞❡♥8✐✜❝❛,W 1,P (Ω) ❝♦♠ T (W 1,P (Ω))✱ $✉❜❡$♣❛'♦ ❞❡ (LP (Ω))N+1✳ ❈♦♠♦ (LP (Ω))N+1

H ❡$♣❛'♦ ❞❡ ❇❛♥❛❝❤ ❡ T H ✉♠❛ ✐$♦♠❡8,✐❛ ❡♥8,❡ W 1,P (Ω) ❡ T (W 1,P (Ω))✱ ♣,❡❝✐$❛♠♦$ ❛♣❡♥❛$

♣,♦✈❛, L✉❡ T (W 1,P (Ω)) H ❢❡❝❤❛❞♦✳

❙❡❥❛ (uk,∇uk)
k→∞
−→ (u, u1, . . . , uN)✱ ❡♠ (LP (Ω))N+1✳ ❊♥89♦

uk
LP

−→ u ❡

∂uk

∂xi

LP

−→ ui, ♣❛,❛ ❝❛❞❛ i = 1, . . . , N.

❋✐①❡♠♦$ Φ ∈ C∞0 (Ω) ❛,❜✐8,O,✐♦✳ ❉❡$$❡ ♠♦❞♦ Φ ❡

∂Φ
∂xi
∈ LP̃ (Ω)✱ ♣❛,❛ ❝❛❞❛ i✱ ♦♥❞❡ P̃ H ❛

N ✲ ❢✉♥'9♦ ❝♦♠♣❧❡♠❡♥8❛, ❛ P ✳

❉❛ ❞❡$✐❣✉❛❧❞❛❞❡ ❞❡ ❍Q❧❞❡,✱ $❡❣✉❡ L✉❡ ♦$ ❢✉♥❝✐♦♥❛✐$ ❧✐♥❡❛,❡$ FΦ : LP (Ω) → R ❡

F ∂Φ
∂xi

: LP (Ω)→ R✱ ❞❡✜♥✐❞♦$ ♣♦,

FΦ(v) =

∫

Ω

v(x)Φ(x)dx ❡ F ∂Φ
∂xi

(v) =

∫

Ω

v(x)
∂Φ

∂xi

$9♦ ❝♦♥8R♥✉♦$ ❡♠ LP (Ω)✳ ❆$$✐♠

∫

Ω

uk(x)
∂Φ(x)

∂xi

dx −→

∫

Ω

u(x)
∂Φ(x)

∂xi

dx ❡

✸✾
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∫

Ω

∂uk

∂xi

Φ(x) dx −→

∫

Ω

uiΦ(x) dx.

❈♦♠♦ ∫

Ω

uk
∂Φ

∂xi

dx = −

∫

Ω

∂uk

∂xi

Φ dx,

'❡❣✉❡ 7✉❡ ∫

Ω

u(x)
∂Φ

∂xi

dx = −

∫

Ω

uiΦ(x) dx, ∀ i = 1, . . . , N.

❉❛ ❛&❜✐:&❛&✐❡❞❛❞❡ ❞❡ Φ ✱ :❡♠♦' 7✉❡ ui =
∂u
∂xi

✱ ♣❛&❛ ❝❛❞❛ i✳

❈♦♠♦ ❝♦♥'❡7✉>♥❝✐❛ ❞♦ ❈♦&♦❧?&✐♦ ✶✳✺✼✱ ❞♦ ❚❡♦&❡♠❛ ✶✳✻✷ ❡ ❞❛ ❖❜'❡&✈❛EF♦ ✶✳✻✸ ♦❜:❡♠♦' ♦

'❡❣✉✐♥:❡ &❡'✉❧:❛❞♦✿

❚❡♦#❡♠❛ ✶✳✻✼✳ ❙✉♣♦♥❤❛ '✉❡ P ) ✉♠❛ ◆✲❢✉♥./♦✳ ❊♥2/♦✿

✶✳ W 1,P (Ω) ) 5❡♣❛67✈❡❧✱ 5❡ P ∈ ∆2❀

✷✳ =❛6❛ ❝❛❞❛ F ∈ (W 1,P (Ω))′ := W−1,P̃ (Ω)✱ ❡①✐52❡♠ vi ∈ LP̃ (Ω), i = 0, ..., N 2❛✐5 '✉❡

F (u) =

∫

Ω

u(x)v0(x)dx+
n∑

i=1

∫

Ω

∂u(x)

∂xi

vi(x)dx, ∀ u ∈ W 1,P (Ω);

✸✳ W 1,P (Ω) ) 6❡✢❡①✐✈♦ 5❡✱ ❡ 5♦♠❡♥2❡ 5❡✱ P ❡ P̃ 5❛2✐5❢❛③❡♠ ∆2✳

❉❡♠♦♥%&'❛)*♦✳ ❱❡& ❬✶❪✳

✶✳✾ ✲ ■♠❡'()❡( ❞❡ ❖'❧✐❝③✲❙♦❜♦❧❡✈

❊':✉❞❛&❡♠♦' ❛❣♦&❛ ❛' ✐♠❡&'(❡' ❞❡ ❡'♣❛E♦' ❞❡ ❖&❧✐❝③✲❙♦❜♦❧❡✈ ❡♠ ❡'♣❛E♦' ❞❡ ❖&❧✐❝③✳

▲❡♠❛ ✶✳✻✽✳ ❙❡❥❛ P ✉♠❛ ◆✲❢✉♥./♦ 5❛2✐5❢❛③❡♥❞♦

∫ 1

0

P−1(s)

s1+
1
N

ds <∞ ✭✶✳✷✽✮

❡

∫ ∞

1

P−1(s)

s1+
1
N

ds =∞. ✭✶✳✷✾✮

❊♥2/♦ ❛ ❢✉♥./♦ (P ∗)−1 : [0,∞) −→ [0,∞) ❞❛❞❛ ♣♦6

(P ∗)−1(t) =

∫ t

0

P−1(s)

s1+
1
N

ds

) ❜✐❥❡2✐✈❛ ❡ ❛ 5✉❛ ✐♥✈❡65❛ P ∗ ✭❡52❡♥❞✐❞❛ ❞❡ ❢♦6♠❛ ♣❛6 ♣❛6❛ 2♦❞♦ R✮ ) ◆✲❢✉♥./♦✳

✹✵
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❉❡♠♦♥%&'❛)*♦✳ ❖❜✈✐❛♠❡♥6❡ (P ∗)−1 7 ❡'6&✐6❛♠❡♥6❡ ❝&❡'❝❡♥6❡ ❡ ♣♦&6❛♥6♦ 7 ✐♥❥❡6✐✈❛✳ ❆❧7♠

❞✐''♦✱ ♣❡❧❛ ❞❡✜♥✐=>♦ ❞❡ (P ∗)−1 7 ❢@❝✐❧ ✈❡& A✉❡ (P ∗)−1(0) = 0✳ C❡❧❛ ❝♦♥❞✐=>♦ ✭✶✳✷✾✮✱

(P ∗)−1 →∞ A✉❛♥❞♦ t→∞✳ ❖❜'❡&✈❛❞♦ ✐'6♦ ❡ ♣❡❧❛ ❝♦♥6✐♥✉✐❞❛❞❡ ❞❡ (P ∗)−1 '❡❣✉❡ A✉❡ (P ∗)−1

7 '♦❜&❡❥❡6✐✈❛✳ C♦&6❛♥6♦ (P ∗)−1 6❡♠ ✐♥✈❡&'❛ ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❛ ❞❡♥♦6❛&❡♠♦' ♣♦& P ∗✳

❆✜"♠❛%&♦ ✶✳✻✾✳ P ∗ 7 ✉♠❛ ◆✲❢✉♥=>♦✳

❉❡ ❢❛6♦✱

• ❆ ❝♦♥6✐♥✉✐❞❛❞❡ ❞❡ P ∗ ❞❡❝♦&&❡ ❞❛ ❝♦♥6✐♥✉✐❞❛❞❡ ❞❡ (P ∗)−1❀

• P ∗ 7 ❡'6&✐6❛♠❡♥6❡ ❝&❡'❝❡♥6❡ ♣♦✐' (P ∗)−1 7 ❡'6&✐6❛♠❡♥6❡ ❝&❡'❝❡♥6❡❀

• ❈♦♠♦ (P ∗)−1(0) = 0✱ ❡♥6>♦ P ∗(0) = P ∗((P ∗)−1(0)) = 0❀

• C&♦✈❛& A✉❡ P ∗ 7 ❝♦♥✈❡①❛ 7 ❡A✉✐✈❛❧❡♥6❡ ❛ ♣&♦✈❛& A✉❡ (P ∗)−1 7 ❝M♥❝❛✈❛✳ ◆❡''❡ '❡♥6✐❞♦✱

♦❜'❡&✈❛♥❞♦ A✉❡

(P ∗−1)′(t) =
P−1(t)

t1+
1
N

.

❡ ❝♦♥'✐❞❡&❛♥❞♦ t ≥ 0 ❡ 0 ≤ α ≤ 1 ❛&❜✐6&@&✐♦'✱ 6❡♠♦' ♣❡❧❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ P A✉❡

P (αP−1(t)) ≤ αP (P−1(t)) = αt,

♣♦&6❛♥6♦ αP−1(t) ≤ P−1(αt)✳ ❙✉♣♦♥❤❛ A✉❡ 0 < a ≤ b✱ ❡♥6>♦ a/b ≤ 1✳ ❉❡''❡ ♠♦❞♦✱

6♦♠❛♥❞♦ α = a
b
❡ t = b✱ 6❡♠♦'

P−1(a) ≥
a

b
P−1(b) ≥

(a

b

)1+ 1
N

P−1(b).

❆''✐♠✱

d

dt
(P ∗)−1(a) =

P−1(a)

a1+
1
N

≥
P−1(b)

b1+
1
N

=
d

dt
(P ∗)−1(b),

❞♦♥❞❡

d
dt
(P ∗)−1 7 ♥>♦ ❝&❡'❝❡♥6❡ ❡ ♣♦&6❛♥6♦ (P ∗)−1 7 ❝M♥❝❛✈❛❀

• C❡❧❛ ❘❡❣&❛ ❞❡ ▲✬❍♦'♣✐6❛❧ ❡ ♣❡❧❛ C&♦♣♦'✐=>♦ ✶✳✷✱ 6❡♠♦' A✉❡

lim
t→∞

(P ∗)−1(t)

t
= lim

t→∞

P−1(t)

t1+
1
N

= 0,

♣♦&6❛♥6♦

lim
t→∞

P ∗(t)

t
=∞;

• C♦& ✉♠ &❛❝✐♦❝S♥✐♦ ❛♥@❧♦❣♦ ❛♦ ❛♥6❡&✐♦&✱ ♦❜6❡♠♦' A✉❡

lim
t→0

P ∗(t)

t
= 0,

♦ A✉❡ ❝♦♥❝❧✉✐ ❛ ♣&♦✈❛ ❞❛ ❛✜&♠❛=>♦✳

✹✶
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❊①❡♠♣❧♦ ✶✳✼✵✳ ❈♦♥'✐❞❡&❡ ❛ ◆✲❢✉♥:;♦ P (t) = |t|p, p > 1✳ ❚❡♠♦' =✉❡ P−1(t) = t1/p✱ ❛''✐♠

♣❛&❛ =✉❡ P '❛@✐'❢❛:❛ ✭✶✳✷✽✮ ❡ ✭✶✳✷✾✮ ❞❡✈❡♠♦' @❡& 1/p− 1/N − 1 > −1✱ ❞♦♥❞❡ p < N. ◆❡''❡

❝❛'♦✱ ♣❛&❛ p < N ✱ ♦❜@❡♠♦'

(P ∗)−1(t) =

∫ t

0

s1/p

s1+1/N
ds =

∫ t

0

s1/p−1/N−1ds =
pN

N − p
t
N−p
pN , t ≥ 0

❡ ♣♦&@❛♥@♦

P ∗(t) =
|t|p

∗

p∗
, t ∈ R,

♦♥❞❡ p∗ = pN
N−p

.

❉❡✜♥✐/0♦ ✶✳✼✶✳ ❉✐③❡♠♦' =✉❡ Ω F ✉♠ ❞♦♠G♥✐♦ ❛❞♠✐''G✈❡❧✱ '❡ ❡♠ Ω ♦❝♦&&❡ ❛' ✐♠❡&'(❡' ❞❡

❙♦❜♦❧❡✈

W 1,1(Ω)
❝♦♥#✳

→֒ Lq(Ω), q ∈ [1, N/(N − 1)].

❚❡♦2❡♠❛ ✶✳✼✷✳ ❙❡❥❛ Ω ✉♠ ❞♦♠(♥✐♦ ❧✐♠✐,❛❞♦ ❡ ❛❞♠✐--(✈❡❧✳ ❙✉♣♦♥❤❛ 2✉❡ P -❛,✐-❢❛③ ✭✶✳✷✽✮ ❡

✭✶✳✷✾✮ ✳ ❊♥,<♦

W 1,P (Ω)
❝♦♥#✳

→֒ LP ∗(Ω).

❆❧>♠ ❞✐--♦✱ -❡ H > ✉♠❛ ◆✲❢✉♥B<♦ ❡ H ≺≺ P ∗✱ ❡♥,<♦

W 1,P (Ω)
❝♦♠♣✳

→֒ LH(Ω).

❉❡♠♦♥%&'❛)*♦✳ ❉❡✜♥❛ s = P ∗(t)✳ ❊♥@;♦

dP ∗

dt
(t).

d(P ∗)−1

ds
(s) = 1, s > 0

❛''✐♠

dP ∗

dt
(t) =

s1+
1
N

P−1(s)
=
(P ∗(t))1+

1
N

P−1(P ∗(t))
.

❉❡''❡ ♠♦❞♦✱ P '❛@✐'❢❛③ ❛ '❡❣✉✐♥@❡ ❡=✉❛:;♦✿

P−1(P ∗(t)).
dP ∗

dt
(t) = (P ∗(t))1+

1
N . ✭✶✳✸✵✮

❈♦♥'✐❞❡&❡ P̃ ❛ ◆✲❢✉♥:;♦ ❝♦♠♣❧❡♠❡♥@❛& ❛ P ✳ N❡❧❛ N&♦♣♦'✐:;♦ ✶✳✾✱ @❡♠♦' =✉❡

P ∗(t) < P−1(P ∗(t))P̃−1(P ∗(t)).

❉❡ ✭✶✳✸✵✮ '❡❣✉❡ ❛ '❡❣✉✐♥@❡ ❞❡'✐❣✉❛❧❞❛❞❡✿

P−1(P ∗(t))
dP ∗

dt
(t) = (P ∗(t))

1
N P ∗(t) < (P ∗(t))

1
N P−1(P ∗(t))P̃−1(P ∗(t)),

✹✷
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❞♦♥❞❡

dP ∗

dt
(t) ≤ (P ∗(t))

1
N .P̃−1(P ∗(t)), ∀ t ∈ R.

❉❡✜♥✐♥❞♦ σ(t) = (P ∗(t))
N−1
N

✱ ♦❜8❡♠♦' 9✉❡

dσ

dt
=

N − 1

N
(P ∗)−

1
N (t)

dP ∗

dt
(t)

≤
N − 1

N
(P ∗)−

1
N (t)(P ∗)

1
N (t)P̃−1(P ∗(t)) =

N − 1

N
P̃−1

(

σ(t)
N

N−1

)

. ✭✶✳✸✶✮

❙❡❥❛ u ∈ W 1,P (Ω) ❡ '✉♣♦♥❤❛✱ ♣♦& ✉♠ ♠♦♠❡♥8♦✱ 9✉❡ u B ❧✐♠✐8❛❞❛ ❡♠ Ω ❡ u 6= 0✳ ◆❡''❡

❝❛'♦ ∫

Ω

P ∗
(
|u|

λ

)

dx

❞❡❝&❡'❝❡ ❝♦♥8✐♥✉❛♠❡♥8❡ ❞❡ ✐♥✜♥✐8♦ ♣❛&❛ 0 9✉❛♥❞♦ λ ❝&❡'❝❡ ❞❡ 0 ♣❛&❛ ✐♥✜♥✐8♦✳ ❉❡''❛ ♠❛♥❡✐&❛✱

❡①✐'8❡ K > 0 8❛❧ 9✉❡

∫

Ω

P ∗
(
|u|

K

)

dx = 1

❡ ♣❡❧❛ ❖❜'❡&✈❛EF♦ ✶✳✸✸✱ K = |u|P ∗ ✳ ❚♦♠❛♥❞♦ f(x) = σ
(
|u(x)|
K

)

, ❞❡❝♦&&❡ ❞❡ ✭✶✳✸✶✮ ❡ ❞♦ ❢❛8♦

❞❡ ❡'8❛&♠♦' '✉♣♦♥❞♦ u ❡''❡♥❝✐❛❧♠❡♥8❡ ❧✐♠✐8❛❞❛ 9✉❡ σ B ▲✐♣'❝❤✐8③✐❛♥❛ ❡♠ [0, |u|∞
K
]. ❆❧B♠ ❞✐''♦

u ∈ W 1,P (Ω)✱ ❡♥8F♦ '❡❣✉❡ ❞♦ ❚❡♦&❡♠❛ ✶✳✸✻ 9✉❡ u ∈ W 1,1(Ω)✳ M❡❧♦ ❚❡♦&❡♠❛ ❆✳✶✸✱ ♦❜8❡♠♦'

9✉❡ f ∈ W 1,1(Ω) ❡ ♣❡❧❛ ❘❡❣&❛ ❞❛ ❈❛❞❡✐❛ ♣❛&❛ ❡'♣❛E♦' ❞❡ ❙♦❜♦❧❡✈ ✭✈❡& ❚❡♦&❡♠❛ ❆✳✶✹✮✱ 8❡♠♦'

❛✐♥❞❛ ❛ '❡❣✉✐♥8❡ ✐❞❡♥8✐❞❛❞❡✿

∂f

∂xi

= σ′
(
|u(x)|

K

)
1

K
'❣♥u(x)

∂u

∂xi

(x).

❈♦♠♦

W 1,1(Ω) →֒ L
N

N−1 (Ω),

❡♥8F♦

|f | N
N−1

≤ C1

(
N∑

j=1

∣
∣
∣
∣

∂f

∂xj

∣
∣
∣
∣
1

+ |f |1

)

=

C1

(

1

K

N∑

j=1

∫

Ω

σ′
(
|u(x)|

K

) ∣
∣
∣
∣

∂u

∂xi

(x)

∣
∣
∣
∣
dx+

∫

Ω

σ

(
|u(x)|

K

)

dx

)

.

❆''✐♠

1 =

(∫

Ω

P ∗
(
|u(x)|

K

)

dx

)N−1
N

=

(
∫

Ω

σ

(
|u(x)|

K

) N
N−1

dx

)N−1
N

= |f | N
N−1

≤ C1

(

1

K

N∑

j=1

∫

Ω

σ′
(
|u(x)|

K

) ∣
∣
∣
∣

∂u

∂xi

(x)

∣
∣
∣
∣
dx+

∫

Ω

σ

(
|u(x)|

K

)

dx

)

❍!❧❞❡%

≤
2C1

K

(
N∑

j=1

∣
∣
∣
∣
σ′
(
|u|

K

)∣
∣
∣
∣
P̃

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
P

)

+ C1

∫

Ω

σ

(
|u(x)|

K

)

dx. ✭✶✳✸✷✮

✹✸
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4♦& ✭✶✳✸✶✮ 8❡♠♦' ❛✐♥❞❛ ;✉❡

∣
∣
∣
∣
σ′
(
|u|

K

)∣
∣
∣
∣
P̃

≤
N − 1

N

∣
∣
∣
∣
∣
P̃−1

[(

σ

(
|u|

K

)) N
N−1

]∣
∣
∣
∣
∣
P̃

=
N − 1

N
inf






λ > 0 :

∫

Ω

P̃




P̃−1

(

P ∗
(
|u(x|)
K

))

λ



 dx ≤ 1






. ✭✶✳✸✸✮

❉❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ P̃ ✱ '❡❣✉❡ ;✉❡ ♣❛&❛ 8♦❞♦ λ > 1

∫

Ω

P̃




P̃−1

(

P ∗
(
|u(x|)
K

))

λ



 dx ≤
1

λ

∫

Ω

P ∗
(
|u(x)|

K

)

dx ≤
1

λ
< 1,

♣♦&8❛♥8♦

inf






λ > 0 :

∫

Ω

P̃




P̃−1[P ∗

(
|u(x|)
K

)

]

λ



 dx ≤ 1






≤ 1. ✭✶✳✸✹✮

❆''✐♠✱ ❞❡ ✭✶✳✸✸✮ ❡ ✭✶✳✸✹✮ ♦❜8❡♠♦' ;✉❡

∣
∣
∣
∣
σ′
(
|u|

K

)∣
∣
∣
∣
P̃

≤
N − 1

N
. ✭✶✳✸✺✮

❉❡✜♥✐♥❞♦

g(t) =
P ∗(t)

t
❡ h(t) =

σ(t)

t
,

❡♥8F♦

lim
t→∞

g(t)

h(t)
= lim

t→∞

P ∗(t)

σ(t)
== lim

t→∞

P ∗(t)

(P ∗(t))1−
1
N

= lim
t→∞

(P ∗(t))
1
N =∞

❡ ❞❛G ♣♦❞❡♠♦' ❡♥❝♦♥8&❛& t0 > 0 8❛❧ ;✉❡

h(t) ≤
g(t)

2C1

, ∀ t ≥ t0.

❆❧H♠ ❞✐''♦✱ ♣❡❧❛ ❢❛8♦ ❞❡ P ∗ '❡& ◆✲❢✉♥KF♦✱ '❡❣✉❡ ❞❛ 4&♦♣♦'✐KF♦ ✶✳✷ ;✉❡

lim
t→0

h(t) = lim
t→0

P ∗(t)1−1/N

t
= lim

t→0

P ∗(t)

t
.

1

P ∗(t)1/N
= 0,

❛''✐♠ h H ❧✐♠✐8❛❞❛ ❡♠ ✐♥8❡&✈❛❧♦' ❧✐♠✐8❛❞♦'✳ ❚♦♠❛♥❞♦ C2 = C1 sup
[0,t0]

h(t)✱ 8❡♠♦' ;✉❡ ♣❛&❛ ❝❛❞❛

t ≥ t0✱

σ(t) = th(t) ≤
1

2C1

g(t)t =
1

2C1

P ∗(t)

❡ ♣❛&❛ ❝❛❞❛ 0 ≤ t < t0✱

σ(t) = th(t) ≤
C2

C1

t.

✹✹
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4♦&5❛♥5♦✱

σ(t) ≤
1

2C1

P ∗(t) +
C2t

C1

, ∀ t ≥ 0

❡ ❛''✐♠

C1

∫

Ω

σ

(
|u(x)|

K

)

dx ≤
1

2

∫

Ω

P ∗
(
|u(x)|

K

)

dx+ C2

∫

Ω

|u(x)|

K
dx

Holder

≤
1

2
+
2C2

K
|u|P |1|P̃ =

1

2
+

C3

K
|u|P , ✭✶✳✸✻✮

♦♥❞❡ C3 = 2C2|1|P̃ ✳

❈♦♠❜✐♥❛♥❞♦ ❛' ❞❡'✐❣✉❛❧❞❛❞❡' ✭✶✳✸✷✮✱ ✭✶✳✸✺✮ ❡ ✭✶✳✸✻✮✱ ♦❜5❡♠♦' B✉❡

1 ≤
2C1(N − 1)

KN

N∑

j=1

∣
∣
∣
∣

∂u

∂xj

∣
∣
∣
∣
P

+
1

2
+

C3

K
|u|P .

4♦&5❛♥5♦✱

|u|P ∗ = K ≤ 2

(
2C1N(N − 1)

N
+ C3

)

max
1≤i≤N

{

|u|P ,

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
P

}

. ✭✶✳✸✼✮

❈♦♠♦

max
1≤i≤N

{

|u|P ,

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
P

}

❞❡✜♥❡ ✉♠❛ ♥♦(♠❛ ❡♠ W 1,P (Ω)✱ *✉❡ + ❡*✉✐✈❛❧❡♥/❡ ❛ ♥♦(♠❛ | · |1,P ✱ ❡♥/0♦ ✭✶✳✸✼✮ ♥♦7 ❞✐③ *✉❡

❡①✐7/❡ ✉♠❛ ❝♦♥7/❛♥/❡ ♣♦7✐/✐✈❛ C ♣❛(❛ ❛ *✉❛❧

|u|P ∗ = K ≤ C|u|1,P , ✭✶✳✸✽✮

♦ *✉❡ ♣(♦✈❛ *✉❡ ❛ ✐♠❡(70♦ (❡*✉❡(✐❞❛ + ✈=❧✐❞❛ ♣❛(❛ /♦❞♦ u ∈ W 1,P (Ω)∩L∞(Ω). >❛(❛ ❡7/❡♥❞❡(

✭✶✳✸✽✮ ♣❛(❛ ✉♠❛ ❢✉♥@0♦ ❛(❜✐/(=(✐❛ u ∈ W 1,P (Ω)✱ ❞❡✜♥❛♠♦7 ❛ 7❡❣✉✐♥/❡ 7❡*✉C♥❝✐❛ ✿

uk(x) =

{

|u(x)|, 7❡ |u(x)| ≤ k,

k, 7❡ |u(x)| > k.

❈❧❛(❛♠❡♥/❡ uk ∈ L∞(Ω) ∩W 1,P (Ω) ❡

∣
∣
∣
∣

∂uk

∂xj

(x)

∣
∣
∣
∣
=







∣
∣
∣
∂u
∂xj

(x)
∣
∣
∣ , 7❡ |u(x)| ≤ k,

0, 7❡ |u(x)| > k.

◆♦/❡ ❛✐♥❞❛ *✉❡ 7❡ k1 < k2✱ ❡♥/0♦ |uk1 |P ∗ ≤ |uk2 |P ∗ ✱ ✐7/♦ +✱ ❛ 7❡*✉C♥❝✐❛ {|uk|P ∗} + ♥0♦

❞❡❝(❡7❝❡♥/❡✳ ❆❧+♠ ❞✐77♦

|uk(x)| ≤ |u(x)| ❡

∣
∣
∣
∣

∂uk

∂xj

(x)

∣
∣
∣
∣
≤

∣
∣
∣
∣

∂u

∂xj

(x)

∣
∣
∣
∣
, ∀ x ∈ Ω,

✹✺
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❛''✐♠

|uk|P ≤ |u|P ❡

∣
∣
∣
∣

∂uk

∂xj

∣
∣
∣
∣
P

≤

∣
∣
∣
∣

∂u

∂xj

∣
∣
∣
∣
P

,

♥♦ 6✉❡ &❡'✉❧8❛ ❡♠

|uk|P ∗ ≤ C|uk|1,P ≤ C|u|1,P .

9♦&8❛♥8♦ {|uk|P ∗} : ❧✐♠✐8❛❞❛✳ ❉❡''❡ ♠♦❞♦✱ ❡①✐'8❡ lim
k→∞

|uk|P ∗ ❡

Λ := lim
k→∞

|uk|P ∗ ≤ C|u|1,P .

9♦& ✜♠✱ ✉♠❛ ✈❡③ 6✉❡

P ∗
(
|uk(x)|

Λ

)

−→ P ∗
(
|u(x)|

Λ

)

, ∀ x ∈ Ω,

'❡❣✉❡ ❞♦ ❚❡♦&❡♠❛ ❆✳✹ 6✉❡

∫

Ω

P ∗
(
|u(x)|

Λ

)

dx ≤ sup
k

∫

Ω

P ∗
(
|uk(x)|

Λ

)

dx ≤ 1,

♦♥❞❡ ❛ C❧8✐♠❛ ❞❡'✐❣✉❛❧❞❛❞❡ '❡ ✈❡&✐✜❝❛ ♣❡❧♦ ❢❛8♦ ❞❡ Λ ≥ |uk|P ∗ ✳ ❆''✐♠

|u|P ∗ ≤ Λ ≤ C|u|1,P ,

❞♦♥❞❡ ❝♦♥❝❧✉F♠♦' 6✉❡

W 1,P (Ω)
❝♦♥#✳

→֒ LP ∗(Ω).

❙✉♣♦♥❤❛ ❛❣♦&❛ 6✉❡ H ≺≺ P ∗✳ ◆❡''❡ ❝❛'♦✱ ♣❡❧♦ ❚❡♦&❡♠❛ ✶✳✹✷ 8❡♠♦' 6✉❡

LP ∗(Ω)
❝♦♥#✳

→֒ LH(Ω)✱ ♣♦&8❛♥8♦ W 1,P (Ω)
❝♦♥#✳

→֒ LH(Ω)✳ 9&♦✈❛&❡♠♦' ❛❣♦&❛ 6✉❡ ❡'8❛ ✐♠❡&'J♦ :

❝♦♠♣❛❝8❛✳ ❈♦♥'✐❞❡&❡ ❡♥8J♦ S ✉♠ '✉❜❝♦♥❥✉♥8♦ ❧✐♠✐8❛❞♦ ❞❡ W 1,P (Ω)✳ ❈♦♠♦

W 1,P (Ω)
❝♦♥#✳

→֒ LP ∗(Ω),

❡♥8J♦ S : ❧✐♠✐8❛❞♦ ❡♠ LP ∗(Ω)✳ ❆❧:♠ ❞✐''♦✱ '❡❣✉❡ ❞♦ ❚❡♦&❡♠❛ ✶✳✸✻ 6✉❡ W 1,P (Ω)
❝♦♥#✳

→֒ W 1,1(Ω)

❡ ♣❡❧♦ ❚❡♦&❡♠❛ ❆✳✶✺✱ W 1,1(Ω)
❝♦♠♣✳

→֒ L1(Ω)✱ ♣♦&8❛♥8♦ S : ♣&:✲❝♦♠♣❛❝8♦ ❡♠ L1(Ω)✳ ❆''✐♠✱

♣❡❧♦ ❈♦&♦❧P&✐♦ ✶✳✹✼ ❝♦♥❝❧✉F♠♦' 6✉❡ S : ♣&:✲❝♦♠♣❛❝8♦ ❡♠ LH(Ω)✳

❈♦"♦❧$"✐♦ ✶✳✼✸✳ W 1,P (Ω)
❝♦♠♣✳

→֒ LP (Ω)✳

❉❡♠♦♥%&'❛)*♦✳ ❆✜&♠❛♠♦' 6✉❡ P ≺≺ P ∗✳ ❉❡ ❢❛8♦✱ ❞❡ ❛❝♦&❞♦ ❝♦♠ ❬✶✱ ♣❛❣ ✷✻✺❪✱ : '✉✜❝✐❡♥8❡

♣&♦✈❛& 6✉❡

lim
t→∞

(P ∗)−1(t)

P−1(t)
= 0.

❋❛❝✐❧♠❡♥8❡ ♦❜8❡♠♦' ❡'8❡ ❧✐♠✐8❡✱ ❛♣❧✐❝❛♥❞♦ ❛ ❘❡❣&❛ ❞❡ ▲✬❍♦'♣✐8❛❧✳

✹✻
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◆♦ ❝❛'♦ ❞❡ ❡'♣❛7♦' ❞❡ ❙♦❜♦❧❡✈✱ '❛❜❡♠♦' 9✉❡ '❡ p > N ❡♥<=♦

W 1,p(Ω)
❝♦♥#✳

→֒ C0,1−N/p(Ω).

❊♠ '❡ <&❛<❛♥❞♦ ❞♦' ❡'♣❛7♦' ❞❡ ❖&❧✐❝③✲❙♦❜♦❧❡✈✱ ❛ ❝♦♥❞✐7=♦ ❝♦&&❡'♣♦♥❞❡♥<❡ ❛ p > N ?

∫ ∞

1

P−1(s)

s1+1/N
ds <∞.

◆❡''❡ ❝❛'♦✱ <❡♠♦' <❛♠❜?♠ ✉♠ <❡♦&❡♠❛ ❞❡ ✐♠❡&'=♦ 9✉❡ ? ❛♥@❧♦❣♦ ❛♦ <❡♦&❡♠❛ ❞❡ ✐♠❡&'=♦ ❞❡

❙♦❜♦❧❡✈✳ ❆♥<❡' ❞❡ ❡♥✉♥❝✐@✲❧♦ ✈❛♠♦' ❞❡✜♥✐& ♦ ❡'♣❛7♦ C0,σ(t)(Ω).

❉❡✜♥✐%&♦ ✶✳✼✹✳ ❙❡❥❛ σ = σ(t) ✉♠❛ ❢✉♥7=♦ ❞❡✜♥✐❞❛ ❡♠ [0,+∞) 9✉❡ ? ❝&❡'❝❡♥<❡✱ ❝♦♥<F♥✉❛ ❡

'❛<✐'❢❛③ σ(0) = 0✳ ❉✐③❡♠♦' 9✉❡ ✉♠❛ ❢✉♥7=♦ u ∈ C0(Ω) ♣❡&<❡♥❝❡ ❛♦ ❡'♣❛7♦ C0,σ(t)(Ω), '❡

Hσ(t)(u) = sup
x,y∈Ω

x 6=y

|u(x)− u(y)|

σ(|x− y|)
<∞.

C0,σ(t)(Ω) ? ✉♠ ❡'♣❛7♦ ✈❡<♦&✐❛❧ ♥♦&♠❛❞♦ ♣♦&

|u|σ(t) = max
x∈Ω

|u(x)|+Hσ(t)(u).

❚❡♦-❡♠❛ ✶✳✼✺✳ ❈♦♥#✐❞❡'❡ Ω ⊂ RN
✉♠ ❞♦♠*♥✐♦ ❧✐♠✐,❛❞♦ ❡ '❡❣✉❧❛' ❡ P ✉♠❛ ◆✲❢✉♥23♦

#❛,✐#❢❛③❡♥❞♦

∫ ∞

1

P−1(s)

s1+1/N
ds <∞.

❊♥,3♦

W 1,P (Ω)
❝♦♥#✳

→֒ C0,σ(t)(Ω),

♦♥❞❡

σ(t) =

∫ ∞

t−N

P−1(s)

s1+1/N
ds.

❉❡♠♦♥%&'❛)*♦✳ ❱❡& ❬✶❪✱ ❚❡♦&❡♠❛ ✽✳✹✵ ♦✉ ❬✷✶❪✱ ❚❡♦&❡♠❛ ✼✳✷✳✶✹✳

❉❡✜♥✐%&♦ ✶✳✼✻✳ ❉❡✜♥✐♠♦' ♦ ❡'♣❛7♦ W 1,P
0 (Ω) ❝♦♠♦ '❡♥❞♦ ♦ ❢❡❝❤♦ ❞❡ C∞0 (Ω) ❡♠ W 1,P (Ω)✱

✐'<♦ ? ✱

W 1,P
0 (Ω) = C∞0 (Ω)

|·|1,P
.

W 1,P
0 (Ω) ❝♦♠ ❛ ♥♦&♠❛ ✐♥❞✉③✐❞❛ ❞❡ W 1,P (Ω) ? ✉♠ ❡'♣❛7♦ ✈❡<♦&✐❛❧ ♥♦&♠❛❞♦✳

2-♦♣♦4✐%&♦ ✶✳✼✼✳ ✭❉❡#✐❣✉❛❧❞❛❞❡ ❞❡ 8♦✐♥❝❛':✮ ❙✉♣♦♥❤❛ Ω ❞♦♠*♥✐♦ ❧✐♠✐,❛❞♦ ❝♦♠ ❢'♦♥,❡✐'❛

'❡❣✉❧❛'✳ ❊♥,3♦ ❡①✐#,❡ ✉♠❛ ❝♦♥#,❛♥,❡ ♣♦#✐,✐✈❛ K0✱ ,❛❧ C✉❡

|u|P ≤ K0|∇u|P , ∀ u ∈ W 1,P
0 (Ω).

✹✼



✶✳✾✳ ■♠❡&'(❡' ❞❡ ❖&❧✐❝③✲❙♦❜♦❧❡✈

❉❡♠♦♥%&'❛)*♦✳ ❱❡& ❬✶✼❪✱ ♣❛❣ ✼✶✳

❙❡❣✉❡ ❞❛ ❉❡'✐❣✉❛❧❞❛❞❡ ❞❡ >♦✐♥❝❛&@ A✉❡ ❛' ♥♦&♠❛' |u|1,P ❡ |∇u|P 'B♦ ❡A✉✐✈❛❧❡♥C❡'✳ ❉❡

❛❣♦&❛ ❡♠ ❞✐❛♥C❡ ❝♦♥'✐❞❡&❛&❡♠♦' |∇u|P ❝♦♠♦ '❡♥❞♦ ❛ ♥♦&♠❛ ❞♦ ❡'♣❛D♦ W 1,P
0 (Ω)✳

❖❜"❡$✈❛'(♦ ✶✳✼✽✳ ❙❡ P @ ∆✲&❡❣✉❧❛&✱ ❡♥CB♦ W 1,P
0 (Ω) @ ✉♠ '✉❜❡'♣❛D♦ ❢❡❝❤❛❞♦ ❞❡ W 1,P (Ω)

❡ ❝♦♠♦ ❝♦♥'❡A✉G♥❝✐❛ ❞✐''♦ '❡❣✉❡ A✉❡ W 1,P
0 (Ω) @ ❡'♣❛D♦ ❞❡ ❇❛♥❛❝❤ &❡✢❡①✐✈♦✳

◆♦C❛DB♦✿ (W 1,P
0 (Ω))′ = W−1,P̃

0 (Ω).

✹✽



Capı́tulo 2

❋✉♥❝✐♦♥❛✐' ❞❡✜♥✐❞♦' ♥♦ ❡'♣❛,♦ ❞❡

❖.❧✐❝③✲❙♦❜♦❧❡✈ W
1,P
0 (Ω)

❈♦♥#✐❞❡'❡ Ω ⊂ RN
✉♠ ❞♦♠*♥✐♦ ❧✐♠✐,❛❞♦ ❝♦♠ ❢'♦♥,❡✐'❛ '❡❣✉❧❛' ∂Ω✱ f ∈ C(Ω × R,R) ❡

a : (0,∞)→ (0,∞) #❛,✐#❢❛③❡♥❞♦ ❛ #❡❣✉✐♥,❡ ❤✐♣5,❡#❡✿

(p1) : a ∈ C1(0,+∞)✱ a 7 ♣♦#✐,✐✈❛ ❡ ♠♦♥5,♦♥❛✳

❆❣♦'❛✱ ❞❡✜♥❛

p(t) :=

{

a(|t|)t, t 6= 0,

0, t = 0
✭✷✳✶✮

❡ ❛❞♠✐,❛ @✉❡ p 7 ✉♠ ❤♦♠❡♦♠♦'✜#♠♦ ❝'❡#❝❡♥,❡ ❞❡ R ❡♠ R✳ ❉❡##❡ ♠♦❞♦✱ ✜❝❛♠ ❜❡♠

❞❡✜♥✐❞❛# ❛# ◆✲❢✉♥EF❡#

P (t) :=

∫ t

0

p(s)ds ❡ P̃ (t) :=

∫ t

0

p−1(s)ds, t ≥ 0.

❈♦♠ '❡❧❛EG♦ H ◆✲❢✉♥EG♦ P ✱ ❝♦♥#✐❞❡'❛'❡♠♦#

(p2) : 1 < p− := inf
t>0

tp(t)

P (t)
6 p+ := sup

t>0

tp(t)

P (t)
< +∞;

(p3) : 0 < a− := inf
t>0

tp′(t)

p(t)
6 a+ := sup

t>0

tp′(t)

p(t)
< +∞.

I❡❧♦# ▲❡♠❛# ✶✳✶✸ ❡ ✶✳✶✻✱ ❛ ❝♦♥❞✐EG♦ (p2) ✐♠♣❧✐❝❛ @✉❡ ❛ ◆✲❢✉♥EG♦ I 7 ∆✲'❡❣✉❧❛' ❡ ❛##✐♠

#❡❣✉❡ ❞♦# ❚❡♦'❡♠❛# ✶✳✸✼✱ ✶✳✻✷✱ ✶✳✻✻ ❡ ✶✳✻✼ ❡ ❞❛ ❖❜#❡'✈❛EG♦ ✶✳✼✽ @✉❡ LP (Ω) ✱ W 1,P (Ω) ❡

W 1,P
0 (Ω) #G♦ ❡#♣❛E♦# ❞❡ ❇❛♥❛❝❤ '❡✢❡①✐✈♦#✳ ❆❧7♠ ❞✐##♦✱ ♣❡❧♦ ❚❡♦'❡♠❛ ✶✳✷✽✱ LP (Ω) ❝♦✐♥❝✐❞❡

❝♦♠ ❛ ❝❧❛##❡ ❞❡ ❖'❧✐❝③ LP (Ω)✳

✹✾



❈♦♥#✐❞❡'❛'❡♠♦# *❛♠❜,♠ -✉❡ P #❛*✐#❢❛③ ❛# ❝♦♥❞✐23❡# ✭✶✳✷✽✮ ❡ ✭✶✳✷✾✮✳ ◆❡#*❡ ❝❛#♦ ♣♦❞❡♠♦#

❞❡✜♥✐' ❛ ◆✲❢✉♥2?♦ P ∗ ❞❛ ♠❡#♠❛ ♠❛♥❡✐'❛ -✉❡ ❢♦✐ ❢❡✐*♦ ♥♦ ▲❡♠❛ ✶✳✻✽✳

❉❡##❛ ❢♦'♠❛✱ ❛##✉♠✐'❡♠♦# -✉❡ f : Ω× R→ R #❛*✐#❢❛③ ❛ #❡❣✉✐♥*❡ ❤✐♣F*❡#❡✿

(f∗) : f(x, 0) = 0 ❡ ❡①✐#*❡♠ ✉♠ ❤♦♠❡♦♠♦'✜#♠♦ I♠♣❛' ❡ ❝'❡#❝❡♥*❡ h : R → R ❡ ❝♦♥#*❛♥*❡#

a1, a2 ≥ 0 *❛✐# -✉❡

|f(x, t)| 6 a1 + a2h(|t|), ♣❛'❛ *♦❞♦ t ∈ R ❡ x ∈ Ω

❡

lim
t→∞

H(t)

P ∗(kt)
= 0, ∀ k > 0, ✭✷✳✷✮

♦♥❞❡

H(t) :=

∫ t

0

h(s)ds, t ≥ 0

, ❛ ◆✲❢✉♥2?♦ '❡♣'❡#❡♥*❛❞❛ ♣♦' h✳

❆##✐♠✱ #❡❣✉❡ ❞♦ ❚❡♦'❡♠❛ ✶✳✼✷ -✉❡

W 1,P (Ω)
❝♦♠♣✳

→֒ LH(Ω). ✭✷✳✸✮

❉❡♥♦*❛♥❞♦ ♣♦'

h− := inf
t>0

th(t)

H(t)
, h+ := sup

t>0

th(t)

H(t)
, p∗

− := inf
t>0

tP ∗′(t)

P ∗(t)
❡ p∗

+ := sup
t>0

tP ∗′(t)

P ∗(t)
,

✈❛♠♦# ❛❞♠✐*✐' -✉❡ H #❛*✐#❢❛③✿

(h1) : 1 < h− := inf
t>0

th(t)

H(t)
6 sup

t>0

th(t)

H(t)
:= h+ < +∞;

(h2) : p
+ < h− ≤ h+ < p∗

−.

