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RESUMO

A distribuição de desvanecimento composta α-F com erros de apontamento:

caracterização, desempenho e aplicações.

A distribuição de desvanecimento composta α-F com erros de apontamento é proposta neste

trabalho. Novas expressões são derivadas para a função densidade de probabilidade e função

de distribuição cumulativa do envelope/relação sinal-ruído instantânea (SNR), momentos de

ordem superior e função geratriz de momentos da SNR instantânea. Com base nas estatísticas

mencionadas acima, expressões são obtidas para a probabilidade de indisponibilidade, proba-

bilidade de erro de símbolo e capacidade ergódica do canal. Análises assintóticas também são

fornecidas. Diversos cenários são estudados, como a aplicação do modelo α-F com erros de

apontamento em cenários com múltiplos saltos, superfícies inteligentes reconfiguráveis (RIS) e

sistemas de acesso múltiplo não ortogonal (NOMA). Diversas curvas, corroboradas por simu-

lações de Monte Carlo, são apresentadas para diferentes valores que caracterizam os parâmetros

do canal. Todas as expressões deduzidas neste trabalho são inéditas.

Palavras-chave: Distribuição α-F , erros de apontamento, múltiplos saltos, NOMA e métricas

de desempenho.



ABSTRACT

The α-F composite fading distribution with pointing errors is proposed in this work. New

expressions for the probability density function and cumulative distribution function of the

envelope/instantaneous signal-to-noise ratio (SNR), higher-order moments, and moment gener-

ation function of the instantaneous SNR are derived. Based on the above-mentioned statistics,

expressions for the outage probability, symbol error probability, and ergodic channel capacity

are obtained. The asymptotic analyses are also provided. Several scenarios are studied, such as

the application of the α-F model with pointing errors concerning multihop, reconfigurable in-

telligent surfaces (RIS), and non-orthogonal multiple access (NOMA) systems. Several curves,

corroborated by Monte Carlo simulations, are presented for different values that characterize

the channel parameters. All expressions deduced in this work are new.

Keywords: α-F distribution, pointing errors, multihop, NOMA and performance metrics.
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CHAPTER 1

INTRODUCTION

1.1 SCOPE AND MOTIVATION

Nowadays, the fifth generation (5G) of mobile communications is a promising and essential

technology to meet the high demands and requirements of new vertical use cases. In order to

support it, terahertz (THz) band frequencies have attracted the interest of several researchers

around the world, mainly due to the broader available spectrum, higher throughputs, and for

supporting a greater number of simultaneous users [1]. As disadvantages, THz bands present

high atmospheric attenuation, which can be compensated by the system using high-directional

antenna arrays. However, in this scenario, a misalignment between the transmitting and receiv-

ing antennas can occur, a phenomenon well-known as pointing error [2]. Vibrations, mechanical

noise, position estimation errors, air pressure, and wind speed can also affect the angular and

position stability of the antennas and, thus, result in pointing errors [3]. Despite pointing er-

rors being an important factor to be considered in many studies, it should be mentioned that

including them jointly in general fading models makes the performance analysis more difficult.

Thus, the search over the years for realistic and simple fading models, written in terms of

physical parameters, able to characterize many effects and that can adhere well to measured

data becomes a relevant, complex task and is a great challenge for the researchers.

From this motivation, this work presents a general composite fading model, namely α-F

distribution with pointing errors. This new model jointly characterizes the deterministic path

loss, the stochastic fading due to the multipath, shadowing, nonlinearity of the medium, and the

antenna pointing errors. This evidences the usefulness and capability of the α-F distribution

with pointing errors, making it suitable for applications in practical and emerging wireless sce-

narios, such as multihop, reconfigurable intelligent surface (RIS), and non-orthogonal multiple

access (NOMA) systems.
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1.2 RELATED WORKS

Recent works are described in the literature where the misalignment is adopted in different

contexts, such as single-hop [2, 4, 5], dual-hop [6], multiple-input multiple-output (MIMO) [7]

and NOMA-THz [8] transmission systems, free space optics (FSO) [9] and RIS [10], for example.

In [5], an analytical framework is presented in order to evaluate the joint effect of misalignment

and hardware imperfections in the presence of multipath fading, modeled by the α-µ distri-

bution, in a THz wireless fiber extenders system. In [4], an analysis is fulfilled about THz

communications over α-µ fading channels under random fog conditions with misalignment. In

the mentioned analysis, expressions written in terms of I-function [11] for the probability density

function (PDF) and cumulative distribution function (CDF) of the instantaneous signal-to-noise

ratio (SNR) are derived and employed to obtain novel closed-form expressions for metrics such

as outage probability (OP), average bit error probability (BEP) and average ergodic capacity.

It should be mentioned that the I-function is not available in well-known software packages such

as MATLAB and MATHEMATICA. In [12], a performance analysis of a multihop THz wireless

system over mixed channel fading with shadowing and antenna misalignment is presented. The

N + 1-hop THz system consists of an N -hop backhaul link and a single-hop shadowed radio

access link over the THz band. The researchers adopt the α-µ fading distribution to character-

ize the multihop link and the composite generalized-K shadowed fading for modeling the radio

access link. Closed-form expressions and bounds for important statistics are shown in [12]. In

addition, the impact of multiple relays in the backhaul link is evaluated by means of the OP

and BEP. An asymptotic analysis is also provided in [12].

Expressions are derived in [10] for many statistics and metrics under RIS-aided THz wireless

systems under α-µ fading channels with pointing errors. An RIS-assisted THz system under

pointing errors and random phase noise is analyzed in [13]. From the derived statistical results,

exact and asymptotic expressions are also presented in [13]. Several theoretical curves are shown

considering pointing errors and validated using Monte-Carlo simulations. Performance analysis

of an RIS-assisted THz wireless communication system is evaluated in [14] by means of closed-

form upper bounded ergodic capacity and OP expressions. The authors in [14] consider not

only the RIS reflected channels but also the direct channel between the communication nodes.

Another study about RIS-assisted THz wireless systems under pointing errors is shown in [15],
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where the THz channel is assumed to follow the κ-µ shadowed fading model. Approximations

are also presented for the statistics, and exact expressions are deduced for the OP, ergodic

capacity, and BEP.

Experimental works concerning THz wireless links are also presented in the literature, such

as [16, 17]. In [16], fitting results are presented of α-µ, Nakagami-m, Rice, and log-normal

distributions to the small-scale fading of THz wireless channel measurements, where the α-µ

provided the best adherence. Additionally, the performance of the ergodic capacity is assessed.

In [17], a measurement campaign is also conducted by the same authors of [16], considering

various line-of-sight (LoS) and non-LoS links, in which the α-µ distribution is fitted to experi-

mental THz channel gain measurements. In [16, 17], shadowing is not considered. However, as

reported in [18], shadowing is an important factor to be analyzed in THz systems.

