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Resumo

O sistema de Bresse € um modelo matematico para vigas circulares destacando as pro-
priedades de for¢a de cisalhamento, momento fletor e forgas axiais. De acordo com trabalhos
recentes de Jorge Silva e Ma (2023), estudaremos um sistema termoelastico do tipo Fourier
onde a temperatura atua independentemente nas trés propriedades acima mencionadas. Nossos
resultados sdo os seguintes: a) Primeiramente, estudaremos a estabilidade exponencial de sistema
termoeldstico com a condi¢do de fronteira de Dirichlet, sem adicionar hipdteses extras sobre
os coeficientes do sistema. Mas por causa das dificuldades geradas pelos termos de fronteira,
provaremos uma nova desigualdade de observabilidade. Isso nos permitird aplicar uma carac-
terizagdo de semigrupos exponencialmente estaveis de Gearhart e Priiss. b) Na presenca de
forgas ndo lineares, provaremos a existéncia de um atrator global de dimensdo fractal finita.
c) Em seguida, perturbamos o sistema com um termo de retardo (delay) atuando no momento
fletor. Provaremos que para um retardo suficientemente pequeno, a dissipagdo térmica ainda
pode estabilizar o sistema exponencialmente. Notamos que na presenca de um retardo, nosso
sistema deixa de ser uniformemente dissipativo. Para contornar esse obstdculo apresentaremos
algumas ideias novas. d) Finalmente, na presenca de for¢as ndo lineares, comentaremos alguns
trabalhos futuros sobre a dinamica de longo prazo de tais sistemas com retardos.

Palavras-Chaves: Equacoes diferenciais parciais, viga circular, sistema de Bresse, estabili-
dade exponencial, atrator global, andlise de resolvante.

Titulo em Portugués: A Dindmica de Sistemas de Bresse Termoeldsticos: Lei de Fourier,

Observabilidade e Retardos



Abstract

The Bresse system is a mathematical model for circular beams that features shear force,
bending moment and axial displacements. Following recent works of Jorge Silva and Ma (2023),
we consider a thermoelastic Bresse beam where thermal effects satisfy Fourier Law and acts
independently on above three features. Our main results are the following: a) First, we study the
thermoelastic system with Dirichlet boundary condition. We prove that the thermal dissipation
can drives the system exponentially to zero without adding special assumptions on the system’s
coefficients. To this end, because the difficulties coming from the boundary condition, we shall
provide a suitable observability inequality. Then we apply a characterization of exponentially
stability for linear semigroups by Gearhart and Priiss. b) Next, by adding a nonlinear foundation,
we prove the existence of a global attractor. The main difficult is to show that the system is
quasi-stable in the sense of Chueshov and Lasiecka. c) Then we perturb the thermoelastic Bresse
system with a delay term acting on the bending moment. We prove that for a sufficiently small
delay the thermal dissipation can still stabilize exponentially the system. Such kind of result was
early proved for wave equations with frictional damping or with viscoelastic dissipation. Our
result needs new arguments since thermal dissipation is essentially different from delay effect.
In addition, our delay system is not uniformly dissipative. To deal with the delay term we use
a method by Nicaise and Pignotti. d) Finally, in the framework of nonlinear foundation, we
comment future ideas about the long time dynamics for the delay system.

Keywords: Partial differential equations, circular beam, Bresse system, exponential stability,

global attractor, resolvent analysis.
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Introduction

The use of arched structures is known since ancient times. Remarkable presence of such structure
can be found in roman aqueducts and bridges. In many situations such structures can modeled
through beam equations. Our objective is to study a class of arched beam proposed by Jacques
Antonine Charles Bresse (1859) in the framework of thermoelasticity. As noticed in Jorge Silva
and Ma [22], the effect of heat flux can act differently on the shear and bending components, and

the producing new thermoelastic models.

Our work is to analyze the well-posedness, asymptotic stability and long-time dynamics of a

thermoelastic Bresse beam featuring Fourier Law, as described in [22].

Literature. Proposed by Bresse [12]], the arched beam has three main quantities to be taken
into account, namely, vertical displacement (), rotation angle (/) and horizontal displacement

(w). See Figure 1. The equations that describe its vibrations are given by,

prow — k(pz + U + lw), — kol(w, — lp) = 0,

P1W — kO(wz - E@)z + ké(%% ++ éw) =0,

with x € (0,L) and t > 0. Here, p1, po, p3, k, b, ko are positive parameters of the model,
accounting for density, modulus of elasticity, Poisson ratio and other physical quantities. We

shall review some works close to ours.
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* Modeling aspects of Bresse system can be found in Bresse [[12]], Lagnese, Leugering and

Schmidt [24], Almeida Junior, Mufioz Rivera and Santos [3]] and Jorge Silva and Ma [22].

* A celebrated paper that motivated many further analyses on the subject is given by Liu
and Rao [25]. They presented a first analysis of the Bresse system by using Semigroup
Theory. In a thermoelestic setting, they also studied the asymptotic behavior of the model.
To this regard, they proved stability of the solution semigroup through resolvent analysis

of Gearhart [20] and Priiss [31]]. See also [26, Theorem 1.3.2].

* About thermoelastic Bresse systems, some early results where established by, for instance,
Fatori and Muiioz Rivera [18], Bittencourt Moraes and Jorge Silva [[11]], and Dell’oro [16].
Almeida Junior, Mufioz Rivera and Santos [3]], presented novel ideas where dissipative
thermal effect appears only on the shear component, not on bending, including some
modeling aspects. Our work is based in part on that paper. More recently, we find new

results focusing longtime dynamics in Freitas et al. [[19].

* Many papers deal with partially damped Bresse systems. Then exponential stability are
achieved with some sort of equal wave condition. We mention, for instance, [1,/19}8.[7,16]]

and references therein.

* Some Bresse systems with viscoelastic properties can be found in [6, 29} 33]] and references

therein.

* Our work also consider a special class of delay system, which for wave equations, is
precisely Ou + pu,(t — 7) = 0. Note that delay term appears at the velocity level, as
proposed by Nicaise and Pignotti [28]]. In this direction, the main property is that a
frictional damping can control the delay term in order to get exponential stability. In the
same direction, a memory term can control the delay pu,(t — 7) if 1 > 0 is small enough.

See e.g. [2].
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Bresse model for circular beams

Figure 1: The Bresse arched beam.

On the modeling aspects. In what follows, let us denote:

() = shear force, M = bending moment, N = axial tension.

Then the original linear Bresse model, without thermal effects, can be deduced from the constitu-
tive equations
Q = k(s + ¢ + lw),
M = bip,, 2)
N = ko(w, — Lp).

and the governing equations

p1pu = Qu + LN,
P2y = M, — Q, 3)
P1Wy = N, — gQ?

Combining (2) and (3)) we obtain the classical Bresse system ().

13
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Now, one introduces (distinct) heat effects 8, 6%, 03 on ), M, N, respectively. Then we get new

constitutive laws,
Q = k(ps + ¢ + lw) — my 6",

M = by, — myb?, 4)
N = ko(w, — Lp) — msb®.
For each heat component 7 one has a proper Fourier heat equation. Then inserting new @), M, N

() into the governing equations (3]), we finally obtain,

)
101 — k(e + 10 + lw)y — kol(wy — Lp) + my0L + fmyh? = 0,

P2yt — Duy + k(0 + 0 + fw) + m3z02 — my6' = 0,
prwg — ko(we — 00), + kl(0p + 1 + Lw) + me62, — ¢my6' = 0, )
0-161} - ’Ylgim + ml(gpz + 1/1 + Ew)t = O,

0-26152 - 726:12% + m2(w$ - 690>t = OJ

o8} — 303, + ms(Yz): = 0,

defined with 2 € (0, L) and ¢ > 0.

In the following we shall establish several results on the dynamics of this thermoelastic system.

Our results to the system with Dirichlet boundary condition. In the Chapter 2 we study
the system (3)) with Dirichlet boundary condition for all the equations (sometimes called full-
Dirichlet). In this case, for a solution (¢, ¢, w, 0, 0% 63), the energy of the system (3)) is defined
by

k b ko
E(t) = §||90x + 1+ bw|® + §||¢ac||2 + 3“% — Lyl
+ Sl + E el + & e

O1pa1112 , 9210212 , 931103112
—|6 —1|6 —116°]*.
+ 20 + 21 + 20|

14
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It follows that the energy space is H = H} (0, L)® x L*(0, L)%. We can deduce that
E'(t) = — (|0 1" +2l107]1° + 73”93“2),

which shows that thermal effect are the only dissipative components of the system.

Our contributions to this system are the following:

» We prove the Hadamard well-posedness to the system (3)). This step is standard. We write
the system as an abstract Cauchy Problem

dy

274 —
7 y, y(0) = o,

defined in H, and then apply Semigroup Theory. We also consider a nonlinear foundation to
the system by adding nonlinear forces f;(y, 1, w), j = 1,2, 3, on the first three equations,
respectively. To keep the variational structure of the problem, we assume the forces are
of gradient type, that is, there exists a potential F' : R® — R, such that VF = (f1, f2, f3).
Under some appropriate assumptions, we also prove the well-posedness of the semilinear

problem. See Theorem [2.2]

* To the linear problem, we show that thermal dissipation drives the system exponentially to
zero, without any special condition on the model parameters, including equal wave speeds.
This is done by using the resolvent analysis by Gearhart and Priiss. The challenging point
is that, with Dirichlet boundary condition, some boundary quantities are difficult to be
estimated. To bypass this, we provide an observability inequality motivated by results in
Bittencourt Moraes and Jorge Silva (see also [11], [4]). Our results are Theorem [2.3]and
Lemma

* To the semilinear problem, we establish the existence of a finite-dimensional global

attractor. We show that the system is quasi-stable in the sense of Chueshov and Lasiecka

15
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[15] by analyzing directly the variation of parameters formulae. This allow us taking
advantage of the previous result where it was proved that the linear system corresponds
to an exponentially stable contraction semigroup. It seems this approach is new in our

context. See Theorem 2.7]

Our results to the system with delay at velocity level. In the Chapter [3| we consider the
Bresse system () with a delay term at velocity level. As mentioned above, wave equations with
frictional damping and delay at velocity level were studied by Nicaise and Pignotti [28]]. To
simplify a little the presentation, let us suppose that delay effect is effective only on the rotation

angle ). Since it appears at velocity level, we shall modify the governing equation for v, that is,

P2y = My — Q + ppy(z,t — 7). (6)

Then system (5)) becomes

p1pe — k(e + P + Lw), — kol(wy — L) +mib, + tmat? = 0,

P2t — Dy + k(pr + ¥ 4 lw) + m30) — mi 0" + pty(2,t — 1) = 0,
prwy — ko(wy — €p)y + kl(pp + ¥ + bw) + maeh2 — Imy0' = 0, -

010y — Mgy + mape + 1 + Lw), = 0,

020? — 7902, + mao(w, — L)y = 0,

0307 — 7303, + mg(y) = 0.

To this delay system, we shall assume that equations for ¢, ¢, w satisfy Dirichlet, Neumann,
Neumann, boundary conditions, respectively. On the other hand, the equations for 6%, 62, 6°
satisfy Neumann, Neumann, Dirichlet, boundary conditions, respectively. This assumption allow
us to compare our results with some previous one in the literature and also makes observability

inequality not necessary.

16
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Our contributions are the following.

* The delay system needs a prescribed function g accounting ¢;(x,t) when —7 < ¢ < 0.

Then using a change of variables proposed in Nicaise and Pignotti [28]], namely,
2(z,p,t) = Ye(x,t — p7),  (x,p,1) € (0,L) x (0,1) x RT,

we can write system into an equivalent one, defined only for ¢ > 0, with variables
(0,0, w, @, e, we, 01,602,603, 2). As we will see in Chapter this new system is no longer
(uniformly) dissipative, that is, (Az, z) < 0 does not hold. As a consequence, we cannot
apply, for instance, the Lumer-Phillips Theorem to study its well posedness. Then, to

prove the existence of result we show that associated linear operator is maximal monotone.

See Theorem [3.11

* By using energy method, we show that ||62|| can control &[] for & > 0 sufficiently small.
Also, &||1¢|| can control pl|¢(t — 7)|| if p > 0 is sufficiently small. From this, we obtain
an equivalent perturbed energy functional that decays exponentially to zero. This implies

the exponential stability of the delay system. See Theorem

* Finally, our last result establishes the existence of global solutions to the associated
semilinear problem. We also discuss the steps to prove existence of global attractors.
Because the associated linear operator is not uniformly dissipative, the system energy is
not a strict Lyapunov functional. Then, to show the system is dissipative, we need construct
an absorbing set. So, under certain assumptions, the existence of a finite dimensional
global attractor can be obtained from the quasi-stability property. Upper semicontinuity of

attractors for parameter ;1 — 0 can be also addressed.

17



Chapter 1

Preliminaries

This section is dedicated to introducing some known results that will be very helpful to
understand appropriately the concepts, ideas and conclusions that will be presented throughout
this work. This preliminaries involve concepts and classical definitions of LP-spaces (see for
more detail in [13, 32] ). For Semigroup Theory and characterization of semigroups with
additional properties, we use [30, Chapter 1] to obtain a better reference. Finally, we have a
powerful tool which that we will use to show the existence and uniqueness for both of problems

presented in this work (See [30, Chapter 4]).

1.1 Sobolev spaces

Given a open bounded set {2 € R", we represent by LP(2), with 1 < p < oo, the space of
measurable functions u : 2 — R such that |u|? is Lebesgue integrable over €2, and L>(€2) the
space of measurable functions such that |u(z)| is bounded by a constant ¢ almost everywhere in

Q2. Such spaces is endowed with the norm:

1
Jully = lellzsioy = [ fula)l)”, for1<p <o
Q
18



Sobolev spaces

lullos = llull (@) := sup {u(z)|}
e

and they are Banach spaces. In particular, the space L?(2), endowed with the inner product

(u,v) = /Q u(@)o(z)dz

is a Hilbert space.

Given a bounded set €2 € R", and taking a positive natural number m, we define the space:

WmP(Q) :={u € LP(Q)| D*u € LP(Q), V|a| < m}

where D represents the derivative in the sense of distributions. This space is endowed with the

norm:

1
[ullwma = llullwme@) = ( > / |DaU(w)|pdl“>pa for1 < p < oo
Q

la|<m
and it is a Banach space, and its called a Sobolev space. Similarly, if we take p = 2, the space

W™2(Q)) is as Hilbert space, represent by H™(2), and the inner product is given by:

(u, V) gy = Z (D%, D*v) 2, Yu,v € H™(2).

la|<m

This space is a Sobolev space of order m. When m = 0, we identify the space H°({2) with

L2(9).

Definition 1.1. Given a bounded set (2, the space W (Q2) is defined by the closure of C§°(€2)
in W™P(Q2), and the norm is defined by:

folhige = (X [ iprutoypar)”

la=m|

and it is equivalent to the norm W,""(Q).

19



Chapter 1. Preliminaries Sobolev spaces

With this, we can define:
H}(Q) = {u e L*(Q)| D*u € L*(Q),V|a| <1}
which norm is equivalent to the norm of space H'(2), and its defined by
lullzg = IVl 2.

1.1.1 Auxiliary results

Definition 1.2. Let X and Y two Hilbert spaces, with X being a subspace of Y. We say X is

continuously embedded in Y/, if there exist a positive constant A such that:
lully < Mlullx, Vue X.

We denote this embed by X — Y.

With this, we have that:
1. The distribution space D(£2) is dense in L?(Q2) and D(Q2) — LP(2), forall 1 < p < +o0;
2. If Qis bounded, and 1 < p < ¢ < oo, then L9(2) < LP(Q2).

Proposition 1.1. (Cauchy-Schwarz inequality)

Let H an Hilbert space. Then, given u,vy € H, we have

|(w, 0)u| <l - (o] -

Proposition 1.2. (Young’s Inequality)

Consider 1 < p,q < oo such that % + % = 1 and a, b positive numbers. Then

a? b
ab < —+ —
p q

20



Semigroup theory

In particular, for any € > 0, we have the following inequality
ab < ea? 4+ C(e)b?

where C(¢) is a constant dependent on ¢.

Proposition 1.3. (Poincare’s Inequality) Suppose () is an bounded open set in R". Then, for

every 1 < p < oo, there exists a constant, cp, such that
lullyrr < el Vulle,  Vu € WyP(Q).

In particular, if we consider Q2 = (0, L) € R, we have the Poincare-Wirtinger inequality (See
[27]):

L
lullze < —lluollze, — and lullmy = [Jualz2
forany u € H}(0, L).

Lemma 1.1. (Gronwall type Lemma)
Consider m € L'(a,b) such that m > 0 almost everywhere in (a,b) e let ¢ > 0. Take

f i la,b] = R satisfying:

ft) <c+ /tm(s)f(s)ds, Vt € [a, b].

Then:
f(t) < ceom®ds gy ¢ la, b].

1.2 Semigroup theory

Consider X a Banach space. A one parameter family 7', with 0 < ¢ < oo, of bounded linear

operators from X onto X is called a semigroup of bounded linear operator on X if:

21



Chapter 1. Preliminaries Semigroup theory

1. T(0) = I, where [ is the identity operator on X.
2. T(t+s) =T(t)T(s), for every t,s > 0, (the semigroup property).

A semigroup of bounded linear operators, 7'(t), is called uniformly continuous if satisfies:

lim || T(t) — I|| = 0.

t—0t

The linear operator A defined by:

T()x —
D(A) = {:1: € X : lim TMz=a exists }
t—0+ t
and
_ +
A — Tim T(t)xr —x _d T(t)x

f D(A
t—0+ t dt ore e ( >7

t=0
is the infinitesimal generator of the semigroup 7'(t), where D(A) means for the domain of A.
Definition 1.3. A semigroup 7'(¢),0 < ¢ < oo of bounded linear operators on X is called a

semigroup of class Cy, or simply a Cy semigroup if

lim T'(t)r = x, foreveryxz € X.
t—0t

Theorem 1.1. Let T'(t) be a Cy semigroup. There exists constants w > 0 and M > 1 such that:

IT@)|| < Me**  for1 <t < co.