❙♦❜ ❡##❛# ❝♦♥❞✐23❡#✱ ❝♦♥#✐❞❡'❡ ♦ ❢✉♥❝✐♦♥❛❧ I : W 1,P
0 (Ω)→ R ❞❛❞♦ ♣♦'

I(u) =

∫

Ω

P (|∇u(x)|)dx−

∫

Ω

F (x, u(x))dx,

♦♥❞❡ F (x, t) =

∫ t

0

f(x, s)ds, ♣❛'❛ *♦❞♦ (x, t) ∈ Ω× R.

❉❡♥♦*❛'❡♠♦# ♣♦' P : W 1,P
0 (Ω)→ R ❡ F : W 1,P

0 (Ω)→ R ♦# ❢✉♥❝✐♦♥❛✐#

P(u) =

∫

Ω

P (|∇u(x)|)dx ❡ F(u) =

∫

Ω

F (x, u(x))dx.

❉❡##❛ ♠❛♥❡✐'❛✱ I(u) = P(u)−F(u), u ∈ W 1,P
0 (Ω).

✺✵



✷✳✶✳ #$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+

❖❜+❡$✈❡ 3✉❡ +❡ u ∈ W 1,P
0 (Ω)✱ ❡♥56♦ +❡❣✉❡ ❞♦ ❚❡♦$❡♠❛ ✶✳✷✽ 3✉❡ |∇u| ∈ LP (Ω) ❡ ♣♦$5❛♥5♦

∫

Ω

P (|∇u(x)|)dx <∞.

❉❛ ♠❡+♠❛ ❢♦$♠❛✱ ♣❡❧❛ ❝♦♥❞✐=6♦ (f∗) 5❡♠♦+ 3✉❡

|F (x, u(x))| 6 a1|u(x)|+ a2H(|u(x)|),

❡ ❝♦♥+❡3✉❡♥5❡♠❡♥5❡

∫

Ω

|F (x, u(x))|dx 6 a1

∫

Ω

|u(x)|dx+ a2

∫

Ω

H(|u(x)|)dx.

#❡❧♦ ❚❡♦$❡♠❛ ✶✳✸✻✱ +❛❜❡♠♦+ 3✉❡

∫

Ω

|u(x)|dx < ∞. ❆❧A♠ ❞✐++♦✱ ❞❡ ✭✷✳✸✮ ♦❜5❡♠♦+ 3✉❡

u ∈ LH(Ω) ❡ ❝♦♠♦ H +❛5✐+❢❛③ (h1)✱ ❡♥56♦ H A ∆✲$❡❣✉❧❛$ ❡ ❛++✐♠ +❡❣✉❡ ♥♦✈❛♠❡♥5❡ ❞♦

❚❡♦$❡♠❛ ✶✳✷✽ 3✉❡ ∫

Ω

H(|u(x)|)dx <∞.

#♦$5❛♥5♦ P ❡ F ❡+56♦ ❜❡♠ ❞❡✜♥✐❞♦+✱ ❧♦❣♦ I : W 1,P
0 (Ω)→ R 5❛♠❜A♠ ❡+5G ❜❡♠ ❞❡✜♥✐❞♦✳

❊+5❡ ❝❛♣I5✉❧♦ ❡+5G ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛+ +❡=J❡+✳ ◆❛ ♣$✐♠❡✐$❛ +❡=6♦ 5$❛5❛$❡♠♦+ ❞❡ ❛❧❣✉♠❛+

♣$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+ I✱ P ❡ F ✱ 3✉❡ +❡$6♦ L5❡✐+ ♥♦ ❞❡❝♦$$❡$ ❞❡+5❡ 5$❛❜❛❧❤♦✳ ◆❛ +❡❣✉♥❞❛

+❡=6♦ ❝♦♥+✐❞❡$❛$❡♠♦+ ♦ +❡❣✉✐♥5❡ ♣$♦❜❧❡♠❛ ❞❡ ❝♦♥5♦$♥♦✿

{

−∆Pu = g, ❡♠ Ω,

u = 0, ♥❛ ∂Ω,
✭✷✳✹✮

♣❛$❛ g ∈ W−1,P̃
0 (Ω)✳ ❱❡$❡♠♦+ 3✉❡✱ ❛5$❛✈A+ ❞♦ ❚❡♦$❡♠❛ ❞❡ ❇$♦✇❞❡$✲▼✐♥5②✱ ♣♦❞❡♠♦+ ❞❡✜♥✐$

♦ ♦♣❡$❛❞♦$ +♦❧✉=6♦ ❛++♦❝✐❛❞♦ ❛♦ ♣$♦❜❧❡♠❛ ✭✷✳✹✮ ❡ 3✉❡ 5❛❧ ♦♣❡$❛❞♦$ A ✉♠ ❤♦♠❡♦♠♦$✜+♠♦✳

✷✳✶ ✲ $%♦♣%✐❡❞❛❞❡, ❞♦, ❢✉♥❝✐♦♥❛✐,

#$♦✈❛$❡♠♦+ ❛❣♦$❛ ❛❧❣✉♠❛+ ♣$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+ I✱ P ❡ F ✳

▲❡♠❛ ✷✳✶✳ ❙✉♣♦♥❤❛ '✉❡ P ) ✉♠❛ ◆✲❢✉♥./♦ 0❛1✐0❢❛③❡♥❞♦ (p2)✳ ❊♥1/♦ ❡①✐01❡ K > 0 1❛❧ '✉❡

P (a+ b) ≤ K[P (a) + P (b)], ♣❛9❛ 1♦❞♦ a, b ≥ 0.

❉❡♠♦♥%&'❛)*♦✳ ❙❡❣✉❡ ❞❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ P ❡ ❞♦ ❢❛5♦ ❞❡ P +❛5✐+❢❛③❡$ (p2) 3✉❡

P (a+ b)
❝♦♥✈✳

≤
1

2
P (2a) +

1

2
P (2b)

lema1.13

≤ 2p
+−1[P (a) + P (b)].

❈♦♥+✐❞❡$❛♥❞♦ K = 2p
+−1

✱ ♦❜5❡♠♦+ ❛ ❞❡+✐❣✉❛❧❞❛❞❡ ❞❡+❡❥❛❞❛✳

✺✶



✷✳✶✳ #$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+

 !♦♣♦$✐&'♦ ✷✳✷✳ ❙❡ P "❛$✐"❢❛③ (p2)✱ ❡♥$*♦ P ∈ C1(W 1,P
0 (Ω),R) ❡

〈P ′(u), ϕ〉 =

∫

Ω

a(|∇u|)∇u∇ϕdx, ♣❛-❛ $♦❞♦ u ❡ ϕ ∈ W 1,P
0 (Ω).

❉❡♠♦♥%&'❛)*♦✳

❆✜!♠❛&'♦ ✷✳✸✳ P 0 ❝♦♥12♥✉♦✳

❈♦♠ ❡❢❡✐1♦✱ +❡ un → u ❡♠ W 1,P
0 (Ω), ❡♥16♦✱ ♣❡❧❛ ❖❜+❡$✈❛;6♦ ✶✳✺✶✱

∫

Ω

P (|∇un −∇u|)dx→ 0.

❆++✐♠✱ +❡❣✉❡ ❞♦ ❚❡♦$❡♠❛ ❆✳✷ ❡ ❞♦ ❢❛1♦ ❞❡ P +❡$ ❤♦♠❡♦♠♦$✜+♠♦ +❛1✐+❢❛③❡♥❞♦ P−1(0) = 0✱

C✉❡✱ ❛ ♠❡♥♦+ ❞❡ +✉❜+❡C✉D♥❝✐❛✱

|∇un −∇u| → 0 ❡ P (|∇un −∇u|) ≤ η, C✳1✳♣ ❡♠ Ω, ♣❛$❛ ❛❧❣✉♠ η ∈ L1(Ω).

❆❧0♠ ❞✐++♦✱ ❝♦♠♦ P ∈ ∆2 ❡♥16♦ ♣❡❧♦ ▲❡♠❛ ✷✳✶✱ ❛ ❞❡+✐❣✉❛❧❞❛❞❡ 1$✐❛♥❣✉❧❛$ ❡ ♦ ❢❛1♦ ❞❡ P

+❡$ ❝$❡+❝❡♥1❡✱ 1❡♠♦+

|P (|∇un|)−P (|∇u|)| ≤ P (|∇un−∇u|+ |∇u|)+P (|∇u|) ≤ K [P (|∇un −∇u|) + P (|∇u|)] .

#♦$1❛♥1♦✱ ❛ ♠❡♥♦+ ❞❡ +✉❜+❡C✉D♥❝✐❛✱

|P (|∇un|)− P (|∇u|)| ≤ Kη +KP (|∇u|) ∈ L1(Ω).

#❡❧♦ ❚❡♦$❡♠❛ ❆✳✶ ♦❜1❡♠♦+

lim
n→∞

∫

Ω

P (|∇un|)dx =

∫

Ω

P (|∇u|)dx,

❛ ♠❡♥♦+ ❞❡ +✉❜+❡C✉D♥❝✐❛✳

❘❡♣❡1✐♥❞♦ ❡++❡ ❛$❣✉♠❡♥1♦✱ ❝♦♥❝❧✉2♠♦+ C✉❡ 1♦❞❛ +✉❜+❡C✉D♥❝✐❛ ❞❡ {un} ❛❞♠✐1❡ +✉❜+❡C✉D♥✲

❝✐❛ {unkj
} 1❛❧ C✉❡

lim
nkj

→∞

∫

Ω

P (|∇unkj
|)dx =

∫

Ω

P (|∇u|)dx

❡ ♣♦$1❛♥1♦

lim
n→∞

∫

Ω

P (|∇un|)dx =

∫

Ω

P (|∇u|)dx,

❝♦♠♦ C✉❡$2❛♠♦+ ♦❜1❡$✳

❆✜!♠❛&'♦ ✷✳✹✳ P ❛❞♠✐1❡ ❞❡$✐✈❛❞❛ ❞❡ ●I1❡❛✉①✳

✺✷



✷✳✶✳ #$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+

❉❡ ❢❛1♦✱ ❝♦♥+✐❞❡$❡ f(x) = P (|x|), x ∈ RN
✳ ❯+❛♥❞♦ ❛ #$♦♣♦+✐45♦ ✶✳✷ 6 ❢7❝✐❧ ✈❡$ :✉❡

f ∈ C1(RN ,R) ❡

∂f

∂xi

(w) =

{

wia(|w|), w 6= 0,

0, w = 0.

❉❡++❡ ♠♦❞♦✱

lim
t→0

P (|∇u+ t∇ϕ|)− P (|∇u|)

t
=

∂f

∂∇ϕ
(∇u) = a(|∇u|)∇u∇ϕ, ∀ u, ϕ ∈ W 1,P

0 (Ω). ✭✷✳✺✮

❋✐①❛❞♦+ x ∈ Ω ❡ |t| ∈ (0, 1)✱ ❡♥15♦ ♣❡❧♦ ❚❡♦$❡♠❛ ❞♦ ❱❛❧♦$ ▼6❞✐♦ ❡①✐+1❡ θx ∈ (0, 1) 1❛❧ :✉❡

∣
∣
∣
∣

P (|∇u+ t∇ϕ|)− P (|∇u|)

t

∣
∣
∣
∣
6 a(|∇u+ tθx∇ϕ|)|∇u+ tθx∇ϕ||∇ϕ|.

❈♦♠♦ |∇u+ tθx∇ϕ| 6 |∇u|+ |∇ϕ| ❡ a(t)t 6 ❝$❡+❝❡♥1❡ ♣❛$❛ t > 0✱ ❡♥15♦

a(|∇u+ tθx∇ϕ|)|∇u+ tθx∇ϕ| 6 a(|∇u|+ |∇ϕ|)(|∇u|+ |∇ϕ|).

❆++✐♠✱

∣
∣
∣
∣

P (|∇u+ t∇ϕ)− P (|∇u|)

t

∣
∣
∣
∣

6 a(|∇u|+ |∇ϕ|)(|∇u|+ |∇ϕ|)|∇ϕ|

6 a(|∇u|+ |∇ϕ|)(|∇u|+ |∇ϕ|)2

(p2)

6 p+P (|∇u|+ |∇ϕ|) ∈ L1(Ω). ✭✷✳✻✮

#♦$ ✭✷✳✺✮✱ ✭✷✳✻✮ ❡ ♣❡❧♦ ❚❡♦$❡♠❛ ❆✳✶✱ 1❡♠♦+

lim
t→0

∫

Ω

P (|∇u+ t∇ϕ|)− P (|∇u|)

t
dx =

∫

Ω

a(|∇u|)∇u∇ϕdx.

❆✜"♠❛%&♦ ✷✳✺✳ #❛$❛ ❝❛❞❛ ϕ ✜①❛❞♦✱

∂P

∂ϕ
6 ❝♦♥1H♥✉❛✳

❈♦♠ ❡❢❡✐1♦✱ ❝♦♥+✐❞❡$❡ {un} ⊂ W 1,P
0 (Ω) 1❛❧ :✉❡ un → u ❡♠ W 1,P

0 (Ω)✳ ❊♥15♦ +❡❣✉❡ ❞❛

❞❡+✐❣✉❛❧❞❛❞❡ ❞❡ ❍L❧❞❡$ :✉❡

∣
∣
∣
∣

∂P

∂ϕ
(un)−

∂P

∂ϕ
(u)

∣
∣
∣
∣
=

∣
∣
∣
∣

∫

Ω

[a(|∇un|)∇un − a(|∇u|)∇u]∇ϕdx

∣
∣
∣
∣

6 2|∇ϕ|P |a(|∇un|)∇un − a(|∇u|)∇u|P̃ .

❆❧6♠ ❞✐++♦✱ ❞♦ ❢❛1♦ ❞❡ P̃ +❡$ ❝$❡+❝❡♥1❡✱ ❞♦ ▲❡♠❛ ✷✳✶ ❡ ❞❛ #$♦♣♦+✐45♦ ✶✳✾✱ 1❡♠♦+ :✉❡

P̃ (|a(|∇un|)∇un − a(|∇u|)∇u|) 6 P̃ (a(|∇un|)|∇un|+ a(|∇u|)|∇u|)

6 K[P̃ (a(|∇un|)|∇un|) + P̃ (a(|∇u|)|∇u|)]

6 K[P (2|∇un|) + P (2|∇u|)]

6 K[P (|∇un|) + P (|∇u|)], ✭✷✳✼✮

✺✸



✷✳✶✳ #$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+

♦♥❞❡ ❡+0❛♠♦+ ❝♦♥+✐❞❡$❛♥❞♦ K ✉♠❛ ❝♦♥+0❛♥0❡ ❝✉♠✉❧❛0✐✈❛✳

❈♦♠♦ un → u ❡♠ W 1,P
0 (Ω)✱ ❡♥06♦

∫

Ω

P (|∇un −∇u|)dx = 0

❡ ❛++✐♠✱ ❝♦♥+✐❞❡$❛♥❞♦ ✉♠❛ +✉❜+❡8✉9♥❝✐❛ +❡ ♥❡❝❡++:$✐♦✱ ❡①✐+0❡ η ∈ L1(Ω) 0❛❧ 8✉❡

P (|∇un −∇u|) 6 η, 8✳0✳♣ ❡♠ Ω. ✭✷✳✽✮

#♦$0❛♥0♦✱ ❞❡ ✭✷✳✼✮ ❡ ✭✷✳✽✮ ♦❜0❡♠♦+ 8✉❡

P̃ (|a(|∇un|)∇un − a(|∇u|)∇u|) 6 K [η + P (|∇u|)] ∈ L1(Ω),

♦♥❞❡ ♥♦✈❛♠❡♥0❡ K @ ✉♠❛ ❝♦♥+0❛♥0❡ ❝✉♠✉❧❛0✐✈❛✳

❆❧@♠ ❞✐++♦✱ ❝♦♠♦ |∇un − ∇u|P → 0, ❡♥06♦ ❛ ♠❡♥♦+ ❞❡ +✉❜+❡8✉9♥❝✐❛✱ 0❡♠♦+ 8✉❡

|∇un −∇u| → 0, 8✳0✳♣ ❡♠ Ω. #♦$0❛♥0♦

P̃ (|a(|∇un|)∇un − a(|∇u|)∇u|)→ 0, 8✳0✳♣ ❡♠ Ω.

#❡❧♦ ❚❡♦$❡♠❛ ❆✳✶✱ $❡+✉❧0❛ 8✉❡

∫

Ω

P̃ (|a(|∇un|)∇un − a(|∇u|)∇u|)dx→ 0. ✭✷✳✾✮

❈♦♠♦ P̃ +❛0✐+❢❛③ ∆2✱ ❡♥06♦ +❡❣✉❡ ❞❡ ✭✷✳✾✮ 8✉❡

|a(|∇unk
|)∇unk

− a(|∇u|)∇u|P̃ → 0

❡ ♣♦$0❛♥0♦ ∣
∣
∣
∣

∂P

∂ϕ
(un)−

∂P

∂ϕ
(u)

∣
∣
∣
∣
→ 0,

♦ 8✉❡ ❝♦♥❝❧✉✐ ❛ ♣$♦✈❛ ❞❛ ❆✜$♠❛G6♦ ✷✳✺✳

❉❛+ ❆✜$♠❛GJ❡+ ✷✳✸ ✲ ✷✳✺✱ +❡❣✉❡ ❞♦ ❚❡♦$❡♠❛ ❆✳✶✽ 8✉❡ P ∈ C1(W 1,P
0 (Ω),R) ❡

〈P ′(u), ϕ〉 =

∫

Ω

a(|∇u|)∇u∇ϕdx, ♣❛$❛ 0♦❞♦ u ❡ ϕ ∈ W 1,P
0 (Ω).

 !♦♣♦$✐&'♦ ✷✳✻✳ ❙✉♣♦♥❤❛ '✉❡ P )❛*✐)❢❛-❛ (p2)✳ ❊♥*0♦ P 1 ❢2❛❝❛♠❡♥*❡ )❡♠✐❝♦♥*5♥✉❛ ✐♥❢❡✲

2✐♦2♠❡♥*❡✳

❉❡♠♦♥%&'❛)*♦✳ ❈♦♥+✐❞❡$❡ un ⇀ u ❡♠ W 1,P
0 (Ω) ❡ P ′(u) ∈ W−1,P̃

0 (Ω) ❛ ❞❡$✐✈❛❞❛ ❞❡ ❋$@❝❤❡0

❞❡ P ❡♠ u✳ #❡❧❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ P ✱ 0❡♠♦+ 8✉❡

P(un) > P(u) + 〈P
′(u), un − u〉 .

✺✹



✷✳✶✳ #$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+

❆++✐♠

lim
n→∞

inf P(un) > lim
n→∞

inf[P(u) + 〈P ′(u), un − u〉]

> P(u) + lim
n→∞

inf 〈P ′(u), un − u〉 = P(u).

 !♦♣♦$✐&'♦ ✷✳✼✳ ❆!!✉♠❛ %✉❡ P !❛'✐!❢❛③ (p2)✳ ❊♥'.♦ P
′
0 ❝♦❡2❝✐✈♦✳

❉❡♠♦♥%&'❛)*♦✳ ❙❡❥❛ u ∈ W 1,P
0 (Ω)✳ ❊♥56♦ ✉♠❛ ✈❡③ 9✉❡ ❛ ❝♦♥❞✐:6♦ (p2) ; +❛5✐+❢❡✐5❛✱ ❞❡❝♦$$❡

❞♦ ▲❡♠❛ ✶✳✹✽ 9✉❡

p−min{|∇u|p
−−1

P , |∇u|p
+−1

P } ≤ p−

∫

Ω

P (|∇u|)dx

|∇u|P
≤

∫

Ω

a(|∇u|)|∇u|2dx

|∇u|P
=
〈P ′(u), u〉

|∇u|P
.

#♦$5❛♥5♦✱

〈P ′(u), u〉

|∇u|P
→ +∞ 9✉❛♥❞♦ |∇u|P → +∞.

▲❡♠❛ ✷✳✽✳ ❙❡❥❛ b : (0,∞)→ (0,∞) ✉♠❛ ❢✉♥6.♦ ❝♦♥'7♥✉❛ !❛'✐!❢❛③❡♥❞♦

✭✐✮ lim
s→0

sb(s) = 0 ❡ lim
s→∞

sb(s) =∞;

✭✐✐✮ s 7→ sb(s) 0 ❡!'2✐'❛♠❡♥'❡ ❝2❡!❝❡♥'❡ ❡♠ (0,∞).

◆❡!!❡ ❝❛!♦✱

(b(|x|)x− b(|y|)y, x− y) > 0, ∀ x, y ∈ RN , ❝♦♠ x 6= y.

❉❡♠♦♥%&'❛)*♦✳ ❉❛ ❞❡+✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛$③ ; ❢H❝✐❧ ✈❡$ 9✉❡

(b(|x|)x− b(|y|)y, x− y) > b(|x|)|x|(|x| − |y|) + b(|y|)|y|(|y| − |x|), ∀ x, y ∈ RN .

❙❡ |x| < |y|✱ ❡♥56♦ ❝♦♠♦ b(|t|)t ; ❡+5$✐5❛♠❡♥5❡ ❝$❡+❝❡♥5❡✱ 5❡♠♦+ 9✉❡

(b(|x|)x− b(|y|)y, x− y) > b(|x|)|x|(|x| − |y|) + b(|y|)|y|(|y| − |x|)

> b(|x|)|x|(|x| − |y|) + b(|x|)|x|(|y| − |x|) = 0.

❉❛ ♠❡+♠❛ ❢♦$♠❛✱ +❡ |y| < |x|✱ 5❡♠♦+

(b(|x|)x− b(|y|)y, x− y) > 0.

❙❡ |y| = |x| ❝♦♠ x 6= y✱ ❡♥56♦

(b(|x|)x− b(|y|)y, x− y) = (b(|x|)x− b(|x|)y, x− y) = b(|x|)|x− y|2 > 0.

✺✺



✷✳✶✳ #$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+

❊♠ 2✉❛❧2✉❡$ ❝❛+♦✱

(b(|x|)x− b(|y|)y, x− y) > 0, ∀ x, y ∈ RN , x 6= y.

 !♦♣♦$✐&'♦ ✷✳✾✳ ❈♦♥#✐❞❡'❡ p : R → R ❞❡✜♥✐❞♦ ❝♦♠♦ ❡♠ ✭✷✳✶✮ ❡ #✉♣♦♥❤❛ 4✉❡

P (t) =

∫ |t|

0

p(s)ds #❛5✐#❢❛7❛ (p2)✳ ❊♥59♦ P
′
: ❡#5'✐5❛♠❡♥5❡ ♠♦♥♦5;♥✐❝♦✱ ✐#5♦ :✱

〈P ′(u)− P ′(v), u− v〉 > 0, ∀ u, v ∈ W 1,P
0 (Ω), u 6= v.

❉❡♠♦♥%&'❛)*♦✳ ❙❡ u 6= v, ❡♥67♦ ♣❡❧♦ ▲❡♠❛ ✷✳✽ ❡①✐+6❡ ✉♠ +✉❜❝♦♥❥✉♥6♦ Ω0 ⊂ Ω ❞❡ ♠❡❞✐❞❛

♣♦+✐6✐✈❛ 6❛❧ 2✉❡

(a(|∇u|)∇u− a(|∇v|)∇v,∇u−∇v) > 0, 2✳6✳♣ ❡♠ Ω,

❛++✐♠

〈P ′(u)− P ′(v), u− v〉 =

∫

Ω

(a(|∇u|)∇u− a(|∇v|)∇v,∇u−∇v)dx > 0.

❆❣♦$❛ ♣$♦✈❛$❡♠♦+ ♠❛✐+ ✉♠❛ ♣$♦♣$✐❡❞❛❞❡ ❞❡ P ′ 2✉❡ +❡$@ ✉6✐❧✐③❛❞❛ ♣♦+6❡$✐♦$♠❡♥6❡✳ #❛$❛

✐++♦ ♣$❡❝✐+❛$❡♠♦+ ❞♦+ +❡❣✉✐♥6❡+ ❧❡♠❛+✿

▲❡♠❛ ✷✳✶✵✳ ❙❡❥❛♠ G : RN → RN
✉♠❛ ❛♣❧✐❝❛'(♦ ❡+,-✐,❛♠❡♥,❡ ♠♦♥♦,/♥✐❝❛ ❡ {xn} ⊂ RN

,❛❧

0✉❡

(G(xn)−G(x), xn − x)
n→∞
−→ 0 ❡♠ R.

❊♥,(♦ xn → x ❡♠ RN
✳

❉❡♠♦♥%&'❛)*♦✳ ✭❱❡# ▲❡♠❛ ✻✱ ❬✶✶❪✮✳

▲❡♠❛ ✷✳✶✶✳ ❙❡ P +❛,✐+❢❛③ (p2)✱ ❡♥,(♦ P
′
7 ♣+❡✉❞♦♠♦♥♦,/♥✐❝♦✱ ✐+,♦ 7✱ +❡ {un} ⊂ W 1,P

0 (Ω) 7

,❛❧ 0✉❡

un ⇀ u ❡♠ W 1,P
0 (Ω) ❡ lim

n→∞
sup 〈P ′(un), un − u〉 ≤ 0,

❡♥,(♦

P ′(un) ⇀ P ′(u) ❡♠ W−1,P̃
0 (Ω) ❡ 〈P ′(un), un〉 → 〈P ′(u), u〉 .

❉❡♠♦♥%&'❛)*♦✳ ❱✐♠♦0 1✉❡ P ′ 3 ❝♦♥67♥✉❛ ❡♠ W 1,P
0 (Ω)✳ ❆❧3♠ ❞✐00♦✱ 0❡❣✉❡ ❞❛ <#♦♣♦0✐>?♦ ✷✳✾

1✉❡ P ′ 3 ♠♦♥♦6B♥✐❝♦✳ ❆00✐♠✱ ♣❡❧♦ ▲❡♠❛ ✷✳✾✽ ❞❡ ❬✾❪ ♦❜6❡♠♦0 1✉❡ P ′ 3 ♣0❡✉❞♦♠♦♥♦6B♥✐❝♦✳

✺✻



✷✳✶✳ #$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+

 !♦♣♦$✐&'♦ ✷✳✶✷✳ ◆❛" ❤✐♣&'❡"❡" ❞❛ *+♦♣♦"✐-.♦ ✷✳✾✱ P ′ : W 1,P
0 (Ω) → W−1,P̃

0 (Ω) 3 ✉♠ ♦♣❡✲

+❛❞♦+ ❞♦ '✐♣♦ (S+)✱ ✐"'♦ 3✱ "❡

un ⇀ u ❡ lim
n→∞

sup 〈P ′(un), un − u〉 6 0 ❡♥'.♦ un → u ❡♠ W 1,P
0 (Ω).

❉❡♠♦♥%&'❛)*♦✳ ❈♦♥+✐❞❡$❡ {un} ⊂ W 1,P
0 (Ω) 1❛❧ 3✉❡

un ⇀ u ❡♠ W 1,P
0 (Ω) ❡ lim

n→∞
sup 〈P (un), un − u〉 6 0.

❈♦♠♦ P ′ 5 ♠♦♥♦16♠✐❝♦✱ 1❡♠♦+ 3✉❡

〈P ′(un)− P
′(u), un − u〉 =

∫

Ω

(a(|∇un|)∇un − a(|∇u|)∇u,∇un −∇u)dx > 0.

❆++✐♠✱

0 = lim
n→∞

inf 〈P ′(u), un − u〉 6 lim
n→∞

inf 〈P ′(un), un − u〉 6 lim sup
n→∞

〈P ′(un), un − u〉 ≤ 0.

#♦$1❛♥1♦✱

lim
n→∞

〈P ′(un), un − u〉 = 0,

✐+1♦ 5✱

(a(|∇un|)∇un − a(|∇u|)∇u,∇un −∇u)→ 0 ❡♠ L1(Ω),

❞❛9

(a(|∇un|)∇un − a(|∇u|)∇u,∇un −∇u)→ 0, 3✳1✳♣ ❡♠ Ω.

❉❡++❡ ♠♦❞♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✵ 1❡♠♦+ 3✉❡ ∇un → ∇u, 3✳1✳♣ ❡♠ Ω, ❞♦♥❞❡ ♣❡❧❛ ❝♦♥1✐♥✉✐❞❛❞❡

❞❡ P ♦❜1❡♠♦+ 3✉❡

P (|∇un −∇u|)→ 0, 3✳1✳♣ ❡♠ Ω. ✭✷✳✶✵✮

❆❧5♠ ❞✐++♦✱ +❡❣✉❡ ❞❛ ❝♦♥❞✐AB♦ (p2) ❡ ❞♦ ▲❡♠❛ ✷✳✶ 3✉❡

P (|∇un −∇u|) 6 P (|∇un|+ |∇u|)

6 K[P (|∇un|) + P (|∇u|)]

6 K[|∇un|
2a(|∇un|) + P (|∇u|)], ✭✷✳✶✶✮

♦♥❞❡ K 5 ✉♠❛ ❝♦♥+1❛♥1❡ ❝✉♠✉❧❛1✐✈❛✳

#♦$ ♦✉1$♦ ❧❛❞♦✱ ♣❡❧❛ #$♦♣♦+✐AB♦ ✶✳✾

P̃ (a(|∇u|)|∇u|) 6 P (2|∇u|),

♣♦$1❛♥1♦ a(|∇u|)|∇u| ∈ LP̃
✳ ❆++✐♠✱

|∇u|2a(|∇u|)
(1.3)
= P (|∇u|) + P̃ (|∇u|a(|∇u|)) ∈ L1(Ω).

✺✼



✷✳✶✳ #$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+

❉♦ ▲❡♠❛ ✷✳✶✶✱ ♦❜5❡♠♦+ 6✉❡

lim
n→∞

∫

Ω

a(|∇un|)|∇un|
2dx =

∫

Ω

a(|∇u|)|∇u|2dx,

❞❛7✱ ❝♦♠❜✐♥❛♥❞♦ ♦+ 5❡♦$❡♠❛+ ❆✳✷ ❡ ❆✳✺✱ ♣♦❞❡♠♦+ ❡♥❝♦♥5$❛$ θ ∈ L1(Ω) 5❛❧ 6✉❡

a(|∇un|)|∇un|
2 ≤ θ, 6✳5✳♣ ❡♠ Ω, ✭✷✳✶✷✮

❛ ♠❡♥♦+ ❞❡ +✉❜+❡6✉=♥❝✐❛✳

#♦$ ✭✷✳✶✶✮ ❡ ✭✷✳✶✷✮✱ ❝♦♥❝❧✉7♠♦+ 6✉❡ ❛ ♠❡♥♦+ ❞❡ +✉❜+❡6✉=♥❝✐❛

P (|∇un −∇u|) ≤ K[θ + P (|∇u|)] ∈ L1(Ω). ✭✷✳✶✸✮

❆++✐♠ ♣♦$ ✭✷✳✶✵✮ ❡ ✭✷✳✶✸✮✱ +❡❣✉❡ ❞♦ ❚❡♦$❡♠❛ ❆✳✶ 6✉❡

∫

Ω

P (|∇un −∇u|)dx = 0

❡ ♣♦$5❛♥5♦✱ ♣❡❧♦ ❚❡♦$❡♠❛ ✶✳✺✷✱ ♦❜5❡♠♦+ 6✉❡

un → u ❡♠ W 1,P
0 (Ω).

◆❡+5❡ 5$❛❜❛❧❤♦✱ 5❛♠❜D♠ ✉5✐❧✐③❛$❡♠♦+ ❛ +❡❣✉✐♥5❡ ♣$♦♣$✐❡❞❛❞❡ ❞❡ F ✿

 !♦♣♦$✐&'♦ ✷✳✶✸✳ ❙❡ f "❛$✐"❢❛③ (f∗) ❡ ✈❛❧❡ ❛ ❝♦♥❞✐./♦ (h1)✱ ❡♥$/♦ F ∈ C1(W 1,P
0 (Ω),R) ❡

〈F ′(u), ϕ〉 =

∫

Ω

f(x, u(x))ϕ(x)dx, ∀ u, ϕ ∈ W 1,P
0 (Ω).

❉❡♠♦♥%&'❛)*♦✳ ❉❡ ♠❛♥❡✐$❛ ❛♥G❧♦❣❛ ❛♦ 6✉❡ ❢♦✐ ❢❡✐5♦ ♥❛ #$♦♣♦+✐HI♦ ✷✳✷✱ ♣$♦✈❛$❡♠♦+ 6✉❡ F D

●L5❡❛✉① ❞✐❢❡$❡♥❝✐G✈❡❧ ❡♠ W 1,P
0 (Ω) ❡ 6✉❡ F ′ D ❧✐♥❡❛$ ❡ ❝♦♥57♥✉❛✳

❙❡❥❛♠ u ❡ ϕ ∈ W 1,P
0 (Ω) ❡ t ∈ (0, 1)✳ ❊♥5I♦

1

t
[F(u+ tϕ)−F(u)] =

1

t

∫

Ω

[F (x, u+ tϕ)− F (x, u)]dx,

❡

1

t
[F (x, u+ tϕ)− F (x, u)]

t→0
−→ f(x, u)ϕ(x), ∀ x ∈ Ω.

❙❡❣✉❡ ❞❛ ❝♦♥❞✐HI♦ (f∗) ❡ ❞♦ ❢❛5♦ ❞❡ h +❡$ ✉♠ ❤♦♠❡♦$♠♦$✜+♠♦ ❝$❡+❝❡♥5❡ +❛5✐+❢❛③❡♥❞♦ (h1)

✺✽



✷✳✶✳ #$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+

0✉❡

∣
∣
∣
∣

[F (x, u+ tϕ)− F (x, u)]

t

∣
∣
∣
∣

=
1

t

∣
∣
∣
∣

∫ u+tϕ

0

f(x, s)ds−

∫ u

0

f(x, s)ds

∣
∣
∣
∣

=

∣
∣
∣
∣

1

t

∫ u+tϕ

u

f(x, s)ds

∣
∣
∣
∣
=

∣
∣
∣
∣

1

t

∫ 1

0

f(x, u+ stϕ)tϕds

∣
∣
∣
∣

6

∫ 1

0

|f(x, u+ stϕ)|ϕ|ds

(f∗)

6

∫ 1

0

[a1|ϕ|+ a2h(|u+ stϕ|)|ϕ|]ds

6 a1|ϕ|+ a2h(|u|+ |ϕ|)|ϕ|

6 a1|ϕ|+ a2h(|u|+ |ϕ|)(|u|+ |ϕ|)
(h1)

6 a1|ϕ|+ a2h
+H(|u|+ |ϕ|).

❊♥2$❡2❛♥2♦✱ ❝♦♠♦ ϕ ∈ W 1,P
0 (Ω)✱ ❡♥25♦ ϕ ∈ L1(Ω). ❆❧8♠ ❞✐++♦✱ W 1,P

0 (Ω) →֒ LH(Ω)✱

♣♦$2❛♥2♦ |u|+ |ϕ| ∈ LH(Ω) ❡ ❛++✐♠ a1|ϕ|+ a2h
+H(|u|+ |ϕ|) ∈ L1(Ω). ❱✐+2♦ ✐++♦✱ +❡❣✉❡ ❞♦

❚❡♦$❡♠❛ ❆✳✶ 0✉❡

∂F

∂ϕ
(u) = lim

t→0

1

t
[F(u+ tϕ)−F(u)]

= lim
t→0

∫

Ω

1

t
[F (x, u+ tϕ)− F (x)]dx

=

∫

Ω

f(x, u)ϕ(x)dx.

❆++✉♠❛ ❛❣♦$❛ 0✉❡ un → u ❡♠ W 1,P
0 (Ω)✳ ❊♥25♦

∣
∣
∣
∣

∂F

∂ϕ
(un)−

∂F

∂ϕ
(u)

∣
∣
∣
∣

6

∫

Ω

|f(x, un)− f(x, u)||ϕ|dx

❍!❧❞❡%

6 2|ϕ|H |f(·, un)− f(·, u)|H̃ .

❆✜"♠❛%&♦ ✷✳✶✹✳

lim
n→∞

∫

Ω

H̃(|f(x, un)− f(x, u)|)dx = 0.

❉❡ ❢❛2♦✱ ❝♦♠♦ W 1,P
0 (Ω) →֒ LH(Ω) ❡ un → u ❡♠ W 1,P

0 (Ω)✱ ❡♥25♦ un → u ❡♠ LH(Ω)✳

#♦❞❡♠♦+ ❛++✉♠✐$ 0✉❡ |un − u|H < 1/4✳ ❆++✐♠✱

∫

Ω

H(4|un − u|)dx =

∫

Ω

H

(
4|un − u|

4|un − u|H
· (4|un − u|H)

)

dx

6 4|un − u|H

∫

Ω

H

(
|un − u|

|un − u|H

)

dx

= 4|un − u|H
n→∞
−→ 0,

✺✾



✷✳✶✳ #$♦♣$✐❡❞❛❞❡+ ❞♦+ ❢✉♥❝✐♦♥❛✐+

❧♦❣♦

H(4|un − u|)→ 0 ❡♠ L1(Ω).

❉❡++❡ ♠♦❞♦✱ ❡①✐+6❡ θ1 ∈ L1(Ω) 6❛❧ 7✉❡ ❛ ♠❡♥♦+ ❞❡ +✉❜+❡7✉9♥❝✐❛

H(4|un − u|)→ 0 ❡ H(4|un(x)− u(x)|) 6 θ1(x), 7✳6✳♣ ❡♠ Ω,

❞♦♥❞❡ un(x)→ u(x)✱ 7✳6✳♣ ❡♠ Ω✳

#❡❧❛ ♠♦♥♦6♦♥✐❝✐❞❛❞❡ ❡ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ H 6❡♠♦+ ❛✐♥❞❛

H(2|un|) 6
1

2
H(4|un − u|) +

1

2
H(4|u|). ✭✷✳✶✹✮

❈♦♠♦ 4u ∈ LH
✱ ❡♥6?♦ ❞❡ ✭✷✳✶✹✮ +❡❣✉❡ 7✉❡

θ2 :=
1

2
H(4|u|) +

1

2
θ1 ∈ L1(Ω)

❡

H(2|un(x)|) 6 θ2(x), 7✳6✳♣ ❡♠ Ω.

❆++✐♠✱ ♣❡❧❛ #$♦♣♦+✐A?♦ ✶✳✾

H̃(h(|un(x)|)) 6 θ2(x), 7✳6✳♣ ❡♠ Ω. ✭✷✳✶✺✮

❚❛♠❜E♠✱ ❞❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ H̃, +❡❣✉❡ 7✉❡

H̃(|f(x, un(x))− f(x, u(x))|) 6 H̃(2a1 + a2h(|un|) + a2h(|u|))

6
H̃(6a1) + H̃(3a2h(|un|)) + H̃(3a2h(|u|))

3

❡ ♣♦$ ✉♠ ❛$❣✉♠❡♥6♦ ❛♥F❧♦❣♦ ❛♦ ✉+❛❞♦ ♣❛$❛ ♦❜6❡$ ❛ ❞❡+✐❣✉❛❧❞❛❞❡ ✭✷✳✶✺✮✱ ❝♦♥❝❧✉G♠♦+ 7✉❡

❡①✐+6❡ θ3 ∈ L1(Ω) 6❛❧ 7✉❡

H̃(|f(x, un(x))− f(x, u(x))|) ≤ θ3(x), 7✳6✳♣ ❡♠ Ω.

❆❧E♠ ❞✐++♦✱ ♣❡❧❛ ❝♦♥6✐♥✉✐❞❛❞❡ ❞❡ H̃ ❡ f 6❡♠♦+ 7✉❡

H̃(|f(x, un(x))− f(x, u(x))|)→ 0, 7✳6✳♣ ❡♠ Ω.

❉❡++❡ ♠♦❞♦✱ ♣❡❧♦ ❚❡♦$❡♠❛ ❆✳✶

lim
n→∞

∫

Ω

H̃(|f(x, un)− f(x, u)|)dx = 0,

❝♦♠♦ 7✉❡$G❛♠♦+ ❞❡♠♦♥+6$❛$✳

❖❜"❡$✈❛'(♦ ✷✳✶✺✳ ❙❡❣✉❡ ❞❛+ #$♦♣♦+✐AI❡+ ✷✳✷ ❡ ✷✳✶✸ 7✉❡ I = P − F ∈ C1(W 1,P
0 (Ω),R) ❡

〈I ′(u), ϕ〉 =

∫

Ω

a(|∇u|)∇u∇ϕdx−

∫

Ω

f(x, u)ϕdx, ∀ u, ϕ ∈ W 1,P
0 (Ω).