In the literature, NOMA has been investigated over downlink and uplink scenarios under

fading and beam misalignment. The performance of NOMA downlink systems under single [19]

and cascaded [20] Nakagami-m fading channels is presented in the literature. Expressions for

the pairwise error probability (PEP), as well as an exact union bound on the bit error rate

(BER), are derived in [19] under imperfect successive interference cancellation (SIC). Several

expressions for the first-order statistics, ergodic channel capacity, and PEP are deduced in [20].

The performance of NOMA-based vehicular networks over α-µ fading channels is presented

in [21] considering imperfect SIC, employing closed-form and asymptotic PEPs, under residual

hardware impairment and outdated and imperfect channel state information. Another work

under α-µ fading channels is presented in [22], where a performance analysis for downlink

NOMA systems is made through closed-form OP, BER, and ergodic capacity expressions.

The design of THz-NOMA in the presence of beam misalignment is proposed in [23]. In [24],

joint beam management and power allocation in THz-NOMA networks are studied. In [25], the

FSO/THz-radio frequency (RF) dual-hop downlink NOMA-based is proposed, where closed-

form expressions are derived for the OP and ergodic capacity under single-user and NOMA

systems. A survey on error rate analysis of NOMA has been presented in [26].
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1.3 ORIGINAL CONTRIBUTIONS

This manuscript is based on the work presented in papers published in top journals in the

field of this dissertation. It contains original contributions to the state-of-the-art, namely:

• Chapter 2 presents: (i) a study about the α-F distribution with pointing errors, in

which new closed-form expressions are derived for the PDF, CDF, higher-order moments,

and moment generating function (MGF) of the instantaneous SNR; (ii) new expressions

for OP, symbol error probability (SEP), and ergodic channel capacity; (iii) asymptotic

expressions in order to provide insights into the effect of the channel and pointing error

parameters on the system performance; (iv) an application of the α-F model with pointing

errors over a RIS-assisted wireless emerging system.

• Cascaded and the sum of cascaded α-F fading distribution with pointing errors is stud-

ied in Chapter 3 for the first time. The main contributions of the mentioned chapter

are: (i) new closed-form expressions are deduced for the PDF, CDF, and MGF of the

instantaneous SNR, considering the cascaded and the sum of cascaded α-F fading with

pointing errors; (ii) new expressions are obtained for OP, BEP, ergodic channel capacity,

and area under the receiver operating characteristics (AUC), under cascaded α-F fading

with pointing errors; (iii) a new OP expression is obtained for the sum of cascaded α-F

fading with pointing errors which is used to assess the performance of RIS-assisted sys-

tems; and (iv) asymptotic expressions are also deduced to provide insights into the effect

of the channel and pointing error parameters on the system performance at a high SNR

regime.

• The performance of NOMA under multipath, shadowing, non-linearity and pointing error

impairment is presented in Chapter 4, with the following contributions: i) new and exact

expressions are derived for the PDF of the instantaneous SNR of the l-th user; (ii) closed-

form and asymptotic expressions are derived for the PEP under imperfect SIC, considering

an arbitrary number of users and (iii) the achievable theoretical diversity gains and the

bit error rate (BER) union bound are shown.
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1.4 PUBLICATIONS

1. P. H. D. Almeida et al. The α-F composite distribution with pointing errors: theory and

applications to RIS. Journal of Franklin Institute, vol. 361, no. 10, pp. 1-13, May 2024.

2. P. H. D. Almeida et al. Cascaded and sum of cascaded over α–F fading channels with

pointing error impairment. IEEE Open Journal of Vehicular Technology, vol. 5, pp.

752-761, May 2024.

3. P. H. D. Almeida et al. On the performance of NOMA systems under α-F channels with

beam misalignment. IEEE Wireless Communications Letters, Under Review, Sep. 2024.

1.5 DOCUMENT ORGANIZATION

This document is organized into four chapters, described as follows: Chapter 1 starts by

recalling the scope and motivation of this study. Furthermore, provides the start-of-the-art

concerning works that deal with fading and misalignment in different contexts. Finally, the

structure of this document is presented.

Chapter 2 presents the α-F fading distribution with pointing errors, in which new expres-

sions for relevant statistics and metrics are derived. An application of the mentioned model

under RIS-assisted wireless system is also shown.

Chapter 3 introduces and mathematically characterizes the cascaded and the sum of cas-

caded α-F fading distribution with pointing errors. Exact and new closed-form and asymptotic

expressions for important statistics and metrics are presented in order to analyze these effects

and design parameters in the technical THz literature.

Chapter 4 shows the performance of NOMA systems over α-F distribution with beam

misalignment. New and exact expressions are derived for statistics and metrics under arbitrary

number of users. Furthermore, the achievable theoretical diversity gains and the BER union

bound are analyzed. Several PEP curves are presented under different channel conditions.



CHAPTER 2

THE α-F COMPOSITE FADING DISTRIBUTION WITH
POINTING ERRORS

Outline

The α-F fading distribution with pointing errors is introduced in this chapter, where several

statistics and metrics are derived. To the best of author knowledge, no work addresses the

aforementioned model in the literature. All expressions deduced are new and generalist, with

applications in different emerging scenarios, such as RIS and THz system.

2.1 SYSTEM AND CHANNEL MODELS

The received signal can be written as

Y = hlHfHpX +W, (2.1)

in which X is the transmitted signal, W is the additive white Gaussian noise, Hf denotes the

composite fading channel, Hp represents the misalignment component, and hl is the path loss,

that is constant for a given weather condition and link distance. For THz systems, hl = hflhal,

where hfl models the propagation gain and is given by hfl = c
√
GtGr/ (4πfd), in which Gt

and Gr are, respectively, the gains of the transmit and receive antenna. Furthermore, c is

the speed of light, f is the operating frequency, and d is the distance between the transmitter

and the receiver. In addition, hal characterizes the molecular absorption gain and is given by

hal = exp (−κ(f)d/2), in which κ(f) denotes the absorption coefficient. More details about hl

can be found in [2].