Proof: See [30]].

Corollary 1.1. If T'(t) is a Cy semigroup the for every x € X, t — T(t)z is a continuous

function from Ry into X.

Proof: See [30]].

22



The Hille-Yoshida and Lumer Phillips theorems

1.3 The Hille-Yoshida and Lumer Phillips theorems

Let T'(t) be a Cjy semigroup. From the Theorem |1.1|it follows that there are constants w > 0
and M > 1 such that ||T'(t)|| <;e“t, fort > 0. Of w = 0, T'(¢) its called uniformly bounded.
Moreover, if M = 1, the semigroup 7'(t) is called a Cy semigroup of contractions. In this section

we give the characterization of the infinitesimal generators of C semigroups of contractions.

The conditions on the operator A, which are necessary and sufficient for A to be the infinitesimal
generator of a Cj semigroup of contractions, are given. Remembering that if A is a linear, not
necessary bounded, operator in X, the resolvent set p(A) of A is the set of all complex numbers
A such that \T — A is invertible, i.e., (A — A)~! is a bounded linear operator on X. The family,
R(A: A) = (M — A)~1 X € p(A) of bounded linear operator is called the resolvent of A.

With this, we state the first important Theorem of this section.

Theorem 1.2. (Hille-Yoshida Theorem)
The linear operator A is the infinitesimal generator of a Cy semigroup of contractions T'(t),

t > 0 if and only if

1. Ais closed and D(A) = X.

2. The resolvent set p(A), of A contains R* and for every A > 0,

[R(A: A <

> =

This theorem is very important since it helps to guarantee the existence of an operator A such
that it is the infinitesimal generator of a Cjy semigroup 7'(t). However, in many real models, is
not easy to find the sufficient conditions to prove such a result. For this reason, we resort to a
auxiliary Theorem that is more applicable to the general problems.

Let be X a Banach space, and let X* be its dual. We denote the value z* € X* at z € X by

23



Chapter 1. Preliminaries The abstract Cauchy problem

(x,x*) or (xz*, x). For each x € X we define the duality set F'(X) C X* by:
F(X)={2":2" € X*and (z,2") = ||z||* = ||=*|]*} (1.1)

Then, by the Hahn-Banach Theorem it follows that F'(x) # 0 for every z € X.

Definition 1.4. A linear operator A is called dissipative if for every x € D(A) there is a

x* € F(x) such that Re(Ax, z*) < 0.
With this, we enunciate a second important Theorem:

Theorem 1.3. (Lumer-Phillips)

Let A be a linear operator (non necessary bounded) with dense domain D(A) in X.

1. If A'is dissipative and there is a Ny > 0 such that the range, R(A\oI — A), of A\oI — A'is X,

then A is the infinitesimal generator of a Cy semigroup of contractions on X.

2. If A is the infinitesimal generator of a Cy semigroup of contractions on X then the range
R(M — A) = X forall A > 0 and A is dissipative. Moreover, for every x € D(A) and

every z* € F(x), Re(Ax,z*) < 0.

Finally, we state an auxiliary and very useful result as consequence of the Lumer-Phillips

theorem.

Theorem 1.4. Let A be an linear, not necessary bounded, dissipative operator with domain D(A)

dense in X. If 0 € p(A), then A is a infinitesimal generator of a Cy semigroup of contractions.

Proof: See [1,130].

1.4 The abstract Cauchy problem

Let X be a Banach space and let A be a linear operator (not necessary bounded) from D(A) C X

into X. Given x € X the homogeneous abstract Cauchy problem for A with initial data = consist

24



The abstract Cauchy problem

of searching a solution y(t) to the initial value problem:

dy(t)
y(0) = =.

where by a solution we mean an valued function y(¢) in X such that y(t) is continuous for
t > 0, continuously differentiable and y(t) € D(A), for ¢t > 0 and is satisfied. Remember
that since y(t) € D(A) for t > 0 and y is continuous at ¢t = 0, cannot have solution for
x ¢ D(A).

From the results of the previous sections, it is clear that if A is the infinitesimal generator of a
Cy semigroup T'(t), the Homogeneous abstract Cauchy problem for A has a solution, namely
y(t) = T(t)x, for every x € D(A). Its not difficult to show that for = € D(A), y(t) — T(t)x is
the only solution of . The following theorem show us that, for every = € D(A), we have an

unique solution.

Theorem 1.5. Let A be a densely defined linear operator with a nonempty resolvent set p(A).
The initial value problem has a unique solution y(t), which is continuously differentiable
on [0,00), for every initial value x € D(A) if and only if A is the infinitesimal generator of a

Co semigroup T'(t).

Proof: See [30].
The next theorem describes a situation in which the initial value problem (I.2) has a unique

solution for every z € X.

Theorem 1.6. If A is a infinitesimal generator of a differentiable semigroup then for every

x € X the initial value problem has a unique solution.

Proof: See [30].
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Chapter 1. Preliminaries The abstract Cauchy problem

Now, consider a function f : [0,7] — X. The non homogeneous Cauchy problem is defined by:

dil_i” = Ay(t) + f(1), t>0 (1.3)

y(0) = =.

We will assume throughout this section that A is th infinitesimal generator of a Cjy semigroup
T(t) so that the corresponding homogeneous equation (that is, f = 0), has a unique solution for

every initial value x € D(A).

Definition 1.5. A function y : [0,7) — X is a (classical) solution of (1.3)) on [0, 7] if y is

continuous on [0, T"), continuously differentiable on (0,7"), y(t) € D(A) for 0 < t < T and

(1.3) is satisfied on [0, 7).

Let T'(t) be the Cjy semigroup generated by A (from the homogeneous problem), and let y be a
solution of (1.3). Then the X -valued function g(s) = T'(t — s)y(s) is differentiable for 0 < s < ¢

and

% = —AT(t = s)y(s) + T(t — 5)y/(s)
= —AT(t — s)y(s) + T(t — s)Ay(s) + T(t — s) f(s)

=T(t—s)f(s).

If f € L'(0,T : X) then, T(t — s) f(s) is integrable and integrating the last inequality from 0 to
t yields
t
y(t) =T(t)x +/ T(t—s)f(s)dx. (1.4)
0

Corollary 1.2. If f € L*(0,T : X) then for every x € X, the initial value problem has at

most one solution. If it has a solution, this solution is given by ([I.4).

Proof: See [30].

26



The abstract Cauchy problem

We conclude this section with a few observations concerning still another notion of solution of

the initial value problem (1.3)), namely strong solution.

Definition 1.6. A function y : [0,7") — X which is differentiable almost everywhere on [0, 7]
such that ' € L'(0,7 : X) is called a strong solution of the initial value problem (1.3)) if
y(0) =x and y/'(t) = A(u) + f(t), a.e on [0, T].

As an important result that we will use in the next chapters, we have:

Theorem 1.7. Let X be a reflexive Banach space and let A be the infinitesimal generator of a
Co semigroup T'(t) on X. If f is Lipschitz continuous on |0, T| then for every x € D(A) the

initial value problem has a unique strong solution y on [0, T, given by:

y(t) =T(t)x + /OtT(t —s)f(s)ds.

Proof: See [30].
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Chapter 2

Bresse-Fourier system with full thermal

coupling

2.1 Well-posedness

In this section, we are concerned to study the well-posedness of solutions for a semilinear
Bresse-Fourier system with thermal coupling in all variables, and we prove the existence and

uniqueness of their solution, considering the nonlinear model as follows:

proee — k(pz + 0 + 0wy — kol(wy — £p) +mabl + maeb? + f1(p, 1, w) = 0, 2.1
P2ty — bibyy + k(pr + 9 + fw) + mgﬁg — m0' + fa(p, 1, w) =0, (2.2)

prwg — ko(we — £p)z + k(0 + 1 + Lw) + mab2 — tm1 0 + f3(p, 1, w) = 0, (2.3)
010} = Ny +mi(pr + ¢+ Lw) =0,  (24)

0207 — 7202, + ma(wy — Lp) = 0, (2.5)

o307 — 302, + ms(vy)e = 0, (2.6)
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Well-posedness

defined in (0, L) x R*, where f;(p, %, w), for i = 1,2, 3, are nonlinear external forces. The

system is subject to the totally-Dirichlet boundary conditions:

0(0,1) = o(L, 1) = (0,8) = (L, 1) = w(0,t) = w(L,t) =0, t>0, (2.7

01(0,t) = 0 (L,t) = 6%(0,t) = 0*(L,t) = 6°(0,t) = *(L,t) =0, t>0,  (2.8)

and, for ¢ = 1, 2, 3, initial data:

o(x,0) = po(x); ¥(x,0) =o(z); w(x,0)=wo(z); 6'(z,0) = bf(x);

oi(,0) = p1(x); Y, 0) = 1 (x); wi(w,0) = wy(2). (2.9)

Here, p1, p2, 01,09, 03, k, ko, m1, mo, mg and b are all positive structural constants coming from
the physical model, v, 72,71 > 0 represents the damping coefficients, L. > 0 is the length of the
beam, ¢ > ( means the beam curvature, and the unknown variables (, 1, w stands for the vertical
displacement, rotation angle, and longitudinal displacement, respectively. In addition, §*, 6%, 3
are the difference (in comparison with the environment) of temperatures of the thermal coupling.
Since our problem has thermal damping terms in all of the equations (2.1)-(2.3) we shall not
assume the equal wave speed assumption. (See [27]).

For the linear model, the equation is described by:

P10 — k(0p + U + w), — kol(wy — £p) +mybl + myf? = 0, (2.10)
potby — bae 4+ k(e + U + Lw) + m302 — mi6' =0, (2.11)

prwse — ko(wy — L)y + kl(py + 1 + Cw) + mabs — (my 6" = 0, (2.12)
010} — 110ay + Mm@ + 1 + lw), = 0, (2.13)

0907 — 7202, + ma(w, — lp); = 0, (2.14)

030 — 1305, +m3(2): = 0, (2.15)
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Chapter 2. Bresse-Fourier system with full thermal coupling Well-posedness

2.1.1 Phase space H

Let us start with the development of the phase space H for the system (2.10)-(2.15) . First of

all, notice that the system has the first usual three equations for a Bresse system, in addition
with three heat equations on the next ones. So, equations (2.10) — (2.12)) are multiplied by
¢+, ¥y and wy, respectively, while (2.13)) — (2.15)) are multiplied by 61, 6%, 63, respectively. Then,

integrating on (0, L), and using the Dirichlet boundary conditions we have:

L L L
1 / sOtteOtdchrk/ (0 + 1+ tw)(pz)edr + ko/ (we — L) (—Lipy)dx
0 0 0

L L
o /0 (61) (p1)dz + ms /0 (0%)(tg)y d = 0

Aq

L L L
o2 /0 Vertbedat b /0 b (tha)eda + & /0 (s + 1 + fw)(tbe)da

L L
+ms /0 (63) () — ma /O (61) () d = 0
Az

L L L
p1 / wttwtdx—i—ko/ (wy — L) (wy)rdr + k/ (pr + ¥ + tw)(fw)dx
0 0 0

L L
+ mQ/ (02)(wi)dz — my / (01 (tw); dz =0
0 0
A3
L L L
01/ 0; - 0 da+ ’yl/ \Gi\de—FTrm/ (¢ + 1 + bw) (0" dz = 0
0 0 0
Ay
L L L
02/ 07 - 0*dx+ ’}/2/ 02| da + mg/ (wy — L) (0*)dx =0
0 0 0

As

L L L
oo [0 6 drtn [ 1P [ (6% de =0
0 0 0

Ag
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Using integration by parts and using the boundary conditions (2.8)) on temperature variables,

terms A; to Ag are canceled from each other. Remarking that
d . Lo
—wmﬁ_g/egmm
dt 0

Thus:

Li i d (i pine
a/ o 0dr = = (0

If we don’t consider the temperature terms, (2.10)-(2.12) are usually known and we can obtain

the same terms as long as classical Bresse systems. Then, we obtain :
d1
=5 (kllpe + 9 + ]| + ollws — ol* + Bllall* + prlloel® + pallell® + prJwr?) = 0

dt

The next three equations give us:
d1 12 22 3012 12 212 3112
S (@02 + a2 + 03)l0°)12) = — (31 + 120 + s 16211)
Adding this last two equations, we get:

d1
=5 (Kllew = + fwll? + kollws = ol + bllwe |2 + pull el + pallel + pa e
+ 010112 + 02672 + o5]16°2)

= —m|0L1> — 2l 02)* — s]162]* < 0 (2.16)

Where the terms || - ||* means for the L?-classical norm over (0, L).

Remark: Damping means dissipation coefficients that make energy decays. So, we can say,

without loss of generality, that vy, V-, 3 are damping coefficients.

Thus, for a vector y = (¢, 1, w, @s, ¥y, wy, 01,02, 03), the phase space H associated to the
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Chapter 2. Bresse-Fourier system with full thermal coupling Well-posedness

previous identity (2.16) is:
H = (H}(0,L))* x (L*(0,L))° (2.17)
endowed with the norm ||yH§{ defined as:

2
1y]5, = kllw + 0 + tw|*+kollws — Lol + bllwal* + prllgel® + p2llell* + pullwe®

+o1]|0M)? + o2]|02]* + o367 (2.18)
Remembering that the usual norm for H is:
w5 = lpall® + ell® + llwa | + llpell® + el + lhwell® + [0M12 + 1602]2 + [16°]1%. (2.19)
Therefore, we can define the linear energy of the system as follows:

1
B(t) =5 (kHsﬁx + 1+ Cwl*+kollwe — Loll? + bllvval* + prllel® + pallvell* + prflwe®

1|02 + 0262117 + aa]16°2). (2.20

Due to the Dirichlet conditions in all of their terms ([27]), the norms above are equivalent for any
¢ > 0, with equivalence constants depending on such parameter, that is, there exists constants 7,

and 7, such that:

mlyllz < lylls < mllyll3, (221

32



Well-posedness

The norm || - || comes from the inner product induced by the system in the space H:

<y1: y2> :k<§0:p + ¢ + Ew, (ﬁx + 1; + €w> + k0<wx - 6307 ij - €¢> + wa, 7w/;az:>
+ p1(@r, Gr) + pa(ty, 77Et> + p1{wy, W)

+ 01(0",01) 4 05(62,02) + 03(6°, 63).
for = (QO, ¢7 w, P, ¢t7 Wt, 917 927 03) and Yo = (@’ 77237 QI)7 @ta 775757 wta élv 0~27 ég)

Thus, we can rewrite problem (2.10)-(2.15)), with initial-boundary condition (2.7)-(2.9) as the

abstract Cauchy problem:

%y(zﬁ) = Ay(t), t >0, (2.22)
y(0) = o,
where
y(t) = (), (1), w(t), ¢ (1), ¥/ (), w'(t), 01 (2),6%(1), 8°(1)) € H,
with

© =, V' =1, W =wy.

The initial data is determined by:

y(o) = (@07w07w073017w17w1793763798) = Yo-
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Chapter 2. Bresse-Fourier system with full thermal coupling Well-posedness

The unbounded operator A : D(A) C H — H is given by:

— - [ g0/ i
¥ W
w/
w
14
| |5 e+ ) 2 e — ) — TR0 — 2
%) P1 b I P1 P1 P1
m m
Aly'| = _wm__<90r+¢+€w)__3‘92+_191
] P2 P2 P2 P2 ¢
w| | e = le)e = (o + 1 + bw) - 262 + =1
1 1 1 P1
o L0, — 2, + v + )
01 g1
2
’ 2262, — 22 (uf, — £)
03 02 5 02 m
3 3
R =03 — — (!

The boundary conditions in the problem allow us to define the domain of A as follows:
D(A) = (H*(0, L) N Hq(0, L))" x (H3(0, L))* x (H*(0, L) N Hy(0, L))"

Results about linear Bresse systems showed that D(A) is dense in H (cf. [6, 27, [7]). Since

abstract Cauchy problem (2.22)) has not force terms, we can easily see that:
Re(Ay,y) = — (01> +ll021* + 7l 6211°) <0 (2.23)

for all y € D(A), which proofs the dissipativity of A . It remains to prove that 0 € p(A). To this
end, let’s take J(t) = (j1, J2, ..., Jo) € H. We want to prove that there exists a unique y € D(A)
such that:

Ay =J.
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The previous identity is equivalent to the following:

80, = jla
%Z)/ = j?a
w' = js,

k(g + 0 + lw)y + kol(w, — L) — mib, — tmab® = puj,
Wae — k(0g + U + lw) — m30> +m10' = pyjs,

ko(we — £0)x — kl(pz + 1 + (w) — mab + Lm0 = pyJe,
Y10z — (e + 9" + ') = o1,

1ol — ma(wy, — o) = oajs,

Y302, — m3 (L) = o35,
With the aim of obtaining what is desired, we deduce from the first three equations that:
@' = j1; ' = jo; w' = js € Hy(0, L)

Without loss of generality, we can replace the right side of the remaining equations for functions

—h;, withi =1, ..., 6, obtaining:

k(g + 0 + lw)y + kol(wy — £p) — my0L — Imyb? = prjs = —hy
Wae — k(0p + 0 + lw) — m302 +mi0" = pyjs = —ho

ko(wy — £p) e — kl(pp + 0 + bw) — mob2 + Im 0" = p1js = —hs
10k, = mi(jra + Jo + Ujs) + 01j7 = —hy

Vb, = ma(js. — Lir) + oajs = —hs

Y302, = m3(jor) + 03jo = —he
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Chapter 2. Bresse-Fourier system with full thermal coupling Well-posedness

Since hy, hs and hg are functions belongs to LQ(O, L), and by the boundary conditions for

temperature, we deduce that:
01,02,03 € H*(0, L) N Hy(0, L).
This reduces our previous expression to:

k(g + 0+ lw), + kol(w, — lp) = +my0) + mab® — hy =1 —hy
wam - k(gOz + 1/1 + Ew) = mgﬁi — m191 — hz = —hg

k’o(wx — ng)x — k’g(@x + ’QD + g’LU) = m292 — €m101 — hg =: —h3

From this point, we will proceed to construct all necessary components for applying the Lax-
Milgram theorem. Multiplying the previous equations by ¢, 1, w € H_ (0, L), respectively, give

us:

L L L
_k/ (9033 + ¢ + gw)(@z + 77[} + &D)dm - kO/ (ww - EQD)(ZU$ - K@)dl‘ - b/ ¢x : Q&zdl’
0 0 0
L
= —/ (h_lsé + hot) + hytb)dz
0
Then

L R L L .
/f/ (soz+w+€w)(95m+w+fw)dx+ko/ (wy — L) (w0, —€¢)d$+b/ Uy - Ypda
0 0 0

L
— / (h_lq) + gt + Ty dae (2.24)
0
Considering the Hilbert space V = (H}(0, L))>?, let us define a bilinear form a:

a:VxV—R
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Well-posedness

given by

a((p, v, w), (3,9, w)) Zk/o (o + 0 + lw)(Gy + 4 + L) dx + ko/O (we — L) (wy — £p)d

L
—|—b/ WYy - Ypd.
0
and a functional F : V' — R as:
L — —_—~ —
0
Here, we can use the induced norm in V' defined by
[yllv = kllpz + ¢ + twl|2 + blltba |2 + Kollwe — €| 2,

and the usual norm, for every y = (i, 1, w), by

191l = llpell + 1ol + [Jewell,

Taking (12.24]), we associate the left side one with the bilinear form a( , ), and the right side with

the functional F to obtain

a(yr, y2) = F(y2)-

where y; = (¢, 1, w), yo = (p,0,w) € V.