✻✵



✷✳✷✳ ❖♣❡%❛❞♦% )♦❧✉,-♦ ❛))♦❝✐❛❞♦ ❛♦ ♣%♦❜❧❡♠❛ ✭✷✳✹✮

✷✳✷ ✲ ❖♣❡&❛❞♦& *♦❧✉-.♦ ❛**♦❝✐❛❞♦ ❛♦ ♣&♦❜❧❡♠❛ ✭✷✳✹✮

◆❡)6❛ )❡,-♦✱ ❡♥✉♥❝✐❛%❡♠♦) ♦ ❚❡♦%❡♠❛ ❞❡ ❇%♦✇❞❡%✲▼✐♥6② ❡ ❛ ♣❛%6✐% ❞❡❧❡ ♣%♦✈❛%❡♠♦) @✉❡

♦ ♦♣❡%❛❞♦% )♦❧✉,-♦ ❛))♦❝✐❛❞♦ ❛♦ ♣%♦❜❧❡♠❛ ✭✷✳✹✮ ❡)6A ❜❡♠ ❞❡✜♥✐❞♦ ❡ C ✉♠ ❤♦♠❡♦♠♦%✜)♠♦

❡♥6%❡ ♦) ❡)♣❛,♦) W−1,P̃
0 (Ω) ❡ W 1,P

0 (Ω)✳

▲❡♠❛ ✷✳✶✻✳ ✭❚❡♦$❡♠❛ ❞❡ ❇$♦✇❞❡$✲▼✐♥.②✮ ❙❡❥❛♠ E ✉♠ ❡4♣❛6♦ ❞❡ ❇❛♥❛❝❤ $❡✢❡①✐✈♦ ❡ A :

E −→ E ′ ✉♠ ♦♣❡$❛❞♦$ ❝♦♥.<♥✉♦✱ ♠♦♥♦.>♥✐❝♦ ❡ ❝♦❡$❝✐✈♦✳ ❊♥.A♦ ♣❛$❛ ❝❛❞❛ f ∈ E ′ ❡①✐4.❡ ✉♠❛

B♥✐❝❛ 4♦❧✉6A♦ u ∈ E ❞❛ ❡D✉❛6A♦ Au = f ✳

❉❡♠♦♥%&'❛)*♦✳ ✭❱❡% ❬✼❪✮✳

❈♦♥)✐❞❡%❛♥❞♦ ♦ ♦♣❡%❛❞♦% P ′ : W 1,P
0 (Ω) → W−1,P̃

0 (Ω)✱ ❡♥6-♦ ♣❡❧❛) J%♦♣♦)✐,K❡) ✷✳✼ ❡ ✷✳✾

)❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✶✻ @✉❡ ♣❛%❛ ❝❛❞❛ g ∈ W−1,P̃
0 (Ω)✱ ❡①✐)6❡ R♥✐❝♦ u ∈ W 1,P

0 (Ω) 6❛❧ @✉❡

P ′(u) = g,

✐)6♦ C✱

〈P ′(u), ϕ〉 = 〈g, ϕ〉 , ∀ ϕ ∈ W 1,P
0 (Ω).

▼❛✐) ❡)♣❡❝✐✜❝❛♠❡♥6❡✱ )❡❣✉❡ ❞❛ J%♦♣♦)✐,-♦ ✷✳✷ @✉❡ ❞❛❞♦ g ∈ W−1,P̃
0 (Ω)✱ ❡①✐)6❡ ✉♠❛ R♥✐❝❛

u ∈ W 1,P
0 (Ω)✱ )♦❧✉,-♦ ❞❡ ✭✷✳✹✮✳ ❉❡))❛ ♠❛♥❡✐%❛ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞♦ ♦ ♦♣❡%❛❞♦% )♦❧✉,-♦

S : W−1,P̃
0 (Ω) −→ W 1,P

0 (Ω)

g 7−→ S(g) := u,

♦♥❞❡ u C ❛ R♥✐❝❛ )♦❧✉,-♦ ❞❡ ✭✷✳✹✮✳

()♦♣♦,✐./♦ ✷✳✶✼✳ S = (P ′)−1 ❡ S E ❝♦♥.<♥✉♦ ✳

❉❡♠♦♥%&'❛)*♦✳ ❉❛❞♦ g ∈ W−1,P̃
0 (Ω)✱ ✈✐♠♦) @✉❡ ❡①✐)6❡ ✉♠ R♥✐❝♦ u ∈ W 1,P

0 (Ω) 6❛❧ @✉❡

g = P ′(u) = (P ′ ◦ S)(g)✳ J♦% ♦✉6%♦ ❧❛❞♦✱ ❞❛❞♦ u ∈ W 1,P
0 (Ω)✱ )❡ ❞❡✜♥✐%♠♦) g := P ′(u)✱ )❡❣✉❡

@✉❡ u = S(g) = S(P ′(u)), ♣♦%6❛♥6♦ S = (P ′)−1.

J%♦✈❛%❡♠♦) ❛❣♦%❛ @✉❡ S C ❝♦♥6T♥✉♦✳ J❛%❛ ✐))♦✱ ❝♦♥)✐❞❡%❡ {gn} ⊂ W−1,P̃
0 (Ω) 6❛❧ @✉❡

gn → g ❡♠ W−1,P̃
0 (Ω) ❡ )❡❥❛ un = S(gn) ❡ u = S(g)✱ ✐)6♦ C✱

〈gn, ϕ〉 =

∫

Ω

a(|∇un|)∇un∇ϕdx ❡ 〈g, ϕ〉 =

∫

Ω

a(|∇u|)∇u∇ϕdx, ♣❛%❛ 6♦❞❛ ϕ ∈ W 1,P
0 (Ω).

❆✜)♠❛./♦ ✷✳✶✽✳ {|∇un|P} C ❧✐♠✐6❛❞♦✳

❉❡ ❢❛6♦✱ ❝❛)♦ ❝♦♥6%A%✐♦ ❡①✐)6✐%✐❛ ✉♠❛ )✉❜)❡@✉W♥❝✐❛ {unk
} ⊂ {un} 6❛❧ @✉❡ |∇unk

|P → ∞.

❉❛T✱

∫

Ω

P (|∇unk
|)dx 6

∫

Ω

|∇unk
|2a(|∇unk

|)dx

= 〈gnk
, unk

〉

6 ‖gnk
‖ |∇unk

|P ,

✻✶



✷✳✷✳ ❖♣❡%❛❞♦% )♦❧✉,-♦ ❛))♦❝✐❛❞♦ ❛♦ ♣%♦❜❧❡♠❛ ✭✷✳✹✮

❡ ♣❡❧♦ ▲❡♠❛ ✶✳✹✽

‖gnk
‖ >

∫

Ω

P (|∇unk
|)

|∇unk
|P

> min{|∇unk
|p
−−1

P , |∇unk
|p

+−1
P } → ∞,

♦ 8✉❡ 9 ✉♠ ❛❜)✉%❞♦✱ ✈✐)<♦ 8✉❡ {gnk
} 9 ❝♦♥✈❡%❣❡♥<❡ ❡ ♣♦%<❛♥<♦ ❧✐♠✐<❛❞❛✳

❆))✐♠✱ )❡❣✉❡ ❞❛ ❆✜%♠❛,-♦ ✷✳✶✽ 8✉❡

0 6

∫

Ω

(a(|∇un|)∇un − a(|∇u|)∇u,∇un −∇u)dx

= 〈gn − g, un − u〉

6 ‖gn − g‖ |∇un −∇u|P
︸ ︷︷ ︸

ltda

→ 0.

❉❡))❡ ♠♦❞♦✱

βn := (a(|∇un|)∇un − a(|∇u|)∇u,∇un −∇u)→ 0 ❡♠ L1(Ω)

❡ ♣♦%<❛♥<♦✱ ❛ ♠❡♥♦) ❞❡ )✉❜)❡8✉B♥❝✐❛✱ βn(x)→ 0 8✳<✳♣ ❡♠ Ω✱ ❞♦♥❞❡ ♣❡❧♦ ▲❡♠❛ ✷✳✶✵

∇un → ∇u, 8✳<✳♣ ❡♠ Ω.

◗✉❡%❡♠♦) ♣%♦✈❛% 8✉❡ un → u ❡♠ W 1,P
0 (Ω)✱ ✐)<♦ 9✱

lim
n→∞

∫

Ω

P (|∇un −∇u|)dx = 0.

❖%❛✱ ❝♦♠♦ ∇un → ∇u 8✳<✳♣ ❡♠ Ω✱ ❡♥<-♦ ♣❡❧❛ ❝♦♥<✐♥✉✐❞❛❞❡ ❞❡ P <❡♠♦) 8✉❡

P (|∇un −∇u|)→ 0 8✳<✳♣ ❡♠ Ω. ✭✷✳✶✻✮

❆❧9♠ ❞✐))♦✱ )❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✶ ❡ ❞❛ ❝♦♥❞✐,-♦ (p2) 8✉❡

P (|∇un −∇u|) 6 K[|∇un|
2a(|∇un|) + P (|∇u|)],

♣❛%❛ ❛❧❣✉♠❛ ❝♦♥)<❛♥<❡ ♣♦)✐<✐✈❛ K✳

❈♦♠♦ {|∇un|P} ⊂ W 1,P
0 (Ω) 9 ❧✐♠✐<❛❞♦ ❡ W 1,P

0 (Ω) 9 %❡✢❡①✐✈♦✱ ❡♥<-♦✱ ❝♦♥)✐❞❡%❛♥❞♦ ✉♠❛

)✉❜)❡8✉B♥❝✐❛ )❡ ♥❡❝❡))I%✐♦✱ un ⇀ u✳ ❯♥✐♥❞♦ ✐))♦ ❛♦ ❢❛<♦ 8✉❡

| 〈gn − g, un〉 | ≤ ‖gn − g‖ |∇un|P → 0,

<❡♠♦) ♦ )❡❣✉✐♥<❡✿

〈gn, un〉 =

∫

Ω

a(|∇un|)|∇un|
2dx

= 〈gn − g, un〉+ 〈g, un〉 → 〈g, u〉 =

∫

Ω

a(|∇u|)|∇u|2dx,

✻✷



✷✳✷✳ ❖♣❡%❛❞♦% )♦❧✉,-♦ ❛))♦❝✐❛❞♦ ❛♦ ♣%♦❜❧❡♠❛ ✭✷✳✹✮

❞♦♥❞❡

lim
n→∞

∫

Ω

K[|∇un|
2a(|∇un|) + P (|∇u|)]dx = lim

n→∞

∫

Ω

K[a(|∇u|)|∇u|2 + P (|∇u|)]dx.

❆))✐♠✱ ♣❡❧♦) 8❡♦%❡♠❛) ❆✳✷ ❡ ❆✳✺✱ ❡①✐)8❡ η ∈ L1(Ω) 8❛❧ ;✉❡

K[|∇un(x)|
2a(|∇un(x)|) + P (|∇u(x)|)] 6 η(x), ;✳8✳♣ ❡♠ Ω, ✭✷✳✶✼✮

❛ ♠❡♥♦) ❞❡ )✉❜)❡;✉>♥❝✐❛✳ ?♦%8❛♥8♦✱ ♣❡❧♦ ❚❡♦%❡♠❛ ❆✳✶✱ )❡❣✉❡ ❞❡ ✭✷✳✶✻✮ ❡ ✭✷✳✶✼✮ ;✉❡

∫

Ω

P (|∇un −∇u|)dx→ 0,

♦✉ )❡❥❛✱ un → u ❡♠ W 1,P
0 (Ω).

❈♦"♦❧$"✐♦ ✷✳✶✾✳ P ′ : W 1,P
0 (Ω) −→ W−1,P̃

0 (Ω)  ❤♦♠❡♦♠♦%✜'♠♦✳

❉❡♠♦♥%&'❛)*♦✳ ❙❡❣✉❡ ❞✐%❡8❛♠❡♥8❡ ❞❛) ?%♦♣♦)✐,E❡) ✷✳✷ ❡ ✷✳✶✼✳

✻✸



Capı́tulo 3

C1
✈❡"#✉# W

1,P
0 ♠&♥✐♠♦# ❧♦❝❛✐# ❡ "❡#✉❧-❛❞♦# ❞❡

"❡❣✉❧❛"✐❞❛❞❡

❆♥"❡$ ❞❡ ♣'♦✈❛' ♦ '❡$✉❧"❛❞♦ ♣'✐♥❝✐♣❛❧ ❞❡$"❡ "'❛❜❛❧❤♦✱ ♣'❡❝✐$❛♠♦$ ❡$"✉❞❛' ❛ '❡❣✉❧❛'✐❞❛❞❡

❞❛$ $♦❧✉45❡$ ❞❡ ✭7✮✱ ❡♠ 9✉❡ (P ) : ♦ $❡❣✉✐♥"❡ ♣'♦❜❧❡♠❛ ❞❡ ❝♦♥"♦'♥♦✿

(P ) :

{

−∆Pu = f(x, u), ❡♠ Ω,

u = 0, ♥❛ ∂Ω,

❈♦♠ ❜❛$❡ ♥♦ "'❛❜❛❧❤♦ ❞❡ ❋✉$❝♦ ❬✶✺❪✱ ♣'♦✈❛'❡♠♦$ 9✉❡ ❛$ $♦❧✉45❡$ ❢'❛❝❛$ ❞❡ (P ) ❡$"C♦ ❡♠

L∞(Ω)✳ ❆ ♣❛'"✐' ❞✐$$♦✱ ✉♠❛ ✈❡③ 9✉❡ ∂Ω : '❡❣✉❧❛'✱ '❡❝❛F♠♦$ ♥❛$ ❤✐♣G"❡$❡$ ❞❡ ▲✐❡❜❡'♠❛♥ ✭❬✷✸❪

❡ ❬✷✹❪✮ ❡ ❛$$✐♠ ❝♦♥❝❧✉F♠♦$ 9✉❡ ❛$ $♦❧✉45❡$ ❞❡ ✭7✮ ♣❡'"❡♥❝❡♠ L C1,α(Ω)✳

❊$"❡ ❝❛♣F"✉❧♦ ❡$"N ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛$ $❡45❡$✳ ◆❛ ♣'✐♠❡✐'❛ $❡4C♦ "'❛"❛'❡♠♦$ ❞♦$ '❡$✉❧"❛❞♦$

❞❡ '❡❣✉❧❛'✐❞❛❞❡ ❞♦ ♣'♦❜❧❡♠❛ ✭7✮✳ ◆❛ $❡❣✉♥❞❛ $❡4C♦ ✈❡'❡♠♦$ 9✉❡✱ $♦❜ ❛ ❝♦♥❞✐4C♦ ❞❡ ❝'❡$❝✐✲

♠❡♥"♦ (f∗)✱ ✉♠ ♠F♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ "♦♣♦❧♦❣✐❛ ❞❡ C1(Ω) : "❛♠❜:♠ ♠F♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛

"♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✳

✸✳✶ ✲ ❘❡❣✉❧❛*✐❞❛❞❡

❉❡ ♠♦❞♦ ❣❡'❛❧✱ $❡ u ∈ W 1,P
0 (Ω)✱ ❡♥"C♦ ♣❡❧❛$ ❝♦♥❞✐45❡$ (p2) ❡ (f∗) ✈❛❧❡♠ ❛$ $❡❣✉✐♥"❡$

❞❡$✐❣✉❛❧❞❛❞❡$✿

a(|∇u|)|∇u|2 ≥ p−P (|∇u|) ≥ p−P (|∇u|)− a1; ✭✸✳✶✮

|a(|∇u|)∇u| = p(|∇u|) ≤ p(|∇u|) + a1; ✭✸✳✷✮

|f(x, u)| ≤ a1 + a2h(|u|). ✭✸✳✸✮

❖ ❧❡♠❛ ❛ $❡❣✉✐' ♣♦❞❡ $❡' ❡♥❝♦♥"'❛❞♦ ❡♠ ❬✶✺❪✳

✻✹



✸✳✶✳ ❘❡❣✉❧❛)✐❞❛❞❡

▲❡♠❛ ✸✳✶✳ ❙❡❥❛ u ∈ W 1,p(Ω) (p > 1). ❙❡ ♣❛%❛ &✉❛❧&✉❡% Bρ(x0) ⊂⊂ Ω✱ ❝♦♠ ρ < R0 ❡

&✉❛✐.&✉❡% σ ∈ (0, 1) ❡ k ≥ k0 > 0 ✈❛❧❡

∫

Ak,ρ−σρ

|∇u|pdx ≤ c

[
∫

Ak,ρ

∣
∣
∣
∣

u− k

σρ

∣
∣
∣
∣

p∗

dx+ (kr + 1)|Ak,ρ|

]

, ✭✸✳✹✮

♦♥❞❡ Ak,ρ = {x ∈ Bρ(x0) : u(x) > k}, 0 < r ≤ p∗✱ p∗ 2 ♦ ❡①♣♦❡♥4❡ ❝%54✐❝♦ ❞❡ ❙♦❜♦❧❡✈ ❡ c 2

✉♠❛ ❝♦♥.4❛♥4❡ ♣♦.✐4✐✈❛✱ ❡♥47♦ u 2 ❧♦❝❛❧♠❡♥4❡ ❧✐♠✐4❛❞❛ .✉♣❡%✐♦%♠❡♥4❡ ❡♠ Ω✳

❈♦♠ ❜❛3❡ ♥♦ ❧❡♠❛ ❛♥5❡)✐♦)✱ ♣♦❞❡♠♦3 ♣)♦✈❛) ♦ 3❡❣✉✐♥5❡ 5❡♦)❡♠❛ ❞❡ )❡❣✉❧❛)✐❞❛❞❡ ♣❛)❛ ♦

♣)♦❜❧❡♠❛ ✭9✮✿

❚❡♦)❡♠❛ ✸✳✷✳ ❆..✉♠❛ &✉❡ a ∈ C1(0,+∞)✱ a(t) > 0 ❡ &✉❡ .❡ ✈❡%✐✜❝❛♠ ❛. ❤✐♣<4❡.❡.

(p2)✱ (f∗)✱ (h1) ❡ (h2)✳ ❙❡ u ∈ W 1,P
0 (Ω) 2 .♦❧✉=7♦ ❢%❛❝❛ ❞❡ ?✮✱ ❡♥47♦ u ∈ L∞

❧♦❝

(Ω)✳ ❙❡

❛❞✐❝✐♦♥❛❧♠❡♥4❡ u 2 ❧✐♠✐4❛❞❛ ❡♠ ∂Ω✱ ❡♥47♦ u ∈ L∞(Ω)✳

❉❡♠♦♥%&'❛)*♦✳ ❙❡❥❛ u 3♦❧✉=>♦ ❢)❛❝❛ ❞❡ (P ) ❡ x0 ∈ Ω✳ 9)♦✈❛)❡♠♦3 ♣)✐♠❡✐)❛♠❡♥5❡ A✉❡ u B

❧♦❝❛❧♠❡♥5❡ ❧✐♠✐5❛❞❛✳ ❚♦♠❡ ❡♥5>♦ Br0(x0) ⊂ Ω ❡ ❝♦♥3✐❞❡)❡

Bt(x
′) ⊂ Bs(x

′) ⊂ Br0(x0)

♦♥❞❡ s− t < 1✳ ❈♦♥3✐❞❡)❡♠♦3 ξ ∈ C∞(Ω) 5❛❧ A✉❡

0 ≤ ξ ≤ 1, 3✉♣♣ξ ⊂ Bs(x
′), ξ ≡ 1 ❡♠ Bt(x

′), |∇ξ| ≤
2

s− t

❡ ❛ ♣❛)5✐) ❞✐33♦ η = ξp
+
max{u− k, 0}, ♣❛)❛ k ≥ 1✳

❈♦♠♦ u ∈ W 1,P
0 (Ω) ❡ ξp

+
∈ C∞(Ω)✱ ❡♥5>♦ η ∈ W 1,P (Ω)✳ ❆❧B♠ ❞✐33♦✱ η 5❡♠ 3✉♣♦)5❡

❡35)✐5❛♠❡♥5❡ ❝♦♥5✐❞♦ ❡♠ Ω✱ ♣♦)5❛♥❞♦ η ∈ W 1,P
0 (Ω)✳ ❯♠❛ ✈❡③ A✉❡

η(x) =

{

ξp
+
(u(x)− k), 3❡ u(x) > k,

0, ❝✳❝,

5❡♠♦3 A✉❡

∂η

∂xi

(x) =

{

ξp
+ ∂u
∂xi
(x) + p+ξp

+−1 ∂ξ
∂xi

.(u− k), 3❡ u(x) > k,

0, ❝✳❝.

❉❡3❞❡ A✉❡ η ∈ W 1,P
0 (Ω), 3✉❜35✐5✉✐♥❞♦ η ❡♠ ✭✸✮✱ ♦❜5❡♠♦3

∫

Ak,s

a(|∇u|)∇u
[

ξp
+

∇u+ p+ξp
+−1(u− k)∇ξ

]

dx

−

∫

Ak,s

f(x, u)ξp
+

(u− k)dx = 0, ✭✸✳✺✮

✻✺



✸✳✶✳ ❘❡❣✉❧❛)✐❞❛❞❡

♦♥❞❡ Ak,s = {x ∈ Bs : u(x) > k}.

❉❡♥♦/❛♥❞♦ ♣♦)

J =

∫

Ak,s

P (|∇u|)ξp
+

dx ❡ Q =

∫

Ak,s

∣
∣
∣
∣

u− k

s− t

∣
∣
∣
∣

p−∗

dx,

❡♥/1♦

p−J = p−
∫

Ak,s

P (|∇u|)ξp
+

dx
(3.1)

≤

∫

Ak,s

a(|∇u|)|∇u|2ξp
+

dx+ a1

∫

ξp
+

dx

(3.5)

≤ a1

∫

ξp
+

dx+

∫

Ak,s

|f(x, u)|ξp
+

(u− k)dx

+ p+
∫

Ak,s

ξp
+−1|∇ξ|a(|∇u|)|∇u|(u− k)dx.

❆33✐♠✱ ♣❡❧❛3 ❞❡3✐❣✉❛❧❞❛❞❡3 ✭✸✳✷✮ ❡ ✭✸✳✸✮✱ /❡♠♦3 9✉❡

p−J ≤ a1

∫

Ak,s

ξp
+

dx+ a1

∫

Ak,s

ξp
+

(u− k)dx

+ a2

∫

Ak,s

h(|u|)ξp
+

(u− k)dx

+ p+
∫

Ak,s

p(|∇u|)ξp
+−1|∇ξ|(u− k)dx

+ a1p
+

∫

Ak,s

ξp
+−1|∇ξ|(u− k)dx. ✭✸✳✻✮

❱❛❧❡♠ ❛3 3❡❣✉✐♥/❡3 ❡3/✐♠❛/✐✈❛3✿

✶✳

∫

Ak,s

ξp
+

dx ≤

∫

Ak,s

1dx = |Ak,s|.

✷✳ ❈♦♠♦ 0 ≤ ξ ≤ 1✱ ❡♥/1♦
∫

Ak,s

ξp
+

(u− k)dx ≤

∫

Ak,s

|u− k|dx

≤

∫

Ak,s∩{x∈Ω:|u−k|≤1}

|u− k|dx

+

∫

Ak,s∩{x∈Ω:|u−k|>1}

|u− k|dx.

❆❧?♠ ❞✐33♦✱ ❞♦ ❢❛/♦ ❞❡ 0 < s−t < 1 ❡ p−∗ > 1✱ /❡♠♦3 9✉❡ |u−k| ≤
∣
∣u−k
s−t

∣
∣
p−∗

3❡ |u−k| ≥ 1✳

❆33✐♠✱ ♦❜/❡♠♦3✿

∫

Ak,s

ξp
+

(u− k)dx ≤

∫

Ak,s

1dx+

∫

Ak,s

∣
∣
∣
∣

u− k

s− t

∣
∣
∣
∣

p−∗

dx

= |Ak,s|+Q.

✻✻



✸✳✶✳ ❘❡❣✉❧❛)✐❞❛❞❡

✸✳ ❉♦ ♠❡/♠♦ ♠♦❞♦✱ ❝♦♠♦ 0 ≤ ξ ≤ 1 ❡ |∇ξ| ≤ 2/(s− t), ❡♥34♦

∫

Ak,s

ξp
+−1|∇ξ|(u− k)dx ≤

∫

Ak,s

2ξp
+−1

∣
∣
∣
∣

u− k

s− t

∣
∣
∣
∣
dx

≤ 2

∫

Ak,s

∣
∣
∣
∣

u− k

s− t

∣
∣
∣
∣
dx ≤ 2|Ak,s|+ 2Q.

✹✳ ❉❡/❞❡ 6✉❡ 0 < s− t < 1 ❡ p+ < h+ < p−∗ ✱ 3❡♠♦/

∫

Ak,s

h(|u|)ξp
+

(u− k)dx ≤

∫

Ak,s

h(|u|)(u− k)dx

=

∫

Ak,s

h(|u|)|u|

|u|
(u− k)dx

(h1)

≤ h+
∫

Ak,s

H(|u|)

|u|
(u− k)dx

Y oung

≤ h+
∫

Ak,s

H̃

(
H(|u|)

|u|

)

dx+ h+
∫

Ak,s

H(|u− k|)dx.

7❡❧❛ 7)♦♣♦/✐94♦ ✶✳✾ ❡ ♦ ▲❡♠❛ ✶✳✹✽✱ /❡❣✉❡ 6✉❡

∫

Ak,s

h(|u|)ξp
+

(u− k)dx
♣!♦♣✳ ✶✳✾

≤ h+
∫

Ak,s

H(|u|)dx+ h+
∫

Ak,s

H(|u− k|)dx

≤ h+
∫

Ak,s

H(|u− k|+ k)dx+ h+
∫

Ak,s

H(|u− k|)dx

❧❡♠❛1.48

≤ h+H(1)

∫

Ak,s

(|u− k|+ k)h
+

dx+ h+

(

H(1)|Ak,s|+H(1)

∫

Ak,s

|u− k|h
+

dx

)

= h+H(1)2h
+
kh+
|Ak,s|+ h+H(1)2h

+

∫

Ak,s

|u− k|h
+

dx

+h+H(1)|Ak,s|+ h+H(1)

∫

Ak,s

|u− k|h
+

dx

≤ |Ak,s|
[

h+H(1)2h
+
kh+

+ h+H(1)
]

+
(

h+H(1)2h
+
+ h+H(1)

)∫

Ak,s

|u− k|h
+

dx.

7♦) ♦✉3)♦ ❧❛❞♦✱ ∫

Ak,s

|u− k|h
+

dx ≤ |Ak,s|+Q,

❞❛= ∫

Ak,s

h(|u|)ξp
+

(u− k)dx ≤ |Ak,s|
[

h+H(1)2h
+

kh+

+ h+H(1)
]

+[h+H(1)2h
+
+ h+H(1)]

∫

Ak,s

|u− k|h
+

dx ≤ c1|Ak,s|(1 + kh+

) + c2Q,

♣❛)❛ ❛❧❣✉♠❛/ ❝♦♥/3❛♥3❡ ♣♦/✐3✐✈❛/ c1 ❡ c2✳

✺✳ ❚♦♠❛♥❞♦ ε1 ∈ (0, 1) 3❛❧ 6✉❡ (p+)2ε
p+/(p+−1)
1 = p−/4, ❡♥34♦ /❡❣✉❡ ❞❛ ❝♦♥❞✐94♦ (p2)✱ ❞❛

❞❡/✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ❡ ❞♦ ▲❡♠❛ ✶✳✹✾ 6✉❡

✻✼



✸✳✶✳ ❘❡❣✉❧❛)✐❞❛❞❡

p+
∫

Ak,s

p(|∇u|)ξp
+−1|∇ξ|(u− k)dx = p+

∫

Ak,s

p(|∇u|)|∇u|

|∇u|
ξp

+−1|∇ξ|(u− k)dx

(p2)

≤ (p+)2
∫

Ak,s

P (|∇u|)

|∇u|
ξp

+−1|∇ξ|(u−k)dx
❨♦✉♥❣

≤ (p+)2
∫

Ak,s

P̃

(

ε1P (|∇u|)ξp
+−1

|∇u|

)

dx+

+(p+)2
∫

Ak,s

P

(
|∇ξ|(u− k)

ε1

)

dx
❧❡♠❛ ✶✳✹✾

≤ (p+)2ε
p+

p+−1

1

∫

Ak,s

ξp
+

P̃

(
P (|∇u|)

|∇u|

)

dx

+
(p+)2

εp
+

1

∫

Ak,s

P (|∇ξ|(u− k))dx.

❆❧-♠ ❞✐//♦✱ ♣❡❧❛ 3)♦♣♦/✐45♦ ✶✳✾✱ ♦ ▲❡♠❛ ✶✳✹✽ ❡ ♦ ❢❛;♦ ❞❡ p+ < p−∗ ✱ ;❡♠♦/ ❛✐♥❞❛ ❛

/❡❣✉✐♥;❡ ❞❡/✐❣✉❛❧❞❛❞❡✿

p+
∫

Ak,s

p(|∇u|)ξp
+−1|∇ξ|(u− k)dx ≤ (p+)2ε

p+

p+−1

1

∫

Ak,s

ξp
+

P (|∇u|)dx+

+(p+)2ε−p
+

1

∫

Ak,s

P

(
2(u− k)

|s− t|

)

dx =
p−

4
J + (p+)2ε−p

+

1 2p
+

∫

Ak,s

P

(
|u− k|

|s− t|

)

dx

≤
p−

4
J + (p+)2ε−p

+

1 2p
+

[
∫

Ak,s

P (1)dx+ P (1)

∫

Ak,s

∣
∣
∣
∣

u− k

s− t

∣
∣
∣
∣

p−∗

dx

]

=
p−

4
J + (p+)2ε−p

+

1 2p
+

[P (1)|Ak,s|+ P (1)Q] =
p−

4
J + c3|Ak,s|+ c3Q,

♦♥❞❡ c3 = (p+)2ε−p
+

1 2p
+
P (1)✳

3♦);❛♥;♦✱ /✉❜/;✐;✉✐♥❞♦ ❛/ ❞❡/✐❣✉❛❧❞❛❞❡/ ♦❜;✐❞❛/ ❡♠ ✭✶✮ ✲ ✭✺✮ ❡♠ ✭✸✳✻✮✱ ❝♦♥❝❧✉E♠♦/ F✉❡

J ≤ c4[Q+ |Ak,s|(k
h+

+ 1)], ✭✸✳✼✮

♣❛)❛ ❛❧❣✉♠ c4 > 0✳

❋✐♥❛❧♠❡♥;❡✱ /❡ |∇u| ≤ 1✱ ❡♥;5♦

∫

Ak,t

|∇u|p
−

dx ≤ |Ak,t| < |Ak,s| ≤

[
∫

Ak,s

∣
∣
∣
∣

u− k

s− t

∣
∣
∣
∣

p−∗

dx+ (kh+

+ 1)|Ak,s|

]

.

❈❛/♦ ❝♦♥;)J)✐♦✱ ✐/;♦ -✱ /❡ |∇u| > 1✱ ❡♥;5♦ /❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✹✽ ❡ ❞❡ ✭✸✳✼✮ F✉❡

P (1)

∫

Ak,t

|∇u|p
−

dx ≤

∫

Ak,t

P (|∇u|)dx ≤ c4[Q+ (kh+

+ 1)|Ak,s|].

✻✽



✸✳✶✳ ❘❡❣✉❧❛)✐❞❛❞❡

❚♦♠❛♥❞♦ c5 =
c4

P (1)
+ 1✱ 1❡♠♦2

∫

Ak,t

|∇u|p
−

dx ≤ c5[Q+ (kh+

+ 1)|Ak,s|], ✭✸✳✽✮

♣♦)1❛♥1♦ ✭✸✳✹✮ 8 2❛1✐2❢❡✐1♦✳ ❆22✐♠✱ 2❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✶ <✉❡ u 8 ❧♦❝❛❧♠❡♥1❡ ❧✐♠✐1❛❞❛

2✉♣❡)✐♦)♠❡♥1❡ ❡♠ Ω✳

❉❡ ♠❛♥❡✐)❛ ❛♥?❧♦❣❛✱ ♣♦❞❡♠♦2 ♣)♦✈❛) <✉❡ −u 2❛1✐2❢❛③ ✭✸✳✽✮✳ ❉❡22❡ ♠♦❞♦✱ ♥♦✈❛♠❡♥1❡

♣❡❧♦ ▲❡♠❛ ✸✳✶✱ 1❡♠♦2 <✉❡ −u 8 ❧♦❝❛❧♠❡♥1❡ ❧✐♠✐1❛❞❛ 2✉♣❡)✐♦♠❡1❡ ❡♠ Ω ❡ ♣♦)1❛♥1♦

u ∈ L∞loc(Ω)✳ ❆❧8♠ ❞✐22♦✱ ❝♦♠♦ u 8 ❧✐♠✐1❛❞❛ ❡♠ ∂Ω✱ ❝♦♥2✐❞❡)❡ M = max∂Ω |u(x)|✳

B❛)❛ 1♦❞♦ x0 ∈ ∂Ω✱ ♣♦) ✉♠ ❛)❣✉♠❡♥1♦ 2✐♠✐❧❛)✱ ♣♦❞❡♠♦2 ♣)♦✈❛) <✉❡ ✭✸✳✽✮ ✈❛❧❡ ♣)❛

k ≥M ❡ ♣♦)1❛♥1♦ u ∈ L∞(Ω) ✭✈❡) ❬✷✷❪✱ ♣?❣✐♥❛ ✽✵✱ ❖❜2❡)✈❛IJ❡2✮✳

❊♠ ❬✷✸❪ ❡ ❬✷✹❪✱ ▲✐❡❜❡)♠❛♥ ❡21✉❞♦✉ ❛ )❡❣✉❧❛)✐❞❛❞❡ ❞❛2 2♦❧✉IJ❡2 ❞❛ 2❡❣✉✐♥1❡ ❝❧❛22❡ ❞❡

♣)♦❜❧❡♠❛2✿

{

−div(A(x, u,∇u)) + B(x, u,∇u) = 0, ❡♠ Ω,

u = 0, ♥❛ ∂Ω.
✭✸✳✾✮

❉❛ ❡①♣♦2✐IO♦ ❢❡✐1❛ ❡♠ ❬✷✸❪✱ ❛ )❡❣✉❧❛)✐❞❛❞❡ ❛18 ♦ ❜♦)❞♦ ♣♦❞❡ 2❡) ♦❜1✐❞❛ ♣❡❧❛2 ♠❡2♠❛2

❝♦♥❞✐IJ❡2 ❞❡ ❝)❡2❝✐♠❡♥1♦ ❛♣)❡2❡♥1❛❞❛2 ❡♠ ❬✷✹❪✳

❊21❛♠♦2 ✐♥1❡)❡22❛❞♦2 ❡♠ ❛♣❧✐❝❛) ♦2 )❡2✉❧1❛❞♦2 ❞❡ ▲✐❡❜❡)♠❛♥ ♣❛)❛ ❡21✉❞❛) ❛ )❡❣✉❧❛)✐❞❛❞❡

❞❛2 2♦❧✉IJ❡2 ❞❡ ✭B✮✳

❙❡❥❛ u 2♦❧✉IO♦ ❢)❛❝❛ ❞❡ ✭B✮✱ ❡♥1O♦ 2❡❣✉❡ ❞♦ ❚❡♦)❡♠❛ ✸✳✷ <✉❡ u ∈ L∞(Ω)✱ ❞❡22❡ ♠♦❞♦

❝♦♥2✐❞❡)❡ M0 = |u|∞✳ ❉❡✜♥❛ A : Ω× RN → R ❡ B : Ω× R→ R ♣♦)

A(x, η) = a(|η|)η ❡

B(x, t) = f(x, t).

❆❞♠✐1✐♥❞♦ ✈?❧✐❞❛2 ❛2 ❤✐♣T1❡2❡2 (p1), (p2), (p3) ❡ (f∗)✱ ❡♥1O♦ ♣❛)❛ 1♦❞♦ x, y ∈ Ω✱ η ∈

RN\{0}, ξ ∈ RN
❡ t ∈ R✱ ✈❛❧❡♠ ❛2 2❡❣✉✐♥1❡2 ❡21✐♠❛1✐✈❛2✿

(A1) A(x, 0) = 0❀

(A2)
N∑

i,j=1

∂Ai

∂ηj
(x, η)ξiξj ≥ Γ1

p(|η|)

|η|
|ξ|2;

(A3)
N∑

i,j=1

∣
∣
∣
∣

∂Ai

∂ηj
(x, η)

∣
∣
∣
∣
|η| ≤ c(1 + p(|η|));

(A4) |A(x, η)− A(y, η)| ≤ c(1 + p(|η|))|x− y|θ, ♣❛#❛ ❛❧❣✉♠ θ ∈ (0, 1);

✻✾



✸✳✶✳ ❘❡❣✉❧❛)✐❞❛❞❡

(B1) |B(x, t)| ≤ c+ ch(|t|).

❆♥.❡/ ❞❡ ✈❡)✐✜❝❛)♠♦/ ❛/ ❡/.✐♠❛.✐✈❛/ ❛❝✐♠❛✱ ♣)❡❝✐/❛♠♦/ ❞♦ /❡❣✉✐♥.❡ ❧❡♠❛ ✿

▲❡♠❛ ✸✳✸✳ ❙✉♣♦♥❤❛ '✉❡ ❛ ❝♦♥❞✐,-♦ (p3) .❡ ✈❡0✐✜'✉❡✳ ❊♥4-♦ ✈❛❧❡ ❛ .❡❣✉✐♥4❡ ❞❡.✐❣✉❛❧❞❛❞❡✿

a− − 1 = inf
t>0

ta′(t)

a(t)
6 sup

t>0

ta′(t)

a(t)
= a+ − 1 < +∞, ✭✸✳✶✵✮

❡ ♣♦04❛♥4♦✱ ❞❡ ♠❛♥❡✐0❛ .✐♠✐❧❛0 ❛♦ ▲❡♠❛ ✶✳✹✽✱ 4❡♠♦. '✉❡ ✿

✭✶✮ .❡ 0 < t < 1✱ ❡♥4-♦ ta
+−1a(l) 6 a(tl) 6 ta

−−1a(l), l ∈ [0,+∞);

✭✷✮ .❡ t > 1✱ ❡♥4-♦ ta
−−1a(l) 6 a(tl) 6 ta

+−1a(l), l ∈ [0,+∞).

❉❡♠♦♥%&'❛)*♦✳ ❆ ♣)♦✈❛ ❞❡ ✭✶✮ ❡ ✭✷✮ /❡❣✉❡ ❞❡ ♠❛♥❡✐)❛ ❛♥<❧♦❣❛ ❛ ♣)♦✈❛ ❞♦ ▲❡♠❛ ✶✳✹✽✱ )❡/.❛♥❞♦

❛//✐♠ ✈❡)✐✜❝❛)♠♦/ @✉❡ ✈❛❧❡ ❛ ❞❡/✐❣✉❛❧❞❛❞❡ ✭✸✳✶✵✮✳

A)✐♠❡✐)❛♠❡♥.❡ ♦❜/❡)✈❡ @✉❡

tp′(t)

p(t)
=

ta′(t) + a(t)

a(t)
=

ta′(t)

a(t)
+ 1, t > 0.

❉❡//❡ ♠♦❞♦✱ ♣❡❧❛ ❝♦♥❞✐DE♦ (p3) /❡❣✉❡ @✉❡

a− − 1 = inf
t>0

ta′(t)

a(t)
≤ sup

t>0

ta′(t)

a(t)
= a+ − 1.

A)♦✈❛)❡♠♦/ ❛❣♦)❛ ❛/ ❞❡/✐❣✉❛❧❞❛❞❡/ (A1) ✲ (A4) ❡ (B1)✳

&'♦✈❛ ❞❡ (A1) ✿ |A(x, η)| ≤ a(|η|)|η| = p(|η|). ◗✉❛♥❞♦ η = 0✱ /❡❣✉❡ ❞❛ ❞❡✜♥✐DE♦ ❞❡ p

@✉❡ p(|η|) = 0 ❡ ❛//✐♠ A(x, 0) = 0.

&'♦✈❛ ❞❡ (A2) ✿

N∑

i,j=1

∂Ai

∂ηj
ξiξj =

N∑

i,j=1

[
a′(|η|)

|η|
ξiξjηiηj + a(|η|)δijξiξj

]

= a′(|η|)
| 〈η, ξ〉 |2

|η|
+ a(|η|)|ξ|2.

❙❡ a′(|η|) ≥ 0✱ ❡♥.E♦
N∑

i,j=1

∂Ai

∂ηj
ξiξj ≥ a(|η|)|ξ|2.

❙❡ a′(|η|) < 0✱ ❡♥.E♦ ♣❡❧♦ ▲❡♠❛ ✸✳✸

a′(|η|)
| 〈η, ξ〉 |2

|η|
≥ a′(|η|)|η||ξ|2 ≥ (a− − 1)|ξ|2a(|η|),

✼✵



✸✳✷✳ W 1,P
0 ✈❡%&✉& C1

♠)♥✐♠♦& ❧♦❝❛✐&

❞♦♥❞❡

N∑

i,j=1

∂Ai

∂ηj
ξiξj ≥ a−|ξ|2a(|η|).

1♦%2❛♥2♦✱ 2♦♠❛♥❞♦ Γ1 = min{1, a−}, 2❡♠♦& 4✉❡

N∑

i,j=1

∂Ai

∂ηj
ξiξj ≥ Γ1|ξ|

2a(|η|), ∀ x ∈ Ω, p ∈ RN\{0} ❡ ξ ∈ RN .