The fading channel is characterized by the α-F composite distribution with the envelope

PDF given by [27, Eq. (1)]

fHf(hf) =
αhαµ−1

f

B(µ,m)

(
r̂α

Ψ

)m(
hαf +

r̂α

Ψ

)−(µ+m)

, (2.2)
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where Ψ = µ/(m − 1), r̂ = α
√
E[Hα

f ] denotes the α-root mean value, α characterizes the non-

linearity of the propagation medium, µ represents the number of multipath clusters, m is the

shadowing parameter and B(·, ·) is the Beta function [28, Eq. (06.18.02.0001.01)]. In this study,

the α-F distribution [29] is adopted to model the fading channel since its statistics are simple

and written in terms of physical parameters. The α-F is a fading model that jointly considers

the short-term fading (α-µ) and the long-term fading (F distribution) of a wireless fading

channel. In other words, the α-F is the α-µ shadowed distribution. The model mentioned

is supported by experimental results [29], and it is adopted in many works under different

real-world scenarios [30, 31, 32, 33]. Note that the α-F distribution includes other well-known

distributions as special cases, such as the α-µ (m → ∞) and the Fisher-Snedecor F (α = 2)

distributions–and their inclusive ones. It should be mentioned that the α-F composite fading

model considers small and large-scale fading, as well as the non-linearity of the medium [29].

This indicates the potential of employing the α-F distribution to characterize THz channels.

The pointing error PDF impairment is given by [2, Eq. (22)]

fHp(hp) = z2A−z2

0 hz
2−1

p , 0 ≤ hp ≤ A0, (2.3)

in which A0 is the fraction of the collected power and z = ωeq/2σ is the ratio between the

equivalent beam radius at the receiver and the pointing error displacement standard devia-

tion [34]. For z −→ ∞, it should be mentioned that the case of the non-pointing error is

assumed. The pointing error model adopted is a realistic model and has been successfully

adopted in many important papers dealing with THz systems [2, 6, 7, 8, 35], requiring only

the use of circular lenses at the transmitter and receiver sides. This is important because the

pointing error parameter is calculated by radial distances between the transmit and receive

beams. Furthermore, the statistics of the mentioned distribution are exact and simple. The

aforementioned pointing error model was adopted to quantify the impact of the beam misalign-

ment in the system. In the literature, new pointing error models for millimeter wave and THz

high-directional antennas are presented [3, 36].
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2.2 STATISTICS FOR THE α-F COMPOSITE FADING DISTRIBUTION WITH POINT-

ING ERRORS

Several statistics for the α-F composite fading model with pointing errors are derived in

this section.

Proposition 2.2.1. (PDF and CDF of the Envelope/Instantaneous SNR) – Let µ, α, r̂, z, γ̄,

A0, hl, h, γ ∈ R+ and m > 1. The PDF and the CDF of the envelope H = hlHfHp, for the

α-F composite fading model with pointing errors, can be obtained, respectively, as

fH(h) =
z2

hΓ(µ)Γ(m)
G2,1

2,2

[
Ψ

(
h

r̂hlA0

)α ∣∣∣∣ 1−m, z2/α + 1
µ, z2/α

]
(2.4)

and

FH(h) =
z2

αΓ(µ)Γ(m)
G2,2

3,3

[
Ψ

(
h

r̂hlA0

)α ∣∣∣∣ 1−m, 1, z2/α + 1
µ, z2/α, 0

]
, (2.5)

where Γ(·) is the Gamma function [28, Eq. (06.05.02.0001.01)] and G[·] is the Meijer G-

function [37, Eq. (9.301)]. In turn, the PDF and CDF of the instantaneous SNR, in the

presence of α-F composite fading with pointing errors, are given respectively by

fΓ(γ) =
z2

2γΓ(µ)Γ(m)
G2,1

2,2

[
Ψ

(
z
√
γ√

γ(z2 + 2)

)α ∣∣∣∣ 1−m,z2/α + 1
µ,z2/α

]
, (2.6)

and

FΓ(γ) =
z2

αΓ(µ)Γ(m)
G2,2

3,3

[
Ψ

(
z
√
γ√

γ(z2 + 2)

)α ∣∣∣∣ 1−m, 1, z2/α + 1
µ, z2/α, 0

]
, (2.7)

in which γ̄ is the average SNR.

Proof. The PDF of H = hlHfHp, denoted by fH(h), can be derived by means of

fH(h) =
1

hl

∫ ∞

0

1

v
fHf

( h

hlv

)
fHp(v)dv. (2.8)

Substituting (2.2) and (2.3) in the expression of fH(h), performing the change of variable

t = v−α and using [37, Eq. (3.194.2)], fH(h) can be written after simplifications as

fH(h) =
αz2

hB(µ,m)(αm+ z2)

(
Aα

0 r̂
α

Ψ

)m(
hl

h

)αm

2F1

[
µ+m,m+

z2

α
, m+

z2

α
+ 1; −ξ

]
, (2.9)
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in which ξ = r̂αhαl A
α
0/(Ψh

α) and 2F1[·, · ,·; ·] is the Gauss hypergeometric function [37, Eq.

(9.100)]. In the sequence, employing [38, Eq. (8.4.49.14)] and [39, Eq. (9.31.5)] and performing

with some algebraic manipulations, (2.4) is obtained.

The CDF of H, FH(h), can be derived integrating (2.4), i.e,

FH(h) =
z2

Γ(µ)Γ(m)

∫ h

0

1

x
G2,1

2,2

[
Ψ

(
x

r̂hlA0

)α ∣∣∣∣ 1−m, z2/α + 1
µ, z2/α

]
dx. (2.10)

Expressing the Meijer G-function of (2.10) in terms of the Mellin-Barnes integral, the innermost

integral in the variable x is of the power-type and can be solved. In addition, using Γ(x +

1) = xΓ(x) and the definition of the Meijer G-function, (2.5) is derived. Hence, the proof is

complete.

Making Γ = H2, the PDF of the instantaneous SNR can be obtained by means of

fΓ(γ) =
1

2
√
γ
fH(

√
γ). (2.11)

Using (2.4), (2.6) is easily deduced. Furthermore, FΓ(γ) is derived from (2.5), since FΓ(γ) =

FH(
√
γ). The result for FΓ(γ) is presented in (2.7) and completes the proof.

Proposition 2.2.2. (Higher-order Moments of the Instantaneous SNR) – For µ, α, γ̄, z, hl ∈

R+ and n ∈ N+, the higher-order moments of the instantaneous SNR over the α-F composite

fading model with pointing errors, is obtained as

E[γn] =
z2Γ(µ+ 2n

α
)Γ(m− 2n

α
)

(z2 + 2n)Γ(µ)Γ(m)

(√
γ(z2 + 2)

zΨ
1
α

)2n

, (2.12)

which is valid for m > 2n/α.

Proof. The higher-order moments of the instantaneous SNR, E[γn], is calculated as

E[γn] =
∫ ∞

0

γnfΓ(γ)dγ. (2.13)

Substituting (2.6),

E[γn] =
z2

2Γ(µ)Γ(m)

∫ ∞

0

γn

γ
G2,1

2,2

[
Ψ

(
z
√
γ√

γ(z2 + 2)

)α ∣∣∣∣ 1−m, z2/α + 1
µ, z2/α

]
dγ. (2.14)

Performing the variable change x = γα/2, using [37, Eq. (7.811.4)] and making some algebraic

manipulations, (2.12) is derived, that complete the proof.
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Proposition 2.2.3. (MGF of the Instantaneous SNR) – Let µ, α, γ̄, z, hl, s ∈ R+ and m > 1.