By definition of both bilinear form a and functional F, in addition with the equivalence of the
norms mentioned above, is not difficult to prove the conditions for Lax-Milgram theorem, that is:
- a 1s coercive.

- @ 1S continuous.

To show the continuity of F, we can choose an arbitrary y = (¢, ¥, w) in V, then, by Holder’s
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Chapter 2. Bresse-Fourier system with full thermal coupling Well-posedness

inequality:

E@W] < Whallze - llllze + [Ballze - [1$llze + [1hsllzz - [l 22

Since the functions hq, hs, hs are well known, there are limited by a universal constant C' . By

the Poincare inequality, and the property of equivalence of norms, give us the following result

[F(@)] < Cliyllv.

In consequence, by Lax-Milgram Theorem, there exist an unique y; = (¢, ¥, w) in V' such that

a(y, y2) = F(y2)

forall y, € V.

In addition, due to elliptic regularity, we have that y in # also satisfies y € D(A). Then,
0 € p(A), where p(A) means the resolvent of the unbounded operator A.

With this result, the dissipativity of A, and the density of D(A) into H , we can conclude that A
is an infinitesimal generator of a Cy-semigroup of contractions S(t), for t > 0. Therefore, the

existence theorem is given in terms of the equivalent Cauchy problem (2.22), as follows:

Theorem 2.1. Under the above notations, let us assume that { > 0 and p, p2, k, ko, b, 71, V2, V3
01, 09, 03 positive constants. Then for any initial data yy € H and T’ > 0, problem has a
unique mild solution

y € C([0,T],H); y(0) = wo,

which depends continuously on the initial data. In particular, if yo € D(A), then the solution is

strong. Moreover, if y € D(A), and y(t) is a local solution of (2.22)) in (0, T}, ), then
8 Y Y )

Trnaz = +00.

38



Well-posedness

2.1.2 The nonlinear case

As we mentioned in the beginning of this section, we are interested about the existence, unique-
ness and continuous dependence of solutions for the system (2.1)-(2.6). To this end, we will give
the assumptions on the external force terms fi, f> and f5.

Lets start assume there exists a C*(0, L) function F' : R? — R such that:
VFE = (f1, f2: f3), (2.25)
satisfying the following conditions: There exists a constant myz > 0 such that
F(u,v,w) > —mp, Yu,v,w € R, (2.26)
and there exists p > 1 and a constant C'y > 0 such that, for¢ = 1,2, 3,
IV fi(w,v,w)| < Cp(L+ [ulfP~ + o]~ + [w]P™), Yu,v,w € R, (2.27)
In particular this implies that there exists a constant C'r > 0 such that
| (u, v, w)| < Cp(1+ JulP™ + [o]P™ + |JwPt), Vu,v,w e R. (2.28)
Furthermore, we assume that, for all u, v, w € R,
VF(u,v,w) - (u,v,w) — F(u,v,w) > —mp. (2.29)
This information allow us to define the non-linear energy of the system (2.1)-(2.6) as

L
() = B(t) + /0 Flp, b, w)dz, (2.30)
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where E/(t) is the linear energy mentioned in the linear case section. Then, multiplying (2.1)-(2.6)

by s, Uy, wy, 01, 0%, 63 respectively, we obtain by integration over [0, L] the following identity:
d L
ES(zs) = _/ (1165 (2, )] + 7|02 (z, O)]* + n|03(, t)*)dx, t > 0. (2.31)
0

The existence of global mild and strong solutions to the Bresse-Fourier system will be established
through nonlinear semigroup theory [30, Theorem 4.1.6]. We shall write the system (2.1))-(2.9)

as an abstract Cauchy Problem

%y(t) = Ay(t) + F(y(t)), t >0 (2.32)
y(0) =0,
where
y(t) = (p(t), (1), w(t), ' (1), 9 (1), W' (1), 01(1), 6°(1), 6°(¢)) € H,
with

90/ = ©t, wl = 1/1t7 wl = Wy,

and initial data given by

y(O) - (9007¢0aw07¢1a¢17w179676(2)a03) = Yo-
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We see that A : D(A) C H — H has the same form as the linear case, with domain
D(A) = (H(0, L) 0 H3(0, 1))" x (H3(0, L))* x (H*(0, L) N Hy (0, 1))

and the forcing terms are described by a nonlinear function F : H — H defined by:

%) 0
Y 0
w 0

¢’ —file, b, w)/p
F 770/ = —fg(@,lﬁ,ﬂ))/ﬂg
w' — f3(p, 0, w)/pr

6! 0
62 0
63 0

Thus, our existence theorem is given in terms of equivalent problem (2.32).

Theorem 2.2. Assume that { > 0 and the hypotheses -(2.29) holds. Then for any initial
data yo € H and T' > 0, problem (2.32)) has a unique weak solution

y € C([0,T];H), with y(0) = yo,
given by
y(t) = S(t)yo + /Ot S(t—s)F(y(s))ds, t €[0,T], (2.33)

and depends continuously on the initial data, where S(t) represents the semigroup associated to

the linear problem . In particular, if yo € D(A) then the solution is strong.

Proof: First, we can see from (2.23)) that A is dissipative and from previous results, the problem

(2.22) has a unique solution. Then, we will prove that system (2.32) is a locally Lipschitz
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perturbation of (2.22)).
To show that operator F : ‘H — H is locally Lipschitz, let B a bounded set of H and two vectors

y',y? in B. Since the external forces act only on ¢, 1) and w, we denote z' = (!, 9! w!) and

22 = (o2, 9% w?). From (2.27) we see that, fori = 1,2, 3,

fi(z") = fi(ZD)] < VLA + (1= NP |1 =22
S CHL+ [ P+ [ P+ Jw P+ QPP+ PP A [w? P

X (I = P2 + 9! = 92+ ot — )
Thus, we deduce that, for some constant C'z > 0, and Poincare’s inequality:
L
/0 fi(z") = fil2*)Pdz < Cllz' = 2y < Crlly" = v*[1%

Summing this estimate on 7, we obtain:

3 L
IF(") = F)3 = Z/O fi(2") = fi(z*)]Pdz < 3Cs|ly" — %
i=1

which proves that F is locally Lipschitz on H.
Then, from classical results in [27]], we obtain a local solution that is defined on a interval

[0, Tnaz) Where, if T,y < 00, then:

lim ||y(t)||% = +o0. (2.34)
t—T,

max

To see that solution is global, that is, 7,,,, = +00, we start the proof supposing by contradiction

that time maximal is finite, and let y(¢) a mild solution with initial data yo € D(A). Then itis, in
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fact, a strong solution and so we can use the following estimate:

E(t) = E(t) —i—/o F(p,¢,w)dx

L L
> ol [ me do
0

1
= §HyH% — Lmp, t > 0. (2.35)

and then ||y||3, < B—Q()(S(t) + Lmp), and thus, ||y||3, doesn’t blow up. By density, this inequality
holds for mild solutions. Then, we can easily see that @ does not hold and therefore
Trae = +00.

Finally, using the variation of parameter formula (2.33)), we can verify that for any initial data

ys, Y2 € H, the corresponding solutions y* and y? satisfy:

ly* () = (O3 < 208®) (o — w5) I3, + 2] /0 S(t— 5)[F(y' () = Fly*(s)lds]|3,

< Cllyo — vl

forany 0 < ¢t < T"and a bounded set B.u

The previous results shows that, the semilinear Bresse-Fourier system (2.1)-(2.9) is well posed.
Then, the solution operator T'(t) : H — H is a C°-semigroup on H. Thus, we denote by
(H,T(t)) the dynamical system generated by the problem (2.1)-(2.9), meanwhile (H, S(t))
is the dynamical system generated by the linear problem (2.10)-(2.15), with initial-boundary

conditions (2.7)-(2.9).

The next section uses the results from Theorem [2.1|to show that the energy of the linear system

decays exponentially.
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2.2 Exponential stability

In this section we prove the exponential stability for the semigroup solution of Bresse-Fourier
system ([2.10)) — (22.15]), with initial-boundary conditions (2.7)-(2.9). More precisely, we have:

Theorem 2.3. Under the hypotheses of Theorem and assuming 7y, Y2, V3 > 0, there exists

positive constants a,C' > 0 such that:

lyll2 < Cllyollw - e, ¢ >0, (2.36)

where ||y||3, represents the norm in the Hilbert space H.

The proof of Theorem will be concluded as a consequence of some important lemmas and
the Gearhart-Pruss characterization of exponential stability for Cy-semigroups on Hilbert Spaces

(see [[7, (11}, 4]).

Theorem 2.4. Let {S(t)}i>0 = {e*} be the Cy-semigroup of contractions on a Hilbert space

H associated to (2.10)) — (2.15)), with conditions 2.7)-(2.9). Then:

{S(t)} is exponentially stable < iR C p(A) and limsup ||(iA] — A)™}| < oo,
[A| =400

where p(A) means the resolvent of the unbounded operator A.

Proof: Our starting point is the resolvent equation:

iy — Ay = f, N € R, (2.37)

where f = (f1, f, f3, fa, [5, fo, f7, [s, fo) € H is given, and the solution is defined by

y = (()07 w? w? S0/7 wl7 wl’ 017 627 93)

in D(A), that is, term by term:
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— —_ / —_ —_
1A SD/ fi
(0
IAY f2
w/
AW f:
k k 3
. _(9093 + w + gw)az + ﬁ(wx - &0) - ﬂQ:ch @92
i . pP1 p1 p1 fa
. — by — — (0, tw) — B3 L Mg B
iy | - i pte 2(9@@+¢+ w) = 0, o = |5
0 meo mq
/ —(wy — )y — —(pr + U + w) — —0%2 + —0!
AW Pl( ) ) (pz + 9 ) P o fs
ire! Dot~ D+ + o) f1
01 01
iAv” Loz, — 2w, - ty) I
2 o
Z)\93 Eeg _@( /) f9
- = | 0_3 T 0_3 X | - =
Then
iNp —¢' = fu, (2.38)
iNp =) = fo, (2.39)
iw—w = fs, (2.40)
i1 — k(pp + 10+ lw)y — lho(wy — Lp) +my0s + Imod® = py fy, (2.41)
iAW — Dy + Ky + 0 + Lw) + m3h2 — mi6" = pafs, (2.42)
iIAp1w' — ko(wy — £0)y + k(e + P + (w) + mab> — tm 0 = py fs, (2.43)
iNT1 0" — 0L, + mi (@, + ' + ') = o f, (2.44)
’i)\O’QGQ — ’)/20:%33 + mg(w; - KQOI) = O'Qfg, (245)
iAol — 302+ m3(V)) = o3fe. (2.46)

In order to prove iR C p(A), we observe that, from the definition of D(A), it is closed and

compactly embedded in . Then, the spectrum

o(4) = C\p(4)
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has only eigenvalues.
Let suppose that A possesses an imaginary eigenvalue A = i3 € o(A), with § # 0, and with

their corresponding eigenvector

y = (907 ¢7w7 90,7 1/},7 wl) 01’02703) % O

From ([2.37)), taking inner product by y € D(A) , with f = 0, and taking the real part, we have
that:

Y0 )1? + =262 + 510217 = —Re(Ay, y) = 0. (2.47)

Using the Poincare’s inequality, we easily conclude that 6! = 6> = 63 = 0. Returning to

equations ([2.46)) and ({2.38)), we have respectively that

After that, we see from the remaining equations that w’ = w = 0, and finally ¢’ = ¢’ = 0, which
implies that y = 0 (This contradicts the fact that y # 0 is an eigenvector).

Hence, there are no purely imaginary eigenvalues in the spectrum o(A) = C\p(A), that is,

iR C p(A).

The next goal for complete the proof of Theorem 2.3 is to prove the following estimate:

[Ylls < Clf Il (2.48)

for some constant C' > 0.
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Lemma 2.1. Under the hypotheses of Theorem there exist a constant C' > 0 such that
aill 011" < Cllylla - 1f 1 (2.49)
fori=1,2,3. And consequently:

aill 01 < Cllylla - 1 £l (2.50)

Proof: From the resolvent equation, we have, for any y € D(A), that:

iy, y) — (Ay,y) = (f,y)-

Taking the real part

and then

—Re(Ay,y) < [{f,y)]-

Equation (2.47) showed that:

—Re(Ay,y) = 1ll0:1° + /031" + ysll02]1*.
Thus, by Cauchy-Schwarz inequality:

NN + 2200511 + 10211 < Nyl - 11l
Consequently, foreachi = 1,2, 3,

VillOl* < lyllae - [1f 1l
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Multiplying the inequality by o; and dividing by ~; , we conclude

i 0i
|61 < ;HyHH Al = Cliylla - 11l

For the therms o;||0"||?, the prove follows immediately by Poincare inequality (See [27]).

For the sake of brevity of computations, we need to state some estimates of norms that were
previously shown. For this reason, we present the following argument that will be very useful in

future calculations.

Proposition 2.1. Under the assumptions of Theorem given the functions h € L*(0, L),
f € Handy € D(A), we have, for any € > 0:

LAf [Plle < [ylln, then: 1651 - [1R1] < ellyll3, + Cl f 113

2.14f NIhllez < | fllw, then: 16511 111 < ellyll7, + CEll 15

The same argument applies for 0° instead 0', by the Poincare inequality.

Proof: For the first item, observe that, from Young’s inequality and Lemma 2.1} we obtain:

i i €
16211 - |A]| < ccl|6L]” + §||h|!2
€2
< llylle - cell £llae + 5yl
€ €
< Sl + Cal I + Sl

< ellyll3 + Cell fIl3:
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Analogously, for the second one, we use the same arguments above to obtain:

. 1, . 1

61 X h < Z 61 2 - h 2

(L I T s Y e 1 P
1, . 1

< 2|19t 2 - 2

< SI6EIR + S,

1
< lyllse - Cll Sl + 51 £115

1
<ellyll + cell Fll5 + 517115

< ellyllz, + ClI 13

In order to show the same result for &° instead 9;, we notice that:

. m .
o' < —||0,
101 < Z 1165
Thus:
. T .
o'\ - ||h]| < =6, - ||h
161 - M1l < Z NG - 11l
and we just take ¢ — ¢ - %, and h is satisfying hypotheses 1. or 2. n

Remark: The choose of € can be different in each Young’s inequality, but in principle, we
abbreviate this constants in such a way that we can make the proofs of lemmas easier to read.
Additionally, C, c. and C. > 0 represent several the constants that can be grouped in order to

make easier the redaction.
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2.2.1 Observability

Lemma[2. 1] show us:
16117 + 16%11° + 16°11* < ellyll3; + C-IIf 113, (2.51)

for any ¢ > 0 and for a |\| > 1 large enough. Then, to prove (2.48), it remains to proof:

1oz + U 4+ w|)* + ||[Va]|* + lwe — €oll* + lleel? + [|el® + lwel|® < ellyllz, + Cll £1I5-

Unlike another estimates (See [6]]), this one presents some restrictions when performing the
calculations. More specifically, totally Dirichlet type boundary conditions in all of terms prevent
vanishing estimates on the boundary. Therefore, the methods used above cannot help to solve an
appropriate estimate for all the terms mentioned above. For this reason, we will introduce an

important observability criteria (see [[L1]).

First Step: We define an auxiliary cut-off function (for more details, see [4]). Indeed, let us
consider [y € (0, L) and 6 > 0, arbitrary numbers such that (lo — d, 1o+ ) C (0, L), and consider

a function s € C?(0, L) satisfying:

supp s C (lp — 9,1p + 9), 0<s(z)<1,z€(0,L),and
s(x) =1, for z € [lp — g, lo + g] (2.52)

Thus, with this new construction, we are able to state the following lemmas.

Lemma 2.2. Assume the condition (2.52) and the hypotheses of Theorem [2.3|hold. Then, for

every € > (, there exist a constant C. > 0, independent of )\, such that:

lo+3
[ Mo+ -+ tulde < clylf + CoT I @59

lo—$
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Proof: From equations (2.38))-(2.40), we deduce that
(0 + 0" + ') = iX(pe + 9 + lw) + (fre + fo + Lf3).
Using this equation into (2.44)), we have:

iNT1 0" — 10, + idmy (0r + 0 + tw) — my(fie + fo + 0f3) = o1 fi.

o1 ga!
—ft -
my 1AMy

01

i)\ml

Ot (po 4 ) = = (fra b fo b Ufs) = o fy.

Multiplying this equation by & - s(p, + ¢ + fw), and integrating on (0, L), we obtain

0'1]{?