 !♦✈❛ ❞❡ (A3) ✿ ❯&❛♥❞♦ ♦ ▲❡♠❛ ✸✳✸✱ 2❡♠♦&✿

N∑

i,j=1

∣
∣
∣
∣

∂Ai

∂ηj

∣
∣
∣
∣
|η| ≤

N∑

i,j=1

[
|a′(|η|)||ηiηj|

|η|
+ a(|η|)δij

]

|η|

≤ a(|η|)|η|
N∑

i,j=1

{

max{|a− − 1|, |a+ − 1|}
|ηiηj|

|η|2
+ δij

}

≤ a(|η|)|η|
N∑

i,j=1

[max{|a− − 1|, |a+ − 1|}+ δij] ≤ c(1 + p(|η|)),

♣❛%❛ 2♦❞♦ x ∈ Ω, η ∈ RN\{0} ❡ ❛❧❣✉♠❛ ❝♦♥&2❛♥2❡ c > 0✳

 !♦✈❛ ❞❡ (A4) ✿

|A(x, η)− A(y, η)| = |a(|η|)η − a(|η|)η| = 0 ≤ c(1 + a(|η|)|x− y|θ,

∀ x, y ∈ Ω, η ∈ RN\{0} ❡ 4✉❛❧4✉❡% θ ∈ (0, 1).

 !♦✈❛ ❞❡ (B1) ✿ 1❡❧❛ ❝♦♥❞✐:;♦ (f∗) &❡❣✉❡ 4✉❡

|B(x, t)| = |f(x, t)| ≤ c+ ch(|t|).

1❡❧♦ ❚❡♦%❡♠❛ ✸✳✷ ❡ ❛& ❞❡&✐❣✉❛❧❞❛❞❡& (A1)− (A4) ❡ (B1)✱ &❡❣✉❡ ❞❡ ▲✐❡❜❡%♠❛♥ ✭❬✷✸❪✱ ❬✷✹❪✮

♦ &❡❣✉✐♥2❡ %❡&✉❧2❛❞♦✳

❚❡♦!❡♠❛ ✸✳✹✳ ✭❬✷✸❪✱ ❬✷✹❪✮ ❙❡ ✈❛❧❡♠ ❛. ❤✐♣23❡.❡. (p1)✱ (p2)✱ (p3)✱ (f∗)✱ (h1)✱ (h2) ❡ u 4 ✉♠❛

.♦❧✉78♦ ❢:❛❝❛ ❡♠ W 1,P
0 (Ω) ❞♦ ♣:♦❜❧❡♠❛ ✭>✮✱ ❡♥38♦ u ∈ C1,α(Ω)✱ ♦♥❞❡ α > 0 ❡ |u|C1,α ≤

C(p−, p+,Γ1, c, θ,M0, N,Ω)✳

✸✳✷ ✲ W 1,P
0 ✈❡&'✉' C1

♠*♥✐♠♦' ❧♦❝❛✐'

▼♦2✐✈❛❞♦& ♣❡❧♦& 2%❛❜❛❧❤♦& ❞❡ ❇%❡③✐& ❡ ◆✐%❡♠❜❡%❣ ❬✽❪ ❡ ❆③♦%❡%♦✱ 1❡%❛❧ ❡ ▼❛♥❢%❡❞✐ ❬✸❪✱

❛♣%❡&❡♥2❛%❡♠♦& ❛❣♦%❛ ❛ ❞❡♠♦♥&2%❛:;♦ ❞♦ %❡&✉❧2❛❞♦ ♣%✐♥❝✐♣❛❧ ❞❡&2❡ 2%❛❜❛❧❤♦✳ ❆♥2❡& ❞✐&&♦

♣%❡❝✐&❛♠♦& ♣%♦✈❛% ♦& &❡❣✉✐♥2❡& ❧❡♠❛&✿

✼✶
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▲❡♠❛ ✸✳✺✳ ❙❡ ❛ ❝♦♥❞✐()♦ (p3) * +❛,✐+❢❡✐,❛✱ ❡♥,)♦ ❡①✐+,❡ ✉♠❛ ❝♦♥+,❛♥,❡ ♣♦+✐,✐✈❛ d1✱ ❞❡♣❡♥✲

❞❡♥❞♦ ❞❡ a− ❡ a+✱ ,❛❧ 6✉❡

|a(|η|)η − a(|ξ|)ξ| ≤ d1|η − ξ|a(|η|+ |ξ|).

❉❡♠♦♥%&'❛)*♦✳ ❙✉♣♦♥❤❛ ♣%✐♠❡✐%❛♠❡♥3❡ 4✉❡ a(t) 5 ♥6♦ ❞❡❝%❡&❝❡♥3❡ ♣❛%❛ t > 0✳ ❆&&✉♠✐%❡♠♦&✱

&❡♠ ♣❡%❞❛ ❞❡ ❣❡♥❡%❛❧✐❞❛❞❡✱ 4✉❡ |ξ| ≥ |η|✳ ❉❡&&❡ ♠♦❞♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸ 3❡♠♦&

|a(|η|)η − a(|ξ|)ξ| =

∣
∣
∣
∣

∫ 1

0

d

dt
{a(|ξ + t(η − ξ)|)(ξ + t(η − ξ))}dt

∣
∣
∣
∣

=

∣
∣
∣
∣

∫ 1

0

a′(|ξ + t(η − ξ)|)
(ξ + t(η − ξ)).(η − ξ)

|ξ + t(η − ξ)|
(ξ + t(η − ξ))dt+

∫ 1

0

a(|ξ + t(η − ξ)|)(η − ξ)dt

∣
∣
∣
∣

≤ |η − ξ|

∫ 1

0

[|a′(|ξ + t(η − ξ)|)||ξ + t(η − ξ)|+ a(|ξ + t(η − ξ)|)] dt

≤ |η − ξ|

∫ 1

0

[
1 + max{|a− − 1|, |a+ − 1|}

]
a(|ξ + t(η − ξ)|)dt.

❉❡&❞❡ 4✉❡ |ξ + t(η − ξ)| ≤ |η|+ |ξ| ♣❛%❛ 3♦❞♦ t ∈ (0, 1) ❡ a(t) 5 ♥6♦ ❞❡❝%❡&❝❡♥3❡ ♣❛%❛

t > 0✱ 3❡♠♦& 4✉❡ a(|ξ + t(η − ξ)|) ≤ a(|η|+ |ξ|)✱ ♦ 4✉❡ ✐♠♣❧✐❝❛ ❡♠

|a(|η|)η − a(|ξ|)ξ| ≤
[
1 + max{|a− − 1|, |a+ − 1|}

]
|η − ξ|a(|η|+ |ξ|).

❆&&✉♠❛ ❛❣♦%❛ 4✉❡ a(t) 5 ♥6♦ ❝%❡&❝❡♥3❡ ♣❛%❛ t > 0✳ ❆&&✐♠✱ ❝♦♠♦ ♥♦ ❝❛&♦ ❛♥3❡%✐♦%✱ 3❡♠♦&

❛ &❡❣✉✐♥3❡ ❞❡&✐❣✉❛❧❞❛❞❡

|a(|η|)η − a(|ξ|)ξ| ≤ [1 + max{|a− − 1|, |a+ − 1|}]|η − ξ|

∫ 1

0

a(|ξ + t(η − ξ)|)dt.

❆✜%♠❛♠♦& 4✉❡

∫ 1

0

a(|ξ + t(η − ξ)|)dt ≤ Ca(|η|+ |ξ|),

♣❛%❛ ❛❧❣✉♠❛ ❝♦♥&3❛♥3❡ ♣♦&✐3✐✈❛ C✳

❉❡ ❢❛3♦✱ &❡ |η − ξ| ≤ |ξ|/2✱ ✉&❛♥❞♦ 4✉❡ |ξ| ≥ |η| 3❡♠♦&

|ξ + t(η − ξ)| ≥ |ξ| − |η − ξ| ≥
|ξ|

2
=
|ξ|

4
+
|ξ|

4
≥
|ξ|+ |η|

4
.

❆&&✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸

∫ 1

0

a (|ξ + t(η − ξ)|) dt ≤ a

(
|ξ|+ |η|

4

)

≤

(
1

4

)a−−1

a(|ξ|+ |η|).

❈❛&♦ ❝♦♥3%@%✐♦✱ ✐&3♦ 5✱ &❡ |η − ξ| > |ξ|/2 > 0✱ ❡♥36♦ ❞❡✜♥✐♥❞♦ t0 := |ξ|/|η − ξ|✱ 3❡♠♦& 4✉❡

t0 ∈ (0, 2) ❡

|ξ + t(η − ξ)| ≥ ||ξ| − t|η − ξ|| = |t− t0||η − ξ|

> |t− t0|
|ξ|
2
= |t− t0|

(
|ξ|

4
+
|ξ|

4

)

≥ |t− t0|

(
|ξ|+ |η|

4

)

.

✼✷
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❈♦♠♦ t0 ∈ (0, 2)✱ ❡♥23♦ |t − t0|/4 ≤ 1 ♣❛%❛ 2♦❞♦ t ∈ (0, 1)✱ ❞❛) &❡❣✉❡ ❞♦ ❢❛2♦ ❞❡ a(t) &❡%

♥3♦ ❝%❡&❝❡♥2❡ ❡ ❞♦ ▲❡♠❛ ✸✳✸ 9✉❡

∫ 1

0

a(|ξ + t(η − ξ)|)dt ≤

∫ 1

0

a

(
|t− t0|

4
(|η|+ |ξ|)

)

dt

≤

∫ 1

0

(
|t− t0|

4

)a−−1

a(|η|+ |ξ|)dt.

❙❡ ❝♦♥&✐❞❡%❛%♠♦& C = max

{
∫ 1

0

(
|t− t0|

4

)a−−1

dt,

(
1

4

)a−−1
}

✱ ❡♥23♦

∫ 1

0

a(|ξ + t(η − ξ)|)dt ≤ Ca(|η|+ |ξ|),

♦ 9✉❡ ❝♦♥❝❧✉✐ ❛ ♣%♦✈❛ ❞❛ ❛✜%♠❛<3♦✳

❚♦♠❛♥❞♦ d1 = max {C, 1 + max{|a− − 1|, |a+ − 1|}}✱ 2❡♠♦& 9✉❡

|a(η)η − a(ξ)ξ| ≤ d1|η − ξ|a(|η|+ |ξ|).

▲❡♠❛ ✸✳✻✳ ❙✉♣♦♥❤❛ '✉❡ ✈❛❧❡ ❛ ❤✐♣,-❡.❡ (p2)✳ ❊♥-1♦ ❡①✐.-❡ C > 0 -❛❧ '✉❡

p(a+ b) ≤ C[p(a) + p(b)],

♣❛3❛ -♦❞♦ a, b ≥ 0 ❝♦♠ a+ b 6= 0✳

❉❡♠♦♥%&'❛)*♦✳ ❙❡❣✉❡ ❞❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ P ❡ ❞♦ ▲❡♠❛ ✷✳✶ 9✉❡

P (a+ b) ≤
1

2
P (2a) +

1

2
P (2b)

❧❡♠❛2.1

≤
K

2p−
[ap(a) + bp(b)].

❆❧A♠ ❞✐&&♦✱ ♣❡❧❛ ❝♦♥❞✐<3♦ (p2)

1

p+
p(a+ b)(a+ b) ≤ P (a+ b),

♣♦%2❛♥2♦

(a+ b)p(a+ b) ≤
Kp+

2p−
[ap(a) + bp(b)] ≤

Kp+

2p−
(a+ b)[p(a) + p(b)],

❞♦♥❞❡ p(a+ b) ≤ C[p(a) + p(b)], ❡♠ 9✉❡ C = Kp+/2p−.

❆♣%❡&❡♥2❛%❡♠♦& ❛❣♦%❛ ✉♠❛ ♣%♦✈❛ ❞♦ ❚❡♦%❡♠❛ ❆✱ 9✉❡ A ♦ ♣%✐♥❝✐♣❛❧ %❡&✉❧2❛❞♦ ❞❡&2❡ 2%❛✲

❜❛❧❤♦✳ ❱❡%❡♠♦& ♣♦&2❡%✐♦%♠❡♥2❡ 9✉❡ ❡&&❡ 2❡♦%❡♠❛ A ✉♠❛ ❢❡%%❛♠❡♥2❛ F2✐❧ ♥♦ ❡&2✉❞♦ ❞❡ ♠✉❧2✐✲

♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ &♦❧✉<G❡& ♣♦&✐2✐✈❛& ♣❛%❛ ✉♠❛ ❝❧❛&&❡ ❞❡ ❡9✉❛<G❡& ❡❧)♣2✐❝❛& 9✉❛&✐❧✐♥❡❛%❡&✳

✼✸
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❚❡♦#❡♠❛ ❆✿ ❆!!✉♠❛ %✉❡ (p1)✱ (p2)✱ (p3)✱ (f∗)✱ (h1) ❡ (h2) ✈❛❧❡♠✳ ❙❡

u0 ∈ W 1,P
0 (Ω) ∩ C1(Ω) + ✉♠ ♠,♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ 2♦♣♦❧♦❣✐❛ ❞❡ C1(Ω)✱ ❡♥25♦ u0 + ♠,✲

♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ 2♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✳

❉❡♠♦♥%&'❛)*♦✳ ❈♦♥&✐❞❡%❡ u0 ∈ C1(Ω) ∩W 1,P
0 (Ω) ♠)♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ 3♦♣♦❧♦❣✐❛ ❞❡ C1(Ω)✳

❉❡✜♥❛

G(u) =

∫

Ω

P (|∇u−∇u0|)dx, u ∈ W 1,P
0 (Ω)

❡

Dε = {u ∈ W 1,P
0 (Ω) : G(u) ≤ ε}, ♣❛%❛ ε ∈ (0, 1).

❆&&✐♠✱ 3❡♠♦& 9✉❡✿

✶✳ Dε ❝♦♥3<♠ u0, ∀ ε > 0✳

✷✳ Dε < ❧✐♠✐3❛❞♦ ❡♠ W 1,P
0 (Ω)✱ ♣♦✐& &❡ u ∈ Dε✱ ❡♥3=♦ |∇u−∇u0|P ≤ 1✳

✸✳ ❈♦♠♦ P < ❝♦♥✈❡①❛✱ &❡❣✉❡ 9✉❡ Dε < ✉♠ &✉❜❝♦♥❥✉♥3♦ ❝♦♥✈❡①♦ ❞❡ W 1,P
0 (Ω)✳

❈♦♥❝❧✉)♠♦& ❡♥3=♦ 9✉❡ Dε < ✉♠ &✉❜❝♦♥❥✉♥3♦ ❢%❛❝❛♠❡♥3❡ ❢❡❝❤❛❞♦ ❡ ❧✐♠✐3❛❞♦ ❞❡ W 1,P
0 (Ω)

❡ ♣♦%3❛♥3♦ Dε < ❢%❛❝❛♠❡♥3❡ ❝♦♠♣❛❝3♦ ✭ ✈❡% ❚❡♦%❡♠❛ ❆✳✶✵✮✳

G♦% ♦✉3%♦ ❧❛❞♦✱ &❡ un ⇀ u ❡♠ W 1,P
0 (Ω)✱ ❡♥3=♦ ❝♦♠♦ ❛ ✐♠❡%&=♦ ❞❡ W 1,P

0 (Ω) &♦❜%❡ LH(Ω)

< ❝♦♠♣❛❝3❛✱ ♣♦❞❡♠♦& &✉♣♦% 9✉❡ un → u ❡♠ LH(Ω)✳ ❉❡ ♠❛♥❡✐%❛ ❛♥H❧♦❣❛ ❛ G%♦♣♦&✐I=♦ ✷✳✶✸✱

♣♦❞❡♠♦& ♣%♦✈❛% 9✉❡ F ∈ C1(LH(Ω),R) ❡ ❛&&✐♠ F(un) → F(u). ❯♥✐♥❞♦ ✐&&♦ ❛ G%♦♣♦&✐I=♦

✷✳✻✱ ❝♦♥❝❧✉)♠♦& 9✉❡ I < ❢%❛❝❛♠❡♥3❡ &❡9✉❡♥❝✐❛❧♠❡♥3❡ &❡♠✐❝♦♥3)♥✉❛ ✐♥❢❡%✐♦%♠❡♥3❡ ❡ ♣♦%3❛♥3♦

❡①✐&3❡ uε ∈ Dε 3❛❧ 9✉❡ I(uε) = min
Dε

I ✭✈❡% ❚❡♦%❡♠❛ ❆✳✶✶✮✳

❙❡ uε ∈ ✐♥3Dε✱ ❡♥3=♦ I ′(uε) = 0 ❡ ❛&&✐♠ 3♦♠❛♥❞♦ µε = 0 &❡❣✉❡ 9✉❡ I ′(uε) = µεG
′(uε)✳

❙✉♣♦♥❤❛ ❛❣♦%❛ 9✉❡ uε ∈ ∂Dε = {u ∈ W 1,P
0 (Ω) : G(u) = ε}✳ G%✐♠❡✐%❛♠❡♥3❡ ♥♦3❡ 9✉❡✱

♣❡❧❛ G%♦♣♦&✐I=♦ ✷✳✷✱ G ∈ C1(W 1,P
0 (Ω),R)✳ ❆❧<♠ ❞✐&&♦✱

∫

Ω

P (|∇u−∇u0|)dx = ε > 0, ♣❛%❛ 3♦❞♦ u ∈ ∂Dε.

G♦%3❛♥3♦ |∇u−∇u0| > 0 ❡♠ ✉♠ ❝♦♥❥✉♥3♦ ❞❡ ♠❡❞✐❞❛ ♣♦&✐3✐✈❛✳ ❆&&✐♠✱

〈G′(u), (u− u0)〉 =

∫

Ω

p(|∇u−∇u0|)|∇u−∇u0|dx > 0,

❞♦♥❞❡ G′(u) 6= 0✳ ❈♦♠♦✱ ♣❡❧❛ ❖❜&❡%✈❛I=♦ ✷✳✶✺✱ I ∈ C1(W 1,P
0 (Ω),R)✱ ❡♥3=♦ ♣❡❧♦ ❚❡♦%❡♠❛

❆✳✷✵ ❡①✐&3❡ µε ∈ R 3❛❧ 9✉❡ I ′(uε) = µεG
′(uε)✳ ❆✜%♠❛♠♦& 9✉❡ ♥❡&&❡ ❝❛&♦ µε ≤ 0✳

❉❡ ❢❛3♦✱ ❝❛&♦ ❝♦♥3%H%✐♦ &❡❣✉❡ ❞❛ G%♦♣♦&✐I=♦ ✷✳✷ 9✉❡

〈I ′(uε), uε − u0〉 = µε 〈G
′(uε), uε − u0〉 = µε

∫

Ω

a(|∇uε −∇u0|)|∇uε −∇u0|
2dx > 0.

✼✹



✸✳✷✳ W 1,P
0 ✈❡%&✉& C1

♠)♥✐♠♦& ❧♦❝❛✐&

❆&&✐♠

lim
t→0

I(uε + t(uε − u0))− I(uε)

t
= 〈I ′(uε), uε − u0〉 > 0.

❉❛)✱ 3♦♠❛♥❞♦ t ∈ (−1, 0) &✉✜❝✐❡♥3❡♠❡♥3❡ ♣%7①✐♠♦ ❞❡ 0 3❡%)❛♠♦&

I(uε + t(uε − u0)) < I(uε). ✭✸✳✶✶✮

❈♦♠♦ Dε = ❝♦♥✈❡①♦ ❡ t ∈ (−1, 0)✱ ❡♥3>♦ uε + t(uε − u0) = (1 + t)uε − tu0 ∈ Dε ❡ ❛&&✐♠

✭✸✳✶✶✮ ❝♦♥3%❛❞✐%✐❛ ♦ ❢❛3♦ ❞❡ uε &❡% ♠)♥✐♠♦ ❧♦❝❛❧ ❞❡ I ❡♠ Dε✳ @♦%3❛♥3♦✱ ❡♠ A✉❛❧A✉❡% ❝❛&♦

❡①✐&3❡ µε ≤ 0 3❛❧ A✉❡ I ′(uε) = µεG
′(uε)✱ ✐&3♦ =✱ uε ∈ W 1,P

0 (Ω) &❛3✐&❢❛③
∫

Ω

a(|∇uε|)∇uε∇φdx−

∫

Ω

f(x, uε)dx = µε

∫

Ω

a(|∇uε−∇u0|)(∇uε−∇u0)∇φdx, ∀ φ ∈ W 1,P
0 (Ω),

♦✉ ❡A✉✐✈❛❧❡♥3❡♠❡♥3❡✱

−div{a(|∇uε|)∇uε}+ µεdiv{a(|∇uε −∇u0|)(∇uε −∇u0)} = f(x, uε). ✭✸✳✶✷✮

♦✉ ❛✐♥❞❛✱ ❞✐✈✐♥❞✐♥❞♦ ❛♠❜♦& ♦& ❧❛❞♦& ❞❡ ✭✸✳✶✷✮ ♣♦% 1− µε✱ uε &❛3✐&❢❛③

−div

{
1

1− µε

[a(|∇uε|)∇uε − µεa(|∇uε −∇u0|)(∇uε −∇u0)]

}

=
1

1− µε

f(x, uε). ✭✸✳✶✸✮

❙✉♣♦♥❤❛✱ ♣♦% ❝♦♥3%❛❞✐F>♦✱ A✉❡ u0 ♥>♦ &❡❥❛ ♠)♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ 3♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✳

❊♥3>♦ ♣❛%❛ ❝❛❞❛ ε ∈ (0, 1), uε 6= u0 ❡ I(uε) < I(u0)✳

@♦% ♦✉3%♦ ❧❛❞♦✱ ❝♦♠♦ |∇uε−∇u0|P ≤ 1✱ ❡♥3>♦ &❡❣✉❡ ❞❛ ❖❜&❡%✈❛F>♦ ✶✳✸✸ ❡ ❞♦ ▲❡♠❛ ✶✳✹✽

A✉❡

|∇uε −∇u0|P
p+ = |∇uε −∇u0|P

p+
∫

Ω

P

(
|∇uε −∇u0|

|∇uε −∇u0|P

)

dx ≤

∫

Ω

P (|∇uε −∇u0|)dx ≤ ε.

❉❡&&❛ ❢♦%♠❛✱ uε → u0 ❡♠ W 1,P
0 (Ω) A✉❛♥❞♦ ε→ 0✳

❊♠ &❡❣✉✐❞❛✱ ♣%♦✈❛%❡♠♦& A✉❡ uε → u0 ❡♠ C1(Ω)✱ ♦ A✉❡ ❝♦♥3%❛❞✐③ ♦ ❢❛3♦ ❞❡ u0 &❡% ♠)♥✐♠♦

❧♦❝❛❧ ❞❡ I ♥❛ 3♦♣♦❧♦❣✐❛ ❞❡ C1(Ω)✳ @❛%❛ ✐&&♦ ❞❡✜♥❛

Aε : Ω× RN −→ RN
❡ Bε : Ω× R −→ R

♣♦%

Aε(x, η) =
1

1− µε

[a(|η|)η − µεa(|η −∇u0|)(η −∇u0)] ❡

Bε(x, t) =
1

1− µε

f(x, t).

❈♦♠ ❡&&❛ ♥♦3❛F>♦✱ &❡❣✉❡ ❞❡ ✭✸✳✶✸✮ A✉❡ uε &❛3✐&❢❛③

{

−div(Aε(x,∇u)) = Bε(x, u), ❡♠ Ω,

u = 0, ♥❛ ∂Ω.

✼✺



✸✳✷✳ W 1,P
0 ✈❡%&✉& C1

♠)♥✐♠♦& ❧♦❝❛✐&

❆✜"♠❛%&♦ ✸✳✼✳ ❱❛❧❡♠ ❛& &❡❣✉✐♥2❡& ❞❡&✐❣✉❛❧❞❛❞❡&✿

✶✳ Aε(x, η)η ≥ a0P (|η|)− c;

✷✳ Aε(x, η) ≤ a1p(|η|) + c;

✸✳ Bε(x, t) ≤ bh(|t|) + c,

♦♥❞❡ a0✱ a1✱ ❜ ❡ ❝ &8♦ ❝♦♥&2❛♥2❡& ♣♦&✐2✐✈❛& ❡ ✐♥❞❡♣❡♥❞❡♥2❡& ❞❡ ε✳

❉❡ ❢❛2♦✿

+"♦✈❛ ❞❡ ✶✿

❈♦♠♦ P (|η|) ≤ p(|η|)|η| ♣❛%❛ 2♦❞♦ η ∈ RN
✱ ❡♥28♦

Aε(x, η)η =
1

1− µε

{[a(|η|)η − µεa(|η|)η]− µε [a(|η −∇u0|)(η −∇u0)− a(|η|)η]} η

=
1

1− µε

(1− µε)a(|η|)|η|
2 −

µε

1− µε

J ≥
1

1− µε

[(1− µε)P (|η|)− µεJ ],

♦♥❞❡ J = [a(|η −∇u0|)(η −∇u0)− a(|η|)η] η.

❆❧>♠ ❞✐&&♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✺

|J | ≤ |a(|η −∇u0|)(η −∇u0)− a(|η|)η||η| ≤ d1|∇u0|a(|η −∇u0|+ |η|)|η|. ✭✸✳✶✹✮

❙❡ a ❢♦% ♥8♦ ❝%❡&❝❡♥2❡✱ ❡♥28♦ ✉&❛♥❞♦ ♦ ❢❛2♦ ❞❡ |∇u0| &❡% ❧✐♠✐2❛❞❛ ❡♠ Ω ❡ ❛ ❝♦♥❞✐E8♦ (p2)✱

2❡♠♦& F✉❡ ❡①✐&2❡ ✉♠❛ ❝♦♥&2❛♥2❡ ♣♦&✐2✐✈❛ c ✭ ❝♦♥&✐❞❡%❛%❡♠♦& c ✉♠❛ ❝♦♥&2❛♥2❡ ❝✉♠✉❧❛2✐✈❛✮ 2❛❧

F✉❡

|J | ≤ ca(|η|)|η| = cp(|η|)
❨♦✉♥❣

≤ P (2cp+) + P̃
(

p(|η|
2p+

)

≤ c+
1

2p+
P̃ (p(|η|)) = c+

1

2p+

∫ p(|η|)

0

p−1(s)ds

≤ c+
1

2p+
p(|η|)p−1(p(|η|)) = c+

1

2p+
|η|p(|η|) ≤ c+

1

2
P (|η|).

H♦% ♦✉2%♦ ❧❛❞♦✱ &❡ a ❢♦% ♥8♦ ❞❡❝%❡&❝❡♥2❡✱ ❡♥28♦ &❡❣✉❡ ❞♦ ❢❛2♦ ❞❡ |∇u0| &❡% ❧✐♠✐2❛❞♦ ❡♠ Ω✱

❞♦ ▲❡♠❛ ✸✳✻ ❡ ❞❛ ❞❡&✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ❛ &❡❣✉✐♥2❡ ❞❡&✐❣✉❛❧❞❛❞❡✿

|J | ≤ d1|∇u0|a(|η −∇u0|+ |η|)|η|

≤ d1|∇u0||η|a(2|η|+ |∇u0|) ≤ d1|∇u0|p(2|η|+ |∇u0|)
lema3.6

≤ c1p(|η|) + c2p(|∇u0|)
Y oung

≤ P̃ (c14p
+) + P̃ (

1

4p+
p(|η|)) + c2p(|∇u0|) ≤ c+ 1

2
P (|η|).

❆&&✐♠✱

Aε(x, η)η ≥
1

1− µε

[(1− µε)P (|η|)− µεJ ]

≥
1

1− µε

[P (|η|)(1−
µε

2
) + µεc]

≥
1

2
P (|η|)− c,

✼✻



✸✳✷✳ W 1,P
0 ✈❡%&✉& C1

♠)♥✐♠♦& ❧♦❝❛✐&

♦ 0✉❡ ♣%♦✈❛ ✭✶✮✳

 !♦✈❛ ❞❡ ✷✿

❯&❛♥❞♦ ♦ ▲❡♠❛ ✸✳✺✱ :❡♠♦&

|Aε(x, η)| ≤
1

1− µε

[(1− µε)|a(|η|)η| − µε|a(|η −∇u0|)(η −∇u0)− a(|η|)η|]

= p(|η|)−
µε

1− µε

|a(|η −∇u0|)(η −∇u0)− a(|η|)η|

≤ p(|η|) + d1|∇u0|a(|η −∇u0|+ |η|).

❙❡ a ❢♦% ♥=♦ ❝%❡&❝❡♥:❡✱ ❡♥:=♦ ♣❡❧♦ ❢❛:♦ ❞❡ |∇u0| &❡% ❧✐♠✐:❛❞♦ :❡♠♦&✿

|Aε(x, η)| ≤ p(|η|) + d1p(|∇u0|) ≤ p(|η|) + c.

❙❡ a ❢♦% ♥=♦ ❞❡❝%❡&❝❡♥:❡✱ ❡♥:=♦ &❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✻ 0✉❡

|Aε(x, η)| ≤ p(|η|) + d1p(|η −∇u0|+ |η|)

≤ p(|η|) + c1p(|η|) + c2p(|∇u0|) ≤ c3p(|η|) + c.

❚♦♠❛♥❞♦ a1 = max{1, c3}✱ ♦❜:❡♠♦& ❛ ❞❡&✐❣✉❛❧❞❛❞❡ %❡0✉❡%✐❞❛✳

 !♦✈❛ ❞❡ ✸✿ ◆❡&:❡ ❝❛&♦✱ &❡❣✉❡ ❞❡ µε ≤ 0 ❡ (f∗)✱ 0✉❡

|Bε(x, t)| =
1

1− µε

|f(x, t)| ≤ |f(x, t)| ≤ c+ bh(|t|).

❆&&✐♠✱ ✈❡%✐✜❝❛❞❛& ❛& ❞❡&✐❣✉❛❧❞❛❞❡& 1 − 3✱ ❞❡❝♦%%❡ ❞♦ ❚❡♦%❡♠❛ ✸✳✷ 0✉❡ uε ∈ L∞(Ω) ✳

❆❧F♠ ❞✐&&♦✱ &❡❣✉✐♥❞♦ ❛& ✐❞❡✐❛& ❞♦ ❚❡♦%❡♠❛ ✷✳✷ ❞❡ ❬✶✸❪ ❡ ❞♦ ▲❡♠❛ ✷✳✹ ❞❡ ❬✶✺❪✱ ♦❜:❡♠♦& 0✉❡

❛ ♥♦%♠❛ L∞ ❞❡ uε ❞❡♣❡♥❞❡ &♦♠❡♥:❡ ❞❛ ♥♦%♠❛ ❞❡ uε ❡♠ W 1,P
0 (Ω)✱ p+, p− ❡ ❞❛& ❝♦♥&:❛♥:❡&✱

a0, a1, b ❡ c✳ J♦%:❛♥:♦✱ ❝♦♠♦ uε ❡ ✉♥✐❢♦%♠❡♠❡♥:❡ ❧✐♠✐:❛❞❛ ❡♠ W 1,P
0 (Ω) ❡ a0, a1, b ❡ c ♥=♦

❞❡♣❡♥❞❡♠ ❞❡ ε✱ ❡♥:=♦ ❡①✐&:❡ C > 0 &❛:✐&❢❛③❡♥❞♦ |uε|∞ ≤ C, ∀ ε ∈ (0, 1)✳ ❆ ♣❛%:✐% ❞♦& %❡✲

&✉❧:❛❞♦& ❞❡ ▲✐❡❜❡%♠❛♥ ❡♠ ❬✷✸❪ ❡ ❬✷✹❪✱ ♣%♦✈❛%❡♠♦& 0✉❡ uε F :❛♠❜F♠ ✉♥✐❢♦%♠❡♠❡♥:❡ ❧✐♠✐:❛❞❛

❡♠ C1,α(Ω)✳ ❉✐✈✐❞✐%❡♠♦& ❛ ♣%♦✈❛ ❡♠ ❞♦✐& ❝❛&♦&✿

❈❛+♦ ✶ ✿ µε ∈ [−1, 0]✳

❈♦♠♦ u0 F ♠)♥✐♠♦ ❞❡ I ♥❛ :♦♣♦❧♦❣✐❛ ❞❡ C1(Ω)✱ &❡❣✉❡ 0✉❡ I ′(u0) = 0✱ ✐&:♦ F✱ u0 &❛:✐&❢❛③

❛ &❡❣✉✐♥:❡ ❡0✉❛P=♦

−div(a(|∇u0|)∇u0) = f(x, u0).

✼✼



✸✳✷✳ W 1,P
0 ✈❡%&✉& C1

♠)♥✐♠♦& ❧♦❝❛✐&

❈♦♥&❡1✉❡♥2❡♠❡♥2❡✱ ♣♦❞❡♠♦& %❡❡&❝%❡✈❡% ✭✸✳✶✷✮ ❝♦♠♦

−div{a(|∇uε|)∇uε−µεa(|∇uε−∇u0|)(∇uε−∇u0)−µεa(|∇u0|)∇u0} = f(x, uε)−µεf(x, u0).

❆❣♦%❛ ❞❡✜♥✐♥❞♦

Aε : Ω× RN −→ RN
❡ Bε : Ω× R −→ R

♣♦%

Aε(x, η) = a(|η|)η − µεa(|η −∇u0|)(η −∇u0)− µεa(|∇u0|)∇u0

❡

Bε(x, t) = f(x, t)− µεf(x, u0),

&❡❣✉❡ 1✉❡ uε &❛2✐&❢❛③✿

{

−div(Aε(x,∇u)) = Bε(x, u), ❡♠ Ω,

u = 0, ♥❛ ∂Ω.

◗✉❡%❡♠♦& ♣%♦✈❛% 1✉❡ uε ∈ C1,α(Ω)✳ @❛%❛ ✐&&♦✱ ❜❛&❡❛❞♦ ♥♦& 2%❛❜❛❧❤♦& ❞❡ ▲✐❡❜❡%♠❛♥ ✭❬✷✸❪

❡ ❬✷✹❪✮✱ ♣%❡❝✐&❛♠♦& ♠♦&2%❛% 1✉❡ ♣❛%❛ x, y ∈ Ω✱ η ∈ RN\{0}, ξ ∈ RN
❡ t ∈ R✱ ✈❛❧❡♠ ❛&

&❡❣✉✐♥2❡& ❡&2✐♠❛2✐✈❛& ✿

•

Aε(x, 0) = 0; ✭✸✳✶✺✮

•

N∑

i,j=1

∂(Aε)j
∂ηi

(x, η)ξiξj ≥ Γ1
p(|η|)

|η|
|ξ|2; ✭✸✳✶✻✮

•

N∑

i,j=1

∣
∣
∣
∣

∂(Aε)j
∂ηi

(x, η)

∣
∣
∣
∣
|η| ≤ C(1 + p(|η|)); ✭✸✳✶✼✮

•

|Aε(x, η)− Aε(y, η)| ≤ C(1 + p(|η|)(|x− y|θ), ✭✸✳✶✽✮

♣❛%❛ ❛❧❣✉♠ θ ∈ (0, 1)❀

•

|Bε(x, t)| ≤ C + Ch(|t|). ✭✸✳✶✾✮

✼✽



✸✳✷✳ W 1,P
0 ✈❡%&✉& C1

♠)♥✐♠♦& ❧♦❝❛✐&

➱ ❢2❝✐❧ ✈❡% 3✉❡ ✭✸✳✶✺✮ &❡ ✈❡%✐✜❝❛✳ 9❛%❛ ♣%♦✈❛% ✭✸✳✶✻✮✱ ♥♦=❡ 3✉❡

(Aε)j = a(|η|)ηj − µεa(|η −∇u0|)

(

ηj −
∂u0
∂xj

)

− µεa(|∇u0|)
∂u0
∂xj

❡ ❞❛)

∂(Aε)j
∂ηi

= a′(|η|)
ηiηj
|η|

+ a(|η|)δij

−µεδija(|η −∇u0|)− µε

(

ηj −
∂u0
∂xj

)
ηi −

∂u0

∂xi

|η −∇u0|
a′(|η −∇u0|). ✭✸✳✷✵✮

❆&&✐♠✱

N∑

i,j=1

∂(Aε)j
∂ηi

(x, η)ξiξj = a′(|η|)
| 〈η, ξ〉 |2

|η|
+ a(|η|)|ξ|2

−µεa(|η −∇u0|)|ξ|
2 − µεa

′(|η −∇u0|)
| 〈η −∇u0, ξ〉 |

2

|η −∇u0|
.

❙❡ a′ ≥ 0✱ ❡♥#$♦ ♣❡❧♦ ❢❛#♦ ❞❡ µε ≤ 0 #❡♠♦,

N∑

i,j=1

∂(Aε)j
∂ηi

(x, η)ξiξj ≥ a(|η|)|ξ|2 =
p(|η|)

|η|
|ξ|2. ✭✸✳✷✶✮

❙❡ a′ ≤ 0✱ ❡♥#$♦ ❞❡

a′(|η|)| 〈η, ξ〉 |2 ≥ a′(|η|)|η|2|ξ|2,

❡ ❞♦ ▲❡♠❛ ✸✳✸ ,❡❣✉❡ 7✉❡

a′(|η|)
| 〈η, ξ〉 |2

|η|
≥ a′(|η|)

|η|2|ξ|2

|η|
≥ (a− − 1)a(|η|)|ξ|2 = (a− − 1)

p(|η|)|ξ|2

|η|
.

❉❛ ♠❡,♠❛ ❢♦9♠❛✱

−µεa
′(|η −∇u0|)

| 〈η −∇u0, ξ〉 |
2

|η −∇u0|
≥ −µε(a

− − 1)a(|η −∇u0|)|ξ|
2,

❡ ❛,,✐♠

N∑

i,j=1

∂(Aε)j
∂ηi

(x, η)ξiξj ≥ a−a(|η|)|ξ|2 − µεa
−a(|η −∇u0|)|ξ|

2 ≥ a−
p(|η|)

|η|
|ξ|2. ✭✸✳✷✷✮

❈♦♥,✐❞❡9❛♥❞♦ Γ1 = min{1, a−}✱ ❡♥#$♦ ❞❡ ✭✸✳✷✶✮ ❡ ✭✸✳✷✷✮ ♦❜#❡♠♦, ❛ ❞❡,✐❣✉❛❧❞❛❞❡ ✭✸✳✶✻✮✳

❆ ♣9♦✈❛ ❞❡ ✭✸✳✶✼✮ ❞❡❝♦99❡ ❞❛ ❡①♣9❡,,$♦ ✭✸✳✷✵✮✱ ▲❡♠❛ ✸✳✸ ❡ ▲❡♠❛ ✸✳✺✱ ❡♥7✉❛♥#♦ ❛ ♣9♦✈❛

✭✸✳✶✽✮ ,❡❣✉❡ ❞♦ ❢❛#♦ ❞❡ u0 ∈ C1,α(Ω) ❡ ❞♦ ▲❡♠❛ ✸✳✺✳

F♦9 ✜♠✱ ❝♦♠♦ f ,❛#✐,❢❛③ (f∗) ❡ ❡,#❛♠♦, ,✉♣♦♥❞♦ 7✉❡ |µε| ≤ 1✱ ❡♥#$♦ ❛ ♣9♦✈❛ ❞❡ ✭✸✳✶✾✮

,❡❣✉❡ ❞❛ ,❡❣✉✐♥#❡ ♠❛♥❡✐9❛✿

|Bε(x, t)| = |f(x, t)− µεf(x, u0)|

≤ |f(x, t)|+ |f(x, u0)|

≤ a1 + a2h(|t|) + a1 + a2h(|u0|)

≤ C + Ch(|t|).

✼✾



✸✳✷✳ W 1,P
0 ✈❡%&✉& C1

♠)♥✐♠♦& ❧♦❝❛✐&

❱❡%✐✜❝❛❞❛& ❛& ❝♦♥❞✐34❡& ✭✸✳✶✺✮ ✲ ✭✸✳✶✾✮ ✱ ♣❡❧♦ ❢❛>♦ ❞❡ uε &❡% ✉♥✐❢♦%♠❡♠❡♥>❡ ❧✐♠✐>❛❞❛ ❡♠

L∞(Ω) ❡ Γ1✱ C ♥?♦ ❞❡♣❡♥❞❡%❡♠ ❞❡ ε✱ &❡❣✉❡ ❞❡ ▲✐❡❜❡%♠❛♥ ✭❬✷✸❪✱ ❬✷✹❪✮ F✉❡ uε ∈ C1,α(Ω) ♣❛%❛

>♦❞♦ ε ∈ (0, 1)✳ ❆❧H♠ ❞✐&&♦✱ {uε} H ✉♥✐❢♦%♠❡♠❡♥>❡ ❧✐♠✐>❛❞❛ ❡♠ C1,α(Ω) ❡ ♣♦%>❛♥>♦ {uε} H

❡F✉✐❧✐♠✐>❛❞❛ ❡♠ C1(Ω)✳ ❉❡&❞❡ F✉❡ {uε} H ❡F✉✐♥❝♦♥>)♥✉❛✱ &❡❣✉❡ ❞♦ ❚❡♦%❡♠❛ ❞❡ ❆%③❡❧❛✲➪&❝♦❧✐

F✉❡ ❡①✐&>❡ u ∈ C1(Ω) >❛❧ F✉❡ uε → u ❡♠ C1(Ω)✱ ❛ ♠❡♥♦& ❞❡ &✉❜&❡F✉N♥❝✐❛&✳ ❈♦♠♦ uε → u0

❡♠ W 1,P
0 (Ω)✱ ❡♥>?♦ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐>❡ ♥♦ &❡♥>✐❞♦ ❞❛& ❞✐&>%✐❜✉✐34❡& ♦❜>❡♠♦& F✉❡ u = u0

❡ ❛&&✐♠ uε → u0 ❡♠ C1(Ω)✱ ♦ F✉❡ ❝♦♥>%❛❞✐③ ♦ ❢❛>♦ ❞❡ u0 &❡% ♠)♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ >♦♣♦❧♦❣✐❛

C1(Ω)✳

❈❛"♦ ✷✿ µε < −1

❈♦♥&✐❞❡%❡ vε = uε − u0✳ ❊♥>?♦ ♣♦% ✭✸✳✶✷✮✱ vε &❛>✐&❢❛③

−div

[

a(|∇vε|)∇vε +
1

|µε|
a(|∇vε +∇u0|)(∇vε +∇u0)−

1

|µε|
a(|∇u0|)∇u0

]

=
1

|µε|
[f(x, vε + u0)− f(x, u0)].