The MGF of the instantaneous SNR over the α-F composite fading model with pointing errors

is given by

MΓ(s) =
z2

2Γ(µ)Γ(m)
H2,2

3,2

[(
zΨ

1
α√

sγ̄(z2 + 2)

)α ∣∣∣∣ (1−m,1), (1,α
2
), ( z

2

α
+ 1,1)

(µ,1), ( z
2

α
,1)

]
, (2.15)

with H[·] denoting the Fox H-function [39, Eq. (1.2)].

Proof. The MGF is defined as

MΓ(s) =

∫ ∞

0

fΓ(γ) exp(−sγ)dγ. (2.16)

Replacing (2.6), using [28, 07.34.26.0008.01], [28, 01.03.26.0004.01] and [40, Eq. (2.8.4)], (2.15)

can be obtained after simplifications. Hence, the proof is complete.

2.3 PERFORMANCE ANALYSIS

2.3.1 Outage Probability

The OP, Pout, is defined as the point at which the SNR at the output of the receiver falls

below a threshold γth. Mathematically, by using (2.7), Pout = FΓ(γth).

2.3.2 Symbol Error Probability

The average SEP, Psym, can be evaluated as [41, Eq. (7)]

Psym =
θ

2
√
2π

∫ ∞

0

1
√
γ
exp (−γ/2)Fγ

(
γ

ϕ

)
dγ, (2.17)

in which the parameters θ and ϕ depend on the type of modulation. Substituting (2.7) into

(2.17), using [28, 07.34.26.0008.01],[28, 01.03.26.0004.01] and [40, Eq. (2.8.4)], after simplifica-

tions, the SEP is given by

Psym =
θz2

2
√
παΓ(µ)Γ(m)

H2,3
4,3

[
Ψ

(
z
√
2√

ϕγ(z2 + 2)

)α ∣∣∣∣∣ (1−m,1), (1,1), (1/2, α
2
), ( z

2

α
+ 1,1)

(µ,1), ( z
2

α
,1), (0,1)

]
.

(2.18)
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2.3.3 Channel Capacity

The channel capacity, in bps/Hz, is calculated as

Cerg =
1

ln(2)

∫ ∞

0

fΓ(γ)ln(1 + γ)dγ. (2.19)

Replacing (2.6) in the expression of Cerg and using [28, 01.04.26.0003.01], [28, 07.34.26.0008.01], [28,

01.03.26.0004.01] and [40, Eq. (2.8.4)], the channel capacity can be written as

Cerg =
z2

2 ln(2)Γ(µ)Γ(m)
H4,2

4,4

[
zαΨ

(γ̄(z2 + 2))α/2

∣∣∣∣∣ (1−m,1), (0, α
2
), (1, α

2
), ( z

2

α
+ 1,1)

(µ,1), ( z
2

α
,1), (0, α

2
), (0, α

2
)

]
. (2.20)

2.4 ASYMPTOTIC ANALYSIS

2.4.1 Asymptotic Outage Probability

For γ̄ −→ ∞, the asymptotic OP can be derived by means of (2.7), using [28, 07.34.26.0008.01]

and [40, Theorem 1.11], in which only the dominant term is considered. After simplifications,

P∞
out is written as

P∞
out =


z2Ψµ

(z2µ−αµ2)B(µ,m)

(√
γ(z2+2)

z
√
γth

)−αµ

, αµ < z2

Γ(µ− z2

α
)Γ(m+ z2

α
)

Γ(µ)Γ(m)Ψ− z2
α

(√
γ(z2+2)

z
√
γth

)−z2

, αµ > z2
. (2.21)

In high SNRs values, P∞
out ∼ γ̄−Gd , where Gd is the diversity order/gain. From (2.21), it is

noted that Gd = min(αµ/2, z2/2). That is, the diversity order depends on the fading and

pointing error parameters.

2.4.2 Asymptotic Symbol Error Probability

For γ̄ −→ ∞, the asymptotic SEP can be deduced applying [40, Theorem 1.11] in (2.18), as

given by

P∞
sym =


θz2Γ(αµ+1

2
)Ψµ

2
√
πµ(z2−αµ)B(µ,m)

(√
γϕ(z2+2)

z
√
2

)−αµ

, αµ < z2

θΓ(µ− z2

α
)Γ(m+ z2

α
)Γ( 1+z2

2
)

2
√
πΓ(µ)Γ(m)Ψ− z2

α

(√
γϕ(z2+2)

z
√
2

)−z2

, αµ > z2
(2.22)

after some algebraic manipulations. In (2.22), if only the dominant term is considered then

Gd = min(αµ/2, z2/2).



2.5 – RIS-aided Wireless System over α-F Fading with Pointing Errors 12

2.4.3 Asymptotic Ergodic Capacity

The asymptotic ergodic capacity at high SNR values is given by [42]

C∞
erg = log2(γ̄) + log2(e)

∂

∂n

E[γn]
γ̄n

∣∣∣∣
n=0

, (2.23)

in which ∂/∂n is the first derivative operator.

The term ∂
∂n

E[γn]
γ̄n in (2.23) can be written as

∂

∂n

E[γn]
γ̄n

=
∂

∂n

E[γn]
exp(n ln(γ̄))

= − ln(γ̄)E[γn] exp(−n ln(γ̄)) + exp(−n ln(γ̄)) ∂
∂n

E[γn]. (2.24)

Substituting (2.24) in (2.23), C∞
erg can be written after simplifications as

C∞
erg = log2(γ̄)− log2(e) ln(γ̄) + log2(e)

∂

∂n
E[γn]

∣∣∣∣
n=0

. (2.25)

Using (2.12),

∂

∂n
E [γn] = − 2

z2 + 2n
E[γn] +

2

α
E[γn]

Γ′ (µ+ 2n/α)

Γ (µ+ 2n/α)
− 2

α
E[γn]

Γ′ (m− 2n/α)

Γ (m− 2n/α)

+ ln(γ̄)E[γn] + 2E[γn] ln

[√
z2 + 2

z

(
1

Ψ

) 1
α

]
. (2.26)

Replacing (2.26) in (2.25) and proceeding with simplifications,

C∞
erg = log2(γ) + 2 log2(e)

[
ψ(µ)

α
− ψ(m)

α
− 1

z2
+ ln

(√
z2 + 2

z

( 1

Ψ

) 1
α

)]
, (2.27)

with ψ(x) = Γ′(x)/Γ(x) is the digamma function [37, Eq. (8.36)].