L L - k? L -
k/ 8|90x+w+€w|2dx: : / sf7(g01—|—w—|—€w)d:c——al / 50" (0, + ¢ + fw)dw
0 iAmy Jo m1 Jo

kEo[F -
+ By /0 s(fiz+ fo+Lf3) (e + U + lw)dx

Tk
Mml

L
+ / 0, (o + 0 + (w)dz.
0

Integrating by parts the last term of the above identity, and using the fact that s = 0 in {0, L},

we obtain

k| slee+ 0+ tw| de = - sfi(pn + 0 + tw)de — 22 | 6 gy + O + fw)da
0 tAmy Jo 0

ma

L
+£/0 s(fiz+ fo+Lf3)(pe + U + lw)dx

Nk /Lel(s(_ U T w)).da
i)\m1 0 r Pa v '
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Taking module and denoting for C' for several constants, we have that

L L L
k:/ S‘g&z+¢+€w‘2dx§ |§|/ }5f7(g0x+¢+€w)‘dx—|—0/ ’591(¢x+¢+£w)|dx
0 0 0

c [t -
+W |8(f1,r+f2+€f3)(wz+¢+£w)\dx
C - -

Using Holder, Young and Poincare’s inequalities, the fact that |[A| > 1, and s € C?, we have

L ) L o L D
k/ s|0x + 1 + fw)| dmgc/ ‘f7(<p$—|—zp+€w)‘dx+0/ 10" (02 + ¢ + fw)|da
0 0 0
L
+0/ |(fro + fo + £fs) (9o + ¢ + w)|da

L
+0/ 2 (0z + 9 + lw)|do + — ¢ 0% (00 + ¥+ (w),|da

Al Jo
< Cllfllacllyllze + CNO Iyl + 1 lacllyllze + Cllozllllylla

L

Y 101 (00 + O + lw), |da

c [t -
<ellylli + Cellfl5 + o [ |0n(0s + 0 + w),|da.

Al Jo

Seeing for the last inequality, we noticed an integral term. Analyzing it:

c [t - c (L »
|)\|/0 ’9310(%@ + +€w)x‘dx :|)\|/ ‘9;[2)\/)1@’ — kol(wy — L) +m19}ﬂ + lmat? — p1f4Hdaz

C L
|2)\p19 "ldo + — |kol02(w, — Lp)|da

MI W
fj‘ |01]2d1: + |(j| |0m0L6%|dx

L L
gc/ |9;¢'|dx+c/ |9}C(wx—e¢)yd:¢+c/ 10 2dz
0 0 0

L L
+C/ ye;eZydx+c/ |01 f4|da.
0 0
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Here, we use Lemma [2.T]and Proposition [2.1], to reduce the last inequality into:

c [t -
o / 101 T 9 T w)a|de < ellyll2, + CollfIE

With this, the initial expression is estimated, for any |[A| > 1, by:

L
2
k/ s|ie + 1 + Lw| dz < ellylZ, + C:|| f113-
0

By definition of s, and hypotheses (2.52)), we conclude that:

lo+6

lo+3
k/ ) ‘(px+w+€w‘2d:€§k/ s|gpx+w+€w}2d$§5||yH§{+C€HfH?{.
lo—3 lo—6

Thus:
loJr% 9 ) )
| Hleat v twfde < elylfy + CoN B
lo—3

Lemma 2.3. Under the conditions (2.52)) and Theorem[2.3] given € > 0, there exist a constant

C. > 0 such that

lo+3
| thoulde < elyli + A1 .54

lo—3

for |\| > 1 large enough.

Proof: Deriving (2.39)) in x and inserting this identity into equation ([2.46|), we have

iNo30% — 302, + m3(iMpy — for) = 03 fo.
= iAo30® — 302, + iAmsh, — mafo . = 03 fo.

ms .
Y foz = —fo.

3 V3,3 o3
= 039 —aem—i—mgwm— a
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Multiplying by b - s/, and integrating over (0, L), we obtain

L . b L - L b L J—
Ugb/ s - 83¢x — fyi/ S - Qixw:ﬂ‘i‘me/ SWJ:E’Q - 7?_3/ S f2,m7w/}x
0 0 0 0

Thus, integrating by parts

g LO— P R —
mab [ slofde = oub [(s8), Do+ B2 [t e
0 0

mgb

+W/ 5- fgxwxdw—/ 5+ fotbada.

Using again integration by parts on s - 63 1), , we obtain:

L L _ L ’ng J—
mgb/ 8|, [P dx = Ugb/ Sq - 0P + Ugb/ s 00 + == i / -0, ud
0 0 0

mgb 0'3[?

+W/o s-f2x%+—)\/o s+ fotbydz

L _ v3b _
= Ugb/ S - 03 + Ugb/ 503 — i/ 03 - (s1),).dx
0 A Jo

0

b (" b
- _mg / S f2:c ’QZ):E Oj3 / s fg’@bxdl’
I Jo

L — v3b —
=0’3b/ Sz'93¢+03b/ S — = B / 2 05 Py
0 0 0

b [F —  mgsb — os3b [F —
——73 § 03 Vs + 1 / $- fow s + —— / s - folpda.
i A Jo i\ Jo

0

Let’s estimate all the terms of above identity. To this end, all several constants independent of A,

will be denoted by C, for simplicity of the computations. Indeed

L L
o [ s 05ae| < | [T0 T as] < Ol ol < - ol
0 0

1
< OGN -yl < Zellyliz + Cellf e
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where were we used Holder’s inequality, Poincare’s inequality, the fact that s, is bounded in

(0, L) and Proposition By the same arguments, we can estimate the other terms as follows:

L L
o [ s-0w| < [ o-a] < - i < cledl -

1
< O] - lyllwe < Zellyliz + Cell £l

Since |A| > 1, we estimate the third term to obtain:

b [* —
0

1
< CO|63 - < —ellyl3 2.
= < CIEI - el < cellylly + LI,

L —
<ol [ 6%
0

Similarly, the fifth term is limited by:

b
7 st < 0| [ ] < Ol il < ol
1
< Zellyl, + Cal 71

Analagously, sixth term is bounded by:

Ugb L o L o
2 s nw] <e| [ w] <l el < Clulal i
0
1
< zelglly + oI

To estimate fourth term, we need to rewrite term 1), using the equation ([2.42)), obtaining:

_E’ 3 73 93 (g
= 63 wm_M O 503 (—bippy)da

) -
- / S0 (oo~ Ko 0T )~ + T+ i )
L
N R e L
0

7302
y3mi 3 L 3 —
+ \ / s-0; 01dx+73p2/ s- 65 P dx.
0 0

7
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Taking module in all of those terms, and using the Proposition [2.1] we conclude that:

b [* — 1
2 [ s e < Gelllf + CLA1R

i\
Combining all the estimates, and adapting € to convenience, we conclude that:

L
b [ s s < el + Ca IR @59
0

By definition of the function s, we have:

l0+5
b [ sl < eyl + C IR @56
lo—6
Finally,
Iot3 2 ko 2 2 2
b [ WP dr<b [ slunPds < eyl + Culf
lo—3 lo—d

for || large enough, which proves the lemma. -
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Lemma 2.4. Under the conditions of previous Lemmas and Theorem for any € > 0, there

exist a constant C. > 0 independent of \, such that, for |\| > 1 large enough:

ZO+§
| ol = toPds < el + C B @7

lo—3

Proof: Using equations (2.38)) and (2.40), the following estimate is valid:
(wy = L") = iNwy — L) = (fsw — Lf1).
Then, we use this identity into (]EI) to obtain
iINT20? — 202, + ma(IN(w, — L) — (fae — Lf1)) = o2 fs.

Then

1 o
028” — =L+ (w, — ) = —(faa — () =

1AMy
Multiplying by sko(w, — ¢p) and integrating over (0, ), we obtain:

Uzk‘o

L L
/ slw, — Lo|?dr = == ng( lp)dr — UQk:O/ 56 (wy, — lp)dx
0 iA 0

k’ L
+M s62. (0, — 1)

L
ix Jo ; (f3.0 — Lf1)(we — lp)da.

Integrating by parts the integral with the term #2_, we obtain:

T’

L O'Q]CO - L -
ko/ s|lw, — Lo|*dr = 5 / sfs(w, — lp)dx — GQko/ 562 (wy, — lp)dx
0 t 0

_72/1‘0 L@QS( d_%o/ 82 d
ix Jo O

20 [ (oo = 500 T
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Same as previous lemmas, the integral fOL s0%(w, — p),dx can be written as:
L o L o - . o o
/ 502 (wy — lp) dr = / 5932:[ — iIAprw’ — k@, + ¢ + lw) — mab2 + fm 01 + plfﬁ]dx
0 0

Including this identity on the previous one, we have:

L 0'2]{?0 L -
ko/ s|lw, — Lp|*dx = ; / sfs(wy — lp)dr — agko/ 502 (w, — lp)dx
0 0

A 0
ko [T, ——— k _
_m/ 025, (w, — lp)dr + 2 0/ (fso — 01 (wy — lp)da
A Jo IA
k k I
+ 2% z)\p1392 dy 4 1220 skf@i(% + ¢ + (w)dx
IA 0 A Jo
K k — ko [* _
3 250 5162 e — 120 / o 56201 da — 1220 / 1562 fod.
A Jo N 0 A Jo

Combining all the constants except A, and calling it by C', we can apply module on this identity

to obtain:

L O L
k:o/ s|lw, — Lo|dr <— / | fs(we — lop)|da + — |92(wx—€g0)\d:c
0 Al Al Jo
(92 —lp)|d w, — lo)|d

+C/ |9§W|dx+|/\‘/ 102 (0, + ¥ + (w) \dx+|>\|/ 02|?dx

C’

ol |9201]d +M|/ 102 F5|da

Since |A| > 1, then < C. Thus, we use the known inequalities, Lemmaand Proposition

2.1] to reduce the last inequality into:

l0+§ L
/ olw, — CoPdz < ko / shws — boPde < ellyl, + Cllf 1B

lo—3 0

which complete the proof of the lemma. n

58



Exponential stability

Before establish estimates for the kinetic terms, we are going to state some preliminary results

that will be very helpful to us in reducing terms for the next lemmas.

Proposition 2.2. Consider y(t) solution for the system such that y € D(A), with s(x)
being the function defined in (2.52)). Then, for every ¢ > 0, there exists a constant C. > 0 such

that:

Is(pa + 0+ w)] - [Pl < ellyll, + Cell f1I5:

Is(wa — L) - IRl < ellyll3, + Cell f 115

for any h € L*(0, L) with ||hl[z> < [[yll3; or [|hllz2 < [|.f I3

Proof: We use Lemma[2.2]to calculated the first inequality as follows:

L
\wwz+w+&wwnmv1£s%wm+w+@m%wa

L
< / s|(¢e + ¥ + w)|?dz - ||h
0

< /8210l + CollF13, - 1]

< (8llylla + Collf 1) - 1l 22

It [ 2] < [ly]

4, we deduce that:

Is(pz + 3+ )|l 12l < dllyll3, + Csll £l

< ellyllz + Cell 15

where ¢ = 26. If ||h|| < || f||#, we take ¢ = &3, in order to obtain:

(e + 3+ )]l 1 < (Sllylle) 17l + Csll 71 < ellyll, + 111Bem

Remark: Same arguments are valid for ||s(w, — fy)|| (Using Lemma 2.2]instead).
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Lemma 2.5. Under the conditions of previous Lemmas and Theorem for any € > 0, there

exist a constant C. > 0 independent of \, such that

lo+3
o [ 1P < el + CT B @59
lo—2¢

2

for |\| > 1, large enough.

Proof: From (2.38)), we deduce easily that:

iXp— ¢ = fi =>¢—;(s0 "+ f1).

>/

Then, we multiply (2.41)) by sp and integrate over (0, L), and use the identity above to obtain:

L , L L
iAp1 / s %(g@’ + f1)dx — k:/ s(pe + U + tw),pdr — kof/ s(w, — bp)pdz
0 0 0

L L L
+m1/ s0 pdr + Emg/ s6*pdr = pl/ s fypdx.
0 0 0
Thus
L L L L
pl/ s|¢'|?dr = — pl/ sfipdr — pl/ s¢' fidx — k/ s(pe + U + tw),pdx
0 0 0 0
L L L
— koé/ s(w, — bp)pdr — Emg/ s0°pdx 4+ my / s0lpd.
0 0 0

Integrating by parts in the integral with the term (p, + ¢ + ¢w),, we obtain:

L L L L
01 / s|l¢'|Pdx = / sfipdr — pl/ sy frdx + k:/ Sz (0 + U + lw)pdx
0 0 0
L L
— koﬁ/ — lp)pdr — Imy / s6°pdx + my / s0 pdx
0 0

+ k/ 5(p + U + lw)Prda.
0
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Taking module in the last expression, and knowing that |s,| is bounded, we observe that:

L L L L
o [ slelde < [ Uglde o [Tk [ o+ o+ t)pids
0 0 0 0
L L L
+/€0€/ |3(wx—€gp)¢\d9@—€m2/ \92¢|d:v+m1/ 025|dx
0 0 0

L
+ k/ |s(pz + ¥ + lw)p,|d. (2.59)
0

Here, we use the known computations (Including Propositions 2.1 and [2.2)) to estimate almost all

of integrals, with except of:

L
k;/ (¢ + 2 + bw)P|d.
0

We will estimate this term. Using the representation of p = %(g@’ + fl) , and taking |A| > 1

L B L i —
[+ ot )i =k (o0 + 00) 5 (FF F)lda

C

L -
A,/0 (9 49+ ) [T da

c [* —
SW ; (00 + ¥ + fw)||¢|dz +

C L - L o
< w/g (0 +¢+€w)|!<ﬁ’!diﬁ+0/0 (9 + 0+ )| [T dz

C
<

SN I3 + Cliyllal £l

Taking |\| large enough, and use e-Young type inequality, we conclude that:

L
k / (9o + 1 + fw)Pldz < ellyl2, + CollfIL.
0

Inserting this estimate into (2.59), we conclude that:

l0+g 2 g 2 2 2
| mlePis <o [ slePae < elyll + LI
0

lo—$
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Lemma 2.6. Considering all the assumptions of previous Lemmas, given € > (), there exist a

constant C. > 0, such that:

lo+%
po [ 0Pde < elgli + Co B (260

lo—4

for |\| > 1 large enough.

Proof: Under the above conditions of the cut-off function s(x) we start the proof considering the

equation (2.42)
iAo — Dy + K(pp + 0 4 bw) + ms0> — mi0' = pyfs,
and a variation of equation (2.39), as follows
T=1 (BT @6
Multiplying by s - ¢ and integrating over (0, L):

L L L
i)\pg/o s-z//ﬁ—b/o S'%:zw"‘k/o s+ (g + 0+ lw) P

L _ L _
mg/ s-@ilp—ml/ s-0'
0 0

L
:;02/0 S'f5ad$-

L L L L
i)\p2/0 s~1//@+b/o s~¢x%+/o sz%/JxE—Fk/o s (g + 1+ lw)

L o L . L o
mo [Cse8T - [ 50T [ s pi e
0 0 0
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Replacing (2.61)) into the first term of the above equation, we obtain

L

L L
Jrk/ 5'(@x+¢+5w)¢m3/0 8'92¢m1/0 5'91¢d~’6=,02/0 s fs pdz.

0

Thus

Az
—_—~

P2/OL8'W’\de:—/32/0L8'f51/1—02/0L5'¢/f2+b/OL5'¢x’2+b/0LSx'1/)x¢

L

L L
—|—k/ s(gpz+1/)+€w)¢—|—m3/ s~¢9§’3¢—m1/ s-0 de.  (2.62)
0 0 0

Taking module, all terms with except of A; can be bounded easily by ||y||3, + C:|| f||3,, using
the previous methods, with the same arguments.

Let’s construct an appropriate estimate for:
L —_—
b / Sg Wy WYdx.
0
To this end, using (2.61):

b [Csovia] <ol [ v @R

< S [ aal v S| [ T

Al
C C
C
< iyl + Cllyllae - 1 fllse

— A
Combining all estimates, (2.62)) is bounded by

<

[lEn (2.63)
AT

L
s / s/ P < ellyll2, + CIFIZ +
0
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Taking |\| large enough, and as the same as Lemma 2.3] by definition of s, we have

l0+5
po [ s uPde < eyl + CulS 1 .64
lo—5
Therefore:
lo+g ) ) )
po [ 0Pde < elgli + Co B
lo—3
ending the proof of the Lemma. n

The last Lemma is given on the same way as the another kinetic terms.

Lemma 2.7. Assume that condition (2.52)) and the hypotheses of Theorem[2.3|are hold. Given

any € > 0, there exists a constant C., that not depends on ), such that:

lo+3
o[ e < eyl o+ Cf 269

lo—5

Proof: We are going to proceed in the same way as the estimates for the kinetic terms. Using

(2.40) and inserting into equation (2.44)), we have

L L L L
p1 / slw'2dz = — py / sw' fydx + ko/ Sz(wy — Lp)wdx + ko/ s(wy — bp)wydx
0 0 0 0
L L
+ kﬁ/ s(pz + U + Lw)wdr + mo / s02wdx
0 0

L L
—Imq / sO'wdr — p1 / sfewdz.
0 0

Taking module on the last expression, the kinetic term w’ can be estimated by

L L L L
,01/ s|w'|2dx gpl/ |sw’ f3|dx + ko/ |s(wy — L)Wy |dx + kﬁ/ |s(pa + ¥ + lw)w|dx
0 0 0 0

L L L
+ mo / s02wdx — fmy / s0' wdx — py / s fewdzx
0 0 0

L
+ k:o/ |82 (wy — bp)w|de.
0

Almost all of the terms above can be estimated using classical computations, using the conclusion
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of Propositions [2.T]and[2.2] Our focus is then, estimate the following expression:

L
ko / |52 (w, — Lp)w|da.
0
Since s, is bounded on (0, L), we deduce that
< i

L L
to [ Issts — toylde < € [, = oylae < ol + ol 1]

Then, using e-Young type inequality and for |A| > 1 large enough:

L
to [ sz = tymlde < gl + Cal I
0

Then, we have

L
o [ st s < eyl o+ Culf
0

Thus, by definition of s(z), we conclude

lo+g ) ) )
o[ wPde < elgl + LI

lo—3

which concludes the proof of Lemma and consequently, all the estimates for the norm terms. g

Corollary 2.1. Under the hypotheses of Lemmas above, given an € > 0, there exist a (universal)

constant C., that is not depend of )\, such that:

ZO+% 2 2 2 2 2 2
[, b+ 0 + Kol — B0 4 b+ P+ ol + o P

lo—$

<ellyll3 + Cell f1I5- (2.66)

Proof: 1t follow as consequence of results of Lemmas (2.2)-(2.7).
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Considering the classical Bresse system and using the resolvent equation (2.37/]), we can easily

deduce that:

iNg—@ =g :=f1 € H&(O,L),

iNp— 1) =go:=fo € Hy(0,L),

i —w =g3:=f3 € H&(O, L),
iXe'p1 = k(pa + )+ Lw)y — ko(we — L) = gs == p1fs € L*(0,L),
i)\?/)lpg — b’gz);p;p + k‘(g@x + 'QZJ + €w) = g5 = p2f5 S L2(0, L),

idw' pr — ko(wy — o)y + lk(pp + 9 +lw) = gs := p1fs € L2(0, L).