❉❡✜♥✐♥❞♦

Ãε(x, η) = a(|η|)η +
1

|µε|
a(|η +∇u0|)(η +∇u0)−

1

|µε|
a(|∇u0|)∇u0

❡

B̃ε(x, t) =
1

|µε|
[f(x, t+ u0)− f(x, u0)],

❞❡ ♠❛♥❡✐%❛ ❛♥Q❧♦❣❛ ❛♦ ❈❛&♦ ✶✱ ♦❜>❡♠♦& ❛& ❞❡&✐❣✉❛❧❞❛❞❡& ✭✸✳✶✺✮ ✲ ✭✸✳✶✾✮✳ ❆&&✐♠✱ ♥♦✈❛♠❡♥>❡

♣❡❧♦& %❡&✉❧>❛❞♦ ❞❡ ▲✐❡❜❡%♠❛♥✱ vε ∈ C1,α(Ω) ❡ vε → 0 ❡♠ C1(Ω)✱ ❞♦♥❞❡ uε ∈ C1,α(Ω) ❡

uε → u0 ❡♠ C1(Ω)✱ ♦ F✉❡ ❝♦♥>%❛❞✐③ ♦ ❢❛>♦ ❞❡ u0 &❡% ♠)♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ >♦♣♦❧♦❣✐❛ C1
✳

❉❛ ❝♦♥>%❛❞✐3?♦ ♦❜>✐❞❛ ❡♠ ❛♠❜♦& ♦& ❝❛&♦&✱ ❝♦♥❝❧✉✐♠♦& F✉❡ u0 ❞❡✈❡ &❡% ♠)♥✐♠♦ ❞❡ I ♥❛

>♦♣♦❧♦❣✐❛ W 1,P
0 (Ω)✱ ❝♦♠♦ F✉❡%)❛♠♦& ♣%♦✈❛%✳

✽✵



Capı́tulo 4

❚❡♦#❡♠❛ ❞❡ '✉❜ ❡ '✉♣❡#'♦❧✉,-♦ ❡

♠✉❧.✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧

◆❡"#❡ ❝❛♣'#✉❧♦✱ ✈❛♠♦" ❛♣.❡"❡♥#❛. ❡ ♣.♦✈❛. ✉♠ #❡♦.❡♠❛ ❞❡ "✉❜ ❡ "✉♣❡."♦❧✉23♦ ♣❛.❛ ♦

♣.♦❜❧❡♠❛ ✭5✮✳ ❈♦♠ ❜❛"❡ ♥♦ ❚❡♦.❡♠❛ ❆ ✈❡.❡♠♦" ;✉❡✱ "♦❜ ❝❡.#❛" ❝♦♥❞✐2=❡"✱ ❛ ❡①✐"#?♥❝✐❛ ❞❡

✉♠❛ "✉❜"♦❧✉23♦ u ∈ W 1,P
0 (Ω) ❡ ✉♠❛ "✉♣❡."♦❧✉23♦ u ∈ W 1,P

0 (Ω) ❣❛.❛♥#❡ ❛ ❡①✐"#?♥❝✐❛ ❞❡ ✉♠❛

"♦❧✉23♦ u ∈ W 1,P
0 (Ω)∩C1(Ω) ;✉❡ A ♠'♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ #♦♣♦❧♦❣✐❛ ❞❡ W 1,P

0 (Ω)✳ ❈♦♠♦ ✉♠❛

❛♣❧✐❝❛23♦ ❞❡""❡ ❢❛#♦✱ ♣.♦✈❛.❡♠♦" ✉♠ .❡"✉❧#❛❞♦ ❞❡ ♠✉❧#✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ "♦❧✉2=❡" ♣♦"✐#✐✈❛"

♣❛.❛ ❛ "❡❣✉✐♥#❡ ❝❧❛""❡ ❞❡ ♣.♦❜❧❡♠❛"

(Pλ)

{

−∆Pu = λf(x, u) + µ|u|q−2u, ❡♠ Ω,

u > 0, ❡♠ Ω ❡ u = 0, ♥❛ ∂Ω,

♦♥❞❡ Ω A ✉♠ ❞♦♠'♥✐♦ ❧✐♠✐#❛❞♦ ❡♠ RN
❝♦♠ ❢.♦♥#❡✐.❛ "✉❛✈❡✱ q > p+, λ > 0 A ✉♠ ♣❛.C♠❡#.♦

.❡❛❧✱ µ > 0 A ✉♠ ♥D♠❡.♦ ❞❛❞♦ ❡ f ∈ C(Ω× R,R) "❛#✐"❢❛③ ❛ "❡❣✉✐♥#❡ ❤✐♣G#❡"❡✿

(F0) f(x, t) ≥ 0 ♣❛.❛ t ≥ 0 ❡ f(x, t) A ♥3♦ ❞❡❝.❡"❝❡♥#❡ ❡♠ t ≥ 0✱ ♣❛.❛ ❝❛❞❛ x ∈ Ω✳

❆♦ ❧♦♥❣♦ ❞❡ #♦❞♦ ❡"#❡ ❝❛♣'#✉❧♦ ❛❞♠✐#✐.❡♠♦" ✈I❧✐❞❛" ❛" ❤✐♣G#❡"❡" (p1) ❡ (p2)✳

✹✳✶ ✲ $%✐♥❝)♣✐♦, ❞❡ ❈♦♠♣❛%❛23♦

◆❡"#❛ "❡23♦✱ ♣.♦✈❛.❡♠♦" ❞♦✐" ♣.✐♥❝'♣✐♦" ❞❡ ❝♦♠♣❛.❛23♦ ♣❛.❛ ♦ ♣.♦❜❧❡♠❛ ✭5✮ ;✉❡✱ ❥✉♥#♦

❝♦♠ ♦" .❡"✉❧#❛❞♦" ❞❡ .❡❣✉❧❛.✐❞❛❞❡ ❛♣.❡"❡♥#❛❞♦" ♥♦ ❈❛♣'#✉❧♦ 3✱ ♥♦" ♣❡.♠✐#✐.3♦ ♣.♦✈❛. ✉♠

#❡♦.❡♠❛ ❞❡ "✉❜ ❡ "✉♣❡."♦❧✉23♦ ♣❛.❛ ✭5✮✳

❉❡✜♥✐%&♦ ✹✳✶✳ ❙❡❥❛♠ u ❡ v ∈ W 1,P (Ω)✳ ❉✐③❡♠♦" ;✉❡ −∆Pu ≤ −∆Pv✱ "❡
∫

Ω

a(|∇u|)∇u∇ϕdx ≤

∫

Ω

a(|∇v|)∇v∇ϕdx, ✭✹✳✶✮

✽✶



✹✳✶✳ #$✐♥❝(♣✐♦+ ❞❡ ❈♦♠♣❛$❛12♦

♣❛$❛ 3♦❞❛ ϕ ∈ W 1,P
0 (Ω) ❝♦♠ ϕ ≥ 0✳

▲❡♠❛ ✹✳✷✳ ❆!!✉♠❛ %✉❡ u ❡ v ∈ W 1,P (Ω)✳ ❙❡ ✿

✶✳ −∆Pu ≤ −∆Pv ❡ u ≤ v ♥❛ ∂Ω ✭✐!.♦ 0✱ (u− v)+ ∈ W 1,P
0 (Ω)✮✱ ❡♥.3♦ u ≤ v ❡♠ Ω✱

✷✳ ❛! ❤✐♣7.❡!❡! ❞♦ ✐.❡♠ ❛♥.❡9✐♦9 ♦❝♦99❡♠✱ u ❡ v ∈ C(Ω) ❡ S = {x ∈ Ω : u(x) = v(x)} 0

✉♠ !✉❜❝♦♥❥✉♥.♦ ❝♦♠♣❛❝.♦ ❞❡ Ω✱ ❡♥.3♦ S = ∅✳

❉❡♠♦♥%&'❛)*♦✳

✶✳ ❈♦♠♦ −∆Pu ≤ −∆Pv ❡ (u− v)+ ∈ W 1,P
0 (Ω)✱ ❡♥32♦

∫

Ω

a(|∇u|)∇u∇(u− v)+dx ≤

∫

Ω

a(|∇v|)∇v∇(u− v)+dx.

❉❡++❡ ♠♦❞♦✱

∫

Ω1

〈a(|∇u|)∇u− a(|∇v|)∇v,∇(u− v)〉 dx =
∫

Ω

〈
a(|∇u|)∇u− a(|∇v|)∇v,∇(u− v)+

〉
dx ≤ 0,

♦♥❞❡ Ω1 = {x ∈ Ω : u(x)− v(x) ≥ 0}.

#❡❧♦ ▲❡♠❛ ✷✳✽✱ 3❡♠♦+ :✉❡

〈a(|∇u|)∇u− a(|∇v|)∇v,∇(u− v)〉 ≥ 0, ❡♠ Ω.

❆++✐♠✱ ∫

Ω1

〈a(|∇u|)∇u− a(|∇v|)∇v,∇(u− v)〉 dx = 0.

❆❧=♠ ❞✐++♦✱

〈a(|∇u|)∇u− a(|∇v|)∇v,∇(u− v)〉 > 0,

+❡♠♣$❡ :✉❡ ∇u(x) 6= ∇v(x)✳ ❉❛( ∇(u − v) = 0✱ :✳3✳♣ ❡♠ Ω1✱ ❞♦♥❞❡ +❡❣✉❡ :✉❡

∇(u − v)+ = 0, :✳3✳♣ ❡♠ Ω✳ #♦$3❛♥3♦✱ ❝♦♠♦ (u − v)+ ∈ W 1,P
0 (Ω), $❡+✉❧3❛ :✉❡

(u− v)+ = 0✱ ✐+3♦ =✱ u ≤ v✱ :✳3✳♣ ❡♠ Ω✳

✷✳ ❆++✉♠❛ :✉❡ S = ❝♦♠♣❛❝3♦ ❡ S 6= ∅✳ ❈♦♠♦ dist(S, ∂Ω) > 0✱ ❡♥32♦ ❡①✐+3❡ Ω2 ⊂ Ω✱ 3❛❧

:✉❡ S ⊂ Ω2 ⊂ Ω2 ⊂ Ω✳

#❡❧♦ ✐3❡♠ ✭✶✮ ❡ ❛ ❞❡✜♥✐12♦ ❞❡ S✱ +❡❣✉❡ :✉❡ u < v ❡♠ Ω\S ✳ ❊♠ ♣❛$3✐❝✉❧❛$✱ u < v ♥❛

∂Ω2✳

✽✷
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#♦$ ❤✐♣45❡+❡ u ❡ v ∈ C(Ω)✱ ❡♥52♦ 5♦♠❛♥❞♦

max
x∈∂Ω2

{u(x)− v(x)} = −ε,

+❡❣✉❡✲+❡ :✉❡ u ≤ v − ε ♥❛ ∂Ω2✳ ❆++✐♠✱ ❞❡ −∆pu ≤ −∆P (v − ε)✱ ♦❜5❡♠♦+ ♣❡❧♦ ✐5❡♠

❛♥5❡$✐♦$ :✉❡ u ≤ v − ε ❡♠ Ω2✱ ♦ :✉❡ ❝♦♥5$❛❞✐③ ♦ ❢❛5♦ ❞❡ u = v ❡♠ S ⊂ Ω2✳

❆ ♣$♦✈❛ ❞♦ ♣$4①✐♠♦ $❡+✉❧5❛❞♦ +❡❣✉❡ ❛+ ✐❞❡✐❛+ ❞❡ ●✉❡❞❞❛ ❡ ❱❡$♦♥ ❬✶✽❪ ♣❛$❛ ♦ ♦♣❡$❛❞♦$

♣✲▲❛♣❧❛❝✐❛♥♦✳

▲❡♠❛ ✹✳✸✳ ❙❡❥❛♠ f, g ∈ L∞(Ω) ❝♦♠ 0 ≤ g(x) ≤ f(x) '✳)✳♣ ❡♠ Ω ❡ u, v ∈ W 1,P
0 (Ω)✳

❙❡

−∆Pv = g ≤ f = −∆Pu

❡ ♦ ❝♦♥❥✉♥)♦

C = {x ∈ Ω : f(x) = g(x), q.t.p em Ω}

)❡♠ ✐♥)❡.✐♦. ✈❛③✐♦✱ ❡♥)2♦

0 ≤ v < u ❡♠ Ω ❡

∂u

∂ν
<

∂v

∂ν
≤ 0 ♥❛ ∂Ω

❡ ♣♦.)❛♥)♦ ❡①✐4)❡ ✉♠❛ ❝♦♥4)❛♥)❡ ♣♦4✐)✐✈❛ ε )❛❧ '✉❡

∂(v − u)

∂ν
≥ ε,

♦♥❞❡ ν ❞❡♥♦)❛ ❛ ♥♦.♠❛❧ ❡①)❡.✐♦. ✉♥✐)7.✐❛ ❛ ∂Ω✳

❉❡♠♦♥%&'❛)*♦✳

#$✐♠❡✐$❛♠❡♥5❡ ♦❜+❡$✈❡♠♦+ :✉❡ ❡①✐+5❡ ✉♠ ❝♦♥❥✉♥5♦ ❞❡ ♠❡❞✐❞❛ ♣♦+✐5✐✈❛ ♦♥❞❡ f > 0✳ ❈❛+♦

❝♦♥5$I$✐♦ f = 0 :✳5✳♣ ❡♠ Ω✱ ❞♦♥❞❡ g = 0 :✳5✳♣ ❡♠ Ω ❡ ♣♦$5❛♥5♦ C = Ω✱ ♦ :✉❡ ❝♦♥5$❛❞✐③

♦ ❢❛5♦ ❞❡ C 5❡$ ✐♥5❡$✐♦$ ✈❛③✐♦✳ ❉❡++❡ ♠♦❞♦✱ u 6≡ 0✳ ❆❧K♠ ❞✐++♦✱ ❝♦♠♦

0 ≤ −∆Pv ≤ −∆Pu ❡ u, v ∈ W 1,P
0 (Ω),

♦❜5❡♠♦+ ❞♦ ▲❡♠❛ ✹✳✷ :✉❡ u ≥ v ≥ 0 ❡♠ Ω✳ ❆++✐♠✱ ♣❡❧❛ ❡+5✐♠❛5✐✈❛ (A2) ♦❜5✐❞❛ ♥♦ ❝❛♣(5✉❧♦

✷ ❡ ♦ ❢❛5♦ ❞❡ u ≥ 0 ❝♦♠ u 6≡ 0✱ +❡❣✉❡ ❚❡♦$❡♠❛ ❆✳✷✶ :✉❡

u(x) > 0 ❡♠ Ω ❡

∂u(x)

∂ν
< 0 ♥❛ ∂Ω.

❈♦♥+✐❞❡$❡

S = {x ∈ Ω : u(x) = v(x)} ⊂ Ω

✽✸
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❡ +✉♣♦♥❤❛ ♣♦$ ❝♦♥5$❛❞✐12♦ 6✉❡ S 6= ∅✳ ❈♦♠♦ f ❡ g ∈ L∞(Ω)✱ ❡♥52♦ ♣❡❧♦ ❚❡♦$❡♠❛ ✸✳✹ ♦❜5❡♠♦+

6✉❡ u ❡ v ∈ C1(Ω)✱ ♣♦$5❛♥5♦ $❡❝❛(♠♦+ ♥❛+ ❤✐♣<5❡+❡+ ❞♦ ▲❡♠❛ ✹✳✷ ❡ ❛++✐♠ ❝♦♥❝❧✉(♠♦+ 6✉❡ S

♥2♦ ♣♦❞❡ +❡$ ❝♦♠♣❛❝5♦✳ ❊♥5$❡5❛♥5♦ S @ $❡❧❛5✐✈❛♠❡♥5❡ ❢❡❝❤❛❞♦ ❡♠ Ω✱ ♣♦✐+ S = (u−v)−1({0})✳

❉❡++❡ ♠♦❞♦✱ S @ ❞❛ ❢♦$♠❛ S = Ω ∩ F ✱ ♦♥❞❡ F @ ✉♠ ❢❡❝❤❛❞♦ ❞❡ RN
6✉❡ ✐♥5❡$+❡❝5❛ ∂Ω✳

#♦$5❛♥5♦✱ ❞❡✈❡ ❡①✐+5✐$ x0 ∈ ∂Ω ❡ {xn} ⊂ S ⊂ Ω 5❛❧ 6✉❡ xn → x0✳

❈♦♠♦ ∇u = ∇v ❡♠ S✱ ♣❡❧❛ ❝♦♥5✐♥✉✐❞❛❞❡ ❞❡ ∇u ❡ ∇v ❡♠ Ω 5❡♠♦+ ∇u(x0) = ∇v(x0) ❡

♣♦$5❛♥5♦

∂v(x0)

∂ν
=

∂u(x0)

∂ν
< 0.

❙❛❜❡♠♦+ 5❛♠❜@♠ 6✉❡

0 ≤ f − g = −div(a(|∇u|)∇u) + div(a(|∇v|)∇v)

=
n∑

i=1

∂

∂xi

[

−a(|∇u|)
∂u

∂xi

+ a(|∇v|)
∂v

∂xi

]

. ✭✹✳✷✮

#♦$ ♦✉5$♦ ❧❛❞♦✱ ❡+❝$❡✈❡♥❞♦ Fi(z) = a(|z|)zi✱ 5❡♠♦+ 6✉❡

∂Fi(z)
∂zj

= δija(|z|) +
zizj
|z|

a′(|z|) +❡♠♣$❡

6✉❡ z 6= 0 ❡ ❛++✐♠✱ ♣❡❧♦ ❚❡♦$❡♠❛ ❞♦ ❱❛❧♦$ ▼@❞✐♦✱ ❡①✐+5❡ zi(x) ♥♦ +❡❣♠❡♥5♦ 6✉❡ ✉♥❡ ♦+ ✈❡5♦$❡+

∇u(x) ❡ ∇v(x) ❞❡ 5❛❧ ♠❛♥❡✐$❛ 6✉❡

Fi(∇u)− Fi(∇v) =
〈
∇Fi(z

i),∇w
〉

=
n∑

j=1

∂Fi(z
i)

∂zj

∂w

∂xj

=
n∑

j=1

[

δija(|z
i|) +

ziiz
i
j

|zi|
a′(|zi|)

]
∂w

∂xj

, ✭✹✳✸✮

♦♥❞❡ w = u− v ❡ zi = ti∇u+ (1− ti)∇v, ♣❛$❛ ❛❧❣✉♠ ti ∈ (0, 1)✳

❉❡++❛ ♠❛♥❡✐$❛✱ ❝♦♥+✐❞❡$❛♥❞♦

Aij(x) = δija(|z
i(x)|) +

ziiz
i
j

|zi|
a′(|zi(x)|),

+❡❣✉❡ ❞❡ ✭✹✳✷✮ ❡ ✭✹✳✸✮ 6✉❡

0 ≤ f − g = −
n∑

i,j=1

∂

∂xi

(

Aij
∂w

∂xj

)

, ✭✹✳✹✮

♣❛$❛ x ∈ Ω 5❛❧ 6✉❡ zi(x) 6= 0.

❊♠ ♣❛$5✐❝✉❧❛$✱ ❝♦♠♦ ∇u(x0) = ∇v(x0) 6= 0✱ 5❡♠♦+

Aij(x0) = δija(|∇u(x0)|) +
uxi

(x0)uxj
(x0)a

′(|∇u(x0)|)

|∇u(x0)|
.

✽✹
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❡

n∑

i,j=1

Aij(x0)ξiξj =
n∑

i,j=1

[

δija(|∇u(x0)|) +
uxi

(x0)uxj
(x0)a

′(|∇u(x0)|)

|∇u(x0)|

]

ξiξj ≥ θ|ξ|2,

♣❛$❛ 3♦❞♦ ξ ∈ RN
❡ ♣❛$❛ ❛❧❣✉♠ θ = θ(x0) > 0. #❡❧❛ ❝♦♥3✐♥✉✐❞❛❞❡ ❞❡ ∇u ❡ ∇v ♣♦❞❡♠♦+

♦❜3❡$ ✉♠❛ ❜♦❧❛ B ⊂ Ω 3❛❧ 8✉❡ x0 ∈ ∂B✱ +♦❜$❡ ❛ 8✉❛❧ ♦ ♦♣❡$❛❞♦$ ❡❧(♣3✐❝♦ ❞❡✜♥✐❞♦ ♣❡❧♦+ Aij

+❡❥❛ ❡+3$✐3❛♠❡♥3❡ ❡❧(♣3✐❝♦✱ ✐+3♦ < ✱

n∑

i,j=1

Aij(x)ξiξj ≥ γ|ξ|2, ✭✹✳✺✮

♣❛$❛ 3♦❞♦ ξ ∈ RN , x ∈ B ❡ ♣❛$❛ ❛❧❣✉♠ γ > 0 ✐♥❞❡♣❡♥❞❡♥3❡ ❞❡ ①✳

❙❛❜❡♠♦+ 8✉❡ w ≥ 0 ❡♠ B✳ ❙❡ w ≡ 0 ❡♠ B✱ ❡♥32♦ u = v✱ ❞♦♥❞❡ +❡❣✉❡ 8✉❡ f = g ❡♠

B ❡ ✐++♦ ♥♦✈❛♠❡♥3❡ ❝♦♥3$❛❞✐③ ♦ ❢❛3♦ ❞❡ C 3❡$ ✐♥3❡$✐♦$ ✈❛③✐♦✳ ❙❡ w 6≡ 0 ❡♠ B✱ ❡♥32♦ ♣❡❧❛+

✐♥❡8✉❛1E❡+ ✭✹✳✹✮ ❡ ✭✹✳✺✮ ❞❡❝♦$$❡ ❞♦ ❚❡♦$❡♠❛ ❆✳✷✶ 8✉❡ w > 0 ❡♠ B ❡

∂w(x0)
∂ν

< 0✱ ♦ 8✉❡

❝♦♥3$❛❞✐③ ♦ ❢❛3♦ ❞❡

∂w(x0)
∂ν

= 0. #♦$3❛♥3♦✱ ❝♦♠♦ ❡♠ 8✉❛❧8✉❡$ ❝❛+♦ ❝❤❡❣❛♠♦+ ❛ ✉♠ ❛❜+✉$❞♦✱

$❡+3❛ 8✉❡ S = ∅✱ ❞♦♥❞❡ u > v ≥ 0 ❡♠ Ω✳

❋❛❧3❛ ❛❣♦$❛ ♣$♦✈❛$ 8✉❡

0 ≥
∂v(x)

∂ν
>

∂u(x)

∂ν
, ∀ x ∈ ∂Ω.

❖$❛✱ ❝♦♠♦ u = 0 = v ❡♠ ∂Ω✱ 3❡♠♦+ 8✉❡

∇u(x0) = ±|∇u(x0)|ν ❡ ∇v(x0) = ±|∇v(x0)|ν,

♦♥❞❡ ν < ❛ ♥♦$♠❛❧ ❡①3❡$✐♦$ ❛ ∂Ω ❡♠ x0✳

❙✉♣♦♥❤❛ ♣♦$ ❝♦♥3$❛❞✐12♦ 8✉❡

∂v(x0)

∂ν
=

∂u(x0)

∂ν
,

♣❛$❛ ❛❧❣✉♠ x0 ∈ ∂Ω✳ ❊♥32♦ |∇u(x0)| = |∇v(x0)|, ♦ 8✉❡ ✐♠♣❧✐❝❛ ❡♠ ∇v(x0) = ±|∇u(x0)|ν.

❆++✐♠✱ ♣❡❧♦ ♠❡+♠♦ ❛$❣✉♠❡♥3♦ ✉+❛❞♦ ♣❛$❛ ♦❜3❡$ ✭✹✳✺✮✱ ♦❜3❡♠♦+ ♣❡❧❛ ❝♦♥3✐♥✉✐❞❛❞❡ ❞❡ ∇u ❡

∇v ❡♠ Ω 8✉❡

n∑

i,j=1

Aij(x)ξiξj ≥ γ|ξ|2, ✭✹✳✻✮

♣❛$❛ 3♦❞♦ ξ ∈ RN , x ∈ B ⊂ Ω ❡ ♣❛$❛ ❛❧❣✉♠ γ > 0, ❝♦♠ x0 ∈ ∂B.

❈♦♠♦ w = u − v > 0 ❡♠ Ω ❡ ✈❛❧❡ ❛+ ❞❡+✐❣✉❛❧❞❛❞❡+ ✭✹✳✹✮ ❡ ✭✹✳✻✮✱ 3❡♠♦+ ♣❡❧♦ ❚❡♦$❡♠❛

❆✳✷✶ 8✉❡

∂w(x0)
∂ν

< 0, ♦ 8✉❡ ❝♦♥3$❛$✐❛ ♦ ❢❛3♦ ❞❡

∂v(x0)

∂ν
=

∂u(x0)

∂ν
.

#♦$3❛♥3♦

0 ≥
∂v

∂ν
>

∂u

∂ν
♥❛ ∂Ω.

✽✺
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✹✳✷ ✲ ▼%♥✐♠♦ ❧♦❝❛❧ ✈✐❛ .❡♦0❡♠❛ ❞❡ 2✉❜ ❡ 2✉♣❡02♦❧✉67♦

◆♦ ❝❛♣$-✉❧♦ 2✱ ♣/♦✈❛♠♦1 9✉❡ ♦ ♦♣❡/❛❞♦/

P ′ : W 1,P
0 (Ω) −→ W−1,P̃

0 (Ω)

u 7−→ P ′(u) : W 1,P
0 (Ω) −→ R

ϕ 7−→ 〈P ′(u), ϕ〉 ,

♦♥❞❡ 〈P ′(u), ϕ〉 =

∫

Ω

a(|∇u|)∇u∇ϕdx✱ : ✉♠ ❤♦♠❡♦♠♦/✜1♠♦✳ ❆❧:♠ ❞✐11♦✱ ❞❛❞♦ g ∈ LH̃(Ω)✱

❛ ❛♣❧✐❝❛56♦ ❞❡✜♥✐❞❛ ♣♦/

g̃ : LH −→ R

ϕ 7−→

∫

Ω

gϕdx

❞❡✜♥❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛/ ❝♦♥-$♥✉♦ ❡♠ LH(Ω) ❡ ♣♦/-❛♥-♦ g̃|W 1,P
0
∈ W−1,P̃

0 (Ω).

❉❡11❛ ❢♦/♠❛✱ ❡①✐1-❡ ✉♠ A♥✐❝♦ u = ug̃ ∈ W 1,P
0 (Ω) -❛❧ 9✉❡ P ′(u) = g̃|W 1,P

0
✱ ♦✉ 1❡❥❛✱

〈P ′(u), ϕ〉 = 〈g̃, ϕ〉 , ∀ ϕ ∈ W 1,P
0 (Ω),

♦✉ ❡9✉✐✈❛❧❡♥-❡♠❡♥-❡✱

∫

Ω

a(|∇u|)∇u∇ϕdx =

∫

Ω

gϕdx, ∀ ϕ ∈ W 1,P
0 (Ω),

✐1-♦ :✱

−∆Pu = g ❡♠ Ω.

❱✐1-♦ ✐11♦✱ ♣❛/❛ ❝❛❞❛ g ∈ LH̃(Ω) ❞❡♥♦-❛/❡♠♦1 ♣♦/ K̃(g) := u ♦ A♥✐❝♦ ❡❧❡♠❡♥-♦ ❞❡

W 1,P
0 (Ω) 9✉❡ 1❛-✐1❢❛③

−∆Pu = g ❡♠ Ω.

◆♦-❡ ❛✐♥❞❛ 9✉❡✱ ❝♦♠♦ H 1❛-✐1❢❛③ (h1)✱ ❡♥-6♦ ♣❡❧♦ ❚❡♦/❡♠❛ ✶✳✺✺

EH(Ω) = LH(Ω)✳ ❉❛$✱ ❝♦♥1✐❞❡/❛♥❞♦ Γ : LH̃(Ω) → (EH(Ω))′ = (LH(Ω))′ ♦ ✐1♦♠♦/✜1♠♦

❝♦♥1-/✉$❞♦ ♥♦ ❝❛♣$-✉❧♦ ✷✱ ❡♥-6♦ ♣♦/ ♠❡✐♦ ❞❡11❡ ✐1♦♠♦/✜1♠♦ ♣♦❞❡♠♦1 /❡❡1❝/❡✈❡/ K̃ ❝♦♠♦

K̃ = (P ′)−1 ◦ Γ✳ H♦/-❛♥-♦✱ ❛ ❝♦♥-✐♥✉✐❞❛❞❡ ❞❡ K̃ ❞❡❝♦//❡ ❞✐/❡-❛♠❡♥-❡ ❞❛ ❝♦♥-✐♥✉✐❞❛❞❡ ❞❡

(P ′)−1 ❡ Γ✳

❆✜"♠❛%&♦ ✹✳✹✳ K̃ : ❧✐♠✐-❛❞♦✱ ✐1-♦ :✱ K̃(U) : ❧✐♠✐-❛❞♦ ❡♠ W 1,P
0 (Ω) ♣❛/❛ -♦❞♦ 1✉❜❝♦♥❥✉♥-♦

❧✐♠✐-❛❞♦ U ⊂ LH̃(Ω).

❉❡ ❢❛-♦✱ ❞❡✈✐❞♦ ❛ /❡❧❛56♦ ♦❜-✐❞❛ ❡♠ ✭✶✳✷✸✮ : 1✉✜❝✐❡♥-❡ ♣/♦✈❛/♠♦1 9✉❡ S := (P ′)−1 : ✉♠

♦♣❡/❛❞♦/ ❧✐♠✐-❛❞♦✳
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❈♦♥1✐❞❡/❡ ❡♥-6♦ X 1✉❜❝♦♥❥✉♥-♦ ❧✐♠✐-❛❞♦ ❞❡ W−1,P̃
0 (Ω) ❡ 1✉♣♦♥❤❛ :✉❡ S(X) ⊂ W 1,P

0 (Ω)

1❡❥❛ ✐❧✐♠✐-❛❞♦✳ ❊♥-6♦ ❡①✐1-❡ ✉♠❛ 1❡:✉=♥❝✐❛ {gn} ⊂ X✱ -❛❧ :✉❡

|∇un|P →∞,

♦♥❞❡ un = S(gn)✱ ✐1-♦ ?✱

〈gn, v〉 =

∫

Ω

a(|∇un|)∇un∇ϕdx, ∀ ϕ ∈ W 1,P
0 (Ω).

@♦/ ♦✉-/♦ ❧❛❞♦ ∫

Ω

P (|∇un|)dx ≤

∫

Ω

a(|∇un|)∇un∇undx

= 〈gn, un〉 ≤ ‖gn‖ |∇un|P .

❆11✐♠✱

min{|∇un|
p−−1
P , |∇un|

p+−1
P } ≤

∫

Ω

P (|∇un|)dx

|∇un|P
≤ ‖gn‖

❡ ♣♦/-❛♥-♦

min{|∇un|
p−−1
P , |∇un|

p+−1
P } → ∞ :✉❛♥❞♦ n→∞,

♦ :✉❡ ❝♦♥-/❛❞✐③ ♦ ❢❛-♦ ❞❡ {hn} 1❡/ ✉♠❛ 1❡:✉=♥❝✐❛ ❝♦♥-✐❞❛ ❡♠ ✉♠ 1✉❜❝♦♥❥✉♥-♦ ❧✐♠✐-❛❞♦ ❞❡

W−1,P̃
0 (Ω)✳ ❈♦♥❝❧✉$♠♦1 ❛11✐♠ :✉❡ S ? ❧✐♠✐-❛❞♦ ❡ ♣♦/-❛♥-♦ K̃ ? ✉♠ ♦♣❡/❛❞♦/ ❧✐♠✐-❛❞♦✳

❆❧?♠ ❞✐11♦✱ ❝♦♠♦ ❛ ❛♣❧✐❝❛56♦ ✐♥❝❧✉16♦

i : W 1,P
0 (Ω) −→ LH(Ω)

? ❝♦♠♣❛❝-❛✱ 1❡❣✉❡ :✉❡ K := i ◦ K̃ : LH̃(Ω) −→ LH(Ω) ? ✉♠ ♦♣❡/❛❞♦/ ❝♦♠♣❛❝-♦✳

❉❡✜♥✐%&♦ ✹✳✺✳ ❉✐③❡♠♦1 :✉❡ u ∈ W 1,P
0 (Ω) ? ✉♠ 1✉❜1♦❧✉56♦ ✭/❡1♣❡❝-✐✈❛♠❡♥-❡✱ 1✉♣❡/1♦❧✉56♦✮

❞❡ ✭@✮✱ 1❡ u ≤✭/❡1♣❝✳ ✉ ≥✮ ✵ ♥❛ ∂Ω ❡ ♣❛/❛ -♦❞♦ ϕ ∈ W 1,P
0 (Ω) ❝♦♠ ϕ ≥ 0

∫

Ω

a(|∇u|)∇u∇ϕdx ≤ ✭/❡1♣✳ ≥)

∫

Ω

f(x, u)ϕdx.

@/♦✈❛/❡♠♦1 ❛❣♦/❛ ✉♠ -❡♦/❡♠❛ ❞❡ 1✉❜ ❡ 1✉♣❡/1♦❧✉56♦ ♣❛/❛ ♦ ♣/♦❜❧❡♠❛ ✭@✮✳ ❖1 ❝♦♥❝❡✐-♦1

✉-✐❧✐③❛❞♦1 ❛♦ ❧♦♥❣♦ ❞❡1-❛ ❞❡♠♦♥1-/❛56♦ 1❡ ❡♥❝♦♥-/❛♠ ♥♦ ❆♣=♥❞✐❝❡✳

❚❡♦,❡♠❛ ✹✳✻✳ ❆!!✉♠❛ %✉❡ f !❛'✐!❢❛③ ❛ ❝♦♥❞✐/0♦ (f∗)✱ f(x, t) 2 ♥0♦ ❞❡❝3❡!❝❡♥'❡ ❡♠ t ∈ R ❡

H !❛'✐!❢❛③ (h1)✳ ❙❡ ❡①✐!'❡ ✉♠❛ !✉❜!♦❧✉/0♦ u ∈ W 1,P (Ω) ❡ ✉♠❛ !✉♣❡3!♦❧✉/0♦ u ∈ W 1,P (Ω)

❞♦ ♣3♦❜❧❡♠❛ (P ) '❛❧ %✉❡ u ≤ u✱ ❡♥'0♦ ♦ ♣3♦❜❧❡♠❛ (P ) '❡♠ ✉♠❛ !♦❧✉/0♦ ♠✐♥✐♠❛❧ u∗ ❡ ✉♠❛

!♦❧✉/0♦ ♠❛①✐♠❛❧ v∗ ♥♦ ✐♥'❡3✈❛❧♦ ♦3❞❡♥❛❞♦ [u, u]✱ ✐!'♦ 2✱

u ≤ u∗ ≤ v∗ ≤ u,

❡ !❡ u 2 %✉❛❧%✉❡3 ♦✉'3❛ !♦❧✉/0♦ ❞❡ (P ) '❛❧ %✉❡ u ≤ u ≤ u✱ ❡♥'0♦ u∗ ≤ u ≤ v∗✳

✽✼
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❉❡♠♦♥%&'❛)*♦✳ 7/✐♠❡✐/❛♠❡♥-❡ ♥♦-❡ 8✉❡ LH(Ω) = (LH , | · |H) ❝♦♠ ❛ /❡❧❛56♦ ❞❡ ♦/❞❡♠

u ≤ v ⇔ u(x) ≤ v(x), 8✳-✳♣ ❡♠ Ω

9 ✉♠ ❡1♣❛5♦ ❞❡ ❇❛♥❛❝❤ ♦/❞❡♥❛❞♦✱ ❡♠ 8✉❡ ♦ ❝♦♥❡ ♣♦1✐-✐✈♦

P = LH
+ = {u ∈ LH(Ω) : u(x) ≥ 0, 8✳-✳♣ ❡♠ Ω}

9 ❢❡❝❤❛❞♦✳

7♦/ ♦✉-/♦ ❧❛❞♦✱ 1❡ 0 ≤ u ≤ v✱ ❡♥-6♦✱ ❝♦♠♦ H 9 ❝/❡1❝❡♥-❡ ❡♠ R+
✱ 1❡❣✉❡ 8✉❡

0 ≤

∫

Ω

H

(
u

|v|H

)

dx ≤

∫

Ω

H

(
v

|v|H

)

dx = 1,

❞♦♥❞❡ |u|H ≤ |v|H ✳ 7♦/-❛♥-♦ LH
+ 9 ♥♦/♠❛❧ ❡ ❛11✐♠✱ ♣❡❧❛ 7/♦♣♦1✐56♦ ❆✳✷✻ ✱ 1❡❣✉❡ 8✉❡ [u, u] 9

❧✐♠✐-❛❞♦ ❡♠ LH(Ω)✳

❉❡✜♥❛ T : LH(Ω) −→ LH(Ω) ♣♦/ T (u) = K(f(·, u))✳

❆✜"♠❛%&♦ ✹✳✼✳ T 9 ❝♦♥-$♥✉❛✳

❉❡ ❢❛-♦✱ -♦♠❡♠♦1 un → u ❡♠ LH(Ω)✱ ✐1-♦ 9 ✱

∫

Ω

H(|un − u|)dx → 0 8✉❛♥❞♦

n→∞✳ ❊♥-6♦✱ ♣❡❧♦ ❚❡♦/❡♠❛ ❆✳✷ ❡ ❝♦♥1✐❞❡/❛♥❞♦ ✉♠❛ 1✉❜1❡8✉E♥❝✐❛ 1❡ ♥❡❝❡11F/✐♦✱ -❡♠♦1 8✉❡

un(x)→ u(x)✱ 8✳-✳♣ ❡♠ Ω✳

❈♦♠♦ f ∈ C(Ω× R,R) ❡ H̃ 9 ❝♦♥-$♥✉❛✱ 1❡❣✉❡ 8✉❡

H̃(|f(x, un(x))− f(x, u(x))|) −→ 0, 8✳-✳♣ ❡♠ Ω. ✭✹✳✼✮

7♦/ ♦✉-/♦ ❧❛❞♦✱ ♣❡❧❛ ❝♦♥❞✐56♦ (f∗) -❡♠♦1

H̃(|f(x, un(x))− f(x, u(x))|) ≤M
[

H̃(|f(x, un(x))|) + H̃(|f(x, u(x))|)
]

≤M
[

H̃(a1 + a2h(|un|) + H̃(a1 + a2h(|u|))
]

.

7♦❞❡♠♦1 ❛11✉♠✐/✱ 1❡♠ ♣❡/❞❛ ❞❡ ❣❡♥❡/❛❧✐❞❛❞❡✱ 8✉❡ a2 ∈ N✳ ❆11✐♠✱ ❞❛ ❤✐♣K-❡1❡ (h1)

♦❜-❡♠♦1 ♣❡❧♦ ▲❡♠❛ ✶✳✶✼ 8✉❡ H̃ ∈ ∆2 ❡ ♣♦/-❛♥-♦ ♣❡❧♦ ▲❡♠❛ ✷✳✶ ❡ ❛ 7/♦♣♦1✐56♦ ✶✳✾ -❡♠♦1

8✉❡

H̃(|f(x, un(x))− f(x, u(x))|) ≤M
[

H̃(a1) + H̃(h(|un|)) + H̃(h(|u|))
]

≤M
[

H̃(a1) +H(|un|) +H(|u|)
]

,

♦♥❞❡ M 9 ✉♠❛ ❝♦♥1-❛♥-❡ ❝✉♠✉❧❛-✐✈❛✳

❈♦♠♦ un → u ❡♠ LH(Ω)✱ ❡♥-6♦ 1❡❣✉❡ ❞❛ ❖❜1❡/✈❛56♦ ✶✳✺✶ 8✉❡ H(|un−u|)→ 0 ❡♠ L1(Ω)

❡ ❛11✐♠✱ ♣❡❧♦ ❚❡♦/❡♠❛ ❆✳✷✱ ♣♦❞❡♠♦/ ♦❜-❡/ θ ∈ L1(Ω) -❛❧ 8✉❡

H(|un − u|) ≤ θ, 8✳-✳♣ ❡♠ Ω,

✽✽
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❛ ♠❡♥♦1 ❞❡ 1✉❜1❡7✉8♥❝✐❛✳ ❉❡11❡ ♠♦❞♦

H(|un|) ≤M [H(|un − u|) +H(|u|)]

≤M [θ +H(|u|)],

♦♥❞❡ M [θ +H(|u|)] ∈ L1(Ω)✳ ❙❡❣✉❡ ❞✐11♦ 7✉❡✱ ❛ ♠❡♥♦1 ❞❡ 1✉❜1❡7✉8♥❝✐❛✱

H̃(|f(x, un(x))−f(x, u(x))|) ♣♦❞❡ 1❡/ ♠❛❥♦/❛❞❛ ♣♦/ ✉♠❛ ❢✉♥56♦ ❞❡ L1(Ω) ✳ ❆11✐♠✱ ♣♦/ ✭✹✳✼✮

❡ ♣❡❧♦ ❚❡♦/❡♠❛ ❆✳✶✱ /❡1✉❧-❛ 7✉❡

f(·, un) −→ f(·, u) ❡♠ LH̃(Ω).

E♦/ ♦✉-/♦ ❧❛❞♦✱ ❞❛ ❝♦♥-✐♥✉✐❞❛❞❡ ❞❡ K ❡♠ LH̃(Ω)✱ ♦❜-❡♠♦1 ❛✐♥❞❛

K(f(·, un)) −→ K(f(·, u)) ❡♠ LH(Ω)

❡ ♣♦/-❛♥-♦

T (un) −→ T (u) ❡♠ LH(Ω).