2.5 RIS-AIDED WIRELESS SYSTEM OVER α-F FADING WITH POINTING ER-

RORS

This section considers a RIS-aided system over α-F fading with pointing errors, which is a

new and emerging wireless scenario. In this application, the RIS is composed of L elements,

and the received signal is given by

Y =
L∑
i=1

Hi,1Hi,2X +W, (2.28)
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where X is the transmitted signal, W is the zero-mean_σ2-variance additive white Gaussian

noise and Hi,1 and Hi,2 are the fading gains between the source and the i-th RIS element and

between the i-th RIS element and the destination, respectively. Here, it is assumed that the

phases ofHi,1 andHi,2 are known and can be perfectly compensated at the RIS. This assumption

of perfect channel state information has been widely used in the literature to maximize the

received SNR [43, 44, 45].

Proposition 2.5.1. (PDF, CDF, and MGF of the Instantaneous SNR) –The PDF, CDF, and

MGF of the instantaneous SNR, under a sum of double α-F random variates with pointing

errors, are given respectively by

fΓ(γ) =
1

2γ

[
L∏
i=1

2∏
j=1

z2i,j
αi,jΓ(µi,j)Γ(mi,j)

]

× H
0,0:[4,3]i=1:L

0,1:[5,4]i=1:L

 Ξ1
√
γ

...
ΞL

√
γ

∣∣∣∣∣ −
(1; {1}i=1:L)

∣∣∣∣∣ [(1,1),Ai,1,Ai,2,Bi,1,Bi,2]i=1:L

[Ci,1,Ci,2,Di,1,Di,2]i=1:L

 , (2.29)

FΓ(γ) =
1

2

[
L∏
i=1

2∏
j=1

z2i,j
αi,jΓ(µi,j)Γ(mi,j)

]

× H
0,1:[4,3]i=1:L

1,2:[5,4]i=1:L

 Ξ1
√
γ

...
ΞL

√
γ

∣∣∣∣∣
(
1; {1

2
}i=1:L

)
(1; {1}i=1:L) ,

(
0; {1

2
}i=1:L

) ∣∣∣∣∣ [(1,1),Ai,1,Ai,2,Bi,1,Bi,2]i=1:L

[Ci,1,Ci,2,Di,1,Di,2]i=1:L


(2.30)

and

MΓ(s) =
1

2

[
L∏
i=1

2∏
j=1

z2i,j
αi,jΓ(µi,j)Γ(mi,j)

]

× H
0,1:[4,3]i=1:L

1,1:[5,4]i=1:L


Ξ1

(−s)
1
2

...
ΞL

(−s)
1
2

∣∣∣∣∣
(
1; {1

2
}i=1:L

)
(1; {1}i=1:L)

∣∣∣∣∣ [(1,1),Ai,1,Ai,2,Bi,1,Bi,2]i=1:L

[Ci,1,Ci,2,Di,1,Di,2]i=1:L

 , (2.31)

in which Ai,j = (1−mi,j,1/αi,j), Bi,j =
(

z2i,j
αi,j

+ 1,1/αi,j

)
, Ci,j = (µi,j,1/αi,j), Di,j =

(
z2i,j
αi,j

,1/αi,j

)
and

Ξi =
2∏

j=1

Ψ
1/αi,j

i,j zi,j√
γ̄i,j(z2i,j + 2)

. (2.32)

Proof. Let X = H1H2, where fHj
(t), with j = 1, 2, is given by (2.4). The Mellin transform of

fHj
(t), denoted by M[fHj

(t)], can derived using [39, Eq. (2.9)] and making the variable change



2.5 – RIS-aided Wireless System over α-F Fading with Pointing Errors 14

y = tαj . After simplifications,

M[fHj
(t)] =

z2j
αjΓ(µj)Γ(mj)

[
Ψj(

r̂jhljA0j

)αj

] (1−s)
αj

×
Γ
(
µj +

(s−1)
αj

)
Γ
(

z2j
αj

+ (s−1)
αj

)
Γ
(
1− (1−mj)− (s−1)

αj

)
Γ
(

z2j
αj

+ 1 + (s−1)
αj

) , j = 1,2. (2.33)

According to [46, Eq. (3.5)], M[fX(x)] = M[fH1(t)]M[fH2(v)], and the PDF of X can be

deduced using [46, Eq. (3.2)]

fX(x) =
1

2πj

∫
C
x−sM[fX(x)]ds, (2.34)

that is written after simplifications as

fX(x) =
2∏

j=1

z2jΨ
1/αj

j

αjΓ(µj)Γ(mj)r̂jhljA0j

H4,2
4,4

[
x

2∏
j=1

Ψ
1/αj

j

r̂jhljA0j

∣∣∣∣∣ Φ1,Φ2,Θ1,Θ2

Υ1,Υ2,Ω1,Ω2

]
, (2.35)

in which Φj =
(
1−mj − 1

αj
, 1
αj

)
, Υj =

(
µj − 1

αj
, 1
αj

)
, Θj =

(
z2j−1

αj
+ 1, 1

αj

)
and Ωj =

(
z2j−1

αj
, 1
αj

)
.

In turn, the MGF of X can be calculated as

MX(t) =

∫ ∞

0

fX(x) exp(−tx)dx
∣∣∣∣
(−t)

. (2.36)

Substituting (2.35) in (2.36), using [37, Eq. (8.315.1)] and [39, Eq. (1.60)] in sequence, it

follows that

MX(t) =
2∏

j=1

z2j
αjΓ(µj)Γ(mj)

H4,3
5,4

[
1

(−t)

2∏
j=1

Ψ
1/αj

j

r̂jhljA0j

∣∣∣∣∣ (1,1),A1,A2,B1,B2

C1,C2,D1,D2

]
. (2.37)

Defining R =
∑L

i=1 |Hi,1||Hi,2| =
∑L

i=1

∏2
j=1 |Hi,j|, it follows that MR(t) =

∏L
i=1 MXi

(t).

Using the definition of the multivariate Fox H-function [39, Eq. (A.1)], MR(t) can be written

as

MR(t) =

[
L∏
i=1

2∏
j=1

z2i,j
αi,jΓ(µi,j)Γ(mi,j)

]

× H
0,0:[4,3]i=1:L

0,0:[5,4]i=1:L


χ1

(−t)
...
χL

(−t)

∣∣∣∣∣ −−
∣∣∣∣∣ [(1,1),Ai,1,Ai,2,Bi,1,Bi,2]i=1:L

[Ci,1,Ci,2,Di,1,Di,2]i=1:L

 , (2.38)

in which

χi =
2∏

j=1

Ψ
1/αi,j

i,j

r̂i,jhli,jA0i,j

. (2.39)
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From (2.38), the PDF of R can be calculated as

fR(r) =
1

2πj

∫
C
MR(t) exp(st)dt

∣∣∣∣
(−r)

. (2.40)

Using [37, Eq. (8.315.1)] and after algebraic simplifications,

fR(r) =
1

r

[
L∏
i=1

2∏
j=1

z2i,j
αi,jΓ(µi,j)Γ(mi,j)

]

× H
0,0:[4,3]i=1:L

0,1:[5,4]i=1:L

 χ1r
...