This new Bresse system is denoted as (P). Denoting by V' and G the vector-valued functions
V= (QO, w7 w, 90/7 wIJ w,)T and G = (gla 92, 93, 94, s, 96)T7 respeCtiVCIY' In addition’ given any

ar,ay € [0, L] with a; < as and (aq, as) € [0, L]. Finally, the notation || ||, 4, Stands for:

a2
V12, 0 = / (0w + ¥ + Cwl* + [we — bo|* + [l + |7 + ¥ + [w'[*)dz. (2.67)

ai

Theorem 2.5. (Observability Result) Under the above notations, let V = (p, 1, w, @', ', w')T
be a strong solution of (P), for a vector G given, and suppose that 0 < a; < ay < L. Then,

there exist constants Cy, Cy > 0 such that, for i = 1,2, and |\| > 1 large enough, one has:

l0a(ay) + ¥(a;) + bw(ay)|* + [weaz) — Lo(ag) | + [a(ay)?

+1¢'(a)]* + [0 (a))]* + [w'(a))]* < CollVI[Z, 0 + CollGllEL - (2.68)

ay,a2

and

VG 0, < Ch [\%(ag‘) +1(az) + Cw(ay)* + [wa(ay) — Co(a;)]” + [Ya(ay) [

+1¢'(a))* + [0 (a5)]* + [w'(a)*| + C1lIG5 . - (2.69)
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As a consequence to our main result, we have the following corollary, which gives us the estimate

required for the stability of the system (P)

Corollary 2.2. Consider V' a vector as the same as Theorem [2.5| If for some sub interval
(ay,a2) C (0, L), one has
IVIE,., <A 2.70)

with A depending on V, G and ), then, there exist a constant C' > 0 such that

VgL < CA+C|G3 (2.71)

Proof of Theorem 2.5}

Guided by the results in [[11]], the proof will be done in three steps.

Step 1: A key identity: Let us start by fixing three functions qi, g2, g3 € C'[ay, as]. Taking
the term ¢, k(. + ¢ + fw) and multiplying with the fourth equation of (P) and integrating on

(aq,aq), we get:

as
/ q1kga(py + ¢ + w)dx

ai

= / a1 (iA1= k(pg + ¥ + lw)y — ko(wy — L) - k(pg + ¥ + w))dx

ay
J1

/ q pik - ¢ (iXpy + ) + fw)dx

Ja
+/ q1 (k(pe + 1 + lw))s - (k(pe + 1 + tw))dx
J3
+ / q1 kol(wy —Lp) - (pg + ¢ + bw)dx 2.72)
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Here, we are going to estimate all terms above. From the system (P), we see that:

as
W= [ aphd (Gt g o)+ (LT 0 ) da

ai

a 7 as a2
=—/ qlplkap’-so;—/ qlplkap’-(w’+€w’)—/ qpiky’ - (91,2 + g2 + Lg3)dz

al ai al

1 az ] [92
—— ookl P74 5 [ mbdo o
a1 ay
a2 az
— / ai pikle')? - / aprke’ - (gra + g2 + lgs)da.
al ai

Then

1 n2lo2 1 [ 112
Re Ji = —-qipik|¢/| ‘ +5 (q1p1k)a|¢’|“dx
2 w2/,
a2

a2 .
—Re / qpike’ - (Y + lw')dx — Re / qpik ¢ - (910 + g2 + Lg3)dx

al al

and, analogously:

1 1 [
Re J2:—§ +—/ ql,x'k’2|90x+w+€w|2dx

Chk2|§0:}c+w+£w|2 2

az
ay
Thus, taking the real part in (2.72), we obtain

2

1 a
5| = (@piklg P + ks + 9+ twP?)|

a2
2 + / (@1p1k)al@|* + q1,.0k> 0z + 0 + Ewﬂ

1 a1
a2

a2 - -
= Re / q1kgs(pz + 1 + fw)dx + Re / qp1ke(g1,2 + g2 + Lg3)dx

al al
a2

a2 - -
+ Re / qprike’ - (Y + lw')dx + Re / qikolk(we — L) - (@z + 10+ bw)dr  (2.73)

al al
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Secondly, multiplying the third equation of (P), by ¢2bt, and integrating over (ay, as):

% s
/ %Q%Edfﬂ = —/ Q2bp2wl(i>\¢x)dﬂ3 - / QQ(b%:)x(bE)dx
a al al
7 aQ . Y
+/ 20k (pr + Y + lw)de . (2.74)

ai

Thus, using the equations of (P) and integrating by parts, J5 and .J, yields:

Re J; = Re (— / Gobpa(TT + /g7 da)

ai

1
= —5(12025' W"z

2

al al

a 1 az a2
45 [ et WP —Re [ b o g
and

1
Re J, = —561252\1%’2

o 1 % 2,1 12
ax

al

In addition, integration by parts .J; and using the equations of (P), one has:

Re J5 = Re (/ @bk (o + 1 + lw) %dw)

ai

= Re (qzbk (pe + U+ bw)y

:j - /az(qzbk Az + U+ lw)), - Ed;c)

ai

Analyzing the second part of the last identity, we noticed that, by the derivation of the product:

—Re (/aQ(quh((pw + ¢ + (w)), Ed:c)

al

—_ Re[/az Q2,20 (s + 1 + &U)(%)(m}dx}

al

as .
+Re[ [ abloe-+ kat(uws ~ b9) — NV e

ai
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Remembering that, if z = a + b is a complex number, then:

Rei1z = —-Imz

With this and some calculations, we obtain that:

—Re ([ (anbh (o 0+ )y o) = 1 [ bl + 0+ )T

al ai

1 a2
s [ aab)s K + 0+ tw)gads

ai

a2 L
+Re/ q2bg4 - Y'dx

al
az

—Im q2bkol(wy, — Ly)gadx
a1
a2

—Im qabko(wy — Lp)y'dx:

al

az
+Re / q2bp1' G2dx

al

as L
+R6/ qabp1’ - Y'dx

ai
Returning to (2.74), taking its real part and replacing these last three identities, we conclude that:

a2

1 1 as
5 (@sboa 0/ @bl ?) [ 4 5 ((a2bpo)al 02 + a2t ?) |
al ai

as o az _
—Re [ qubgsiiado 4 Re | quoabs - gadn — Re (bl + 0 + L))

a2

ai

al al

1 a2 1 a2 —
- le (g2b)z - k(pz + 2 + lw)gadx — )\Im/ (q20)z - k(pz + 0 + bw)' dx
al al

az . 1 az az
— Re/ q2bg4 - Ydx + )\Im/ q2bkol(wy — Lp)gadx — Re/ @bp1o’ -5
al ai

al

al

1 as L as L
+ /\Im/ q2kbol(wy — L) dx — Re/ @bp1 - dx (2.75)
al

Third, taking the multiplier g3k (w, — f) in the last equation of (P), and integrate over (a1, as),
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we get:

Js
as - as o
/ q3koge(w, — lp)dx = — / qzprkow’ - (iN(w, — Lp))dx

J7

A

Ve

- /a2 q3(ko(w, — &P))x(m)da}

al

+ / gskolk(w, — Lp)(w, — lp)dx (2.76)

al
Here, we will make use of some previous results to obtain

a2

a - az _
Je = —/ gzp1kow’ - w'dx +/ qzprkow’ - L' dx +/ azprkow’ - (93,2 — Lg1)dx

al al al

Using integration by parts, Jg is equal to:
1 )
Jo = — §CI3,01]€0|U) |

+ / Q3,01]{70w/ . gadiﬂ -+ / q3p1k0w/ : (93,ac - €gl)da:

al ai

az 1 a2
45 [ o) fuPs

al

and

1
Re J; = —§q3k‘§|wx — ly|?

oz 1 [ 2 2
+ = @3k we — Lol *dx
w2/,

Then, taking the real part of (2.76), we obtain:

2

1
—§(Q3P1ko|w'\2 + @3k |ws — Lp)?)

a 1 a2

o [ (@mkolelu'? + sk, — o) ds
al ay
az az _
:Re/ ((q;gplko)w\w'\Q + q;e,,zk:g]wx — €g0|2>da: - Re/ @pikolw’ - o'dx

al ai
a az

+Re [ auprhob(ans — Tg)ds ~Re [ ashoth(p, +6+ )@~ G)de Q7D

al al
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Finally, combining the identities (2.73)),(2.75) and (2.77), we arrive at:

/ <Q1,mk2’90:1: + ¢ + £w|2 + (q1p1k>x’@/‘2 + q2,xb2‘wx’2 + (q2p2b)m‘w/‘2

al

+ 3.2 kg lw, — Cp|* + (qulko)xlw’F)dx

az
=(qk?|ps + ¥ + Cw]* + @1 k| + 2b*[0a]? + qopabl )

al

+ P(ay,az) + Jio + Jin + Jio + Ji3. (2.78)

az
+ (gskg|we — Lol? + gsprkolw'|?)
ai
for any q1, q2, g3 € C*[ay, as], which denote:

P(al, CLQ) = —2Re (q2bk(§0x + 1/1 + gw)a

(l2>
ail
a2

ag _ o
Jio = 2Re/ (q1p1k — qop1b)’ - W'dx + 2Re/ Uqiprk — gzprko)w’ - @'dx

ai ay
as a

2 -2 g
Ju=—~Im [ (@:b)oh(ps + 9 + lw)i/de + JIm [ gebkol(w, — bp)y'de
ay a1

a2

2 2 a2
al ai

a2

a2
+ 2Re/ gzprkow' (g3 — Lgr)dx + 2Re/ @11k (910 + g2 + Lgs)dx

al

as
+ 2Re/ gskogs(w, — lp)d + 2Re/ Q1kga(pz + ¥ + lw)dx

al

+ 2Re/ G2 - b(gas + P2 Gas — P16 - Ga — garb)dz
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Step 2: Conclusion of (2.70) - (2.71)) for j = 2
Since (2.78)) holds for any q1, g2, g3 € C'[ay, as), let us choose them so that:

(@h)(&) = (@) = (asko) ) = | "o,

al

for x € [a1, az] and n € N to be determined later.
Its easy to deduce that .J;; = 0. Let us the estimate the remaining terms in (2.78]).Indeed, since
the constants py, po, k, ko, b are positive, from the Holder’s inequality, there exist a constant

C,, > 0 such that:

2| [ _ 2
|Jia| < X‘ / (q2b) k(02 + 1 + fw)w’dac‘ +5

| abhotu, — il

al

C az - C a2 _

< Tn / (pz + 0+ Ew)w’dx’ + Tn / (w, — Ecp)w’dx’
Cn [ 2 2 "2

< [+ + lw|” + |w, — o] + [ *dx
C,

S T”VHZh(lQ'

For Ji9, since || > 1, the functions ¢; are bounded in [ay, as], we can use the known techniques
for estimates to obtain, in each integral, equivalent terms that are part of ||V||4, 4, and ||G]|o,L-
Thus:

| 12| < CollV ay.as - IGllo,z - (2.79)

Using Holder and Young inequalities and the embedding H'(ay, as) < L>(ay,as), one sees
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that:

CLQ)
ai

a2

[P(a1,02)] = | - 2Re (qbh(i0 +  + L)

v

al

(@20) (2 + ¥ + ) ,M(@wa+w+awm "

a2
/ e"Tdr - (¢z + Y + tw) (V) (az) / qu ‘
az ai
e"dr - (pz + 1 + Lw)(52) (az) / WGI‘

e 0+ ) @) + T (or 0+ ) @) )| o

@2b(pz + 9 + lw) (Y + go)

IA
>

|Q

IA

>

IN
| Q

Q>

Since |A| > 1, we deduce that ﬁ > and then:

2
4 On (a2)

2
e |

(oo + 0+ L)) +C

~—

Plar,a2)] < 20| (po + 9+ bw)(az)| + Ty

IN

DEQ =N
9

2 2
(pz + ¢ + Lw)(a2)| + T V' (a2)| + Callgall3

IN

2 2
(pz + ¢+ Lw)(az)| + 751|¢ (a2)| + CullGII5 1 (2.80)

IN

>

Now, observing that:

1 = 1 [ k — ko k— ko re™ — et
- _ = nT s nT gr — nTgr —
(QI Q3)(.Z') k /al € T ko /al ¢ = k- ko /al € T k- kO ( n )

we infer:
(Cko - k) (g1 — g3)(z) = (ko — ’f)(u>
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Returning to J;3 and using the Young’s inequality, we have that:

7l =2] [ tho- bl — a0+ 0+ )= )|

S—‘/ ") (pr + Y+ lw) (w, —W)dx‘

IN

M [o
Z/ €™ (e + ¥ + tw|* + |w, — lp|*)dz. (2.81)

Replacing (2.79)-(2.81) into (2.78)), and using the fact that (¢ k) (a1) = (g2b)(a1) = (gsko)(a1)=0,

this estimate becomes:

a2
ao/ e (I + 0+ o + |9 + [l + [ + = ol + w2 do

al

S / <q1,xk2|90x + ,QZ) + €w|2 + (q1p1k)x|¢/|2 + q2,zb2|wx|2 + (Q2P2b)x|¢/|2

ai

+ g3 o kg |we — Lo|® + <QSp1k0)x|w/|2)d~T
< (q1k)(a2)k|ps + ¥ + tw[*(as) + (q1k)(az)p1]¢'|*(a2) + (g2b) (a2)b|tb|?
+ (g2b)(az) p2|t'* (a2) + (Q3k0)(a2)k‘o|wx — lol*(a2) + (Q3k0)(@2)01|w'|2(a2)

C
Tples + ¥ + fw)(az)|” F o Y (a2) P + Call GG L +

T B Ry
M 2 n 2 2
+ CallVllaras - 1Glos+ = | €Iz + ¥ + Cwf* + o, — o[ ) da
ai

Cn

ai,a2

where ag = min{b, k, ko, p1, p2}. Taking ng € N large enough such that:
M
ag—— >0
and denoting, for j = 1, 2:

I(aj) = |pa(az)+1(a;)+Lw(az) |+ wa(az) —Lo(ag) >+ e (ag) P+ (ag) [ +[¢ (a;) [ + [0’ (a7)[*
(2.82)
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We conclude that there exist a constants C', g > 0 so that:

noa C
%°WW&@SCJ%HTWW%M+WWMMWWM+CW%L
Considering |A| > 1 large enough and using Young’s inequality with ¢ > 0, there exist a constant
Cy > 0 such that:

IVIIZ, 0y < Cr - I(az) + CLlIGIlG .-

ap,az2 —

which concludes (2.69) for j = 2. To conclude (2.68) for j = 2, we recall again the identity

(2.78) and, in view of estimates (2.79)-(2.81)), along the assumption that constants b, k, kg, p1, p2 are
positive, we use the positivity of the terms in (2.78)) to estimate I (az) as:

a2
I(az) = / ((h,a:kz\% + U+ w + (q1p1k)a| ' |* + q2,20% (0] + (g2p2b)o |2

al

+ QB,xk(Q)|wx - E‘P|2 + (Q3plk0)x|w/|2)d$ - P(a1>a2) —Jiwo—Ji1 — Ji2 — Ji3

SCHVH?ILCLQ + P(a17 CLQ) + Jlo + Jll + J12 + J13
¢
Al

<

Vi
R

al,a2

C
<C|V2,.0, + (02 + ¥ + lw)(az) ] +

‘)\‘ ‘w/(a2)|2+0‘|GH(Z),L+

+ClVlayas - 1Gllo.z + Ce™2||V[3

ai,az

with ng € N taking previously. Taking |A| > 1 large enough and using Young’s inequality, there

exist a constant Cy > 0 such that:

I(az2) < CollVllg, 0, + CollGlg 1

al,a2

This concludes the proof of (2.68)) for j = 2. n
Step 3. Conclusion of (2.68) and (2.69) for j = 1:

The proof is similar to the case j = 2 with some minimal changes. In fact, we starting choosing
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the functions ¢, g2, q3, specifically as:

(@1k)(@) = (@2D)(z) = (gshko) () = — / Y e

for x € [a;, as] and n € N. Starting at (2.78]) we see that J;o = 0 and the estimates (2.79) and
(2.81) follow analogously (for more details, see [11]]).

The next step proofs the extension result of the last theorem (Corollary [2.2).

Proof of Corollary 2.2}

From the last theorem, we proved that:

I(a;) < CollVIG, 0, + CollGlIG 1

ai,a2

for 7 = 1, 2. If we considering (ay, az) = (0, by) for some 0 < by < ay we have:
I(b;) < CoM + Co|IGIIF 1. (2.83)
Taking 7 = 2, and using the previous estimate, we obtain:

bo
| (a0l s = o a4 |+ WP + o) da
0
Cy - 1(bs) + C1[|Gll5.L < Co - CiA + C1 - Co||GII3 L + C1l|GIIS L

< Coh + G| G2, (2.84)

with Cy = Cy - C1 + C.
Analogously, using (2.69) with a; = by, a; = L and (2.83) with j = 2. we also obtain:

L
[ (a0t o = 6o+ P 4107+ o) di < Cah+ GG, 289

ba
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Finally, combining (2.84) and (2.85)), there exists a constant C' > 0, independent of A, such that:
VG, <CA+CIGI5 L m

Completion the proof of Theorem 2.4:
In order to prove the exponential stability and conclude Theorem 2.4, we will use last results in

this section to show the desired result:

Consider ¢ > 0 be given. From corollary 2.1 we deduce that:

lo+3
[ (0wt o 0 4 = 0 5 P 4 P+ )
lo—%

< ellyll3; + C:N f13, = A,

For some constant C, > 0.
In view of - the vector function V' := (p,9, w, ¢, 4, w’)T is a solution of the
system (P) with G = (g1, 92, g3, 91, g5, gs)© given above, and the condition of Corollary [2.2]is
verified with

o

a1:l0—§ and a2:l0+§.