❆✜"♠❛%&♦ ✹✳✽✳ ❊①✐1-❡ Λ > 0 -❛❧ 7✉❡ |f(·, u)|H̃ ≤ Λ, ♣❛/❛ -♦❞♦ u ❡♠ [u, u].

❉❡ ❢❛-♦✱ ❝♦♠♦ [u, u] H ❧✐♠✐-❛❞♦ ❡♠ LH(Ω)✱ ❡♥-6♦ ❡①✐1-❡ 1 < Γ ∈ N 1❛-✐1❢❛③❡♥❞♦ |u|H ≤ Γ

♣❛/❛ -♦❞♦ u ∈ [u, u]✳ ❆❧H♠ ❞✐11♦✱ ♣❡❧❛ ❝♦♥❞✐56♦ (f∗)✱ ❛ E/♦♣♦1✐56♦ ✶✳✾ ❡ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ H̃✱

1❡❣✉❡ 7✉❡ ∫

Ω

H̃(f(x, u(x))dx ≤

∫

Ω

M [H̃(a1) + H̃(h(|u|))]dx

≤M

∫

Ω

[H̃(a1) +H(|u|)]dx

= M

∫

Ω

[H̃(a1) +H(
Γ|u|

Γ
)]dx

≤M

∫

Ω

[H̃(a1) +H(
|u|

Γ
)]dx

≤M(H̃(a1)|Ω|+ 1) := Λ,

♦♥❞❡ ♥♦✈❛♠❡♥-❡ ❡1-❛♠♦1 ❝♦♥1✐❞❡/❛♥❞♦ M ✉♠❛ ❝♦♥1-❛♥-❡ ❝✉♠✉❧❛-✐✈❛✳

E♦❞❡♠♦1 ❛11✉♠✐/ 7✉❡ Λ > 1✳ ❉❛$✱ ♣❡❧❛ ❞❡1✐❣✉❛❧❞❛❞❡ ❛♥-❡/✐♦/ ❡ ♣❡❧❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ H̃
∫

Ω

H̃

(
f(x, u)

Λ

)

dx ≤
1

Λ

∫

Ω

H̃(f(x, u))dx ≤ 1,

❞♦♥❞❡ ❝♦♥❝❧✉$♠♦1 7✉❡ |f(·, u)|H̃ ≤ Λ, ♣❛/❛ -♦❞♦ u ❡♠ [u, u].

❉❛ ❆✜/♠❛56♦ ✹✳✽ ❡ ❞♦ ❢❛-♦ ❞❡ K 1❡/ ✉♠ ♦♣❡/❛❞♦/ ❝♦♠♣❛❝-♦✱ -❡♠♦1 7✉❡ T ([u, u]) H

/❡❧❛-✐✈❛♠❡♥-❡ ❝♦♠♣❛❝-♦ ❡♠ LH(Ω)✳ ❆❧H♠ ❞✐11♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✷ -❡♠♦1 7✉❡ K(u) ≤ K(v)✱

1❡♠♣/❡ 7✉❡ u ≤ v✳ E♦/-❛♥-♦✱ ❝♦♠♦

−∆Pu ≤ f(x, u) ≤ f(x, u) ≤ −∆Pu,

✽✾
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1❡❣✉❡ 8✉❡ u ≤ T (u) ≤ T (u) ≤ u✱ ♣♦✐1 T : ♥6♦ ❞❡❝/❡1❝❡♥-❡✱ ❥< 8✉❡ f ❡ K ♦ 16♦✳ ❆11✐♠

T ([u, u]) ⊂ [u, u]✳

❉❡ -✉❞♦ 8✉❡ ❢♦✐ ♦❜1❡/✈❛❞♦✱ ♦ /❡1✉❧-❛❞♦ 1❡❣✉❡ ❞✐/❡-❛♠❡♥-❡ ❞♦ ❚❡♦/❡♠❛ ❆✳✷✽✳

❈♦"♦❧$"✐♦ ✹✳✾✳ ❆!!✉♠❛ %✉❡ u, u ∈ W 1,P (Ω) ∩ L∞(Ω) !'♦ !✉❜!♦❧✉+'♦ ❡ !✉♣❡-!♦❧✉+'♦ ❞❡

✭0✮✱ -❡!♣❡❝4✐✈❛♠❡♥4❡ ❡ u ≤ u. ❙❡ f ∈ C(Ω× R,R) !❛4✐!❢❛③✿

f(x, t) ♥'♦ ❞❡❝-❡!❝❡♥4❡ ❡♠ t ∈ [inf u(x), sup u(x)], ✭✹✳✽✮

❡♥"#♦ ❛ ❝♦♥❝❧✉)#♦ ❞♦ ❚❡♦,❡♠❛ ✹✳✻ 1 ✈3❧✐❞❛✳

❉❡♠♦♥%&'❛)*♦✳ ❉❛ ♠❡$♠❛ ❢♦'♠❛ (✉❡ ♥♦ ❚❡♦'❡♠❛ ✹✳✻✱ ❝♦♥$✐❞❡'❡♠♦$ T : LH(Ω) −→ LH(Ω),

♦♥❞❡ T (u) = K(f(·, u))✳

❈♦♠♦ u ≤ T (u), T (u) ≤ u ❡ T 4 ♥5♦ ❞❡❝'❡$❝❡♥6❡✱ ❡♥65♦ T ([u, u]) ⊂ [u, u]✳ ◆♦$ '❡$6❛

✈❡'✐✜❝❛' (✉❡ T (un) → T (u) $❡♠♣'❡ (✉❡ un → u ❡♠ LH(Ω), ♦♥❞❡ u✱ un ∈ [u, u] ❡ (✉❡

T ([u, u]) 4 '❡❧❛6✐✈❛♠❡♥6❡ ❝♦♠♣❛❝6♦✳

❈♦♥$✐❞❡'❡ ❡♥65♦ u ∈ [u, u] ❡ un → u ❡♠ LH(Ω)✱ ❝♦♠ {un} ⊂ [u, u]✳ ❆$$✐♠✱

un(x)→ u(x), (✳6✳♣ ❡♠ Ω,

❛ ♠❡♥♦$ ❞❡ $✉❜$❡(✉>♥❝✐❛✳

❉❛ ❝♦♥6✐♥✉✐❞❛❞❡ ❞❡ f ❡ H̃✱ $❡❣✉❡ (✉❡

H̃(|f(x, un(x))− f(x, u(x)|) −→ 0, (✳6✳♣ ❡♠ Ω,

❛ ♠❡♥♦$ ❞❡ $✉❜$❡(✉>♥❝✐❛✳

@♦' ♦✉6'♦ ❧❛❞♦✱ u ❡ u ∈ L∞(Ω)✱ ❞♦♥❞❡ $❡❣✉❡ (✉❡ u ❡ un ∈ L∞(Ω), ♣❛'❛ 6♦❞♦ n ∈ N✳

❊ ♠❛✐$✱

m := inf u(x) ≤ u(x), un(x) ≤ sup u(x) := m.

❈♦♠♦ f(x, t) 4 ♥5♦ ❞❡❝'❡$❝❡♥6❡ ❡♠ t ∈ [inf u(x), sup u(x)]✱ ♦❜6❡♠♦$ (✉❡

f(x,m) ≤ f(x, un(x)) ≤ f(x,m) ❡ f(x,m) ≤ f(x, u(x)) ≤ f(x,m), (✳6✳♣ ❡♠ Ω.

❯♥✐♥❞♦ ✐$6♦ ❛♦ ❢❛6♦ ❞❡ f ∈ C(Ω×R,R)✱ ❝♦♥❝❧✉C♠♦$ (✉❡ ❡①✐$6❡ Γ > 0 6❛❧ (✉❡ |f(·, un)|∞ ≤ Γ

❡ |f(·, u)|∞ ≤ Γ✳ ❆$$✐♠✱ ♣❡❧❛ ❞❡$✐❣✉❛❧❞❛❞❡ 6'✐❛♥❣✉❧❛' ❡ ♦ ▲❡♠❛ ✷✳✶ 6❡♠♦$

H̃(|f(x, un(x))− f(x, u(x))|) ≤M [H̃(|f(x, un(x))|) + H̃(|f(x, u(x))|)]

≤ 2MH̃(Γ) ∈ L1(Ω).

@♦'6❛♥6♦✱ ♣❡❧♦ ❚❡♦'❡♠❛ ❆✳✶✱ T (un)→ T (u) ❡♠ LH(Ω)✳

✾✵
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7♦/ ✜♠✱ ❝♦♠♦ |f(·, v)|∞ ≤ Γ, ♣❛/❛ -♦❞♦ v ∈ [u, u]✱ ❡♥-6♦ f(·, [u, u]) : ❧✐♠✐-❛❞♦ ❡♠

LH̃(Ω) ❡ ❛11✐♠

T ([u, u]) = K(f(., [u, u]))

: /❡❧❛-✐✈❛♠❡♥-❡ ❝♦♠♣❛❝-♦ ❡♠ LH(Ω)✳

◆♦✈❛♠❡♥-❡ ♦ /❡1✉❧-❛❞♦ 1❡❣✉❡ ❞♦ ❚❡♦/❡♠❛ ❆✳✷✽✳

7/♦✈❛/❡♠♦1 ❛❣♦/❛ ✉♠ /❡1✉❧-❛❞♦ ❞❡ ❡①✐1-A♥❝✐❛ ❞❡ 1♦❧✉5B❡1 ♣❛/❛ ♦ ♣/♦❜❧❡♠❛ ✭7✮✱ ❡♥✈♦❧✈❡♥❞♦

♠:-♦❞♦ ❞❡ 1✉❜ ❡ 1✉♣❡/1♦❧✉56♦✳

❚❡♦#❡♠❛ ✹✳✶✵✳ ❆!!✉♠❛ %✉❡ f(x, t) ∈ C(Ω × R,R) !❛'✐!❢❛③ ❛ ❝♦♥❞✐/0♦ ✭✹✳✽✮✱ (p1)✱ (p2)✱

(p3) ✈❛❧❡♠ ❡ %✉❡ u✱ u ∈ W 1,P
0 (Ω) !0♦ ✉♠❛ !✉❜!♦❧✉/0♦ ❡ ✉♠❛ !✉♣❡;!♦❧✉/0♦ ❞♦ ♣;♦❜❧❡♠❛

(P )✱ ;❡!♣❡❝'✐✈❛♠❡♥'❡✱ !❛'✐!❢❛③❡♥❞♦ −∆Pu = h1(x), −∆Pu = h2(x), ❝♦♠ h1, h2 ∈ L∞(Ω),

0 ≤ h1 ≤ h2 ❡ h1(x) 6≡ h2(x)✳

❆❞✐❝✐♦♥❛❧♠❡♥'❡✱ !❡ ♥❡♠ u ❡ ♥❡♠ u < !♦❧✉/0♦ ❞❡ (P )✱ ♦✉ ♥❡♠ u ❡ ♥❡♠ u < ♠=♥✐♠♦ ❞❡ I

❡♠ [u, u] ∩W 1,P
0 (Ω)✱ ♥♦ ❝❛!♦ ❞❡ !❡; !♦❧✉/0♦ ❞❡ ✭>✮✱ ❡♥'0♦ ❡①✐!'❡ u∗ ∈ [u, u] ∩ C1,α(Ω) '❛❧

%✉❡

I(u∗) = inf{I(u) : u ∈ [u, u] ∩W 1,P
0 (Ω)},

u∗ < ✉♠❛ !♦❧✉/0♦ ❞❡ ✭>✮ ❡ u∗ < ✉♠ ♠=♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ '♦♣♦❧♦❣✐❛ W 1,P
0 (Ω)✳

❉❡♠♦♥%&'❛)*♦✳ ❈♦♠♦ h1 ❡ h2 ∈ L∞(Ω)✱ ❡♥-6♦ ♣❡❧♦ ❚❡♦/❡♠❛ ✸✳✹✱ u, u ∈ C1,α(Ω)✳ ❈♦♥1✐❞❡/❡

f̃ : Ω× R −→ R ❞❡✜♥✐❞❛ ♣♦/

f̃(x, t) =







f(x, u(x)), 1❡ t < u(x),

f(x, t), 1❡ u(x) ≤ t ≤ u(x),

f(x, u(x)), 1❡ t > u(x).

❙❡❥❛ ❛✐♥❞❛ F̃ (x, t) =

∫ t

0

f̃(x, s)ds ❡

Ĩ(u) =

∫

Ω

P (|∇u|)dx−

∫

Ω

F̃ (x, u)dx, ∀ u ∈ W 1,P
0 (Ω).

❆✜#♠❛,-♦ ✹✳✶✶✳ Ĩ : ❝♦❡/❝✐✈♦✳

7❛/❛ ✐11♦ ♦❜1❡/✈❡♠♦1 I✉❡✱ ❝♦♠♦ f(x, t) ∈ C(Ω × R,R) ❡ u, u ∈ C1,α(Ω)✱ ❡♥-6♦ f̃(x, t) :

❧✐♠✐-❛❞❛✳ ❆11✐♠✱ ❡①✐1-❡ M > 0✱ ♣❛/❛ ♦ I✉❛❧

|f̃(x, t)| < M, ∀ (x, t) ∈ Ω× R.

❉❡11❡ ♠♦❞♦✱

|F̃ (x, u(x))| =

∣
∣
∣
∣
∣

∫ u(x)

0

f̃(x, s)ds

∣
∣
∣
∣
∣
≤

∫ u(x)

0

∣
∣
∣f̃(x, s)

∣
∣
∣ ds ≤M |u(x)|. ✭✹✳✾✮

✾✶
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▲♦❣♦

∫

Ω

F̃ (x, u(x))dx ≤

∫

Ω

M |u(x)|dx ≤ C|∇u|P , ✭✹✳✶✵✮

♦♥❞❡ ♥❛ =❧-✐♠❛ ❞❡1✐❣✉❛❧❞❛❞❡ ✉1❛♠♦1 ♦ ❢❛-♦ ❞❡ W 1,P
0 (Ω) ❡1-❛/ ✐♠❡/1♦ ❝♦♥-✐♥✉❛♠❡♥-❡ ❡♠

L1(Ω)✳

❆❧@♠ ❞✐11♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✹✽✱

∫

Ω

P (|∇u|)dx ≥ min{|∇u|p
+

P , |∇u|p
−

P }, ✭✹✳✶✶✮

❡♠ C✉❡ p+, p− > 1✳

D♦/ ✭✹✳✶✵✮ ❡ ✭✹✳✶✶✮ 1❡❣✉❡ C✉❡

Ĩ(u) =

∫

Ω

P (|∇u|)dx−

∫

Ω

F̃ (x, u)dx

≥ min{|∇u|p
+

P , |∇u|p
−

P } − C|∇u|P , ✭✹✳✶✷✮

❡ ♣♦/-❛♥-♦ Ĩ @ ❝♦❡/❝✐✈♦✳

❆✜"♠❛%&♦ ✹✳✶✷✳ Ĩ @ ❢/❛❝❛♠❡♥-❡ 1❡♠✐❝♦♥-$♥✉♦ ✐♥❢❡/✐♦/♠❡♥-❡✳

❉❡ ❢❛-♦✱ ✈✐♠♦1 ♥❛ D/♦♣♦1✐56♦ ✷✳✻ C✉❡

P(u) =

∫

Ω

P (|∇u|)du

@ ❢/❛❝❛♠❡♥-❡ 1❡♠✐❝♦♥-$♥✉♦ ✐♥❢❡/✐♦/♠❡♥-❡✳

D♦/ ♦✉-/♦ ❧❛❞♦✱ 1❡ ❝♦♥1✐❞❡/❛/♠♦1 ✉♠❛ 1❡C✉G♥❝✐❛ {un} ❝♦♥✈❡/❣✐♥❞♦ ❢/❛❝♦ ♣❛/❛ u ❡♠

W 1,P
0 (Ω)✱ ❡♥-6♦ ❝♦♠♦ W 1,P

0 (Ω) ❡1-H ✐♠❡/1♦ ❝♦♠♣❛❝-❛♠❡♥-❡ ❡♠ LH(Ω)✱ 1❡❣✉❡ C✉❡ un → u

❡♠ LH(Ω)✱ ❛ ♠❡♥♦1 ❞❡ 1✉❜1❡C✉G♥❝✐❛✱ ❡ ♣♦/-❛♥-♦ ✿

✶✳ un(x)→ u(x) C✳-✳♣ ❡♠ Ω✱

✷✳ |un(x)| ≤ θ(x)✱ C✳-✳♣ ❡♠ Ω✱ ♣❛/❛ ❛❧❣✉♠❛ ❢✉♥56♦ θ ∈ L1(Ω)✳

❉❡ ✭✹✳✾✮ -❡♠♦1 C✉❡ F̃ (x, un(x)) ≤M |un(x)| ≤Mθ(x)✱ C✳-✳♣ ❡♠ Ω✳ ❆11✐♠✱ ♣❡❧♦ ❚❡♦/❡♠❛

❆✳✶ ∫

Ω

F̃ (x, un(x))dx −→

∫

Ω

F̃ (x, u(x))dx,

❞♦♥❞❡ ❝♦♥❝❧✉$♠♦1 C✉❡ F̃ @ ❢/❛❝❛♠❡♥-❡ 1❡♠✐❝♦♥-$♥✉❛ ✐♥❢❡/✐♦/♠❡♥-❡✳ D♦/-❛♥-♦ Ĩ @ ❢/❛❝❛♠❡♥-❡

1❡♠✐❝♦♥-$♥✉❛ ✐♥❢❡/✐♦/♠❡♥-❡✳

❙❛❜❡♠♦1 -❛♠❜@♠ C✉❡ W 1,P
0 (Ω) @ /❡✢❡①✐✈♦✱ ❡♥-6♦ ♣❡❧❛1 ❆✜/♠❛5P❡1 ✹✳✶✶ ❡ ✹✳✶✷ 1❡❣✉❡ ❞♦

❚❡♦/❡♠❛ ❆✳✶✷ C✉❡ ❡①✐1-❡ u∗ ∈ W 1,P
0 (Ω)✱ ♠✐♥✐♠✐③❛❞♦/ ❣❧♦❜❛❧ ❞❡ Ĩ ❡♠ W 1,P

0 (Ω). ❆11✐♠✱ u∗

1❛-✐1❢❛③ ❛ ❡C✉❛56♦

−∆Pu∗ = f̃(x, u∗)

✾✷
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❡ ♥♦✈❛♠❡♥-❡ ♣❡❧♦ ❚❡♦/❡♠❛ ✸✳✷✱ u∗ ∈ C1,α(Ω). ❚❛♠❜:♠✱ ♣❡❧❛ ❞❡✜♥✐56♦ ❞❡ f̃ -❡♠♦1 <✉❡

−∆Pu ≤ f(x, u) = f̃(x, u) ≤ f̃(x, u∗) = −∆Pu∗,

❡ ❡♥-6♦ 1❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✷ <✉❡ 0 ≤ u ≤ u∗✳ ❉❛ ♠❡1♠❛ ❢♦/♠❛ ❝♦♥❝❧✉$♠♦1 <✉❡ u∗ ≤ u✳

❆❧:♠ ❞✐11♦✱

F̃ (x, u)− F (x, u) =

∫ u(x)

0

f̃(x, s)ds−

∫ u(x)

0

f(x, s)ds,

♣❛/❛ -♦❞❛ u ∈ [u, u]✳ ❉✐1-♦ /❡1✉❧-❛ <✉❡ F̃ (x, u)− F (x, u)✱ ♥♦ ✐♥-❡/✈❛❧♦ [u, u], : ✉♠❛ ❢✉♥56♦

❞❡ x ✐♥❞❡♣❡♥❞❡♥-❡ ❞❡ u✳ ❆11✐♠ Ĩ − I : ❝♦♥1-❛♥-❡ ❡♠ [u, u]✳ B♦/-❛♥-♦✱ u∗ : ✉♠❛ 1♦❧✉56♦ ❞♦

♣/♦❜❧❡♠❛ (P ) ❡ : ✉♠ ♠$♥✐♠♦ ❞❡ I ❡♠ [u, u] ∩W 1,P
0 (Ω)✳

❊ ♠❛✐1✱ ❝♦♠♦ ♥❡♠ u ❡ ♥❡♠ u : 1♦❧✉56♦ ❞❡ (P )✱ ♦✉ ♥❡♠ u ❡ ♥❡♠ u : ♠$♥✐♠♦ ❞❡ I ❡♠

[u, u] ∩W 1,P
0 (Ω)✱ ♥♦ ❝❛1♦ ❞❡ 1❡/ 1♦❧✉56♦ ❞❡ ✭B✮✱ ❡♥-6♦ u∗ 6≡ u ❡ u∗ 6≡ u✳ ❉❛$✱ ✉♠❛ ✈❡③ <✉❡

u∗ − u ≥ 0 ❡ u − u∗ ≥ 0✱ ❡♥-6♦ /❡♣❡-✐♥❞♦ ♦1 ♣❛11♦1 ❞❛ ❞❡♠♦♥1-/❛56♦ ❞♦ ▲❡♠❛ ✹✳✸ ♦❜-❡♠♦1

<✉❡

∂u

∂ν
<

∂u∗
∂ν

<
∂u

∂ν
≤ 0 ♥❛ ∂Ω.

❉❡11❡ ♠♦❞♦✱ ❡①✐1-❡ ✉♠❛ ❝♦♥1-❛♥-❡ ♣♦1✐-✐✈❛ ε 1❛-✐1❢❛③❡♥❞♦

∂(u∗ − u)

∂ν
,
∂(u− u∗)

∂ν
≥ ε, ♥❛ ∂Ω ✭✹✳✶✸✮

❆✜"♠❛%&♦ ✹✳✶✸✳ ❊①✐1-❡ ε0 > 0 -❛❧ <✉❡

u(x) + ε0❞✐1-(x, ∂Ω) ≤ u∗(x) ≤ u(x)− ε0❞✐1-(x, ∂Ω), ∀ x ∈ Ω. ✭✹✳✶✹✮

❈♦♠ ❡❢❡✐-♦✱ ❝♦♠♦ ∂(u∗ − u)/∂ν ∈ C(Ω)✱ ❡♥-6♦ ♣♦/ ✭✹✳✶✸✮ ♣♦❞❡♠♦1 ❡♥❝♦♥-/❛/ δ > 0 ❞❡

-❛❧ ♠♦❞♦ <✉❡ ♣❛/❛ -♦❞♦ x ∈ Ωδ := {x ∈ Ω : ❞✐1-(x, ∂Ω) < δ} -❡♥❤❛♠♦1

∂(u∗ − u)

ν(x)
(x) >

ε

2
, ♦♥❞❡ ν(x) =

x0 − x

|x0 − x|
,

❡♠ <✉❡ x0 ∈ ∂Ω : -❛❧ <✉❡ |x− x0| = ❞✐1-{x, ∂Ω}.

❆11✐♠✱ ❝♦♠♦ (u∗ − u)(x0) = 0✱ ♣♦✐1 u∗ − u ∈ C1(Ω) ∩W 1,P
0 (Ω)✱ ❡♥-6♦ 1❡❣✉❡ ❞♦ ❚❡♦/❡♠❛

❋✉♥❞❛♠❡♥-❛❧ ❞♦ ❈L❧❝✉❧♦ <✉❡

u∗(x)− u(x)

|x0 − x|
= −

∫ 1

0

∇(u∗ − u)(x+ t(x0 − x))
x0 − x

|x0 − x|
dt ≤ −

ε

2
.

❉❛$ u∗(x)− u(x) ≤ −
ε

2
|x− x0| = −

ε

2
❞✐1-(x, ∂Ω).

B♦/ ♦✉-/♦ ❧❛❞♦✱ ❝♦♠♦ Ω\Ωδ : ❝♦♠♣❛❝-♦ ❡ u∗ − u < 0 ❡♠ Ω✱ ❡♥-6♦ -♦♠❛♥❞♦

0 > −m0 = max
Ω\Ωδ

(u∗ − u) ❡ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥1✐❞❡/❛56♦ <✉❡ δ ≤ |x − y| ≤ d, ♣❛/❛ -♦❞♦

y ∈ ∂Ω✱ ♦♥❞❡ d : ♦ ❞✐M♠❡-/♦ ❞❡ Ω✱ -❡♠♦1

u∗(x)− u(x) ≤ −
m0

❞✐1-(x, ∂Ω)
❞✐1-(x, ∂Ω) ≤ −

m0

d
❞✐1-(x, ∂Ω), ♣❛/❛ -♦❞♦ x ∈ Ω\Ωδ.

✾✸



✹✳✸✳ ▼✉❧&✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ 0♦❧✉12❡0 ♣♦0✐&✐✈❛0

❉❡♥♦&❛♥❞♦ ♣♦6 ε0 = max{−ε/2,−m0/d}✱ ❡♥&8♦

u∗(x)− u(x) ≤ −ε0❞✐0&(x, ∂Ω), ♣❛6❛ &♦❞♦ x ∈ Ω.

❉❛ ♠❡0♠❛ ❢♦6♠❛ ♦❜&❡♠♦0 ;✉❡

u∗(x)− u(x) ≥ ε0❞✐0&(x, ∂Ω), ♣❛6❛ &♦❞♦ x ∈ Ω.

❉❛ ❆✜6♠❛18♦ ✹✳✶✸✱ ♦❜&❡♠♦0 ;✉❡ u < u∗ < u ❡♠ Ω✳

❆✜"♠❛%&♦ ✹✳✶✹✳ ❊①✐0&❡ 0 < ε1 < ε0 &❛❧ ;✉❡

W 1,P
0 (Ω) ∩BC1(Ω)(u∗, ε1) := {u ∈ W 1,P

0 (Ω) ∩ C1(Ω) : ‖u− u∗‖C1(Ω) < ε1} ⊂ [u, u].

❉❡ ❢❛&♦✱ &♦♠❛♥❞♦ ε1 > 0 ✭ ;✉❡ 0❡6B ✜①❛❞♦ ♣♦0&❡6✐♦6♠❡♥&❡✮✱ ♦❜0❡6✈❡ ;✉❡ ♣❛6❛ &♦❞♦

u ∈ BC1(Ω)(u∗, ε1)✱ &❡♠✲0❡

(∇u−∇u)ν = (∇u−∇u∗)ν + (∇u∗ −∇u)ν
(4.13)

≥ (∇u−∇u∗)ν + ε, ♥❛ ∂Ω. ✭✹✳✶✺✮

❉❛ ❞❡0✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲ ❙❝❤✇❛6③ ❡ ❞♦ ❢❛&♦ ❞❡ |ν| = 1✱ &❡♠♦0 ❛✐♥❞❛ ;✉❡

|(∇u−∇u∗)ν| ≤ |∇u−∇u∗||ν| ≤ ‖∇u−∇u∗‖∞ ≤ ‖u− u∗‖C1(Ω) ≤ ε1.

❆00✐♠✱ 0❡❣✉❡ ❞❡ ✭✹✳✶✺✮ ;✉❡ (∇u − ∇u)ν ≥ ε − ε1. ❉❡00❡ ♠♦❞♦✱ ♣❛6❛ ε1 = ε/2 ♦❜&❡♠♦0

(∇u−∇u)ν ≥ ε/2, ♣❛6❛ &♦❞♦ x ∈ ∂Ω✳ ❉❛ ♠❡0♠❛ ❢♦6♠❛✱ ❝♦♥❝❧✉L♠♦0 ;✉❡ (∇u−∇u)ν ≥ ε/2,

♣❛6❛ x ∈ ∂Ω✳

❘❡♣❡&✐♥❞♦ ♦ ❛6❣✉♠❡♥&♦ ❞❛ ❆✜6♠❛18♦ ✹✳✶✸✱ ♣♦❞❡♠♦0 ♦❜&❡6 ε̃1 > 0 ♣❛6❛ ♦ ;✉❛❧

u(x) + ε̃1❞✐0&(x, ∂Ω) ≤ u(x) ≤ u(x)− ε̃1❞✐0&(x, ∂Ω), ∀ x ∈ Ω,

❞♦♥❞❡ u ∈ [u, u].

N♦6&❛♥&♦✱ ❝♦♠♦ u∗ O ♠L♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ &♦♣♦❧♦❣✐❛ ❞❡ C1(Ω)✱ ❡♥&8♦ 0❡❣✉❡ ❞♦ ❚❡♦6❡♠❛

❆ ;✉❡ u∗ O ♠L♥✐♠♦ ❧♦❝❛❧ ❞❡ I ♥❛ &♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✱ ❝♦♠♦ ;✉❡6L❛♠♦0 ♣6♦✈❛6✳

✹✳✸ ✲ ▼✉❧'✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ 1♦❧✉23❡1 ♣♦1✐'✐✈❛1

❊0&✉❞❛6❡♠♦0 ❛❣♦6❛ ♦ 0❡❣✉✐♥&❡ ♣6♦❜❧❡♠❛ ❞❡ ❛✉&♦✈❛❧♦6

(Pλ)







−∆pu = λf(x, u) + µ|u|q−2u, ❡♠ Ω,

u > 0, ❡♠ Ω,

u = 0, ♥❛ ∂Ω,

♦♥❞❡ Ω O ✉♠ ❞♦♠L♥✐♦ ❧✐♠✐&❛❞♦ ❡♠ RN
❝♦♠ ❢6♦♥&❡✐6❛ 0✉❛✈❡✱ q > p+, µ ≥ 0 O ✉♠ ♥Q♠❡6♦

✜①❛❞♦✱ λ > 0 O ✉♠ ♣❛6R♠❡&6♦ 6❡❛❧ ❡ f ∈ C(Ω× R,R) 0❛&✐0❢❛③ ❛ 0❡❣✉✐♥&❡ ❝♦♥❞✐18♦✿

✾✹



✹✳✸✳ ▼✉❧&✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ 0♦❧✉12❡0 ♣♦0✐&✐✈❛0

(F0) f(x, t) ≥ 0 4✉❛♥❞♦ t ≥ 0 ❡ f(x, t) 6 ♥7♦ ❞❡❝8❡0❝❡♥&❡ ❡♠ t ≥ 0 ✳

❆00✉♠✐8❡♠♦0 ❛✐♥❞❛ 4✉❡ f 0❛&✐0❢❛③ ✉♠❛ ❞❛0 0❡❣✉✐♥&❡0 ❤✐♣>&❡0❡0✿

(F1) f(x, 0) 6= 0 ❡♠ Ω✱ ♦✉

(F2) f(x, 0) = 0 ❡ ❡①✐0&❡♠ ✉♠ ❝♦♥❥✉♥&♦ ❛❜❡8&♦ U ⊂ Ω✱ ✉♠❛ ❜♦❧❛ ❢❡❝❤❛❞❛ B(x0, ε) ⊂ U ✱

r0 > 1 ❡ c > 0 ❝♦♥0&❛♥&❡0 8❡❛✐0✱ &❛✐0 4✉❡ f(x, t) ≥ ctr0−1 ♣❛8❛ &♦❞♦ x ∈ B(x0, ε) ❡

t ∈ [0, 1]✳

❖ ❢✉♥❝✐♦♥❛❧ ❡♥❡8❣✐❛ ❛00♦❝✐❛❞♦ ❛♦ ♣8♦❜❧❡♠❛ (Pλ) 6

Iλ(u) =

∫

Ω

P (|∇u|)dx− λ

∫

Ω

F (x, u)dx−
µ

q

∫

Ω

|u|qdx, ∀ u ∈ W 1,P
0 (Ω),

♦♥❞❡ F (x, t) =

∫ t

0

f(x, s)ds.

◆❡♠ 0❡♠♣8❡ 6 ❢E❝✐❧ ❡♥❝♦♥&8❛8 0✉❜0♦❧✉17♦ u ❡ 0✉♣❡80♦❧✉17♦ u ❞❡ (P ) 0❛&✐0❢❛③❡♥❞♦ u ≤ u✳

❖ ♣8>①✐♠♦ ❧❡♠❛ 6 ✉♠❛ ❢❡88❛♠❡♥&❛ F&✐❧ 4✉❛♥❞♦ 4✉❡8❡♠♦0 ❡♥❝♦♥&8❛8 0✉♣❡80♦❧✉12❡0 ❞❡ (P )✳

▲❡♠❛ ✹✳✶✺✳ ❙✉♣♦♥❤❛ '✉❡ P )❛*✐)❢❛③ (p1) ❡ (p2)✱ M > 0 ❡ u ∈ W 1,P
0 (Ω) / ❛ 0♥✐❝❛ )♦❧✉34♦

❞♦ ♣6♦❜❧❡♠❛

(A)

{

−∆Pu = M, ❡♠ Ω,

u = 0, ♥❛ ∂Ω.

❈♦♥)✐❞❡6❡ C0 ❛ ❝♦♥)*❛♥*❡ ❞❛❞❛ ♣❡❧❛ ✐♠❡6)4♦ W 1,1
0 (Ω) →֒ L

N
N−1 (Ω) ❡ m = 1/(2|Ω|

1
N C0)✳

❊♥*4♦✱ '✉❛♥❞♦ M ≥ m✱ |u|∞ ≤ C∗M
1

p−−1
❡ '✉❛♥❞♦ M < m✱ |u|∞ ≤ C∗M

1
p+−1

✱ ♦♥❞❡ C∗ ❡

C∗ )4♦ ❝♦♥)*❛♥*❡) ♣♦)✐*✐✈❛) ❞❡♣❡♥❞❡♥❞♦ ❞❡ p+, p−, N, |Ω| ❡ C0 ✳

❉❡♠♦♥%&'❛)*♦✳ ❙❡❥❛ u 0♦❧✉17♦ ❞❡ (A)✱ ❡♥&7♦

−∆pu = M > 0 = −∆p0,

♣♦8&❛♥&♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✸✱ u > 0✳ I❛8❛ k ≥ 0✱ ❞❡✜♥❛

Ak = {x ∈ Ω : u(x) > k}.

❚♦♠❛♥❞♦ (u− k)+ ❝♦♠♦ ❢✉♥17♦ &❡0&❡ ❡♠ (A)✱ &❡♠♦0

∫

Ak

P (|∇u|)dx ≤

∫

Ak

p(|∇u|)|∇u|dx = M

∫

Ak

(u− k)dx. ✭✹✳✶✻✮

✾✺
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❚❡♥❞♦ ❡♠ ✈✐0&❛ 7✉❡ W 1,P
0 (Ω) →֒ W 1,1

0 (Ω) →֒ L
N

N−1 (Ω)✱ ❡♥&9♦ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡0✐❣✉❛❧❞❛❞❡

❞❡ ❍♦❧❞❡; ❡ ❨♦✉♥❣ ❡♠ ✭✹✳✶✻✮ ♦❜&❡♠♦0

∫

Ak

P (|∇u|)dx ≤ M |Ak|
1
N |(u− k)+|

L
N

N−1 (Ω)

≤ C0M |Ak|
1
N

∫

Ak

ε|∇u|ε−1dx

≤ C0M |Ak|
1
N

∫

Ak

[P (ε|∇u|) + P̃ (ε−1)]dx, ✭✹✳✶✼✮

♦♥❞❡ C0 B ❛ ❝♦♥0&❛♥&❡ ❞❡ ❙♦❜♦❧❡✈ ❛00♦❝✐❛❞❛ ❛ ✐♠❡;09♦ W 1,1
0 (Ω) →֒ L

N
N−1 (Ω).

• ❙❡ M ≥ m✱ ❡♥&9♦ &♦♠❛♥❞♦

ε =

(

1

2M |Ω|
1
N C0

) 1
p−

=
(m

M

) 1
p−

≤ 1

❡ 0✉❜0&✐&✉✐♥❞♦ ❡♠ ✭✹✳✶✼✮✱ ♦❜&❡♠♦0 ♣❡❧♦ ▲❡♠❛ ✶✳✹✽

∫

Ak

P (|∇u|)dx ≤ C0M |Ak|
1
N εp

−

∫

Ak

P (|∇u|)dx+ C0M |Ak|
1
N
+1P̃ (ε−1)

=
|Ak|

1/N

2|Ω|1/N

∫

Ak

P (|∇u|)dx+ C0M |Ak|
1
N
+1P̃ (ε−1)

≤
1

2

∫

Ak

P (|∇u|)dx+ C0M |Ak|
1
N
+1P̃ (ε−1).

F♦;&❛♥&♦✱

∫

Ak

P (|∇u|)dx ≤ 2C0M |Ak|
1
N
+1P̃ (ε−1). ✭✹✳✶✽✮

◆♦&❡ ❛✐♥❞❛ 7✉❡

tp(t) ≤

∫ 2t

t

p(s)ds ≤

∫ 2t

0

p(s)ds = P (2t), ♣❛;❛ &♦❞♦ t ≥ 0.

❖❜0❡;✈❛❞♦ ✐00♦✱ 0❡❣✉❡ ❞❛ F;♦♣♦0✐19♦ ✶✳✾ ❡ ❞♦ ▲❡♠❛ ✷✳✶ 7✉❡

∫

Ak

(u− k)dx =
1

M

∫

Ak

p(|∇u|)|∇u|dx

≤
1

M

∫

P (2|∇u|)dx ≤
K

M

∫

Ak

P (|∇u|)

(4.18)

≤ 2KC0P̃ (ε
−1)|Ak|

1
N
+1 = γ|Ak|

1+ 1
N

✭✹✳✶✾✮

♦♥❞❡ γ = 2KC0P̃ (ε
−1)✳ F❡❧♦ ▲❡♠❛ 5.1 ❡♠ ❬✷✷❪✱ ♦❜&❡♠♦0 ❞❡ ✭✹✳✶✾✮ 7✉❡

|u|∞ ≤ γ(N + 1)|Ω|
1
N .

✾✻
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❆❧5♠ ❞✐00♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✹✾

γ = 2KC0P̃ (ε
−1) ≤ 2KC0(2M |Ω|

1
N C0)

1
p−−1 P̃ (1),

❞♦♥❞❡ <❡0✉❧&❛ =✉❡

|u|∞ ≤ C∗M
1

p−−1 ,

❝♦♠ C∗ = K(2C0)
p−

p−−1 (N + 1)P̃ (1)|Ω|
p−

N(p−−1)
✳

• ❙❡ M < m✱ ❝♦♥0✐❞❡<❡

ε =

(

1

2M |Ω|
1
N C0

) 1
p+

=
(m

M

) 1
p+

> 1.

❉❡ ✭✹✳✶✼✮ ❡ ❞♦ ▲❡♠❛ ✶✳✹✽ 0❡❣✉❡ ❛ 0❡❣✉✐♥&❡ ❞❡0✐❣✉❛❧❞❛❞❡✿

∫

Ak

P (|∇u|)dx ≤ C0M |Ak|
1
N εp

+

∫

Ak

P (|∇u|)dx+ C0M |Ak|
1
N
+1P̃ (ε−1)

= |Ak|
1
N

2|Ω|
1
N

∫

Ak

P (|∇u|)dx+ C0M |Ak|
1
N
+1P̃ (ε−1)

≤ 1
2

∫

Ak

P (|∇u|)dx+ C0M |Ak|
1
N
+1P̃ (ε−1),

♣♦<&❛♥&♦

∫

Ak

P (|∇u|) ≤ 2C0M |Ak|
1
N
+1P̃ (ε−1). ✭✹✳✷✵✮

❉❡00❡ ♠♦❞♦✱ ♣❡❧❛ G<♦♣♦0✐1H♦ ✶✳✾ ❡ ♦ ▲❡♠❛ ✷✳✶ &❡♠♦0

∫

Ak

(u− k)dx =
1

M

∫

Ak

p(|∇u|)|∇u|dx

≤
1

M

∫

Ak

P (2|∇u|)dx ≤
K

M

∫

Ak

P (|∇u|)

(4.20)

≤ 2KC0P̃ (ε
−1)|Ak|

1
N
+1 = γ|Ak|

1+ 1
N , ✭✹✳✷✶✮

♦♥❞❡ γ = 2KC0P̃ (ε
−1).

▼❛✐# ✉♠❛ ✈❡③✱ ♣❡❧♦ ▲❡♠❛ ✺✳✶ ❞❡ ❬✷✷❪✱ #❡❣✉❡ ❞❡ ✭✹✳✷✶✮ 9✉❡

|u|∞ ≤ γ(N + 1)|Ω|
1
N ,

❡ ♣❡❧♦ ▲❡♠❛ ✶✳✹✾

γ = 2KC0P̃ (ε
−1) ≤ 2KC0(2M |Ω|

1
N C0)

1
p+−1 P̃ (1),

♦ 9✉❡ ;❡#✉❧<❛ ❡♠

|u|∞ ≤ C∗M
1

p+−1 ,

❝♦♠ C∗ = K(2C0)
p+

p+−1 (N + 1)P̃ (1)|Ω|
p+

N(p+−1)
✳

✾✼



✹✳✸✳ ▼✉❧&✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ 0♦❧✉12❡0 ♣♦0✐&✐✈❛0

▲❡♠❛ ✹✳✶✻✳ ❙✉♣♦♥❤❛ '✉❡ ❛) ❤✐♣+,❡)❡) (p1)✱ (p2) ❡ (p3) )❡❥❛♠ )❛,✐)❢❡✐,❛) ❡ '✉❡

f ∈ C(Ω × R,R) )❛,✐)❢❛1❛ (F0) ❡ (F1) ♦✉ (F2)✳ ❊♥,4♦ ♣❛5❛ λ > 0 )✉✜❝✐❡♥,❡♠❡♥,❡ ♣❡✲

'✉❡♥♦✱ ♦ ♣5♦❜❧❡♠❛ (Pλ) ,❡♠ )♦❧✉14♦ uλ ∈ W 1,P
0 (Ω)∩C1(Ω) '✉❡ ; ✉♠ ♠<♥✐♠♦ ❧♦❝❛❧ ❞❡ Iλ ♥❛

,♦♣♦❧♦❣✐❛ ❞❡ C1(Ω)✳ ❆❧;♠ ❞✐))♦✱

|uλ|C1 → 0, '✉❛♥❞♦ λ→ 0.