χLr

∣∣∣∣∣ −
(1; {1}i=1:L)

∣∣∣∣∣ [(1,1),Ai,1,Ai,2,Bi,1,Bi,2]i=1:L

[Ci,1,Ci,2,Di,1,Di,2]i=1:L

 . (2.41)

Integrating (2.41),

FR(r) =

[
L∏
i=1

2∏
j=1

z2i,j
αi,jΓ(µi,j)Γ(mi,j)

]

× H
0,0:[4,3]i=1:L

0,1:[5,4]i=1:L

 χ1r
...

χLr

∣∣∣∣∣ −
(0; {1}i=1:L)

∣∣∣∣∣ [(1,1),Ai,1,Ai,2,Bi,1,Bi,2]i=1:L

[Ci,1,Ci,2,Di,1,Di,2]i=1:L

 . (2.42)

Making Γ = R2, the PDF of the instantaneous SNR can be obtained using (2.11), as

shown in (2.29). Integrating (2.29), knowing that
∫ γ

0
xn−1dx = γn/n, Γ(γ + 1) = γΓ(γ) and

using the definition of the multivariate H-Fox, (2.30) is obtained. Finally, the MGF is de-

duced by computing the Laplace transform of (2.29). Using [28, id 01.03.26.0004.01], [28, id

07.34.26.0008.01], [39, Eq. (2.8)] and [39, Eq. (A.1)], (2.31) is derived. Hence, the proof is

concluded.

It should be mentioned that the statistics presented in this section are equal to [10], with

ms −→ ∞, and equal to [47], for z −→ ∞. Thus, this work generalizes some results presented

in [10, 47].

2.5.1 Performance Analysis

2.5.1.1 Outage Probability

The OP is given by Pout = FΓ(γth), in which FΓ(·) is written as (2.30).
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2.5.1.2 Bit Error Probability

The average bit error probability (BEP), Pb, can be evaluated as [48]

Pb =
1

π

∫ π
2

0

MΓ

( ρ

sin2 θ

)
dθ, (2.43)

in which ρ depends on the type of modulation considered.

Substituting (2.31) in (2.43), employing [39, Eq. (A.1)] and performing the change of

variable x = sin2 θ, and using [37, Eq. (3.191.3)/Eq. (8.384.1)] in sequence, it follows that the

BEP can be written in closed-form, after simplifications, as

Pb =
1

4
√
π

[
L∏
i=1

2∏
j=1

z2i,j
αi,jΓ(µi,j)Γ(mi,j)

]

× H
0,2:[4,3]i=1:L

2,2:[5,4]i=1:L


Ξ1√
ρ
...
ΞL√
ρ

∣∣∣∣∣
(
1; {1

2
}i=1:L

)
,
(
1
2
; {1

2
}i=1:L

)
(1; {1}i=1:L) ,

(
0; {1

2
}i=1:L

) ∣∣∣∣∣ [(1,1),Ai,1,Ai,2,Bi,1,Bi,2]i=1:L

[Ci,1,Ci,2,Di,1,Di,2]i=1:L

 . (2.44)

2.5.2 Asymptotic Analysis

From (2.30) and (2.44) respectively, and considering the approach presented in [49], it follows

that the asymptotic OP and BEP expressions can be written as

P∞
out =

1

2B

[
L∏
i=1

2∏
j=1

z2i,j
αi,jΓ(µi,j)Γ(mi,j)

]
Ψ(U1, ..., UL)

L∏
i=1

ϕ(Ui)
(
Ξiγ

1
2
th

)Ui

(2.45)

and

P∞
b =

1

4
√
πB

[
L∏
i=1

2∏
j=1

z2i,j
αi,jΓ(µi,j)Γ(mi,j)

]
Ψ(U1, ..., UL)

L∏
i=1

ϕ(Ui)
(
Ξiρ

− 1
2

)Ui

, (2.46)

in which B =
∏L

i=1Bi,ci
,

Ui = min
1≤j≤4

{
µi,1αi,1, µi,2αi,2, z

2
i,1, z

2
i,2

}
, (2.47)

ci = arg min
1≤j≤4

{
µi,1αi,1, µi,2αi,2, z

2
i,1, z

2
i,2

}
, (2.48)
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ϕ(Ui) =
2∏

j=1, µi,j ̸=
Ui
αi,j

Γ

(
µi,j −

Ui

αi,j

) 2∏
j=1, z2i,j ̸=Ui

Γ

(
z2i,j
αi,j

− Ui

αi,j

) 2∏
j=1

Γ

(
1− (1−mi,j) +

Ui

αi,j

)
Γ(Ui)

2∏
j=1

Γ

(
z2i,j
αi,j

+ 1− Ui

αi,j

) ,

(2.49)

Ψ(U1, ..., UL) =
Γ
(∑L

i=1
1
2
Ui

)
Γ
(∑L

i=1 Ui

)
Γ
(
1 +

∑L
i=1

1
2
Ui

) (2.50)

for the OP and

Ψ(U1, ..., UL) =
Γ
(∑L

i=1
1
2
Ui

)
Γ
(

1
2
+
∑L

i=1
1
2
Ui

)
Γ
(∑L

i=1 Ui

)
Γ
(
1 +

∑L
i=1

1
2
Ui

) (2.51)

for the BEP. It should be mentioned that the diversity order is given by

Gd =
L∑
i=1

min
1≤j≤4

{
µi,1αi,1, µi,2αi,2, z

2
i,1, z

2
i,2

}
. (2.52)

2.6 RESULTS

Theoretical curves as a function of the average SNR γ̄ are shown in Fig. 2.1, corroborated

by Monte-Carlo simulations, under different values of the parameter z in order to characterize

scenarios with weak, moderate, and heavy pointing errors. The simulations consider the Fox H-

function implementation available in [50]. In addition, A0 = 0.8 and without loss of generality,

hl = 1. The adherence between the theoretical and simulated curves is perceived in all cases.

Also, the asymptotic curves follow the analytical ones at high SNR.