Thus, since G has terms that depends of f, we can estimate its norm easily by [|G||5 , < || f||%.

and then, by Corollary we obtain

V152 < Clellylli + Clf1I5) + CIGIG L < Cellyll, + Cell £ 115
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Using the result of Lemma [2.1]and Young’s inequality, we conclude

lyllz: < VIS 2 + o1 ll0711* + 02|61 + 05167
< Cellyll, + Cl 5+ ol + o |01 + ov | 6°]]*
< Cellyll, + Cl 15+ Cllyllae - 1f 1l

< ellylls + Cell fIl3:

for || > 1 large enough.

Finally, with the aim to prove (2.48), take ¢ > 0 small enough in the last inequality to reach:

lyll3; < Cllfl

and regarding the resolvent equation (2.37), we conclude:
1A = A) 7 fllze < Cli flls as [N — oo

Therefore, we complete the proof of Theorem 2.4 and show the exponential stability of the

Bresse-Fourier system with full thermal coupling. u
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2.3 Gradient systems

From now on we will study the long time dynamics of the dynamical system associated with
problem (2.1)-(2.9). We say that a dynamical system (7, 7;(t)) is gradient if it admits a
Lyapunov function, that is, a functional G :  — R such that G(T'(¢)y) is non-increasing with

respect to t > 0, for any y € ‘H; and whenever y satisfies

G(T(t)y) = G(y), fort >0

one has that y is a stationary point (that is 7'(¢t)y = y for all t > 0). In this way, we obtain the

next result:

Lemma 2.8. Suppose that conditions - holds. Then the dynamical system (H,T'(t))

is gradient and, the associated Lyapunov functional G satisfies:

G(y) — oo ifand only if ||ylly — oo (2.86)

Proof: Let us define the strict Lyapunov function as nonlinear energy of the system (2.30). Given

ayo € H, the trajectory of this vector is given by:

Gyo(t) = (0(1), (1), w(t), ' (1), ¢/ (1), W' (1), 0 (t), 0%(1), 0°(t)).

and thus,

+ /OL F(o(t),¥(t),w(t))d. (2.87)
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Remembering that semilinear energy is defined as:

Then, from (2.31), the Lyapunov functional satisfies the following estimate:
d
—9(TOyo) = =N = 20O =l <0, (2.88)

Therefore, the functional G is non increasing, for t > 0.

Now suppose that for some y, € H, the functional is stationary, that is:

G(T(t)yo) = G(wo), t>0. (2.89)

Then

d d
Bz O =28z = w601 = ZG(T(E)ye) = 2G(30) =0

0O + 2l 020N +sl02(0)]1* = 0,7 ¢ > 0.

From which we can deduce that
162122 = 165 (t)]l 22 = 163(8) |2 = O (2.90)
for any ¢t > 0. Now, we gonna use the Poincare’s inequality to obtain

10°(@)llz2 = 10* ()22 = 16° ()]l 22 = O, (2.91)
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for ¢ > (. This implies that
0" (z,t) = 0-(x,t) = 0. (2.92)

fora.e x € (0, L), and for any ¢ > 0. We conclude then, by continuity of ¢, that:

%Hi(x, t) = 0i(z,t) =0 (2.93)

fort > 0, and for a.e x € (0, L).

This information is consistent with the fact that the energy remains stationary. In other words,
there is no dissipation in the temperatures. We use this important result to show that kinetic
terms ¢y, ¥y, wy are equal to 0. Observing the third heat equation of the Bresse-Fourier system,

we note that:

U38§ - 730256 + m3(¢m)t =0 = (¢t)ac =0

fort > 0and x € (0, L). Here, was used the Schwarz theorem in order to change the derivation

order. From this, we have:

T

Tl < M) =0,
which is valid for all ¢ > 0. Thus:

[44(t)]|22 = 0, fort = 0.

We conclude then that ¢) not depends on ¢, that is:

W(x,t) = (x) in (0, L). (2.94)
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From the fourth equation of the nonlinear system, we can use ([2.94]) and the fact that temperature

6' is stationary, to obtain:

in (0, L) x (0, 00). Thus:

Pa(x, 1) + lw(z,t) = gi(). (2.95)

Following the same argument in the fifth equation, we have:

wy(x,t) — lp(z,t) = ga(). (2.96)

Now, differentiating (2.96) in z, multiplying (2.95) by ¢ and add both equations, we obtain:

Wag(7,1) + Cw(z,t) = goo(x) + Lg1 () = g3(x)

which represents an non-homogeneous second order ordinary differential equation that does not

depend on t. Then, the last expression can be rewritten as:

Wee (1) + Cw(z) = g3(z). (2.97)

Then, the solution of this ordinary differential equations, give us an function w that does not
depend on ¢, from where

w(z,t) = w(x).

forz € (0,L) and t > 0.
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Using this information into (2.96), we deduce that

p(z,t) = p(x)

for z € (0, L) and t > 0. Combining these last two results with (2.94) and (2.92)), we conclude
from assumption (2.89) that:

(SO7 ¢7 w, Pt, wta W, 817 927 93) = (QO(Z'), ¢($)a w(x), 07 07 07 07 07 0)

1.e, the trajectory is stationary.
Remark: We say the temperatures are equal to 0 does not mean that literally is zero, but the
temperature coincides with the surrounding environment which the system is developed.

To show the property (2.86)), we use the properties of /' and f to show that:

L
&0 =B+ [ Flo.wu)ds
0
L
< Ilf+ Cr [ (1 ol 4 0P 4 )
0

< Myl + © (1 + el + el + el )
Using Sobolev embedding and equivalence of norms, we conclude that:
() < Iyl + CQ+ llyll™) (2.98)

Thus, if G(y) goes to +oo, then ||y||z — +o0.

Analogously, we see that:

1 L 1
&)= 3l ~ | meds = 3yl ~ Lme
0
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Therefore:
1 2
E(t)+ Lmy > §HyHH (2.99)

Here, if ||y|| goes to 400, the functional G(y) tends to +oc. Finally, (2.86) is showed and the

proof of the lemma is concluded. n
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2.4 Global attractors

2.4.1 Quasi-stability

In order to prove the existence of a global attractor for the Bresse-Fourier system, we must have
a criteria of asymptotic compactness. The method of quasi-stability of Chueshov and Lasiecka
has become a useful tool when demonstrating asymptotic compactness and other proprieties of

dynamical system generated by wave type PDEs.

In simply words, the theory is applicable when the difference of two solutions (trajectories), in
any bounded set that is forward invariant, is limited by a stable term and a compact term.
Lets start taking a bounded forward invariant set B C H. Given y* € B the corresponding

solution trajectory is denoted by
T(t)y' = (¢'(6), 0" (8), w' (1), i (1), i (1), wy(t), 07 (1), 6%(1), 0°(1)), (2.100)
for ¢ > 0, « = 1, 2. The difference of this solutions is written by
o=l — o b=t 2 w=w' —w? O =68 b2k =1,2,3.
By the results in [27]], the quasi-stability property reduces to show the following estimate:

IT(t)y' — T ()%

< ey ="+ K sup (le()Ea + 10(5) By +0@3) @101
S8

for t > 0, where C'p, K are positive constants depending on B.

Theorem 2.6. Suppose the conditions - hold. Then, the dynamical system (H,T(t))
associated with 2.1)-(2.9) is quasi-stable on every bounded forward invariant set B C H, that

is, satisfies the condition (2.101).

86



Global attractors

The proof of this theorem will use the result of exponential stability proved in the previous
sections. Taking the difference of the solutions mentioned above, and by the corresponding

notations, taking (¢, ¥, w) = (@', ! w') — (p?, 92, w?), we use the following notation:
Fi(p, ¥, w) = fi(', ', w') = fi?, 4%, w?), i=1,2,3.
Then the difference (o, ¥, w, @, 1, we, 0%, 0% 0%) is the solution of:

prou — k(pu + 0 + lw)y — lho(wy — €p) + 116, + b = —Fi (0,4, w),
Pt = Wua + k(@0 + 1 + (w) + mgy —m10 = —Fy(p, 9, w),
prwy — ko(wy — £p) e + k(g + 0 + bw) + mab2 — Im 0t = —F3(p, 1, w),
010; — Y105, + M (pe + ¢ + lw); = 0,
0207 — Y203, + ma(wy — L)y = 0,

o30; — 302, + ma(¥,): = 0,

with boundary conditions and initial condition:

(90(0)7 ¢(0)7w(0)7 @t(0)7 ¢t(0>7wt(0>’ 01(())7 02(O>’ 93(())) - yl - y2'

Since the homogeneous Bresse-Fourier system is exponentially stable, we have from the parame-

ter variation formula that:

T = TR < 250" = 5O +2|| [ 8= 9)[F's) = Foo)]as],
< Coe s =P+ O [ e INF s = PO 2102

Where it was used the fact that the semigroup solution for the linear problem S(t) is exponentially
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stable. By definition of F, and hypotheses on f;, we have that:

L
176 = FEAIB < C [ 1R 0 + Bl )+ By, )P
0
L L
<c / VPl w)Pd 4+ C / VPl 6, w)|Pda
0 0
L
e / V1Pl b, w0) P
0
where vfi — (1 + ‘(plyp—l + Wl,p—l + |w1‘p—1 + |g02’p—1 + ‘w2|p—1 + ‘w2|p—1).

Applying Holder’s inequality for p, and since both of trajectories are bounded on B, we can

estimate all of terms V f; by a constant that depends on B. Thus:

IF (") = F*)5 < ks lllellep + 10]lap + [[wl|2)
Then, back into (2.102)), we see that:

1Ty = T3, < Cre™|ly* — v*3,
+Cp -k /0 e [ () o+ [(5) o + () o] s
< Cpe [y’ — 1%
+ Cohs sup (100l + [0(6) 2o + w(s) o] /0 et g

< Cpe™ly' = y°II3,
. Cgk

2 sup [[lo(s)lap + [[0()]l2p + [[w(s)l2p) ds
0<s<t

= Cpe "y’ —*I5 + K& Sup [le()ll2p + () ll2p + [lw(s) l2p)
8>

which proves estimate (2.101]) and finishes the proof. -

In the next, we will show an important estimate for stationary solutions of problem (2.I)-(2.9) in

order to conclude the proof for existence of a global attractor.
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Lemma 2.9. The set Ny of stationary solutions of problem 2.1)-2.9) is bounded.

Proof: We start taking y € N;. Then, it has the form y = (¢, v, w,0,0,0,6", 6%, 63) with the

property , 0} = 02 = 63 = 0. With this, for y € (0, L), it satisfies:

—k(pe + ¢ + lw)y — kol(wy — bp) +mab, 4+ €m0 + fi(e, ¥, w) =0,

—ko(wy — )z + k(o + 0 + fw) + mQHi — tm10* + f3(p, ¥, w) =0,

_’Yl@im - O’
_7295x = 07
—y36? = 0. (2.103)

Here, we deduce from the last three equations that 6" (x) = a;z + b;, for i = 1,2, 3. Adding the

boundary conditions on the temperature, we conclude that:

0 (z) = 0*(x) = 0°(x) = 0, forz € (0, L).

This information allow us to reduce the last system into:

Multiplying the equations (2.104),([2.103), (2.106) by o, 1, w respectively, and integrating over

[0, L], we obtain
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L
/ (b2 + k(ps + U + lw) + ko(wy, — L)) da
0

L
- —/0 (f1(90>¢,w)g0+ fale, ¥, w) + fg(gpjw7w)w)dl’

Then, using the conditions about f and F, and the fact that ||| = 0, for i = 1,2, 3, the last

equation turns into:

112, = klle + 1 + w]® + ollws — |l + bl
L
<- / V(i 1, w) - (), w)dz
0
L

< —/ F(p, v, w)dx + Lmg
0

S 2LmF

Therefore, N\, is bounded in H. m

Finally, with the results of Lemma 2.8, Theorem[2.6]and Lemma[2.9) we are in position to state

our main theorem of this chapter:

Theorem 2.7. Under the hypotheses (2.25)-(2.29), for each { > 0, the dynamical system
(H,T(t)) generated bye the nonlinear problem has a finite dimension global attractor A,.

In addition, it is characterized by

Aé = M+ (M)u
where M, (N,) is the unstable manifold emanating from Ny, the set of stationary points of T'(t).

Proof: Throughout this chapter we have explored the property of quasi-stable systems for
a Bresse-Fourier system with full thermal coupling. Therefore, by [27, Theorem 4.1], it is

asymptotically smooth. Furthermore, we have also proved that the system is gradient, satisfies
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(2.86) and the set of stationary points is bounded. Thus, a classical result states that (#,7'(t))
has a global attractor A, which coincides with the unstable manifold emanating from N, (see
references [27]).m

Remark: We note that the global attractor obtained from Theorem has further standard
properties, for instance, A, C D(A) and it is upper semi-continuous with respect to ¢. Indeed
they are consequences of the quasi-stability estimate (Theorem 2.6). See Chueshov and Lasiecka
[15) Chapter 7].
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Chapter 3

A thermoelastic Bresse system with delay

3.1 Introduction

The presence of a time delay arises very frequently in many physical, economic, chemical,
biological and thermal phenomena. It is well known that delay terms in the system may generate
exponential instability [S], so various methods have been investigated in order to resolve and
control this term [28]. One of the most known techniques is to insert a frictional dissipation
within the delay term in the internal feedback, or equations with past memory terms. In both of

cases, "small" delays can be controlled by the dissipation and the stability is guaranteed [3]].

In this chapter, we deal with a similar model to (2.10)-(2.15)), but adding a delay term in the shear
angle (2.12)), and considering different boundary conditions, and we will show that, under certain
conditions for the parameter ¢, we can still obtain a result of exponential stability, regardless of
the wave speed condition [27]. In other words, we will prove that, using the multiplier method,
the dissipation induced by Fourier’s laws are sufficiently strong as to stabilize the thermal Bresse

system, in the presence of a "small" delay.
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3.2 Well-posedness

In this section we will obtain the existence and uniqueness result for the following system with

delay term in the internal feedback:

prow — k(pe + U + tw)y — Cko(wy — Lo) +my 0 4+ myh* = 0, 3.1
pathy — Wy + k(g + 0 + bw) +msl> — mi0' + (2,6 —7) = 0, (3.2)
1wy — ko(we — £p)y + kl(@y + 0 + fw) + meb? — tm16' = 0, (3.3)

010; — 10y, + ma(pe + ¥ + lw), =0, (3.4)

020} — Y203, + ma(w, — L), =0, (3.5)

0307 — 13602, + ma(.) = 0, (3.6)

where all equations are defined in (0, L) x R™, and ¢, 1), w are subject to the Dirichlet-Neumann-

Neumann boundary conditions:

(p(O,t) = @(Lvt) = %(OJ) = ¢I(L’t) = w;r(07t) = wCB(L7t) =0, t=>0. (3.7)

The thermal terms have the Neumann-Dirichlet-Dirichlet boundary conditions:

0,(0,1) = 0,(L, 1) = 0°(0,t) = 0*(L,1) = 0°(0,¢) = °(L,t) =0, t>0,  (3.8)

with initial data, for: = 1, 2, 3:

p(,0) = po(2); U(x,0) = o(z); w(z,0) =wy(x); ¢'(x,0)=bh(w);

pi(2,0) = pr(2); (2, 0) = i (2); wi(w,0) = wi(x). (3.9)
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Chapter 3. A thermoelastic Bresse system with delay Well-posedness

The delay’s condition is given as follows:

Yo, t —7) = gol,t — 7)in (0, L) x (0,7), (3.10)

where g, represents a history function. The relevance of this new variable lies in the fact that the
function ¢/, cannot represent the effect of the values of ¢ in the past (more specifically, values of
t with a delay of 7), and we need to describe the events of the past through a function, since the

effects of the changes are not felt immediately.