❉❡♠♦♥%&'❛)*♦✳ ❚♦♠❡ 0 < M < m✱ ♦♥❞❡ m 8 ❝♦♠♦ ♥♦ ▲❡♠❛ ✹✳✶✺✳ ❙❡❥❛ &❛♠❜8♠ v = vM ❛

>♥✐❝❛ 0♦❧✉1?♦ ♣♦0✐&✐✈❛ ❞❡

(A)

{

−∆pu = M, ❡♠Ω,

u = 0, ❡♠ ∂Ω,

@❡❧♦ ▲❡♠❛ ✹✳✶✺ ✱ |v|∞ ≤ C∗M
1

p+−1
✳

❉❛❞♦ µ ≥ 0✱ 0❡❣✉❡ ❞❡ q > p+ B✉❡ ♣♦❞❡♠♦0 ❡0❝♦❧❤❡D M 0✉✜❝✐❡♥&❡♠❡♥&❡ ♣❡B✉❡♥♦ ❞❡ &❛❧

♠♦❞♦ B✉❡ µ

(

Cq−1
∗ M

q−p+

p+−1

)

< 1/2, ✐0&♦ 8✱ µ
(

C∗M
1

p+−1

)q−1

< M/2 ❡ ♣♦D&❛♥&♦

µvq−1 < M/2. ❙❡❥❛ λ > 0 0✉✜❝✐❡♥&❡♠❡♥&❡ ♣❡B✉❡♥♦ ❡ &❛❧ B✉❡ λf(x, v) < M/2✱ ✭✐0&♦ 8 ♣♦00G✈❡❧

♣♦✐0 f ∈ C(Ω× R,R) ❡ v ∈ C(Ω)). ❊♥&?♦✱ ♣❛D❛ &❛✐0 λ > 0

−∆Pv = M > λf(x, v) +M |v|q−2v.

@♦D&❛♥&♦ v 8 0✉♣❡D0♦❧✉1?♦ ❞❡ (Pλ) ❡ ♥?♦ 8 0♦❧✉1?♦ ❞❡ (Pλ)✳

◆♦ ❝❛0♦ B✉❡ f 0❛&✐❢❛③ (F1)✱ 0 8 0✉❜0♦❧✉1?♦ ❞❡ (Pλ) ♠❛0 ♥?♦ 0❛&✐0❢❛③ ❛ ❡B✉❛1?♦ (Pλ)✳

❆00✐♠✱ ♣❡❧♦ ❚❡♦D❡♠❛ ✹✳✶✵✱ (Pλ) &❡♠ ✉♠❛ 0♦❧✉1?♦ uλ ∈ [0, v] ∩ C1(Ω)✱ B✉❡ 8 ♠G♥✐♠♦ ❧♦❝❛❧

❞❡ Iλ ♥❛ &♦♣♦❧♦❣✐❛ ❞❡ C1(Ω)✳

◆♦ ❝❛0♦ B✉❡ f 0❛&✐0❢❛③ (F2)✱ 0 8 0♦❧✉1?♦ ❞❡ (Pλ)✳ ❆✜D♠❛♠♦0 B✉❡ 0 ♥?♦ 8 ♠G♥✐♠♦ ❞❡ Iλ

❡♠ [0, v] ∩W 1,P
0 (Ω)✳ ❉❡ ❢❛&♦✱ ♣❛D❛ ✈❡D ✐00♦ ♥♦&❡ B✉❡ Iλ(0) = 0 ❡ ❛00✐♠ 8 0✉✜❝✐❡♥&❡ ♠♦0&D❛D

B✉❡ inf{Iλ(u) : u ∈ [0, v] ∩W 1,P
0 (Ω)} < 0✳

@❛D❛ δ > 0✱ ❞❡✜♥❛

Uδ = {x ∈ U : ❞✐0&(x, ∂Ω) < δ}.

@❡❧❛ ❝♦♥❞✐1?♦ (F2)✱ ♣♦❞❡♠♦0 ❡♥❝♦♥&D❛D δ 0✉✜❝✐❡♥&❡♠❡♥&❡ ♣❡B✉❡♥♦ &❛❧ B✉❡ B(x0, ε) ⊂

U\Uδ✳ ❈♦♥0✐❞❡D❡ w ∈ C∞0 (U) ❞❡ &❛❧ ♠♦❞♦ B✉❡ 0 ≤ w ≤ 1 ❡ w = 1 ❡♠ U\Uδ✳ @❛D❛ t > 0

✾✽



✹✳✸✳ ▼✉❧&✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ 0♦❧✉12❡0 ♣♦0✐&✐✈❛0

0✉✜❝✐❡♥&❡♠❡♥&❡ ♣❡7✉❡♥♦✱ tw ∈ [0, v] ❡ ♣❡❧♦ ▲❡♠❛ ✶✳✹✽ &❡♠♦0

Iλ(tw) ≤

∫

Ω

P (|∇(tw)|)dx− λ

∫

Ω

F (x, tw)dx

≤

∫

Uδ

P (|∇(tw)|)dx− λ

∫

B(x0,ε)

F (x, tw)dx

≤ tp
−

∫

Uδ

P (|∇w|)dx− λ

∫

B(x0,ε)

F (x, tw)dx

≤ tp
−

∫

Uδ

P (|∇w|)dx− c1λt
r0

∫

B(x0,ε)

wr0dx.

❈♦♠♦ r0 < p−✱ ❡♥&=♦ ♣❛>❛ t > 0 0✉✜❝✐❡♥&❡♠❡♥&❡ ♣❡7✉❡♥♦✱ Iλ(tw) < 0✱ ♦ 7✉❡ ♣>♦✈❛ ❛

❛✜>♠❛1=♦✳

?♦>&❛♥&♦✱ ❞❡❝♦>>❡ ❞♦ ❚❡♦>❡♠❛ ✹✳✶✵ 7✉❡ ♣♦❞❡♠♦0 ❡♥❝♦♥&>❛> uλ ∈ [0, v]∩C1,α(Ω) &❛❧ 7✉❡

Iλ(uλ) = inf{Iλ(u) : u ∈ [0, v] ∩W 1,P
0 (Ω)},

uλ B 0♦❧✉1=♦ ❞❡ (Pλ) ❡ B ✉♠ ♠C♥✐♠♦ ❧♦❝❛❧ ❞❡ Iλ ♥❛ &♦♣♦❧♦❣✐❛ ❞❡ C1(Ω)✳

?♦> ✜♠✱ 7✉❛♥❞♦ λ→ 0✱ ♣♦❞❡♠♦0 &♦♠❛> M → 0✱ ❝♦♥0❡7✉❡♥&❡♠❡♥&❡

|vM |∞ ≤ C∗M
1

p+−1 → 0.

❆❧B♠ ❞✐00♦✱ 0❡❣✉❡ ❞♦ ❚❡♦>❡♠❛ ✹✳✶✵ 7✉❡ ❡①✐0&❡ δλ &❛❧ 7✉❡

BC1(uλ, δλ) ∩W 1,P
0 (Ω) = {u ∈ W 1,P

0 (Ω) ∩ C1(Ω) : |u− uλ|C1 < δλ} ⊂ [0, vM ],

❡♥&=♦ |uλ|C1 → 0.

❆♥&❡0 ❞❡ ❡♥✉♥❝✐❛>♠♦0 ♦ ♣>F①✐♠♦ &❡♦>❡♠❛✱ ❞❡✜♥✐>❡♠♦0 ♦0 0❡❣✉✐♥&❡0 ❝♦♥❥✉♥&♦0✿

Λ = {λ > 0 : (Pλ) &❡♠ ✉♠❛ 0♦❧✉1=♦ uλ ∈ W 1,P
0 (Ω) ∩ C1(Ω)}

❡

Λ0 =
{

λ > 0 : (Pλ) &❡♠ ✉♠❛ 0♦❧✉1=♦ uλ ∈ W 1,P
0 (Ω) ∩ C1(Ω)

7✉❡ B ✉♠ ♠C♥✐♠♦ ❧♦❝❛❧ ❞❡ Iλ ♥❛ &♦♣♦❧♦❣✐❛ C1
}
.

❚❡♦#❡♠❛ ❇✿ ❆!!✉♠❛ %✉❡ (p1)✱ (p2) ❡ (p3) ✈❛❧❡♠ ❡ %✉❡

f ∈ C(Ω × R,R) !❛*✐!❢❛③ (F0) ❡ (F1) ♦✉ (F2)✳ ❊♥*2♦ Λ0 ❡ Λ !2♦ ❛♠❜♦! ✐♥*❡4✈❛❧♦! ♥2♦

✈❛③✐♦!✱ inf Λ0 = inf Λ = 0 ❡ ✐♥*Λ ⊂ Λ0✳

❉❡♠♦♥%&'❛)*♦✳ ❉♦ ▲❡♠❛ ✹✳✶✻✱ ❝♦♥❝❧✉C♠♦0 7✉❡ Λ0 ❡ Λ 0=♦ ❛♠❜♦0 ✐♥&❡>✈❛❧♦0 ♥=♦ ✈❛③✐♦0✳

❖❜✈✐❛♠❡♥&❡ Λ0 ⊂ Λ ❡ ❛❧B♠ ❞✐00♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✻✱ inf Λ0 = inf Λ = 0✳ ❈♦♥0✐❞❡>❡ λ1 ∈ Λ ❡

✾✾



✹✳✸✳ ▼✉❧&✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ 0♦❧✉12❡0 ♣♦0✐&✐✈❛0

λ ∈ (0, λ1) ❛4❜✐&454✐♦✳ ❙❡❥❛ uλ1 ✉♠❛ 0♦❧✉19♦ ❞❡ (Pλ1)✱ ❡♥&9♦ ♣❡❧♦ ❢❛&♦ ❞❡ f(x, t) ≥ 0 ♣❛4❛

t ≥ 0✱ 0❡❣✉❡ =✉❡

−∆Puλ1 = λ1f(x, uλ1) + µ|uλ1 |
q−2uλ1 ≥ λf(x, uλ1) + µ|uλ1 |

q−2uλ1

❡ ❛00✐♠ uλ1 > 0✉♣❡40♦❧✉19♦ ❞❡ (Pλ)✳ ?♦4 ♦✉&4♦ ❧❛❞♦✱ 0❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✶✻ =✉❡ ♣♦❞❡♠♦0 ♦❜&❡4

λ2 < λ 0✉✜❝✐❡♥&❡♠❡♥&❡ ♣❡=✉❡♥♦ ❞❡ &❛❧ ♠♦❞♦ =✉❡ (Pλ2) &❡♥❤❛ 0♦❧✉19♦ uλ2 ❡ uλ2 < uλ1 ❡♠ Ω✳

❚❛♠❜>♠ uλ2 0❛&✐0❢❛③

−∆Puλ2 = λ2f(x, uλ2) + µ|uλ2 |
q−2uλ2 < λf(x, uλ2) + µ|uλ2 |

q−2uλ2 ,

❞♦♥❞❡ uλ2 > 0✉❜0♦❧✉19♦ ❞❡ (Pλ)✳ ?❡❧♦ ❚❡♦4❡♠❛ ✹✳✶✵✱ (Pλ) &❡♠ ✉♠❛ 0♦❧✉19♦ uλ =✉❡ > ♠H♥✐♠♦

❧♦❝❛❧ ❞❡ Iλ ♥❛ &♦♣♦❧♦❣✐❛ C1
✱ ♦ =✉❡ ♠♦0&4❛ =✉❡ λ ∈ Λ0 ❡ ♣♦4&❛♥&♦ λ ∈ Λ✳ ❆00✐♠ Λ ❡ Λ0

09♦ ✐♥&❡4✈❛❧♦0 ❡ ✐♥&Λ ⊂ Λ0✳

❚❡♦#❡♠❛ ❈✿ ❙♦❜ ❛$ ❤✐♣()❡$❡$ ❞♦ ❚❡♦-❡♠❛ ❇✱ ❛$$✉♠❛ ❛❞✐❝✐♦♥❛❧♠❡♥)❡ 5✉❡ f $❛)✐$❢❛③ (f∗)

❡ 5✉❡ ✈❛❧❤❛♠ ❛$ $❡❣✉✐♥)❡$ ❝♦♥❞✐:;❡$✿

✶✳ µ > 0, q < p−∗ ❡

✷✳ ❡①✐$)❡♠ θ > p+ ❡ R1 > 0 )❛✐$ 5✉❡ 0 ≤ θF (x, t) ≤ tf(x, t)✱ ♣❛-❛ )♦❞♦ |t| ≥ R1 ❡ )♦❞♦

x ∈ Ω✳

❊♥)B♦ ♣❛-❛ ❝❛❞❛ λ ∈ ✐♥)Λ, (Pλ) )❡♠ ♣❡❧♦ ♠❡♥♦$ ❞✉❛$ $♦❧✉:;❡$ uλ ❡ vλ )❛✐$ 5✉❡ uλ < vλ ❡

uλ C ✉♠ ♠D♥✐♠♦ ❧♦❝❛❧ ❞❡ Iλ ♥❛ )♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✳

❉❡♠♦♥%&'❛)*♦✳ ❙❡ ❞❡✜♥✐4♠♦0

fλ,µ(x, t) = λf(x, t) + µ|t|q−2t,

❡♥&9♦✱ ♣❡❧❛ ❝♦♥❞✐19♦ (f∗), ♣♦❞❡♠♦0 ♦❜&❡4 ✉♠❛ ❝♦♥0&❛♥&❡ ♣♦0✐&✐✈❛ Cλ ♣❛4❛ ❛ =✉❛❧

|fλ,µ(x, t)| = |λf(x, t) + µ|t|q−2t| ≤ Cλ(1 + h(|t|) + |t|q−1),

♦♥❞❡✱ h(|t|) + |t|q−2t > ✉♠ ❤♦♠❡♦4♠♦4✜0♠♦ H♠♣❛4 ❡ ❝4❡0❝❡♥&❡✳ ❆❧>♠ ❞✐00♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✹✽✱

♣❛4❛ k > 0 &❡♠♦0

lim
t→∞

|t|q

P∗(kt)
≤ lim

t→∞

|t|q

tp
−
∗ P∗(k)

= 0, ✭✹✳✷✷✮

♦♥❞❡ ♥❛ N❧&✐♠❛ ✐❣✉❛❧❞❛❞❡ ✉0❛♠♦0 ♦ ❢❛&♦ ❞❡ q < p−∗ ✳ ❉❡00❡ ♠♦❞♦✱ ❛ ◆✲❢✉♥19♦ ❞❡✜♥✐❞❛ ♣♦4

Q(t) =

∫ t

0

[h(s) + sq−1]ds

✶✵✵



✹✳✸✳ ▼✉❧&✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ 0♦❧✉12❡0 ♣♦0✐&✐✈❛0

0❛&✐0❢❛③ ∆2 ❡ ❝6❡0❝❡ ❡0&6✐&❛♠❡♥&❡ ♠❛✐0 ❧❡♥&♦ 9✉❡ P∗✱ ♣♦6&❛♥&♦ fλ,µ 0❛&✐0❢❛③ ✉♠❛ ❝♦♥❞✐1;♦ ❞♦

&✐♣♦ (f∗)✳ ❆00✐♠✱ ♣❡❧❛ ❖❜0❡6✈❛1;♦ ✷✳✶✺ ♦❜&❡♠♦0 9✉❡ Iλ ∈ C1(W 1,P
0 (Ω),R)✳

❚♦♠❡ λ ∈ ✐♥&Λ ⊂ Λ0 ❡ ❝♦♥0✐❞❡6❡ λ1 ❡ λ2 ∈ Λ0 0❛&✐0❢❛③❡♥❞♦ λ1 < λ < λ2 ❡ uλ1 ❡ uλ2

❛0 0♦❧✉12❡0 ❞❡ (Pλ1) ❡ (Pλ2)✱ 6❡0♣❡❝&✐✈❛♠❡♥&❡✳

❈♦♠♦ f(x, t) ≥ 0 ♣❛6❛ t ≥ 0✱ ❡♥&;♦

−∆Puλ1 = λ1f(x, uλ1) + µ|uλ1 |
q−2uλ1

< λf(x, uλ1) + µ|uλ1 |
q−2uλ1 ,

❡

−∆Puλ2 = λ2f(x, uλ2) + µ|uλ2 |
q−2uλ2

> λf(x, uλ2) + µ|uλ2 |
q−2uλ2 ,

❞❛C uλ1 ❡ uλ2 0;♦ 0✉❜0♦❧✉1;♦ ❡ 0✉♣❡60♦❧✉1;♦ ❞♦ ♣6♦❜❧❡♠❛ (Pλ)✱ 6❡0♣❡❝&✐✈❛♠❡♥&❡✳ D❡❧♦ ❚❡♦6❡♠❛

✹✳✶✵ &❡♠♦0 9✉❡ ❡①✐0&❡ uλ ∈ W 1,P
0 (Ω) ∩ C1(Ω) 0♦❧✉1;♦ ❞❡ (Pλ) 9✉❡ G ✉♠ ♠C♥✐♠♦ ❧♦❝❛❧ ❞❡ Iλ

♥❛ &♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω) ❡ 0❛&✐0❢❛③

uλ1 ≤ uλ ≤ uλ2 .

❉❡✜♥❛

f̃λ(x, t) =

{

f(x, t), 0❡ t > uλ(x),

f(x, uλ), 0❡ t ≤ uλ(x),

g̃λ(x, t) =

{

tq−1, 0❡ t > uλ(x),

(uλ(x))
q−1, 0❡ t ≤ uλ(x),

F̃λ(x, t) =

∫ t

0

f̃λ(x, s)ds ❡ G̃λ(x, t) =

∫ t

0

g̃λ(x, s)ds.

❱❛♠♦0 ❝♦♥0✐❞❡6❛6 ♦ ♣6♦❜❧❡♠❛

(P̃λ)







−∆Pu = λf̃λ(x, u) + µg̃λ(x, u) ❡♠ Ω,

u > 0, ❡♠ Ω,

u = 0, ♥❛ ∂Ω

❡ ❞❡♥♦&❛6❡♠♦0 ♣♦6 Ĩλ ♦ ❢✉♥❝✐♦♥❛❧ ❛00♦❝✐❛❞♦ ❛♦ ♣6♦❜❧❡♠❛ (P̃λ)✱ ✐0&♦ G✱

Ĩλ(u) =

∫

Ω

P (|∇u|)dx−

∫

Ω

F̃λ,µ(x, u)dx, ∀ u ∈ W 1,P
0 (Ω),

♦♥❞❡

F̃λ,µ(x, t) =

∫ t

0

f̃λ,µ(x, s)ds,

✶✵✶



✹✳✸✳ ▼✉❧&✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ 0♦❧✉12❡0 ♣♦0✐&✐✈❛0

❡♠ 5✉❡ f̃λ,µ(x, t) = λf̃λ(x, t) + µg̃λ(x, t).

❈♦♠♦✱ ♣❡❧❛ ❝♦♥❞✐19♦ (F0)

−∆Puλ2 = λ2f(x, uλ2) + µ|uλ2 |
q−2uλ2

> λf(x, uλ2) + µ|uλ2 |
q−2uλ2

= λf̃λ(x, uλ2) + µg̃λ(x, uλ2)

❡

−∆Puλ1 = λ1f(x, uλ1) + µ|uλ1 |
q−2uλ1

< λf(x, uλ) + µ|uλ|
q−2uλ

= λf̃λ(x, uλ1) + µg̃λ(x, uλ1),

❡♥&9♦ uλ1 ❡ uλ2 09♦✱ :❡0♣❡❝&✐✈❛♠❡♥&❡✱ 0✉❜0♦❧✉19♦ ❡ 0✉♣❡:0♦❧✉19♦ ❞❡ (P̃λ)✳ ;❡❧♦ ❚❡♦:❡♠❛ ✹✳✶✵✱

❡①✐0&❡ u∗λ ∈ [uλ1 , uλ2 ] ∩ C1(Ω) ∩W 1,P
0 (Ω) &❛❧ 5✉❡ u∗λ @ 0♦❧✉19♦ ❞❡ (P̃λ) ❡ @ ♠A♥✐♠♦ ❧♦❝❛❧ ❞❡

Ĩλ ♥❛ &♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✳ ❆❧@♠ ❞✐00♦✱

−∆Puλ = λf(x, uλ) + µ|uλ|
q−2uλ

= λf(x, uλ) + µg̃λ(x, uλ)

≤ λf̃λ(x, u
∗
λ) + µg̃λ(x, u

∗
λ)

= −∆Pu
∗
λ

❡ ♣♦:&❛♥&♦ ♣❡❧♦ ▲❡♠❛ ✹✳✷✱ ♦❜&❡♠♦0 5✉❡ uλ ≤ u∗λ ✳ ;♦: ♦✉&:♦ ❧❛❞♦✱ ♣❡❧❛ ♠❛♥❡✐:❛ 5✉❡ ❢♦:❛♠

❞❡✜♥✐❞❛0 f̃λ ❡ g̃λ✱

−div(a(|∇u∗λ|)∇u∗λ) = λf̃λ(x, u
∗
λ) + µg̃λ(x, u

∗
λ)

= λf(x, u∗λ) + µ|u∗λ|
q−1u∗λ,

❡ ❛00✐♠ u∗λ @ 0♦❧✉19♦ ❞❡ (Pλ)✳

❙❡ u∗λ 6= uλ✱ ❡♥&9♦ ❛ ❝♦♥❝❧✉09♦ ❞♦ &❡♦:❡♠❛ 0❡❣✉❡ ❞✐:❡&❛♠❡♥&❡✳ ❆00✉♠✐:❡♠♦0 ❡♥&9♦ 5✉❡

u∗λ = uλ✳ ❆❣♦:❛ uλ @ ✉♠ ♠A♥✐♠♦ ❧♦❝❛❧ ❞❡ Ĩλ ♥❛ &♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✳ ◆I0 ♣♦❞❡♠♦0 ❛00✉♠✐:

5✉❡ uλ @ ✉♠ ♠A♥✐♠♦ ❧♦❝❛❧ ❡0&:✐&♦ ❞❡ Ĩλ ♥❛ &♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✱ ❝❛0♦ ❝♦♥&:J:✐♦ ♥♦✈❛♠❡♥&❡

❛ ❝♦♥❝❧✉09♦ ❞♦ &❡♦:❡♠❛ 0❡❣✉❡ ❞✐:❡&❛♠❡♥&❡✳

❉❡ ♠❛♥❡✐:❛ ❛♥J❧♦❣❛ ❛♦ 5✉❡ ❢♦✐ ❢❡✐&♦ ♥♦ ❝❛♣A&✉❧♦ ✷✱ ♣♦❞❡♠♦0 ♣:♦✈❛: 5✉❡ Ĩλ ∈ C1(W 1,P
0 (Ω),R)✱

♣♦✐0 λf̃λ(x, t) + µg̃λ(x, t) 0❛&✐❢❛③ ✉♠❛ ❝♦♥❞✐19♦ ❞♦ &✐♣♦ (f∗).

❆✜"♠❛%&♦ ✹✳✶✼✳ Ĩλ 0❛&✐0❢❛③ ✭;❙✮ ✳

❉❡ ❢❛&♦✱ ❝♦♥0✐❞❡:❡ {un} ⊂ W 1,P
0 (Ω)✱ ♦♥❞❡
∥
∥
∥Ĩ ′λ(un)

∥
∥
∥→ 0 ❡ Ĩλ(un)→ c.

❈♦♠♦ Ĩλ(un)→ c✱ ❡♥&9♦ ❡①✐0&❡ M > 0 &❛❧ 5✉❡ Ĩλ(un) ≤M, ∀ n ∈ N. ❚❛♠❜@♠✱ ❡0❝:❡✈❡♥❞♦

εn =
∥
∥
∥Ĩ ′λ(un)

∥
∥
∥ &❡♠✲0❡

|
〈

Ĩ ′λ(un), v
〉

| ≤ εn|∇v|P ❡ εn → 0.

✶✵✷
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45✐♠❡✐5❛♠❡♥&❡ ♣5♦✈❛5❡♠♦0 8✉❡ {un} 9 ❧✐♠✐&❛❞❛ ❡♠ W 1,P
0 (Ω)✳

❖5❛✱ ✉♠❛ ✈❡③ 8✉❡

f̃λ,µ(x, t) =

{

λf(x, t) + µtq−1, 0❡ t > uλ(x),

λf(x, uλ(x)) + µ(uλ(x))
q−1, 0❡ t ≤ uλ(x),

0❡ ❝♦♥0✐❞❡5❛5♠♦0 R > max{|uλ|∞, R1}✱ ❡♥&=♦ ♣❛5❛ t > R ❡ ✉0❛♥❞♦ ♦ ❢❛&♦ ❞❡ f(x, t) ♣❡5&❡♥❝❡5

❛ C(Ω× R,R)✱ u∗ ∈ C1,α(Ω) ❡ ❛ ❝♦♥❞✐1=♦ (2) ❞❡0&❡ &❡♦5❡♠❛✱ ♣♦❞❡♠♦0 ♦❜&❡5 ✉♠❛ ❝♦♥0&❛♥&❡

♣♦0✐&✐✈❛ C1 &❛❧ 8✉❡

F̃λ,µ(x, t) =

∫ uλ(x)

0

[λf(x, uλ(x)) + µ(uλ(x))
q−1]ds+

∫ t

uλ(x)

[λf(x, s) + µsq−1]ds

≤ C1 +

∫ t

0

[λf(x, s) + µsq−1]ds

≤ C1 + λF (x, t) +
µ

q
tq

≤ C1 +
λ

θ
tf(x, t) +

µ

q
tq

≤ C1 +
1

α
tf̃λ,µ(x, t),

♦♥❞❡ α = min{q, θ} > p+ > 1✳ 4♦5 ♦✉&5♦ ❧❛❞♦✱ 0❡ t ≤ −R ❡♥&=♦

F̃λ,µ(x, t) =

∫ t

0

[λf(x, uλ(x)) + µ(uλ(x))
q−1]ds

= (λf(x, uλ(x)) + µuλ(x)
q−1)t = tf̃λ,µ(x, t) < 0

❡ ❞❛? αF̃λ,µ(x, t) < tf̃λ,µ(x, t)✳

❙✉♣♦♥❤❛✱ ♣♦5 ❛❜0✉5❞♦✱ 8✉❡ {un} 9 ✐❧✐♠✐&❛❞❛ ❡♠ W 1,P
0 (Ω)✳ ❊♥&=♦ ♣♦❞❡♠♦0 ♦❜&❡5 ✉♠❛

0✉❜0❡8✉C♥❝✐❛ {unk
}, &❛❧ 8✉❡ |∇unk

|P ≥ nk ♣❛5❛ &♦❞♦ k ∈ N✳ ◆❡00❡ ❝❛0♦

1 =

∫

Ω

P

(
|∇unk

|

|∇unk
|P

)

dx ≤
1

|∇unk
|P

∫

Ω

P (|∇unk
)dx,

♣♦5&❛♥&♦

|∇unk
|P ≤

∫

Ω

P (|∇unk
|)dx, ∀ nk. ✭✹✳✷✸✮

❈♦♥0✐❞❡5❡ ♦0 0❡❣✉✐♥&❡0 ❝♦♥❥✉♥&♦0✿

Ω1,nk
= {x ∈ Ω : |∇unk

(x)| ≤ R}, Ω2,nk
= {x ∈ Ω : |∇unk

(x)| > R},

Ω3,nk
= {x ∈ Ω : |unk

(x)| ≤ R}, Ω4,nk
= {x ∈ Ω : unk

(x) > R}

❡

Ω5,nk
= {x ∈ Ω : unk

(x) < −R}.

✶✵✸
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❆00✐♠ ∫

Ω1,nk

(

P (|∇unk
|)−

1

α
a(|∇unk

|)|∇unk
|2
)

dx

+

∫

Ω2,nk

(

P (|∇unk
|)−

1

α
a(|∇unk

|)|∇unk
|2
)

dx

−

∫

Ω3,nk

(

F̃λ,µ(x, unk
)−

1

α
f̃λ,µ(x, unk

)unk

)

dx

−

∫

Ω4,nk

(

F̃λ,µ(x, unk
)−

1

α
f̃λ,µ(x, unk

)unk

)

dx

−

∫

Ω5,nk

(

F̃λ,µ(x, unk
)−

1

α
f̃λ,µ(x, unk

)unk

)

dx

= Ĩλ(unk
)−

1

α

〈

Ĩ ′λ(unk
), unk

〉 (4.23)

≤ M +
εnk

α

∫

Ω

P (|∇unk
|)dx.

❖❜0❡7✈❡ 8✉❡✱ ❝♦♠♦ f 0❛&✐0❢❛③ (f∗)✱ ❡♥&=♦ ♣♦❞❡♠♦0 ♦❜&❡7 ✉♠❛ ❝♦♥0&❛♥&❡ ♣♦0✐&✐✈❛ C &❛❧

8✉❡

|f̃λ,µ(x, t)| ≤ C(1 + h(|t|) + |t|q−1), t ∈ R

❡ ❛00✐♠ ✜❝❛ ❢?❝✐❧ ✈❡7 8✉❡

∫

Ω3,nk

(

F̃λ,µ(x, unk
)−

1

α
f̃λ,µ(x, unk

)unk

)

dx

@ ❧✐♠✐&❛❞❛ ♣♦7 ✉♠❛ ❝♦♥0&❛♥&❡ ♣♦0✐&✐✈❛ ✐♥❞❡♣❡♥❞❡♥&❡ ❞❡ nk✳ ❚❛♠❜@♠✱ ✉0❛♥❞♦ ♦ ❢❛&♦ ❞❡ p ❡

P 0❡7❡♠ ❝7❡0❝❡♥&❡0✱ &❡♠♦0 8✉❡

∫

Ω1,nk

(

P (|∇unk
|)−

1

α
a(|∇unk

|)|∇unk
|2
)

dx

@ ❧✐♠✐&❛❞❛ ✉♥✐❢♦7♠❡♠❡♥&❡✳ B❡❧♦ 8✉❡ ❥? ♦❜0❡7✈❛♠♦0

−

∫

Ω5,nk

(

F̃λ,µ(x, unk
)−

1

α
f̃λ,µ(x, unk

)unk

)

dx > 0

❡ ∫

Ω4,nk

(

F̃λ,µ(x, unk
)−

1

α
f̃λ,µ(x, unk

)unk

)

dx ≤ C1|Ω|.

B♦7 ✜♠✱ ❝♦♥❝❧✉D♠♦0 8✉❡

∫

Ω2,nk

(

P (|∇unk
|)−

1

α
a(|∇unk

|)|∇unk
|2
)

dx ≤M1 +
εnk

α

∫

Ω

P (|∇unk
|)dx,

♣❛7❛ ❛❧❣✉♠❛ ❝♦♥0&❛♥&❡ ♣♦0✐&✐✈❛ M1 ✐♥❞❡♣❡♥❞❡♥&❡ ❞❡ nk✳

✶✵✹
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4♦5 ♦✉&5♦ ❧❛❞♦✱ ♣❡❧❛ ❝♦♥❞✐18♦ (p2)

∫

Ω2,nk

(

P (|∇unk
|)−

1

α
a(|∇unk

|)|∇unk
|2
)

dx >

(

1−
p+

α

)∫

Ω2,nk

P (|∇unk
|)dx,

❞❛9 ∫

Ω2,nk

P (|∇unk
|)dx < M2 +

εnk

α− p+

∫

Ω

P (|∇unk
|)dx.

◆♦&❡ &❛♠❜<♠ =✉❡

∫

Ω

P (|∇unk
|)dx =

∫

Ω1,nk

P (|∇unk
|)dx+

∫

Ω2,nk

P (|∇unk
|)dx

< M3 +
εnk

α− p+

∫

Ω

P (|∇unk
|)dx

❡ ❛00✐♠✱ &♦♠❛♥❞♦ nk 0✉✜❝✐❡♥&❡♠❡♥&❡ ❣5❛♥❞❡ ❞❡ ♠♦❞♦ =✉❡ εnk
/(α− p+) < 1/2✱ &❡♠♦0 ❛✐♥❞❛

∫

Ω

P (|∇unk
|)dx ≤ 2M3,

♦ =✉❡ ❝♦♥&5❛❞✐③ ✭✹✳✷✸✮✳

45♦✈❛❞♦ =✉❡ {un} < ❧✐♠✐&❛❞❛✱ ♠♦0&5❛5❡♠♦0 ❛ 0❡❣✉✐5 =✉❡ {un} ❛❞♠✐&❡ 0✉❜0❡=✉C♥❝✐❛ ❝♦♥✈❡5✲

❣❡♥&❡ ❡♠W 1,P
0 (Ω)✳ ❖5❛✱ ❝♦♠♦W 1,P

0 (Ω) < 5❡✢❡①✐✈♦✱ ❡♥&8♦ ❡①✐0&❡ u ∈ W 1,P
0 (Ω) &❛❧ =✉❡ un ⇀ u✱

❛ ♠❡♥♦0 ❞❡ 0✉❜0❡=✉C♥❝✐❛✳ 4♦5 ♦✉&5♦ ❧❛❞♦✱ 0❡❣✉❡ ❞❛ ✐♠❡508♦ ❝♦♠♣❛❝&❛ W 1,P
0 (Ω)

cpta
→֒ LQ(Ω)

=✉❡✱ ❝♦♥0✐❞❡5❛♥❞♦ ✉♠❛ 0✉❜0❡=✉C♥❝✐❛ 0❡ ♥❡❝❡00H5✐♦✱ un → u ❡♠ LQ(Ω)✳ ❆❧<♠ ❞✐00♦✱ ❝♦♠♦

Ĩ ′λ(un)→ 0 ❡ un ⇀ u ❡♠ W 1,P
0 (Ω)✱ ❡♥&8♦

〈

Ĩ ′λ(un), un − u
〉

= P ′(un)(un − u)−

∫

Ω

f̃λ,µ(x, un)(un − u)dx→ 0.

❉❡ ♠❛♥❡✐5❛ ✐♥&❡✐5❛♠❡♥&❡ ❛♥H❧♦❣❛ ❛ 45♦♣♦0✐18♦ ✷✳✶✸✱ ♦❜&❡♠♦0 =✉❡

F̃λ,µ(u) =

∫

Ω

F̃λ,µ(u)dx ∈ C1(LQ(Ω),R)

❡ ♣♦5&❛♥&♦

〈

F̃ ′λ,µ(un), un − u
〉

=

∫

Ω

f̃λ,µ(x, un)(un − u)dx→ 0,

5❡0&❛♥❞♦ ❛00✐♠ =✉❡ P ′(un)(un − u)→ 0.

❙❡❣✉❡ ❞❛ 45♦♣♦0✐18♦ ✷✳✶✷ =✉❡ P ′ < ❞♦ &✐♣♦ (S+)✱ ♣♦5&❛♥&♦✱ ❛ ♠❡♥♦0 ❞❡ 0✉❜0❡=✉C♥❝✐❛✱

un → u ❡♠ W 1,P
0 (Ω)✱ ❝♦♠♦ =✉❡59❛♠♦0 ♣5♦✈❛5✳

❆✜"♠❛%&♦ ✹✳✶✽✳

inf{Ĩλ(u) : u ∈ W 1,P
0 (Ω)} = −∞.

✶✵✺



✹✳✸✳ ▼✉❧&✐♣❧✐❝✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ 0♦❧✉12❡0 ♣♦0✐&✐✈❛0

❉❡ ❢❛&♦✱ ❝♦♥0✐❞❡8❡♠♦0 uλ ∈ W 1,P
0 (Ω)✱ ♦♥❞❡ uλ ≥ 0 ❡ uλ 6≡ 0✳ ❊♥&;♦ ♣❛8❛ t > 1✱ 0❡❣✉❡ ❞♦

▲❡♠❛ ✶✳✹✽ ?✉❡

Ĩλ(tuλ) =

∫

Ω

P (t|∇uλ|)dx− λ

∫

Ω

F̃λ(x, tuλ)dx− µ

∫

Ω

G̃λ(x, tuλ)dx

≤ tp
+

∫

Ω

P (|∇uλ|)dx− µ

∫

Ω

G̃λ(x, tuλ)dx

= tp
+

∫

Ω

P (|∇uλ|)dx− µ

∫

Ω

[

(uλ(x))
q +

1

q
tq(uλ(x))

q −
1

q
(uλ(x))

q

]

dx.

❈♦♠♦ µ > 0 ❡ q > p+✱ ❡♥&;♦ ❢❛③❡♥❞♦ t → ∞ ♥❛ ❞❡0✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜&❡♠♦0 ?✉❡

Ĩλ(tuλ)→ −∞✳ B♦8&❛♥&♦ inf{Ĩλ(u) : u ∈ W 1,P
0 (Ω)} = −∞ ❡ ❛00✐♠ ♣♦❞❡♠♦0 ❡0❝♦❧❤❡8 T > 0

❞❡ &❛❧ ♠♦❞♦ ?✉❡ v0 = Tuλ 0❛&✐❢❛1❛ Ĩλ(v0) < Ĩλ(uλ). ❆❧E♠ ❞✐00♦✱ ❝♦♠♦ uλ E ♠F♥✐♠♦ ❡0&8✐&♦

❞❡ Ĩλ ♥❛ &♦♣♦❧♦❣✐❛ ❞❡ W 1,P
0 (Ω)✱ ❡♥&;♦ ❡①✐0&❡ δ > 0 &❛❧ ?✉❡ Ĩλ(v) > Ĩλ(uλ), ∀ v ∈ ∂Bδ(uλ).

❊♠ ♣❛8&✐❝✉❧❛8✱ v0 ∈ Bc
δ(uλ).

❈♦♥0✐❞❡8❡♠♦0

Γ = {γ ∈ C([0, 1],W 1,P
0 (Ω)) : γ(0) = uλ ❡ γ(1) = v0}

❡

c = inf
γ∈Γ

max
t∈[0,1]

Ĩλ(γ(t)) ≥ α,

♦♥❞❡ α = Ĩλ(uλ). ❙❡ α < c✱ ❡♥&;♦ ♣❡❧❛ ❆✜8♠❛1;♦ ✹✳✶✼ 0❡❣✉❡ ❞♦ ❚❡♦8❡♠❛ ❆✳✷✾ ?✉❡ ❡①✐0&❡ ✉♠

♣♦♥&♦ vλ ♥♦ ♥F✈❡❧ c✱ ?✉❡ E ♣♦♥&♦ ❝8F&✐❝♦ ❞❡ Ĩλ ❡ ♣♦8&❛♥&♦ E 0♦❧✉1;♦ ❞❡ (Pλ)✳

B♦8 ♦✉&8♦ ❧❛❞♦✱ 0❡ α = c✱ ❝♦♥0✐❞❡8❡

F = W 1,P
0 (Ω)\B δ

2
(uλ).

❊♥&;♦

F ∩ {v ∈ W 1,P
0 (Ω) : Ĩλ(v) ≥ c}

0❡♣❛8❛ ♦0 ♣♦♥&♦0 uλ ❡ v0✳ ❆❧E♠ ❞✐00♦✱ ❝♦♠♦ Ĩλ 0❛&✐0❢❛③ (PS)✱ ❡♥&;♦ Ĩλ 0❛✐&0❢❛③ (PS)F,c ❡

❛00✐♠ ♣❡❧♦ ❚❡♦8❡♠❛ ❆✳✸✷ ❝♦♥❝❧✉F♠♦0 ?✉❡ Ĩλ &❡♠ ✉♠ ♣♦♥&♦ ❝8F&✐❝♦ vλ ❡♠ F ❝♦♠ ✈❛❧♦8 ❝8F&✐❝♦

c ❡ ♥♦✈❛♠❡♥&❡ ♦❜&❡♠♦0 ♦ 8❡0✉❧&❛❞♦ ❞❡0❡❥❛❞♦✳

✶✵✻



❆♣"♥❞✐❝❡

◆❡"#❡ ❛♣&♥❞✐❝❡ ❡♥✉♥❝✐❛,❡♠♦" ❛❧❣✉♥" #❡♦,❡♠❛" ✉#✐❧✐③❛❞♦" ❛♦ ❧♦♥❣♦ ❞❡"#❛ ❞✐""❡,#❛23♦✳ ◆♦

5✉❡ "❡❣✉❡ Ω ⊂ RN
6 ✉♠ ❝♦♥❥✉♥#♦ ♠❡♥"✉,8✈❡❧✳

❚❡♦#❡♠❛ ❆✳ ✶✳ ✭❚❡♦$❡♠❛ ❞❛ ❈♦♥✈❡$❣,♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡2❣✉❡✮✭❱❡$ ❬✻❪✮

❙❡❥❛ {fn} ✉♠❛ 2❡;✉,♥❝✐❛ ❞❡ ❢✉♥=>❡2 ✐♥?❡❣$@✈❡✐2 ❞❡✜♥✐❞❛2 ❡♠ Ω ⊂ RN
❡ ;✉❡ ❝♦♥✈❡$❣❡ ❡♠

;✉❛2❡ ?♦❞♦ ♣♦♥?♦ ♣❛$❛ f(x)✳ ❙✉♣♦♥❤❛ ;✉❡ ❡①✐2?❛ ✉♠❛ ❢✉♥=F♦ g✱ ❝♦♠ ✐♥?❡❣$❛❧ ❞❡ ▲❡❜❡2❣✉❡

✜♥✐?❛ 2♦❜$❡ Ω✱ ?❛❧ ;✉❡

|fn(x)| ≤ g(x), ♣❛$❛ ?♦❞♦ n ∈ N ❡ ;✉❛2❡ ?♦❞♦ x ∈ Ω.

❊♥?F♦ f J ✐♥?❡❣$@✈❡❧ ❡

lim
n→∞

∫

Ω

fn(x)dx =

∫

Ω

f(x)dx.

❚❡♦#❡♠❛ ❆✳ ✷✳ ✭ ❱❡$ ❬✼❪✮ ❙❡❥❛♠ {fn} ✉♠❛ 2❡;✉,♥❝✐❛ ❡♠ Lp(Ω) ❡ f ∈ Lp(Ω) ?❛❧ ;✉❡

|fn − f |p → 0✳ ❊♥?F♦ ❡①✐2?❡ ✉♠❛ 2✉❜2❡;✉,♥❝✐❛ {fnk
} ❡ ✉♠❛ ❢✉♥=F♦ h ∈ Lp(Ω) ?❛✐2 ;✉❡

✭❛✮ fnk
(x)→ f(x), ;✳?✳♣ ❡♠ Ω;

✭❜✮ |fnk
(x)| ≤ h(x), ♣❛$❛ ?♦❞♦ k ∈ N ❡ ;✉❛2❡ ?♦❞♦ x ∈ Ω.