The SEP is evaluated in Fig. 2.1(a), with α = 3.5, m = 5, and µ = 2.1, for BPSK and

QPSK modulation schemes. The asymptotic curves are plotted from (2.22). As z increases, it

is noted that the SEP decreases since the pointing error condition is improving. For γ̄ = 10

dB, a difference in terms of SEP of approximately two orders of magnitude is perceived when

comparing the curves for the case where the BPSK scheme is adopted, with weak (z = 6.5) and

heavy (z = 0.6) pointing error scenarios. For z fixed, the SEP is better for the BPSK scheme

than the one for QPSK, as the receiver is less likely to make errors in the decision process.
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Fig. 2.1(b) presents OP curves under different values of α, for µ = 2.7, m = 1.3 and γth = 5

dB. Asymptotic curves are plotted with (2.21). For α = 2, the Fisher-Snedecor case is provided

as a benchmark. As the parameter α increases, the OP improves for a given z value, since

the higher the values of α are, the more deterministic the channel is and, therefore, the less

vulnerable to variation the channel is [51]. Then, the increase of the parameter α diminishes the

OP values. The following insight is also perceived in Fig. 2.1(b): for the strong pointing errors

case, the increase in the value of α has almost no impact on the OP. Capacity and asymptotic

capacity curves as a function of SNR are plotted in Fig. 2.1(c), under different m values, with

α = 2.2 and µ = 2.1. In the analysis, m = 3.1 and m = 10.5 denote moderate and weak

shadowing, respectively. Lower capacity values are obtained for z = 0.6, corresponding to a

scenario with heavy pointing errors. Furthermore, smaller capacity values are also obtained for

weak, moderate, or heavy pointing errors for m = 3.1.

Fig. 2.2 presents SEP curves as a function of average SNR γ̄, considering the BPSK modu-

lation scheme, z = 3, m = {2.5,∞}, α = {2, 6.5} and µ = {1, 1.7}. In the model, the α-µ with

misalignment is obtained when m→ ∞. In turn, for α = 2, the Fisher-Snedecor F distribution

with pointing errors is achieved. For µ = 1, the shadowed Weibull fading model, also with the

mentioned effect, can be obtained as a particular case of the study proposed in this work. To

the best of the authors’ knowledge, results for the shadowed Weibull model with pointing errors

have not been presented in the literature. In Fig. 2.2, it is evidenced that (i) for a fixed SNR,

the SEP (symbol error probability) increases as the parameter that characterizes the shadowing

(m) effect and/or the parameter that models the fading intensity decreases and (ii) the impact

of the m and µ on the SEP is smaller as α increases.

Comparisons between the empirical and theoretical PDFs of the α-µ and α-F distributions

are performed in Fig. 2.3. The empirical data were extracted from [16, Fig. 2(c)] using the

WebPlotDigitizer tool [52], and the parameters of the theoretical PDFs were estimated using the

lsqcurvefit function available in MATLAB. For the α-µ distribution, it should be mentioned

that the estimated parameters are the same as found in [16, Table 5, TX4]. It is noted in

Fig. 2.3 that the α-F model presents practically the same adherence as the α-µ distribution

since the measured data did not consider shadowing. For this scenario, the α-F is slightly better

than α-µ distribution in terms of MSE and has a large m value, which is expected in a non-
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(a)

(b)

(c)

Figure 2.1. (a) SEP, (b) OP, and (c) capacity curves as a function of SNR γ̄, considering weak, moderate,
and heavy pointing errors.
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Figure 2.2. SEP curves as a function of SNR γ̄, considering the BPSK modulation.

shadowing scenario. This supports the mathematical framework developed and the model itself.

For the case in which shadowing can be considered, it is expected that the α-F distribution

presents a better adherence than the α-µ since the mentioned distribution has a higher degree

of freedom. This indicates the promising potential of employing the α-F distribution to model

THz channels.

Figure 2.3. Comparisons between the empirical and the theoretical PDFs.

The OP and the BEP curves are presented in Figs. 2.4(a) and (b), respectively, under

RIS-assisted scenarios considering α-F fading with pointing errors. In the study, independent

and non-identically distributed variates are adopted. In Fig. 2.4(a), αi,1 = 1.5, αi,2 = 2.3,

µi,1 = µi,2 = 2.0, mi,1 = 3.0, mi,2 = 4.0 and γth = 5 dB. In Fig. 2.4(b), αi,1 = 1.5, αi,2 = 2.3,

µi,1 = 2.5, µi,2 = 3.5, mi,1 = 4.0, mi,2 = 5.0 and ρ = 1. The curves in Fig. 2.4 are shown as a
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function of SNR for different numbers of the RIS elements under strong pointing errors. Curves

concerning the non-pointing error case are included as benchmark. Asymptotic curves are also

plotted with (2.45) and (2.46). In Fig. 2.4, the impact of the RIS elements on the metrics

performance is evidenced. From the results, it is noted that the RIS improves the OP and BEP

performance, consonant with (2.52). In fact, as L increases, the OP and BEP values obtained

are lower. Furthermore, as evidenced in (2.52), it should be mentioned that the diversity gain

depends on the fading and pointing errors parameters and, thus, note that the slope of the

curves change according to the mentioned parameters.

(a)

(b)

Figure 2.4. (a) OP and (b) BEP curves as a function of SNR γ̄, under RIS-assisted scenarios, considering α-F
fading with pointing errors.



CHAPTER 3

CASCADED AND SUM OF CASCADED OVER α-F
FADING CHANNELS WITH POINTING ERROR

IMPAIRMENT

Outline

In this chapter, the cascaded and the sum of cascaded α-F fading distribution with pointing

errors is studied for the first time. All expressions derived in this work are new and general-

ist, written in terms of the single or multivariate Fox H-function [39]. The aforementioned

expressions can be applied in different scenarios, including THz, RIS-assisted communications,

multi-hop amplify and forward non-regenerative relaying systems, MIMO keyhole, or single-hop

multiple-input single-output (MISO) systems, for example.

3.1 CASCADED α-F FADING WITH POINTING ERRORS CHANNELS

3.1.1 Cascaded System Model

The cascaded fading coefficient can be written as H = H1H2 · · ·HN , whose Hj = hljHfjHpj
,

j = 1,2, . . . ,N . The Hj PDF is given by

fHj
(hj) =

H2,1
2,2

[
Ψj

(
hj

r̂jhljA0j

)αj

∣∣∣∣ (1−mj,1), (z
2
j /αj + 1,1)

(µj,1), (z
2
j /αj,1)

]
hjΓ(µj)Γ(mj)/z2j

, (3.1)

where Hj is the j-th envelope fading channel characterized by the α-F composite distribution

with pointing errors for each THz link, Ψj = µj/(mj − 1), r̂j = αj

√
E[Hαj

fj ] is the α-root mean

value, αj characterizes the non-linearity of the propagation medium, µj represents the number

of multipath clusters, mj is the shadowing parameter, H[·] denotes the Fox H-function, A0j is

the fraction of the collected power, and zj is the ratio between the equivalent beam radius at

the receiver and the pointing error displacement standard deviation. For zj → ∞, it should be

mentioned that the case of the non-pointing error is assumed.
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It is assumed a THz link model with highly-directional transmit and receive antennas to

ensure reliable energy transmission. In this model, Hfj denotes the composite fading channel,