3.2.1 Construction of the phase space

Let start with a introduction of a new dependent variable for the delay:

z(ac, p7t) = ¢t($at - pT)a for (xvpvt) € (Oa L) X (071) X R+‘

A simple derivation tell us that z satisfies:

T2¢(x, p,t) + z,(x, p,t) = 0in (0, L) x (0,1) x RY,

with the following proprieties:

2(x,0,t) = P(x,t) =y, (x,t) € (0,L) x RT, (3.11)
z(x,1,t) = (x,t —7), (x,t) € (0,L) x R, (3.12)
2(z,p,0) = go(x,—pT), (x,p) € (0,L) x (0,1). (3.13)
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With this new hypotheses, we have the following new system:

101 — k(g + U+ Lw), — Cho(wy — Lp) +my0L + Imyf? = 0, (3.14)
patby — bae + k(e + U + Lw) + m302 — mi0' + pz(x,1,t) = 0, (3.15)
prwy — ko(wy — o)y + kl(py + 1 + fw) + meb? — Im 0 = 0, (3.16)
010} — 10, + M (Pe + ¢ + lw), = 0, (3.17)

0907 — 1202, + ma(w, — lp), = 0, (3.18)

30 — V303, +m3(¥e) = 0, (3.19)

Tz + 2, = 0, (3.20)

where the conditions ([3.7)-(3.9) are preserved. The condition ({3.13)), that refers to the delay, is
also added to the system.
In the same way as in the previous chapter, we multiply each equation of the system by ¢, ¥y, wy,

61,62, 63, and pz(zx, p, -), respectively. The last equation (3.20) and the condition (3.11) give us

d 1 L 1 ) L 1
—(= Hdpdz) = — ¢ t)dpd
dt<2m/0 /0 2z, p, t)dp x) u/o /0 zp(x, p,t)2(, p, t)dpdz
1/L ) 1 L )
= —ul = z(x, 1,1 dac——/ 2(x,0,t)|*dx
(3] Vw1oPde =3 [ ls0.0fdr)
L L
= 5[ weopae =4 [P
2 0 2 0

From the second equation (3.15]), since we have the presence of the delay, the identity results
into:
L L L
o [ wntndon b [ etk [t v tw)ds
0 0 0

L L L
+m3/ Gi-wtdx—ml/ 91-¢tdx+u/ z(1) - YPdxr =0
0 0 0
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Thus, after similar calculations to the previous chapter, and using the news results, we obtain

a1

) (k\lwx + 0+ tw|* + kollwe — Coll® + bl |* + palleel* + p2llvell® + pallwe®

L 1
+on O+ 7 + a4 e [ [ t)dpde)
0 0
L
= — (I8P + 1P + s IP) = [ 5(0) -
0

L L
+ ﬁ/ (0, ) Pdr — ﬁ/ |2(1)|*dz. (3.21)
2 0 2 0

Using Holder and Young inequalities, we obtain:

a1

79 (kHsox + 0+ tw|* + kollwe — Coll® + blla|I* + palleel* + p2llell® + pallwe®

L 1

+o O+ 7 + a4 e [ [ t)dpde)
0 0
pof* pof*

< = (nlBLIE + 5al2IP 4 a2 + 5 [ e0Pde+ & [T s

0 0
L L
+ 2 [ e oPde -4 [P
0 0

= — (allO21” + 22l 6217 + al21%) + mloel

Defining the linear energy as:

1
E(t) = 5(’€H% +9 + wl* + kollws — €ol* + bllwal* + pullee|* + p2llel® + pallwe

L 1
+on 02+ 17 + a4 pr [ [ pit)dpi). (322
0 0
we arrive at:
d
SE(0) <~ (IO + 26217 + 5 6202) + sl (3.23)
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Same as Chapter 2, we need to choose an appropriate space to energy make sense. First, we
need to highlight the presence of a new variable within the energy, that is, z(x, p, t). Since this
variable tells that for each p € [0, 1], the function z(z, -, t) is in L?(0, L), the appropriate space
for this variable is defined by:

L2([0,1]; L2(0, L))

On this form, and due to the boundary conditions given before, we define the phase space H:
H = Hy(0,L) x (H}(0,L))* x L*(0, L) x (L2(0, ))* x L2(0, L) x (L*(0, L))* x L* ([0, 1}; L*(0, L))
where L2(0, L) and H]}(0, L) are Banach spaces defined as:

L2(0,L) :={u € LQ(O,L),/OL u(z)dx = 0}.

HN0,L):= H'(0,L)N L0, L).

Thus, for a vector y(t) = (p(t), ¥ (t), w(t), p(t), ¥e(t), we(t), 01 (t), 02(t), 63(t), 2(+, 1)) in H,

the norm induced by this space is defined as:

Y115 = kllow + ¢ + Cwl® + Kollws — Col|* + 0llvall* + pullel® + pallvell* + o[l

L 1
4|6+ P + a1+ [ [ oy t)dpi (3.24)
0o Jo
Additionally, we define de usual norm by:

Il1? = llpall” + 1all® + llwall® + lleell* + Neell® + llwell* + 167]% + [16%]1* + [16°]

L 1
+ / / 2(z, p, t)dpdz. (3.25)
o Jo

Lemma 3.1. For each ¢ > 0 with { # ™=, norms (3.24) and (3.25) are equivalents, which

constants 1y and 1y dependents of (.
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From (3.24)), we can easily deduce that:

1
B(t) = 5yl

An important observation about the estimate ([3.23]) is that we cannot conclude that energy is
decreasing, because the presence of delay.

Thus, similar to [5], we introduce the vector function:

where ¢’ = 4, Y = 1y and W' = wy.

In order to prove the existence of a solution for the problem (3.14)-(3.20), with boundary-initial
conditions (3.7)-(3.9), and condition (3.13)), we use the semigroup theory via Lumer-Phillips
theorem, and construct an unbounded operator with the monotonicity property (see [S]). Unlike
the Chapter 2] the presence of the delay does not allow to define an unbounded operator A such
that it be monotone. Then, motivated by the argument explained by Nicasse and Pignotti ([28]),

we add and subtract a frictional damping type term g1/’ in the equation (3.15)). Then, the system
(3.14)-(3.20), with conditions (3.7)-(3.9), and n (3.13) can be rewritten as:

Sy + 1A+ Bly(r) =0, £> 0, (3.26)

y(0) = vo.

with yo = (o, o, wo, 1, U1, w1, 05,62, 03, go), and the operator A : D(A) C H — H is
defined by:
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- o _90/
()0 /
—1
w k kol 14
/ _<_(pr+¢+£w)m+i< _&0)_—91 = ——0 )
%) P1 I P1 P1 P1
o’ ( bex_pQ(pr"‘w‘f’éw)_EQ:} P2 >+ P 02 e
ol —(@( o)~ ¢, +w+£w)——e2+€mlel)
v o P ;L P p1
6! —(ﬁ%x — (e o+ ))
g1 g1
v (262, - 2wl - 1)
3 02 g9
’ (B, - )
03 03
| # ] 1
L sz .

and the operator B : D(B) = H — H is defined by:

. -
0
0
0
By(t)=ﬂ B4 .
P2 |
0
0
0
0

The domain of A is defined by

D(A) = {ye’HWeHQ(OL)ﬂH(OL) b, w e HX0,L) N HY0, L),
¢, 0%,0° € Hy(0,L); ¥/, w',0" € HY(0,L)

2,2 € L((0,1);: L0, 1)), 2(2,0) = ¢/(2) }.
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From [S], D(A) is dense in #. Therefore, we have the following existence and uniqueness result:

Theorem 3.1. Let yg € H. Then there exists a local solutiony € C' ([0, Trnaz]; H) for the Cauchy
problem (3.26). Moreover, if yo € D(A), theny € C*([0, Trnas); D(A)), with Tpae < 0.

Proof: We use the semigroup theory using the characterization of maximal monotone operators
[27]. So, we prove that A is a maximal monotone operator and that B is a Lipschitz continuous
operator. In what follows, we show that A is monotone. In that way, we use the information

about the unbounded operator from the last chapter to see that:
L L L 1
(Ay.9) = 1021+ 217 + 0212 e [P [ o)t [ sz

We use the Young’s inequality to show that the fifth term in the last identity gives

" oot [ poft e
—,u/o z(l)-wd$§§/0 z(l)dx+§/0(@/1)dx,

which implies the following inequality

g , pof* poft,
,u/o z(l)-¢dm2—§/0 22(1)da:—§/0 (¢')*dx.

For the last term, we use integration by parts and the fact that z(x, 0,¢) = v’(x, t) to deduce that:
L 1 1 L 1 L
/ / zz,dpdr = —/ 22(1)dx — —/ (v')?dx
o Jo 2 Jo 2 Jo
Consequently, (Ay, y) is estimated by:
(Ay,y) = N0 +22ll0Z]1% + 7sl1621° = 0. (3.27)

Therefore, A is monotone. Next, we prove that operator I/ + A is surjective, where [ : H — H

means the identity operator. In other words, given G = (g1, ..., g10) € H we prove that there
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exists y € D(A) satisfying:
(I+A)y=0G, (3.28)

That is:

' +o=g (3.29)
- 4+ =g (3.30)

—w' +w = g3 (3.31)

k kol mol
—(S o+ + )+ 2wy — ) = 0L = TR0 4 =g (33D)
P1 P1 P1 P

(Bt = Lt w) - D2 D) - Ly oy — gy 33
P2 P2
Emll

k lk
(B - 0 - D+ v ) - 202+
P1 P1 P1

+ ' (3.34)

—(ﬂejm ml( o+ ) Yol=g,  (335)
01 g1
) L2 =g (3.36)

—(262 — —(w), — 0y’
o]
ms, ,
—(ﬁegm - B))+0 =0 (33
g3 g3

1
;zp + 2z = g10. (3.38)

Following a similar procedure as [3]], we start the proof assuming ¢, 1, w, 01, 6% and 6° are given

with the appropriate regularity. Thus, from equations (3.29),(3.30) and (3.31)), we obtain:

¢ =¢—g € Hy(0,L), (3.39)
W =1 —go € H0, L), (3.40)
w' =w—gs € HY(0,L). (3.41)
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The tenth equation (3.38) together with the (3.40) and the fact that z(x,0) = ¢/, give us :
p
2(z,p) = (@) — e Pga(x) + T@Tp/ " gio(z, s)dx € L7(0, L). (3.42)
0

Then, we use the above results to reduce our system to:

k kol ‘m
—(—<¢m+w+€w>x+i<wx—w> ~lg; - 29)+so:g4+gl,
P1 /)1 P P1
b L 3 4 H
P2 P2 P2 Pz P2 Pz P2
k. lk 12
_(_O(wx_€¢)m__(90x+¢+éw) 92 —' )+w296+937
P1 P1 P1 P1
m my
—(ﬂ% — — (gt + ﬁw)) — (g1 + g2+ Lg3) + 6" = g7,
01 01 o1
V2 ma Mo
—(0—2@ - U—Q(wm - ﬁw)) - _(9336 — L) + 6 = gs,
m
03 03

Thus, , 1, w, 0, 6? and 03 satisfying the following system:

—k( o + )+ Lw)y — kol(wy — L) + maly + (mab® + pro = hy € L*(0, L),
0ty + k(i + 9+ Lw) + mgby —mib' + fih = hy € LZ(0, L),

—ko(wy — lp) s + kl(y + 1 + lw) + mab2 — Imy0' + pyw = hs € L2(0, L),
10+ mi(p, + 0+ lw) + 010" = hy € L2(0, L),

—Y202 4+ mao(w, — o) + 096% = hs € L*(0, L),

—y303, +ms(he) + 030> = hg € L*(0,L),  (3.43)
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where

fo=fL+p2+pe "
hi = p1(gs + q1)
1
hy = [igs + p2gs — NT€_T/ e giods
0

hs = p1(ge + g3)
hy = o197 + m1(g1. + g2 + Lg3)
hs = 0298 + ma(g3.» — Lg1)

he = 0299 + m3(go.z)-
The variational formulation corresponding to the above system takes the form:
B(v,v) = F(v). (3.44)
where v = (p, ¥, w, 0',0%,6°), and & = (@, 1), W, 61, 62,63), B is the bilinear form defined by:

B: [Hg(o, L) x HY0,L) x HY(0, L) x L2(0, L) x L2(0, L) x L2(0, L)] SR

L ~ L L
5 ::k/ (02 + 9 +w) (o + P + B)dz + kg/ (wy — £) (s — £3)da + b/ Vuthuda
0 0 0
L L L L L
+ p1 / opdr + ﬂ/ Yipdx + py / wwdzr + o1 / 010 dz + oo / 020%dx
0 0 0 0 0
L N L N L N L 5
+ o3 / 0303dx 4 v / 0201 dx + o / 0202dx + 3 / 0303 dx
0 0 0 0
L ~ L L
—my / 0 Py + ¥ + W)dx — mQ/ 0% (W, — £p)dx — mg/ 034, dx
0 0 0

L B L . L
+m / (¢z + 9 +w)0 dz + my / (wy — Lp)B*dx 4+ m3 / V03 d.
0 0 0
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and F - [Hg(o, L) x HY(0,L) x H0,L) x L2(0,L) x L*(0,L) x L2(0,L)] 3 Risa

functional satisfying:

L L L L L L
F(0) :/ hlgbdx—l—/ hg@bdﬂH—/ hgwd$+/ h491das+/ h592d33+/ he03dx.
0 0 0 0 0 0

The norm for V := HJ (0, L) x H}(0, L) x H}(0, L) x L?(0, L) x L*(0, L) x L*(0, L), is given
by:

Il = llea + ¥ + wll* + [1¥all® + llwe — Lol* + 10217 + 11021% + 1021

Thus, if ¢ # “*, and using Holder,Young and Poincare’s inequalities, one can see easily that B

and F are bounded. Also, we see that:

L L L
Blow) =k [ o+t uPd+ ko [ g fpPdo+b [ s
0 0 0
L L L
o [lePdot i [ uPdespn [ oo
0 0 0
L L L
+01/ \91\2da:+02/ |92|2da:+03/ R
0 0 0

L L L
2
b [ IobPdn g [ 162 kv [ 163 > O]}
0 0 0

Thus, B is coercive. Consequently, by Lax-Milgram theorem, the system (3.43)) has a unique
solution v € V. Moreover, by elliptic regularity (see [7]), we can show additionally that
y € D(A). Therefore, A is maximal. With this, we conclude that A is an maximal monotone
operator. On the other hand, by definition of the operator B, it is Lipschitz continuous. Finally,
by the results in [27, [30], the operator A is the infinitesimal generator of a Cy-semigroup of
contractions on H. Hence, the existence of a local solution is guaranteed ([3]]). =
In order to proof the existence for a global solution, we need to show that the behavior of the
local solution y(t), for ¢ large, is controlled. More specifically, we will proof the exponential

stability of the solution, so that the solution is limited and thus, 7;,,,, = +0o0.
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3.3 Global solution and exponential stability

In this section we discuss the asymptotic behavior of the solution for system (3.14)-(3.20).

Remembering that he energy functional associated to this system was defined by:

1
E(t) = §<kll% + o+ Cwl* + Kollws — Coll” + bllva|* + pulleell + pallvell* + pullwel?

L 1
Forl|02 + oo |02 + o562 + m/ / (2. p,t)dpde ).
0 0

An important remark about the energy is the fact that, by previous computations, is not decreasing

at all, that is:
E'(t) < —nll0:]1* = 2ll02]1* = sll631° + pllwe* £ 0.

However, we can state a stability result through the following theorem:

Theorem 3.2. Let y(t) a solution for the system - , with conditions (3.7)-(3.9) and

(3.13), and assume that { # “F. For { > 0 small enough, the solution is global and we have that:

E(t) < KE(0)e™™, vt >0, (3.45)

where o, K are two positive constants.

To establish the proof of Theorem [3.2] we will make use of the multiplier method, so we need

several lemmas.

Lemma 3.2. Let y(t) be the solution of . Then the energy functional, defined by ,

satisfies

d

SB() < — (W04 + 2621 + 2516317 + il (3.46)

forallt € [0, Tpaz)-
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Proof: Immediately from (3.23).
Remark: We see from the last inequality that energy is non decreasing in general. Thus, the

system (3.26) is not necessarily dissipative.

Lemma 3.3. Consider y(t) be the solution of (3.26)). Then the functional

L
Fi(t) = / (propr + pahidy + prwwy) do
0

satisfies, for all t € [0, Tpnaz ), the following estimate:

k k b
Fi(t) < — §||90x + ) + tw||* - 50||wx — ly|* - §||%||2

+pulleel + p2llell® + pallwell® + eallzl* + eall 1 + cullOzl® + cop®(l=(1)J*.
(3.47)

Proof: Taking the derivative in ¢ for I (¢), and using (3.14)), (3.15) and (3.16), we see that:

L L L

Fi(t) = 1 / oe2dz + po / e 2de + py / il 2de
0 0 0

L

L L L
+ k:/ (pz + 1 + lw)pdx + ko / (wy — Lp)pdr —my / 0 pd + tmy / 0% pdx
0 0 0 0

L L L L L
+b/0 ¢xm¢d$—k/0 (<Px+¢+€w)wd$€—m2/0 aiwdl‘-&-ml/o ledm—u/o 2(1)dx

L

L L
(pz + ¥ + bw)wdx — mo / ngd:c + fmo / 0 wdx
0 0

L
—l-]{i()/ (wx—ﬁgo)xwd:z—ké/
0 0
= — kllos + 1 + twll* = kollwe — Loll* = bllval® + pr + prlledl® + pallvell* + prflwe®
L L L
—ml/ Hgljcpdx—f—ml/ Olwdx—f—ml/ 0 (tw)dz
0 0 0

L L L L
- mg/ 02wdx + Emg/ 0> pdx — mg/ 031pdx — ,u/ z(1)ydx.
0 0 0 0

Here, we use integration by parts, boundary conditions (3.7) and (3.8), and several inequalities,
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to show that:

Fi(t) = — kllgs + 9+ twl|® = kollwe — €oll* = bllvoa|* + p1 + palleell* + p2llel® + pulwel|?
L L L L
—|—m1/ 0L (p + b + Lw) daz—f—mg/ 02(wx—€g0)dx+m3/ Ggwxda:—u/ z(1)Ydx.
0 0 0 0
2 2 2 2 2 2
< = kllpe + 9+ lwl” = kollwe = Loll” = bl[¢z[|” + palleel| + pal[2lI” + pa[lwi]
k ko b b
+ S llpw + 0+ wll* + lwe = Lol + Lllell® + e [l2(D)1* + 1

+ellOzl® + eallOZ]® + ea|631.

Thus:

k ko b
F(t) < = Jlla+ 9+ bwl® = 2w, — Lol = 114

+pilleel® + pallwell® + prllwel* + ellOz)* + eallOZI7 + ex021* + el (D)%

where c¢; is a constant that have no relevance in the estimates. Terms in bold are important and

their importance will be explained in detail later.