❚❡♦#❡♠❛ ❆✳ ✸✳ ✭❚❡♦$❡♠❛ ❞❛ ❈♦♥✈❡$❣,♥❝✐❛ ▼♦♥M?♦♥❛✮✭ ❱❡$ ❬✷✼❪✮ ❙❡❥❛ {fn} ✉♠❛ 2❡;✉,♥❝✐❛

❞❡ ❢✉♥=>❡2 ♠❡♥2✉$@✈❡✐2 ❞❡✜♥✐❞❛2 ❡♠ Ω ❡ ?❛✐2 ;✉❡ 0 ≤ f1(x) ≤ f2(x) ≤ ... (x ∈ Ω)✳

❉❡✜♥✐♥❞♦ f(x) := lim
n→∞

fn(x) = sup
n≥1

fn(x)✱ ❡♥?F♦

∫

Ω

f(x) = lim
n→∞

∫

Ω

fn(x)dx.

❚❡♦#❡♠❛ ❆✳ ✹✳ ✭▲❡♠❛ ❞❡ ❋❛?♦✉✮✭ ❱❡$ ❬✷✻❪✮ ❙❡❥❛ {fn} ✉♠❛ 2❡;✉,♥❝✐❛ ❞❡ ❢✉♥=>❡2 ♥F♦✲

♥❡❣❛?✐✈❛2 ;✉❡ ❝♦♥✈❡$❣❡ ❡♠ ;✉❛2❡ ?♦❞♦ ♣♦♥?♦ ♣❛$❛ f(x)✳ ❊♥?F♦

∫

Ω

f(x)dx ≤ sup
n

{∫

Ω

fn(x)dx

}

.

✶✵✼



❆♣"♥❞✐❝❡

❚❡♦#❡♠❛ ❆✳ ✺✳ ✭ ❱❡# ❬✷✵❪✮ ❈♦♥,✐❞❡#❡ 1 ≤ p < ∞✱ f ∈ Lp(Ω) ❡ {fn} ✉♠❛ ,❡3✉4♥❝✐❛ ❡♠

Lp(Ω)✳ ❙✉♣♦♥❤❛ 3✉❡

fn(x)→ f(x) 3✳:✳♣ ❡♠ Ω ❡ lim
n→∞

‖fn‖p = ‖f‖p .

❊♥:<♦ lim
n→∞

‖fn − f‖p = 0.

❚❡♦#❡♠❛ ❆✳ ✻✳ ✭❚❡♦#❡♠❛ ❞❛ ❈♦♥✈❡#❣4♥❝✐❛ ❞❡ ❊❣♦#♦✈ ❡ ❱✐:❛❧✐✮✭❱❡# ❬✼❪✮ ❆,,✉♠❛ 3✉❡ |Ω| <

∞✳ ❙❡❥❛ {fn} ✉♠❛ ,❡3✉4♥❝✐❛ ❞❡ ❢✉♥EF❡, ♠❡♥,✉#G✈❡✐, :❛❧ 3✉❡ fn(x)→ f(x) 3✳:✳♣ ❡♠ Ω✱ ❝♦♠

|f(x)| <∞ ❡♠ 3✉❛,❡ :♦❞♦ ♣♦♥:♦✳ ❚♦♠❛♥❞♦ δ > 0 ❛#❜✐:#❛#✐❛♠❡♥:❡✱ ❡♥:<♦

|{x ∈ Ω : |fn(x)− f(x)| > δ}|
n→∞
−→ 0.

❚❡♦#❡♠❛ ❆✳ ✼✳ ✭❚❡♦#❡♠❛ ❞❡ ▲✉③✐♥✮✭❱❡# ❬✷✽❪✮ ❙❡❥❛ Ω ⊂ RN
❞♦♠L♥✐♦ ❧✐♠✐:❛❞♦ ❡ f ✉♠❛

❢✉♥E<♦ ♠❡♥,✉#G✈❡❧ ❞❡✜♥✐❞❛ ❡♠ Ω✳ N❛#❛ :♦❞♦ ε > 0✱ ❡①✐,:❡ ✉♠❛ ❢✉♥E<♦ ❝♦♥:L♥✉❛ g :❛❧ 3✉❡

|{x ∈ Ω : f(x) 6= g(x)}| < ε.

❆❧P♠ ❞✐,,♦✱ ,❡ |f(x)| ≤ k, ❡♥:<♦ |g(x)| ≤ k.

❉❡✜♥✐/0♦ ❆✳ ✽✳ ❙❡❥❛

Σ = {S ⊆ Ω : S P ♠❡♥,✉#G✈❡❧}

❡ ν ✉♠❛ ❢✉♥E<♦ σ✲❛❞✐:✐✈❛ ❞❡✜♥✐❞❛ ❡♠ Σ✳ ❙✉♣♦♥❤❛ 3✉❡ ν(∅) = 0✳ ◆S, ❞✐③❡♠♦, 3✉❡ ν P

❛❜,♦❧✉:❛♠❡♥:❡ ❝♦♥:L♥✉❛ ❝♦♠ #❡,♣❡✐:♦ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡,❣✉❡ µ ❡ ❡,❝#❡✈❡♠♦, ν ∈ AC[µ]✱ ,❡

µ(S) = 0 ✐♠♣❧✐❝❛# ν(S) = 0,

♣❛#❛ :♦❞♦ ,✉❜❝♦♥❥✉♥:♦ ♠❡♥,✉#G✈❡❧ S ⊂ Ω✳

❚❡♦#❡♠❛ ❆✳ ✾✳ ✭❚❡♦#❡♠❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞✐♥✮✭❱❡# ❬✷✶❪✮ ❙❡❥❛ ν ∈ AC[µ] ✉♠❛ ❢✉♥E<♦

✜♥✐:❛✳ ❊♥:<♦ ❡①✐,:❡ ✉♠❛ W♥✐❝❛ f ∈ L1(Ω) :❛❧ 3✉❡

ν(S) =

∫

S

f(x)dx,

♣❛#❛ :♦❞♦ ,✉❜❝♦♥❥✉♥:♦ ♠❡♥,✉#G✈❡❧ S ⊂ Ω✳

❚❡♦#❡♠❛ ❆✳ ✶✵✳ ✭❱❡# ❬✼❪✮ ❙❡❥❛ E ✉♠ ❡,♣❛E♦ ❞❡ ❇❛♥❛❝❤ #❡✢❡①✐✈♦ ❡ K ⊂ E ✉♠ ,✉❜❝♦♥❥✉♥:♦

❧✐♠✐:❛❞♦✱ ❢❡❝❤❛❞♦ ❡ ❝♦♥✈❡①♦✳ ❊♥:<♦ K P ✉♠ ,✉❜❝♦♥❥✉♥:♦ ❢#❛❝❛♠❡♥:❡ ❝♦♠♣❛❝:♦ ❞❡ E✳

❚❡♦#❡♠❛ ❆✳ ✶✶✳ ✭❱❡# ❬✼❪✮ ❙❡ (E, τ) P ✉♠ ❡,♣❛E♦ :♦♣♦❧S❣✐❝♦ ❝♦♠♣❛❝:♦ ❡ f : E → R P

✉♠❛ ❢✉♥E<♦ ,❡♠✐❝♦♥:L♥✉❛ ✐♥❢❡#✐♦#♠❡♥:❡ ♥❛ :♦♣♦❧♦❣✐❛ τ ✱ ❡♥:<♦ ❡①✐,:❡ x0 ∈ E :❛❧ 3✉❡ f(x0) =

minE f(x).

✶✵✽
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❚❡♦#❡♠❛ ❆✳ ✶✷✳ ❙❡❥❛♠ E ✉♠ ❡&♣❛(♦ ❞❡ ❇❛♥❛❝❤ /❡✢❡①✐✈♦ ❝♦♠ ♥♦/♠❛ | · |E✱ M ⊂ E ✉♠

&✉❜❝♦♥❥✉♥6♦ ❢/❛❝❛♠❡♥6❡ ❢❡❝❤❛❞♦ ❡♠ E ❡ I : E → R ✉♠ ❢✉♥❝✐♦♥❛❧ ❝♦❡/❝✐✈♦ ❡ ❢/❛❝❛♠❡♥6❡

&❡♠✐❝♦♥69♥✉♦ ✐♥❢❡/✐♦/♠❡♥6❡ ❡♠ M ✳ ❊♥6<♦ I = ❧✐♠✐6❛❞♦ ✐♥❢❡/✐♦/♠❡♥6❡ &♦❜/❡ M ❡ ❛6✐♥❣❡

♠9♥✐♠♦ ❡♠ M ✳

❚❡♦#❡♠❛ ❆✳ ✶✸✳ ✭❱❡/ ❬✶❪✮ ❙❡❥❛ u ∈ W 1,1
❧♦❝

(Ω) ❡ f ✉♠❛ ❢✉♥(<♦ /❡❛❧ E✉❡ &❛6✐&❢❛③ ❛ ❝♦♥❞✐(<♦

❞❡ ▲✐♣&❝❤✐6③ ❡♠ R✳ ❙❡ g(x) = f(|u(x)|)✱ ❡♥6<♦ g ∈ W 1,1
❧♦❝

(Ω) ❡

∂g

∂xi

(x) = f ′(|u(x)|) ❣♥u(x)
∂u

∂xi

(x).

❚❡♦#❡♠❛ ❆✳ ✶✹✳ ✭❱❡& ❬✼❪✮ ❙❡❥❛ G ∈ C1(R) .❛❧ 0✉❡ G(0) = 0 ❡ |G′(s)| ≤M ✱ ♣❛&❛ .♦❞♦ s ∈ R

❡ ❛❧❣✉♠❛ ❝♦♥ .❛♥.❡ M ✳ ❈♦♥ ✐❞❡&❡ u ∈ W 1,p(Ω)✱ ❝♦♠ 1 ≤ p ≤ ∞✳ ❊♥.<♦ G ◦ u ∈ W 1,p(Ω) ❡

∂(G ◦ u)

∂xi

(x) = (G′ ◦ u)
∂u

∂xi

(x).

❚❡♦#❡♠❛ ❆✳ ✶✺✳ ✭❱❡& ❬✼❪✮ ✭ ❚❡♦&❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞&❛❝❤♦✈✮ ❙✉♣♦♥❤❛ 0✉❡ Ω ⊂ RN
C ✉♠

❞♦♠D♥✐♦ ❧✐♠✐.❛❞♦ ❞❡ ❝❧❛  ❡ C1
✳ ❊♥.<♦ .❡♠♦ ❛  ❡❣✉✐♥.❡ ✐♠❡& <♦ ❝♦♠♣❛❝.❛✿

W 1,1(Ω)
❝♦♠♣✳

→֒ L1(Ω).

❉❡✜♥✐/0♦ ❆✳ ✶✻✳ ❙❡❥❛ I : E −→ R ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡✜♥✐❞♦  ♦❜&❡ ✉♠ ❡ ♣❛I♦ ❞❡ ❇❛♥❛❝❤ E✳

❉❛❞♦ u ∈ E✱ ❞✐③❡♠♦ 0✉❡ I .❡♠ ❞❡&✐✈❛❞❛ ❞❡ ●❛.❡❛✉① ♥♦ ♣♦♥.♦ u ∈ E  ❡ ❡①✐ .❡ l ∈ E ′ .❛❧

0✉❡

〈l, v〉 = lim
t→0

I(u+ tv)− I(u)

t
, ♣❛&❛ .♦❞♦ v ∈ E.

❆ ❞❡&✐✈❛❞❛ ❞❡ ●❛.❡❛✉①✱ 0✉❛♥❞♦ ❡①✐ .❡✱ C P♥✐❝❛ ❡  ❡&Q ❞❡♥♦.❛❞❛ ♣♦& DI(u)✳

❉❡✜♥✐/0♦ ❆✳ ✶✼✳ ❉✐③❡♠♦ 0✉❡ ♦ ❢✉♥❝✐♦♥❛❧ I ♣♦  ✉✐ ❞❡&✐✈❛❞❛ ❞❡ ❋&C❝❤❡. ♥♦ ♣♦♥.♦ u ∈ E

0✉❛♥❞♦ ❡①✐ .❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛& F ∈ E ′ .❛❧ 0✉❡

lim
|v|E→0

I(u+ v)− I(u)− 〈F, v〉

|v|E
= 0.

❆ ❞❡&✐✈❛❞❛ ❞❡ ❋&C❝❤❡. ♥♦ ♣♦♥.♦ u✱ 0✉❛♥❞♦ ❡①✐ .❡✱ C P♥✐❝❛✳ ❆  ✐♠✱ ✈❛♠♦ ❞❡♥♦.Q✲❧❛

 ✐♠♣❧❡ ♠❡♥.❡ ♣♦& I ′(u)✳

❙❡ A ⊂ E C ✉♠ ❝♦♥❥✉♥.♦ ❛❜❡&.♦✱ ❞✐③❡♠♦ 0✉❡ I ∈ C1(A,R)  ❡ ❛ ❞❡&✐✈❛❞❛ ❞❡ ❋&C❝❤❡. ❞❡

I ❡①✐ .❡ ❡♠ .♦❞♦ ♣♦♥.♦ u ∈ A ❡ ❛ ❛♣❧✐❝❛I<♦ I ′ : A −→ E ′ C ❝♦♥.D♥✉❛✳

❖❜5❡#✈❛/0♦✿  ♦❞❡✲%❡ ♠♦%'(❛( *✉❡ %❡ I , ❞❡(✐✈/✈❡❧ ♥♦ %❡♥'✐❞♦ ❞❡ ❋(,❝❤❡'✱ ❡♥'6♦ I ,

'❛♠❜,♠ ●❛'❡❛✉① ❞✐❢❡(❡♥❝✐/✈❡❧ ❝♦♠ DI(u) = I ′(u).

✶✵✾
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❚❡♦#❡♠❛ ❆✳ ✶✽✳ ✭ ❱❡# ❬✷✵❪✮ ❙✉♣♦♥❤❛ 0✉❡ I : E −→ R 1 ❝♦♥34♥✉❛ ❡ 3❡♠ ❞❡#✐✈❛❞❛ ❞❡

●❛3❡❛✉① ❝♦♥34♥✉❛ ❡♠ E✳ ❊♥3=♦ I 1 ❞✐❢❡#❡♥❝✐?✈❡❧ A❡❣✉♥❞♦ ❋#1❝❤❡3 ❡ I ∈ C1(E,R).

❉❡✜♥✐./♦ ❆✳ ✶✾✳ ❙❡❥❛♠ E ✉♠ ❡A♣❛E♦ ❞❡ ❇❛♥❛❝❤✱ F ∈ C1(E,R) ❡ S := {v ∈ E : F (v) = 0}.

❙✉♣♦♥❤❛♠♦A 0✉❡ ♣❛#❛ 3♦❞♦ u ∈ S✱ F ′(u) 6= 0✳ ❙❡ J ∈ C1(E,R)✱ ❡♥3=♦ ❞✐③❡♠♦A 0✉❡ c ∈ R

1 ✈❛❧♦# ❝#43✐❝♦ ❞❡ J A♦❜#❡ S A❡ ❡①✐A3❡ u ∈ S ❡ λ ∈ R 3❛✐A 0✉❡ J(u) = c ❡ J ′(u) = λf ′(u)✳

◆❡AA❡ ❝❛A♦ u 1 ✉♠ ♣♦♥3♦ ❝#43✐❝♦ ❞❡ J A♦❜#❡ S ❡ ♦ ♥K♠❡#♦ #❡❛❧ λ 1 ❝❤❛♠❛❞♦ ♠✉❧3✐♣❧✐❝❛❞♦# ❞❡

▲❛❣#❛♥❣❡ ♣❛#❛ ♦ ✈❛❧♦# ❝#43✐❝♦ c✳

❚❡♦#❡♠❛ ❆✳ ✷✵✳ ✭❚❡♦#❡♠❛ ❞♦A ▼✉❧3✐♣❧✐❝❛❞♦#❡A ❞❡ ▲❛❣#❛♥❣❡✮ ✭❱❡# ❬✷✵❪✮ ❙♦❜ ❛A ❤✐♣O3❡A❡A

❡ ♥♦3❛EP❡A ❞❛ ❉❡✜♥✐E=♦ ❆✳✶✾✱ ❛AA✉♠❛ 0✉❡ u0 ∈ S A❛3✐A❢❛③ J(u0) = inf
v∈S

J(v)✳ ❊♥3=♦ ❡①✐A3❡

λ ∈ R 3❛❧ 0✉❡

J ′(u0) = λF ′(u0).

❚❡♦#❡♠❛ ❆✳ ✷✶✳ ✭V#✐♥❝4♣✐♦ ❞♦ ▼?①✐♠♦ ❊A3#✐3♦ ❞❡ ❱❛③0✉❡③✮ ✭ ❱❡# ❬✷✾❪✮ ❈♦♥A✐❞❡#❡ ♦ ♦♣❡✲

#❛❞♦# ❧✐♥❡❛#

L(u) =
N∑

i,j=1

Dj(ai,j(x)Diu),

♦♥❞❡ Dj = ∂/∂xj✱ 1 ≤ j ≤ N ❡ ❛A ❢✉♥EP❡A ai,j A❛3✐A❢❛③❡♠

(C1) ai,j ∈ W 1∞
❧♦❝

(Ω),

(C2)
N∑

i,j=1

ai,j(x)ξiξj ≥ λ(x)|ξ|2 > 0, ♣❛#❛ 3♦❞♦ ξ ∈ RN , ξ 6= 0.

❙❡❥❛ u ∈ C1(Ω) ✉♠❛ ❢✉♥E=♦ ♥=♦ ♥❡❣❛3✐✈❛ 3❛❧ −Lu(x) ≥ 0 0✳3✳♣ ❡♠ Ω✳ ❙❡ u ♥=♦ 1 ✐❞❡♥3✐❝❛✲

♠❡♥3❡ ♥✉❧❛✱ ❡♥3=♦ u 1 ♣♦A✐3✐✈❛ ❡♠ Ω✳ ❆❧1♠ ❞✐AA♦✱ A❡ u ∈ C1(Ω ∪ {x0}) ♣❛#❛ ✉♠ x0 ∈ ∂Ω

0✉❡ A❛3✐A❢❛③ ❛ ❝♦♥❞✐E=♦ ❞❛ ❡A❢❡#❛ ✐♥3❡#✐♦#✱ ❡♥3=♦

∂u

∂ν
(x0) > 0,

♦♥❞❡ ν 1 ❛ ♥♦#♠❛❧ ✐♥3❡#✐♦# ❛ ∂Ω ❡♠ x0✳

❖❜5❡#✈❛./♦✿ ❖ ❚❡♦+❡♠❛ ❆✳✷✶ ❝♦♥1✐♥✉❛ ✈❡+❞❛❞❡✐+♦ 4❡ 1+♦❝❛♠♦4 L ♣♦+ ✉♠ ♦♣❡+❛❞♦+ 5✉❛✲

4✐❧✐♥❡❛+✳

❉❡✜♥✐./♦ ❆✳ ✷✷✳ ❙❡❥❛ V ✉♠ ❡A♣❛E♦ ✈❡3♦#✐❛❧ #❡❛❧✳ ❯♠❛ #❡❧❛E=♦ ❞❡ ♦#❞❡♠ ≤ ❡♠ V 1 ❝❤❛♠❛❞❛

❧✐♥❡❛# A❡

• x ≤ y ⇒ x+ z ≤ y + z, ∀ z ∈ V ;

✶✶✵
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• x ≤ y ⇒ αx ≤ αy, ∀ α ∈ R+.

❯♠ ❡#♣❛&♦ ✈❡)♦*✐❛❧ ❥✉♥)♦ ❝♦♠ ✉♠❛ *❡❧❛&1♦ ❞❡ ♦*❞❡♠ ❧✐♥❡❛* 3 ❝❤❛♠❛❞♦ ❡#♣❛&♦ ✈❡)♦*✐❛❧

♦*❞❡♥❛❞♦ ✭❖❱❙✮✳

❉❡✜♥✐%&♦ ❆✳ ✷✸✳ ❙❡❥❛ V ✉♠ ❖❱❙✳ ❯♠ #✉❜❝♦♥❥✉♥)♦ ♥1♦✲✈❛③✐♦ P ❞❡ V 3 ❞✐)♦ ✉♠ ❝♦♥❡ #❡

❡❧❡ #❛)✐#❢❛③ ❛# #❡❣✉✐♥)❡# ♣*♦♣*✐❡❞❛❞❡# ✿

✶✳ P + P ⊂ P ;

✷✳ R+P ⊂ P ;

✸✳ P ∩ (−P ) = {0}✳

❖❜.❡/✈❛%&♦✿ ❙❡❥❛ V ✉♠ ❡-♣❛.♦ ✈❡1♦2✐❛❧ 2❡❛❧ ❡ P ✉♠ ❝♦♥❡✳ ❆ 2❡❧❛.5♦ ≤ ❞❡✜♥✐❞❛ ♣♦2

x ≤ y ⇐⇒ y − x ∈ P

7 ✉♠❛ 2❡❧❛.5♦ ❞❡ ♦2❞❡♠ ❧✐♥❡❛2 ❡♠ V ✳ ◆❡--❡ ❝❛-♦✱ ❞✐③❡♠♦- ;✉❡ ❛ 2❡❧❛.5♦ ≤ 7 ✐♥❞✉③✐❞❛ ♣❡❧♦

❝♦♥❡ P ✳

<♦2 ♦✉12♦ ❧❛❞♦✱ -❡ V 7 ✉♠ ❡-♣❛.♦ ✈❡1♦2✐❛❧ ♦2❞❡♥❛❞♦✱ ❝♦♠ ✉♠❛ 2❡❧❛.5♦ ❞❡ ♦2❞❡♠ ≤✱ ♦

❝♦♥❥✉♥1♦

P = {x ∈ V : x ≥ 0}

7 ✉♠ ❝♦♥❡ ❡ P 7 ❞✐1♦ -❡2 ♦ ❝♦♥❡ ♣♦-✐1✐✈♦ ❞❛ ♦2❞❡♥❛.5♦✳

❈♦♥-❡;✉❡♥1❡♠❡♥1❡✱ ♣❛2❛ 1♦❞♦ ❡-♣❛.♦ ✈❡1♦2✐❛❧ V ❡①✐-1❡ ✉♠❛ 2❡❧❛.5♦ ❜✐✉♥@✈♦❝❛ ❡♥12❡ ❛

❢❛♠@❧✐❛ ❞❡ ❝♦♥❡- ❡♠ V ❡ ❛ ❢❛♠@❧✐❛ ❞❡ 2❡❧❛.B❡- ❞❡ ♦2❞❡♠ ❧✐♥❡❛2✳

❉❡✜♥✐%&♦ ❆✳ ✷✹✳ ❙❡❥❛ E = (E, ‖·‖) ❡#♣❛&♦ ❞❡ ❇❛♥❛❝❤ ♦*❞❡♥❛❞♦ ♣♦* ✉♠ ❝♦♥❡ P ✳ ❊♥)1♦ E

3 ❝❤❛♠❛❞♦ ❡#♣❛&♦ ❞❡ ❇❛♥❛❝❤ ♦*❞❡♥❛❞♦ ✭❖❇❙✮ #❡ ♦ ❝♦♥❡ ♣♦#✐)✐✈♦ ❞❛ ♦*❞❡♥❛&1♦ 3 ❢❡❝❤❛❞♦✳

❯♠ ❡#♣❛&♦ ❞❡ ❇❛♥❛❝❤ ♦*❞❡♥❛❞♦ 3 ✉#✉❛❧♠❡♥)❡ ❞❡♥♦)❛❞♦ ♣♦* (E,P )✳

❉❡✜♥✐%&♦ ❆✳ ✷✺✳ ❉✐③❡♠♦# G✉❡ ♦ ❝♦♥❡ ♣♦#✐)✐✈♦ ❞❡ ✉♠ ❖❇❙ 3 ♥♦*♠❛❧✱ #❡ ❡①✐#)❡ δ > 0

❝♦♥#)❛♥)❡✱ )❛❧ G✉❡ ♣❛*❛ )♦❞♦ x, y ∈ E #❛)✐#❢❛③❡♥❞♦ 0 ≤ x ≤ y ✐♠♣❧✐❝❛* ❡♠ ‖x‖ ≤ δ ‖y‖ , ✐#)♦

3✱ ❛ ♥♦*♠❛ 3 #❡♠✐✲♠♦♥J)♦♥❛

❆ -❡❣✉✐♥1❡ ♣2♦♣♦-✐.5♦ ♣♦❞❡ -❡2 ❡♥❝♦♥12❛❞❛ ❡♠ ❬✹❪✳

5/♦♣♦.✐%&♦ ❆✳ ✷✻✳ ❙❡ E 3 ✉♠ ❖❇❙ ❝♦♠ ❝♦♥❡ ♣♦#✐)✐✈♦ P ✱ ❡♥)1♦ P 3 ♥♦*♠❛❧ #❡ ❡ #♦♠❡♥)❡

#❡ )♦❞♦ ✐♥)❡*✈❛❧♦ ♦*❞❡♥❛❞♦ ❞❛ ❢♦*♠❛ [y, y] 3 ❧✐♠✐)❛❞♦✳

❉❡♠♦♥%&'❛)*♦✳ ❱❡2 ❬✹❪✱ ♣H❣✐♥❛ 627✱ ❚❡♦2❡♠❛ 1.5✳

✶✶✶



❆♣"♥❞✐❝❡

❉❡✜♥✐%&♦ ❆✳ ✷✼✳ ❙❡❥❛ X ✉♠ &✉❜❝♦♥❥✉♥+♦ ♥,♦✲✈❛③✐♦ ❞❡ ✉♠ ❡&♣❛3♦ ♦4❞❡♥❛❞♦ Y ✳ ❯♠ ♣♦♥+♦

✜①♦ x ❞❡ ✉♠❛ ❛♣❧✐❝❛3,♦ f : X → Y : ❝❤❛♠❛❞♦ ♠✐♥✐♠❛❧ ✭♠❛①✐♠❛❧✮ &❡ +♦❞♦ ♣♦♥+♦ ✜①♦ y ❞❡

f ❡♠ X &❛+✐&❢❛③ x ≤ y(y ≤ x)✳

❚❡♦-❡♠❛ ❆✳ ✷✽✳ ❙❡❥❛ E ✉♠ ❡&♣❛3♦ ❞❡ ❇❛♥❛❝❤ ♦4❞❡♥❛❞♦ ♣❡❧♦ ❝♦♥❡ P ❡ [y, y] ⊂ E ✉♠ ✐♥✲

+❡4✈❛❧♦ ♦4❞❡♥❛❞♦ ♥,♦✲✈❛③✐♦✳ ❙✉♣♦♥❤❛ @✉❡ f : [y, y]→ E : ✉♠ ♦♣❡4❛❞♦4 ❝4❡&❝❡♥+❡ ❡ ❝♦♠♣❛❝+♦

+❛❧ @✉❡ y ≤ f(y) ❡ f(y) ≤ y✳ ❊♥+,♦ f +❡♠ ✉♠ ♣♦♥+♦ ✜①♦ ♠✐♥✐♠❛❧ x ❡ ✉♠ ♣♦♥+♦ ✜①♦ ♠❛①✐♠❛❧

x.

❚❡♦-❡♠❛ ❆✳ ✷✾✳ ✭❚❡♦4❡♠❛ ❞♦ C❛&&♦ ❞❛ ▼♦♥+❛♥❤❛ ❞❡ ❆♠❜4♦&❡++✐✲❘❛❜✐♥♦✇✐+③✮✭❱❡4 ❬✺❪✮ ❙❡❥❛

E ✉♠ ❡&♣❛3♦ ❞❡ ❇❛♥❛❝❤ ❡ I ∈ C1(E,R)✳ ❙✉♣♦♥❤❛ @✉❡ ❡①✐&+❛♠ x0✱ x1 ∈ E ❡ r > 0 +❛✐& @✉❡

(I1) b = inf{I(y) : |y − x0| = r} > I(x1);

(I2) |x0 − x1| > r ❡ I(x0) < b✳

❈♦♥&✐❞❡4❡

c = inf
γ∈Γ

max
t∈[0,1]

I(γ(t)),

♦♥❞❡

Γ = {γ ∈ C([0, 1], E) : γ(0) = x0 ❡ γ(1) = x1}.

❙❡ I &❛+✐&❢❛③ (PS)c✱ ❡♥+,♦ c : ✉♠ ✈❛❧♦4 ❝4N+✐❝♦ ❞❡ I✳

❉❡✜♥✐%&♦ ❆✳ ✸✵✳ ❉✐③❡♠♦& @✉❡ ✉♠ &✉❜❝♦♥❥✉♥+♦ ❢❡❝❤❛❞♦ F ❞❡ ✉♠ ❡&♣❛3♦ ❞❡ ❇❛♥❛❝❤ E &❡♣❛4❛

❞♦✐& ♣♦♥+♦& u ❡ v ∈ E✱ &❡ u ❡ v ♣❡4+❡♥❝❡♠ ❛ ❝♦♠♣♦♥❡♥+❡& ❝♦♥❡①❛& ❞✐&❥✉♥+❛& ❞❡ E\F ✳

❉❡♥♦+❛4❡♠♦& ♣♦4 Γv
u ♦ ❝♦♥❥✉♥+♦ ❞❡ +♦❞♦& ♦& ❝❛♠✐♥❤♦& ❝♦♥+N♥✉♦& ❧✐❣❛♥❞♦ u ❡ v✱ ✐&+♦ :✱

Γv
u = {γ ∈ C([0, 1], E) : γ(0) = u ❡ γ(1) = v}.

❉❡✜♥✐%&♦ ❆✳ ✸✶✳ ❙❡❥❛♠ E ✉♠ ❡&♣❛3♦ ❞❡ ❇❛♥❛❝❤✱ I ∈ C1(E,R)✱ F ✉♠ &✉❜❝♦♥❥✉♥+♦ ❞❡ E

❡ c ✉♠ ♥Q♠❡4♦ 4❡❛❧✳ ❉✐③❡♠♦& @✉❡ I ✈❡4✐✜❝❛ ❛ ❝♦♥❞✐3,♦ (PS)F,c &❡ +♦❞❛ &❡@✉R♥❝✐❛ {xn} ⊂ E

&❛+✐&❢❛③❡♥❞♦

✶✳ lim
n→∞

❞✐&+(xn, F ) = 0;

✷✳ lim
n→∞

I(xn) = c;

✸✳ lim
n→∞

‖I ′(xn)‖ = 0

❛❞♠✐+❡ &✉❜&❡@✉R♥❝✐❛ ❝♦♥✈❡4❣❡♥+❡✳

✶✶✷
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❚❡♦#❡♠❛ ❆✳ ✸✷✳ ✭❱❡# ●❤♦✉((♦✉❜✲+#❡✐(( ❬✶✻❪✮ ❙❡❥❛♠ E ❡(♣❛7♦ ❞❡ ❇❛♥❛❝❤ ❡ I ∈ C1(E,R)✳

❚♦♠❡ u ❡ v ∈ E ❡ ❝♦♥(✐❞❡#❡

c = inf
γ∈Γ

max
t∈[0,1]

I(γ(t)),

♦♥❞❡ Γ = Γv
u✳ ❙✉♣♦♥❤❛ >✉❡ F ? ✉♠ (✉❜❝♦♥❥✉♥@♦ ❢❡❝❤❛❞♦ ❞❡ E @❛❧ >✉❡

F ∩ {x ∈ E : I(x) ≥ c}

(❡♣❛#❛ ♦( ♣♦♥@♦( u ❡ v ❡ >✉❡ I ✈❡#✐✜❝❛ ❛ ❝♦♥❞✐7E♦ (PS)F,c✳ ❊♥@E♦ ❡①✐(@❡ ✉♠ ♣♦♥@♦ ❝#H@✐❝♦ ❞❡

I ❡♠ F ❝♦♠ ✈❛❧♦# ❝#H@✐❝♦ c✳

✶✶✸



❘❡❢❡#$♥❝✐❛) ❇✐❜❧✐♦❣#/✜❝❛)

❬✶❪ ❆❞❛♠'✱ ❘✳❆✳✱ ❋♦✉.♥✐❡.✱ ❏✳❏✳❋✳✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡) ✱ '❡❝♦♥❞ ❡❞✐4✐♦♥✱ ❊❧'❡✈✐❡. ❙❝✐❡♥❝❡✱ ❖①❢♦.❞✱

✭✷✵✵✸✮✳

❬✷❪ ❆❧❛♠❛✱ ❙✳✱ ❚❛.❛♥4❡❧❧♦✱ ●✳✱ ❙♦♠❡ +❡♠❛+❦) ♦♥ C1
✈❡+)✉) H1

♠✐♥✐♠✐③❡+) ✱ ❈✳ ❘✳ ❆❝❛❞✳

D❛.✐' ✸✶✾✱ ❙F.✐❡ ■✱ ✭✶✾✾✹✮✱ ✶✶✻✺ ✲ ✶✶✻✾✳

❬✸❪ ❆❧♦♥'♦✱ ■✳ D✳✱ ❆③♦.❡.♦✱ ❏✳ ●✳✱ ▼❛♥❢.❡❞✐✱ ❏✳❏✳✱ ❙♦❜♦❧❡✈ ✈❡+)✉) ❍2❧❞❡+ ❧♦❝❛❧ ♠✐♥✐♠✐③❡+ ❛♥❞

❣❧♦❜❛❧ ♠✉❧5✐♣❧✐❝✐5② ❢♦+ )♦♠❡ 8✉❛)✐❧✐♥❡❛+ ❡❧❧✐♣5✐❝ ❡8✉❛5✐♦♥) ✱ ❈♦♠♠✳ ❈♦♥4❡♠♣✳ ▼❛4❤✳ ✷✱

✭✷✵✵✵✮✱ ✸✽✺ ✲ ✹✵✹✳

❬✹❪ ❆♠❛♥♥✱ ❍✳✱ ❋✐①❡❞ ♣♦✐♥5 ❡8✉❛5✐♦♥) ❛♥❞ ♥♦♥❧✐♥❡❛+ ❡✐❣❡♥✈❛❧✉❡ ♣+♦❜❧❡♠) ✐♥ ♦+❞❡+❡❞ ❇❛♥❛❝❤

)♣❛❝❡) ✱ ❙■❆▼ ❘❡✈✐❡✇✱ ✶✽✱ ✭✶✾✼✻✮✱ ✻✷✵ ✲ ✼✵✾✳

❬✺❪ ❆♠❜.♦'❡44✐✱ ❆✳✱ ❘❛❜✐♥♦✇✐4③✱ D✳ ❍✳✱ ❉✉❛❧ ✈❛+✐❛5✐♦♥❛❧ ♠❡5❤♦❞) ✐♥ ❝+✐5✐❝❛❧ ♣♦✐♥5 5❤❡♦+② ❛♥❞

❛♣❧❧✐❝❛5✐♦♥) ✱ ❏✳ ❋✉♥❝4✳ ❆♥❛❧✳ ✶✹✱ ✭✶✾✼✸✮✱ ✸✹✾ ✲ ✸✽✶✳

❬✻❪ ❇❛.4❧❡✱ ❘♦❜❡.4 ●✳✱ ❊❧❡♠❡♥5) ♦❢ ■♥5❡❣+❛5✐♦♥ ❛♥❞ ▲❡❜❡)❣✉❡ ▼❡❛)✉❛+❡ ✱ ❲✐❧❡② ❈❧❛''✐❝' ▲✐✲

❜.❛.② ❊❞✐4✐♦♥ D✉❜❧✐'❤❡❞✱ ◆❡✇ ❨♦.❦✱ ✭✶✾✾✺✮✳

❬✼❪ ❇.❡③✐'✱ ❍✳✱ ❋✉♥❝5✐♦♥❛❧ ❆♥❛❧②)✐) ❙♦❜♦❧❡✈ ❙♣❛❝❡) ❛♥❞ C❛+5✐❛❧ ❉✐✛❡+❡♥5✐❛❧ ❊8✉❛5✐♦♥) ✱ ❙♣.✐♥✲

❣❡.✱ ✭✷✵✶✵✮✳

❬✽❪ ❇.❡③✐'✱ ❍✳✱ ◆✐.❡♥❜❡.❣✱ ▲✳✱ H1
✈❡+)✉) C1

❧♦❝❛❧ ♠✐♥✐♠✐③❡+) ✱ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ D❛.✐' ✸✶✼✱

✭✶✾✾✸✮✱ ✹✻✺ ✲ ✹✼✷✳

❬✾❪ ❈❛.❧✱ ❙✳❀ ▲❊✱ ❱✳ ❑✳❀ ▼♦4.❡❛♥✉✱ ❉✳✱ ◆♦♥)♠♦♦5❤ ✈❛+✐❛5✐♦♥❛❧ ♣+♦❜❧❡♠) ❛♥❞ 5❤❡✐+ ✐♥❡8✉❛❧✐5✐❡)

✲ ❈♦♠♣❛+✐)♦♥ ♣+✐♥❝✐♣❧❡) ❛♥❞ ❛♣♣❧✐❝❛5✐♦♥) ✱ ❙♣.✐♥❣❡.✱ ◆❡✇ ❨♦.❦✱ ✭✷✵✵✼✮✳

❬✶✵❪ ❈❧F♠❡♥4✱ D❤✳✱ ●❛.❝a❛✲❍✉✐❞♦❜.♦✱ ▼✳✱ ▼❛♥b'❡✈✐❝❤✱ ❘✳✱ ❙❝❤♠✐44✱ ❑✳✱ ▼♦✉♥5❛✐♥ ♣❛)) 5②♣❡

)♦❧✉5✐♦♥) ❢♦+ 8✉❛)✐❧✐♥❡❛+ ❡❧❧✐♣5✐❝ ❡8✉❛5✐♦♥) ✱ ❈❛❧❝✳ ❱❛.✳ D❛.4✐❛❧ ❉✐✛❡.❡♥4✐❛❧ ❊d✉❛4✐♦♥' ✶✶✱

✭✷✵✵✵✮✱ ✸✸ ✲ ✻✷✳

✶✶✹
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❬✶✶❪ ❉❛❧ ▼❛)♦✱ ●✳✱ ▼✉#❛:✱ ❋✳✱ ❆❧♠♦$% ❡✈❡(②✇❤❡(❡ ❝♦♥✈❡(❣❡♥❝❡ ♦❢ ❣(❛❞✐❡♥%$ ♦❢ $♦❧✉%✐♦♥$ %♦

♥♦♥❧✐♥❡❛( ❡❧❧✐♣%✐❝ $②$%❡♠$ ✱ ◆♦♥❧✐♥❡❛# ❆♥❛❧✳ ✸✶✱ ✭✶✾✾✽✮✱ ✹✵✺ ✲ ✹✶✷✳

❬✶✷❪ ❋❛♥✱ ❳✳✱ ❖♥ %❤❡ $✉❜✲$✉♣❡($♦❧✉%✐♦♥ ♠❡%❤♦❞ ❢♦( ♣✭①✮✲▲❛♣❧❛❝✐❛♥ ❡<✉❛%✐♦♥$ ✱ ❏✳ ▼❛:❤✳✱ ❆♥❛❧✳

❆♣♣❧✳ ✸✸✵✱ ✭✷✵✵✼✮✱ ✻✻✺ ✲ ✻✽✷✳

❬✶✸❪ ❋❛♥✱ ❳✳▲✳✱ ❩❤❛♦✱ ❉✳✱ ❆ ❝❧❛$$ ♦❢ ❉❡ ●✐♦(❣✐ %②♣❡ ❛♥❞ ❍@❧❞❡( ❝♦♥%✐♥✉✐%② ✱ ◆♦♥❧✐♥❡❛# ❆♥❛❧✳

✸✻✱ ✭✶✾✾✻✮✱ ✷✾✺ ✲ ✸✶✽✳

❬✶✹❪ ❋❛♥❣✱ ❋❡✐✳✱ ❚❛♥✱ ❩✳✱ ❖(❧✐❝③✲❙♦❜♦❧❡✈ ✈❡($✉$ ❍@❧❞❡( ❧♦❝❛❧ ♠✐♥✐♠✐③❡($ ❛♥❞ ♠✉❧%✐♣❧✐❝✐%② (❡$✉❧%$

❢♦( <✉❛$✐❧✐♥❡❛( ❡❧❧✐♣%✐❝ ❡<✉❛%✐♦♥$ ✱ ❏✳ ▼❛:❤✳ ❆♥❛❧✳ ❆♣♣❧✳ ✹✵✷✱ ✭✷✵✶✸✮✱ ✸✹✽ ✲ ✸✼✵✳

❬✶✺❪ ❋✉)❝♦✱ ◆✳✱ ❙❜♦#❞♦♥❡✱ ❈✳✱ ❙♦♠❡ (❡♠❛(❦$ ♦♥ %❤❡ (❡❣✉❧❛(✐%② ♦❢ ♠✐♥✐♠❛ ♦❢ ❛♥✐$♦%(♦♣✐❝

✐♥%❡❣(❛❧$ ✱ ❈♦♠♠✳ U❛#:✐❛❧ ❉✐✛❡#❡♥:✐❛❧ ❊X✉❛:✐♦♥) ✶✽✱ ✭✶✾✾✸✮✱ ✶✺✸ ✶✻✼✳

❬✶✻❪ ●❤♦✉))♦✉❜✱ ◆✳✱ U#❡✐))✱ ❉✳✱ ❆ ❣❡♥❡(❛❧ ♠♦✉♥%❛✐♥ ♣❛$$ ♣(✐♥❝✐♣❧❡ ❢♦( ❧♦❝❛%✐♥❣ ❛♥❞ ❝❧❛$✲
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