Lemma 3.4. Consider y(t) a solution from Cauchy problem (3.26), and define:

L T
Fg(t) = _p102 / 92(/ wtdy)d:l:
0 0

mo

Thus, the functional satisfies, for all e5,&5 > 0, and t € [0, Tynaz ), the following estimate:

p —
F(t) < = S lwdl® + o1 L@l + eallws — Lo + o + 0 + ]

1 1
+ o1+ —+ )27 + 2|63 (3.48)
€9 9
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Proof: Using equations (3.16]) and (3.18)), and integration by parts, we have that:

T L T
/ pl 2 2 2 —
Fi(t) = / (—090; )(/ wtdy>d:1:+ m2/0 6 </0 ( plwtt)dy>dx
L T
_ pl%/ wtdyda:+p1m2/ (wx—&o)t</ wtdy>dx
m2 Jo 0
B UQkO ) x B 2 L ) /x
o /0 o /0 (1 — )y ) o + 22 /O o 0 (e + 0+ fw)dy ) d
L T L T
+02m2/ 91</ 03dy>da;—a2—ml£/ 91(/ Hldy>dx
ma Jo 0 m2  Jo 0
e [ L x L x
:—/ Giwtdx+p1/ 'wwt< wtdy)dm—plf/ got(/ wtdy>dx
ma Jo 0 0 0 0

L L L L T
_ 72 / 0% (w, — lp)dx + ookt / 92(/ (0o +1b + Ew)dy> dx
0 0 0

mo mo
L T / L T
+ 02m2/ 91</ Qidy)dx— 2 / 91</ Qldy)dac
ma Jo 0 ma2  Jo 0

Here, we use again several computations and Young’s inequalities with €5 and €5, and imply that:

P1 P1
Fy(t) < 0217 + L llwd® = pallwell® + o l[well® + oo LE [l ou* + &sf|w, — Co]?

C C
+ 21021 + llpn + 0+l + 2+ ll0L + a2
2 2

Arranging the terms of the inequality, we have:

P1 _
Fy(t) < — ;Ilwtll2 + p1L€2||s0t||2 + eoflws — Lol + E2ll s + ¢ + L]

1
+e(l+ — - )||92H2 + 0317

where ¢, 1s a general constant.

Lemma 3.5. Consider y(t) be the solution of (3.26). Then the functional:

Fy(t) = —OT;—T/OLH?’(/Oxwtdy)d:c
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satisfies, for all 9,69 > 0, and t € [0, Tynaz ), the following estimate:

2
p _ f
) < - 52H¢tH2 + &3l |* + Ellpe + ¢ + Lw||* + 7H2(1)H2

1
+ealBblP + e {1+ + =) Y7 (3.49)
where c3 is a general constant that not depends on (.

Proof: We start the proof with a derivation in ¢ the functional F(t), obtaining:

L x o L T
RO = = Lo [0 [ wtn)in =2y [C03( [ vndy)aa

_ P2 /OL(—’Y39§’::L~ + m3¢xt)(/0m qptdy)dm

ma

L x
g3 3 1
+/O 9 (/O (=0 + k(pr + 0 + w) + ma3z — mi0* + pz(1))dy )d

ms3

o3b
- - / / Vedy)dz + p2 / e ] udy ) da — 7 / / Veady ) d
+Im3/ 93(/ (@z+¢+€w)dy)d:ﬂ+a3m3/ 493(/ 92dy)dw
ms3 Jo 0 ms3 Jo 0
L x L x
o [0 ([ a)aes e o (
_ 0 3y ) dz + 22 0 dy ) dz
[P0 ([ ay)an+ T [0 ([ aay)
L L
b
- 28 / 03 ydz — pa / Peprda — 72 / 03, da
0 0
k L T . z
+nj§’/ 03(/0 (<Px+w+€w)dy>dﬂc+aj:;3/0 93</0 egdy)d:p
0
L x L x
_o3my 1 3 93 3
o /0 0 (/O 9dy)dx+m3u/0 0 (/0 z(l)dy)d:v

and again, using the known inequalities, we have that:

P2 C3 e —
Fy(t) < oll62]” + T lnll® — pallebell® + 8—3||92||2 +esllvall” + 8:3||9§||2 + 8w + 9 + lw]?

2
!
+esllO 17 + eall 021 + S M= (D1

Therefore:
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P2 _ N2
Fi(t) < — 3|I¢t||2 + e3l|vl” + Ell e + 9 + fw|)? + 7||2(1)||2 + 30,17

1 1
es(1+—+ = ) II63)°
€3 &3

where c3 > 0 is a general constant.

Lemma 3.6. Consider, for a solution y(t), the following functional:

L T
__oip 1
Fy(t) = o /O sot(/o 9dy>drc

Then, this functional, satisfies the next estimate:

P _
Fi(t) <2 il + pi Ll + 2allws = Coll? + Ealln + 1 + Cw]?
1 1
+ea(l+ — + 0P + el (3.50)
4 4

€4

foreveryey, €4 > 0andt € [0, Tpaz)-

Proof: Lets start the demonstration using the equations (3.14) and (3.17), and we use similar

computations to previous lemmas:

L T L x
Fi(t) =2 / SOtt(/ 91dy> dx + 21 / got</ Qtldy> dx
m1 Jo 0 mi1 Jo 0

I x
=T [ (k(w + 0+ Cw)s + kol — Co) = mub, — (my6?) (/ 0'dy ) de

1Jo 0

,01 L x
+ —/ %(/ (b, — mi(e. + ¥ + ﬁw)t)dy> dzx
0 0
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Using Holder, Poincare’s and Young’s inequalities with £4 and £, we infer that:

1
Fi(t) < eallps + 4 + twl® + Eallws — ol + +eu(1 to e )H91H2 + cal| 07117

+ ﬁ/ 4,0,:(/ (71931% —my (s + 9+ Ew)t)dy> dx
0 0

my

1
< eyllps + ¥ + tw|? + e4f|w, — Lo|? ++e(l+ — Tz )||0 1?4+ a2

_|_—71’01/ goﬂidx—ﬂl”%”Q—/)l/ @t(/ ¢tdy)dx_p1£/ gOt(/ wtdy)dx
miJo 0 0 0 ‘

Thus, we deduce that:

1
Fy(t) < eallps + 4 + wl® + &flw. — Co||” +rall+ )H91H2+C4H92H2

= Ll + callgal® + pr L P

and therefore, arranging the terms, we conclude that:

P1 _
Fy(t) < — 3”%”2 + mL«?ZHu&H2 + eal|el® + eallpn + ¥ + tw|| + exf|w, — Lo

1
+e(l+ — Tz )||0 12+ ca]| 0217

where c, is a general constant.

Lemma 3.7. Let y(t), a solution for the Linear Cauchy problem . The following functional:

L g1
t) = T/ / e P22 (x, p, t)dpdx
o Jo

defined for every t € [0, T4z ) satisfies the following estimate.

Fy() < =mo (1212 + 7l1212) + 1] (3.51)
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for every my > 0andt > 0.

Proof: For this functional, we make use of equation (3.20) and the fact that z(0) = 1, to obtain:

L

—2/ e Pzy(z, p,t)z(z, p,t)dpdx
/ / Pz, p,t dde—T/ / 022 (x, p, t)dpdx
—[/ (2*(1)e” dx —7'/ / 022 (x, p, t)dpdx
0

L
s/ ]wt|2dx—c/ |z(1)|2dx—c7/ /zQ(x,p,t)dpdx
0 0 0 0

< —mo (=12 + 7l=I12) + el

L 1
Bt =20 [ [ sl p byt p.)dpds
0 0

Thus:

Fi(t) < —mo(ll2()* +7l1=12) + vl

where my is a positive number. g

Terms in bold from each Lemma presented are important since they represent a partial term of
the negative linear energy. It is relevant since we want to construct a functional of Lyapunov that

has the form:

L(t) = NE(t) + G(b), (3.52)

where N is a positive constant and G (t) is a perturbation of the energy. With this, we search the
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following estimates:

L'(t) < —~CE(t)

where C is a positive general constant, and
aB(t) < L(t) < cE(t)

with ¢; and ¢, are positive numbers. Then, in order to show the last two inequalities, we state the

following lemmas.

Lemma 3.8. Suppose that y(t) is a solution for . Additionally, suppose { > 0 small enough.

Then, the functional of Lyapunov defined by:

L(t) = NE(t) + N Fy(t) + NoFy(t) + NaFy(t) + NoFy(t) + %F5. (3.53)

for N and N; are positive real number to be chosen appropriately later, satisfies:
aB(t) < L(t) <cBE(t), Vte|0,Thw) (3.54)

for two positive constants ¢ and cs.

Proof: Let N; equal to 1, and define:

ﬂﬂ:ﬂ@+%&@+%&@+M&@+%&
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Then:

L

L L , poaNy [T , [*
\Q(t)\gpl ]gpt<p|dx+p2 || dx+p1 |wyw|dx + - 0 wy(y, t)dy|dx
2 Jo 0
N. N.
+/)203 3/ ‘93/ bily, t dy’d +0101 4/
my 0

t/ 91(y,t)dy’dx
0
Tpl/ / TP (@, p, t)dpda.

By using Young, Holder and Poincare’s inequalities, and the equivalence of norms, we have that

L
GO < [ (Koul? + 1o+ Wl + [P+ o+ [+ 62 + 62 + 62 o

/ / (x, p, t)dpdx
E(t

<c

Consequently, by definition of G(t), we infer that:
[£(t) = NE@)| < cE(1),
which implies that:
(N —c)E(t) < L(t) < (N+c)E(t)

By choosing of N large enough, estimate (3.54)) is showed. n
The next Lemma is important to show how the behavior of functional £(¢) with respect to the

energy.
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Lemma 3.9. Under the same Hypotheses as Lemma 3.8, we have the following estimate for

¢ > 0 small enough:

£'(t) < —CE(t), (3.55)

where C' is a general constant.

Proof: We differentiate (3.53)), and recall the previous lemmas to obtain:

rk
,C/(t) S — § - NQ{::Q — Nggg — N484:| ||30:c + 77@ + €w||2
rb
=[5 = Nazo] el
_ko - )
— |5~ Maea - N454] lwe — €

- N4% —p1— N2P1L€2] 2|2

(M2~ py — N = Ny — 2] s

2 4
(A7 P1 2 2
- NQ? — p1 — Nupr L | [[w|
r 1 1
— N’71_Cl_NQCQ_N303_04(1+_+:)}||9;H2
L &4 4

r 1 1
— N72—01—02(1+—+:)—N4C4] HQ?;HQ
L €9 €2

I 1 1
— [N = e — g1+ =+ )| 16202
L €3 €3

- 2
P2mMo 2

- [20 — e = M1
[P2mMoT

- |25 a1

Here, we might choose carefully our constants. We set:

ke _ k b k kb ko

—, €3 = —— 5_3:— 4= ——, 4 = —.
) ) 8N4

8N,’
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With this, the last inequality reduces to

meT

k b k
L) < = Sllow 0+ Cwll® = Tl — 2w, — o — 22022

[Ny N Ll — [ gy N i — 2]
- m
- N4% — P Nz/)ngQ} Jlwel* - [022 "’ - N?’M_} I=IF
- 8Ny 8N,
= [N = e = Moy = Ny a1+ 2+ S50 162
r 8Ny 8N
= [N —a e+ 22 4 22 - Vo621
I k ko
r 4N5  8N.
— [Ny e e+ 2+ =)l

We take N, and N, large enough such that:

N4%—p1>0and _NQ%>0

(For example, No = N, = 0). Then, we choose ¢ small enough to satisfies:

51 N43 —p1 > 0— nglLf and /62 = NQ% — N4P1L€2 >0

After that, we can choose ;. small enough such that numbers as /N and are still small. With this,

we choose V3 appropriately to obtain
P2
ﬁS 35—P1 ,UN—N4C4—Z>O.

Next, as y is small, without loss of generality, we assume that ;.2 N3 continues smaller. So, we

deduce that:

2
By = pQ;nO _01M2—N3% > 0.

Finally, for the dissipation terms, we can take N large enough such that N+; continues larger
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and therefore, we conclude that:

8N. 8N.
ﬁS:N")/l—Cl_NQC2_N3C3_C4<1+T4+k_4)>O7
0
8N 8N
56:N72—01—62(1+T2+k—2)—N4C4>Ov
0
4N. 8N.
57:N73—01—03(1+TS+73)>0'

To conclude the estimate, we use Poincare’s inequality for the thermal terms and take the

k b
minimum of all constants 50, 55 b1, B2, B3, Ba, Bs, Bs, Br, to conclude that:

L) < - C[Ilsox + 9+ wl” + [l + we — Loll* + Noell® + el + [lwe )
10T + 1671 + [16°]1% + 1= + =11, |-

Adapting the constants to the phase space norm and cancel the term —||z(1)||? < 0, we obtain

L'(t) < —CE(t).

which shows the Lemma.

Conclusion the proof of Theorem|[3.2}
Estimates (3.54) and (3.59), give us:

L'(t) < —koL(t) (3.56)

C
where k£, = —. By a Gronwall type Lemma, previous estimate implies that:
Co

aB(t) < L(t) < L(0)e ! <y B(0)e™, VYt € [0, Thnaz)-

As we see in Theorem [3.1] we obtain a local solution y(t) for the abstract Cauchy problem (3-26)
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; and the Theorem [3.2]tell us that the solution is controlled by a exponential function that decays
to zero. That is, the solution does not explode when the time ¢ is longer. Thus, by [30] we
conclude that solution y(t) is global and then 7,,,,, = 400, and proves (3.45]), which ends the

proof of stability exponential. -

3.4 The nonlinear case

As we noticed in the Chapter[2] we can consider the presence of nonlinear forces in the system
(7). More precisely, this functions act on the three main components of the system: ¢, ¢ and w.
In this section, we will show the existence of a solution for a semilinear Bresse system, with the

presence of the delay term acting on the rotation angle. Therefore, we consider three external

forces f;(p, ¥, w), i = 1,2, 3, satisfying conditions (2.25))-(2.29).

Then, the semilinear Bresse system with the presence of delay is given by:

p1ow — k(pe + 0 + lw), — Cho(wy — L) + My + Imab® + fi(p, v, w) =0 (3.57)
patie — Due + k(o + 0 + w) +maf) —mi0' + pz(w,1,t) + fo(p,0,w) =0 (3.58)
prvy — ko(we — £p)y + k(0 + O + (w) +mab; — bm0' + f3(p, 00, w) =0 (3.59)
010, — 0, +mi(pe + ¢+ lw)y =0 (3.60)

0907 — 7202+ mo(w, — L), =0 (3.61)

0307 — 730, +ms(a); =0 (3.62)

T2 +2,=0  (3.63)

defined for z € (0, L) and ¢ > 0. This system is subject under the Dirichlet-Neumann-Neumann
hypotheses for the functions ¢, 1) and w (condition (3.7))), and Neumann-Dirichlet-Dirichlet

hypotheses for the temperature equations (condition (3.8)). We also assume the same initial data
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(39):

Yo = (900;7%7w079017¢17w179(1)>8(2)798790)‘

Thus, the linear energy of the system is given by:

E(t) == E(t) —I—/O F(p, ¥, w)dz. (3.64)

And, this functional satisfies the following estimate:
L
E(t) < =m0y (z. OF + b3 (2, )" + 105 (z, )]*)dz + u/ (. t)Pda. (3.65)
0

The previous chapter shows that, by certain conditions on the unbounded operator A and the
functional F, it is possible to proof the existence of local weak and strong solutions when

using nonlinear semigroup theory (cf. [30, Theorem 4.1.6]). For this, we rewrite the system

(3:57)-(3-63) as an Cauchy Problem:

d _
Ey(t) + Ay(t) = Fy(1),
(3.66)

y(0) = yo,

where

with

O =, Y =, W = wy.
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The unbounded operator A : D(A) C H — 7 is the same as linear one obtained in this Chapter,

with domain:

D(A) = {y € H| p € H*(0,L) N Hy(0,L); v, w € H*(0,L) N H (0, L),
¢, 0% 6% € H;(0,L); ¢/, w',0" € HX0, L)

2,2, € LX((0,1): 1(0, 1)), 2(x,0) = ¢/() }.

Now, the functional F is composed by the terms of operator B and the external forces, as follows:

_f1(<107 7w>/p1
Fylt) = —falp, b, w) /pa —pt)' [ pa |
_f3(907 >w)/pl

o O O O € /€ € o o o

The existence theorem is then given in terms of the problem (3.66).

Theorem 3.3. (Well-Posedness). Consider { # ™%, with { > 0. Assume that conditions for the

linear delay system (3.14)-(3.20) and hypotheses about external forces (2.25)-(2.28)) hold. Thus,

for any initial data yo € H and T > 0, the abstract problem (3.66) has a unique weak solution:

y € C([0,T],H), with y(0) = yo.
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The solution is given by:
t —_—
y(t) = ey + / eI (y(s))ds, t € [0,T] (3.67)
0

with depends continuously on the initial data. In particular, if yo € D(A) then the solution is

strong.

Proof: Under the hypotheses on linear case, the operator A is maximal monotone in #, and
from standard theory (cf. [30]]), the abstract Cauchy problem (3.26) has a unique solution. We
will show that system (3.66) is a Lipschitz perturbation of (3.26). Then from [27], we obtain a

local solution defined in an interval [0, t,,,,.], Where if #,,,,, < 00, then
lim ||y (¢)|lx = +o0. (3.68)
t—o00

To show that operator F :— H is locally Lipschitz, let B a bounded set on H and y'.y° in B.

Then, we can see the functional F as a sum of operator B and the functional F given in Chapter

Vi;

0
0
0

_f1<907 1/}7 w)/pl
_ — fa, ¥, w)/ ps

_f3<(;07 ¢a w)/pl
0

|
=
o o o o o & o o o o
\
RS
[\v)

0
0
0
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Chapter 3. A thermoelastic Bresse system with delay The nonlinear case

The previous chapters show us that F is locally Lipschitz, and B represents a projection from
y(t) into his component 1);, when we can easily deduce that is a locally Lipschitz operator, for
any bounded set B € H. Thus, the sum continues to be locally Lipschitz in /. m

Now, in order to prove that the solution is global, that is, t,,,, = 00, let y(t) be a mild solution
with initial data yo € D(A). Then, by [27], it is indeed a strong solution and so we can use

energy estimate (2.35]) to conclude that:

lylZ < 5(5@) + Limp)
0

Thus, ||y||3, is bounded.

By density, this inequality holds for mild solutions. Then, we can see easily that (2.34) does not
hold and therefore: 7,,,,, = +o00.

Finally, using the variation of parameter formula (2.33), we can verify that for any initial data

Y, ys € H, the corresponding solutions y' and y? satisfy:

Iy (8) — y* (113, < 2lle" (s — vd) 13, + 2| / eIAF(y(s) — Fy?(s))ds| 5,

< Cllyo — vl

forany 0 < ¢t < 7" and a bounded set B.u
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