Hpj
represents the misalignment component, and hlj = hflj

halj is the deterministic path loss

that is constant for a given weather condition and link distance. The parameter hflj
models the

propagation gain and is given by

hflj
=
c
√
GtjGrj

4πfdj
, (3.2)

in which Gtj and Grj are, respectively, the gains of the transmit- and receive-antenna, c is the

speed of light, f is the operating frequency, and dj is the distance of the j-th hop such that∑N
j=1 dj is the total distance of the link. In addition, halj characterizes the molecular absorption

gain and is given by

halj = exp

(
−1

2
κj(f)dj

)
, (3.3)

in which κj(f) denotes the frequency-dependent absorption coefficient. More details about hlj

can be found in [2]. Thus, the received signal considering a wireless multi-hop amplify-and-

forward relaying link can be written as

Y = H1H2H3 · · ·HN︸ ︷︷ ︸
H

X +W, (3.4)

where X is the transmitted signal and W is the additive white Gaussian noise with zero mean

and variance σ2
W . It is assumed that H1, H2, · · · , HN are independent.

3.1.2 First Order Statistics

Proposition 3.1.1. Let αj, µj, γ̄j, zj, A0j , hlj , s, γ ∈ R+, and mj > 1, with j = 1,2, . . . , N .

The PDF, the CDF, and the MGF of the instantaneous SNR Γ, under cascaded α-F composite

fading with pointing errors, are given, respectively, by

fΓ(γ) =

H2N,N
2N,2N

[
Ξ
√
γ

∣∣∣∣ A1, · · · ,AN ,B1, · · · ,BN

C1, · · · , CN ,D1, · · · ,DN

]
2γ
∏N

j=1 αjΓ(µj)Γ(mj)/z2j
, (3.5)

FΓ(γ) =

H2N,N+1
2N+1,2N+1

[
Ξ
√
γ

∣∣∣∣ (1,1),A1, · · · ,AN ,B1, · · · ,BN

C1, · · · , CN ,D1, · · · ,DN , (0,1)

]
∏N

j=1 αjΓ(µj)Γ(mj)/z2j
(3.6)
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and

MΓ(s) =

H2N,N+1
2N+1,2N

[
Ξ√
s

∣∣∣∣ (1,12) ,A1, · · · ,AN ,B1, · · · ,BN

C1, · · · , CN ,D1, · · · ,DN

]
2
∏N

j=1 αjΓ(µj)Γ(mj)/z2j
, (3.7)

where Aj = (1−mj,1/αj), Bj =
(
z2j /αj + 1,1/αj

)
, Cj = (µj,1/αj), Dj =

(
z2j /αj,1/αj

)
, and

Ξ =
∏N

j=1 Ψ
1
αj

j zj/
√
γ̄j
(
z2j + 2

)
, in which γ̄j is the average SNR and N is the number of chan-

nels.

Proof. Let H = H1H2 · · ·HN , where fHj
(hj), with j = 1, 2, . . . , N , is given by (3.1). The

Mellin transform of fHj
(hj), denoted by M[fHj

(hj)], can be derived by using [39, Eq. (2.9)]

and making the variable change r = h
αj

j . According to [46, Eq. (3.5)],

M[fH(h)] = M[fH1(h1)]M[fH2(h2)] · · ·M[fHN
(hN)],

and the PDF of H can be deduced by using [46, Eq. (3.2)]. After simplifications,

fH(h) =
1

h

[
N∏
j=1

z2j
αjΓ (µj) Γ (mj)

]
H2N,N

2N,2N

[
N∏
j=1

Ψ
1/αj

j

r̂jhljA0j

A1, · · · ,AN ,B1, · · · ,BN

C1, · · · , CN ,D1, · · · ,DN

]
(3.8)

is obtained with Aj = (1−mj,1/αj), Bj =
(
z2j /αj + 1,1/αj

)
, Cj = (µj,1/αj), and Dj =(

z2j /αj,1/αj

)
.

Making Γ = H2, the PDF of the instantaneous SNR (3.5) can be obtained by using the

fact that fΓ(γ) = fH(
√
γ)/(2

√
γ). Integrating (3.5), knowing that

∫ γ

0
xn−1dx = γn/n and

Γ(γ +1) = γΓ(γ), (3.6) is obtained. The MGF of Γ in (3.7) is obtained by making the Laplace

transform of (3.5) and proceeding with some simplifications. Hence, the proof is concluded.

3.1.3 Performance Metrics

3.1.3.1 Bit Error Probability

The average BEP, Pb, can be evaluated as

Pb =
1

π

∫ π
2

0

MΓ

(
ρ

sin2 ϕ

)
dϕ, (3.9)

in which ρ depends on the modulation type assumed.
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Substituting (3.7) into (3.9), making x = sin2(ϕ), using [28, id 06.18.07.0001.01], [28, id

06.18.02.0001.01], and performing some simplifications, it follows that

Pb =

H2N,N+2
2N+2,2N+1

[
Ξ√
ρ

∣∣∣∣ (1,12) , (12 ,12) ,A1, · · · ,AN ,B1, · · · ,BN

C1, · · · , CN ,D1, · · · ,DN ,
(
0,1

2

) ]
4
√
π
∏N

j=1 αjΓ(µj)Γ(mj)/z2j
. (3.10)

3.1.3.2 Outage Probability

The OP, Pout, is defined as the point at which the SNR of the signal at the output of the

receiver falls below the threshold γth, i.e. Pout ≜ Prob[Γ ≤ γth] = FΓ(γth). Then,

Pout =

H2N,N+1
2N+1,2N+1

[
Ξ
√
γth

∣∣∣∣ (1,1),A1, · · · ,AN ,B1, · · · ,BN

C1, · · · , CN ,D1, · · · ,DN , (0,1)

]
∏N

j=1 αjΓ(µj)Γ(mj)/z2j
(3.11)

is deduced.

3.1.3.3 Ergodic Channel Capacity

The ergodic channel capacity, in bit/s, is calculated as

Cerg =
1

ln(2)

∫ ∞

0

fΓ(γ)ln(1 + γ)dγ. (3.12)

Replacing (3.5) into (3.12) and using [28, 01.04.26.0003.01] and [40, Eq. (2.8.4)], the channel

capacity can be written as

Cerg =

H2N+2,N+1
2N+2,2N+2

[
Ξ

∣∣∣∣ (0, 12),A1, · · · ,AN ,B1, · · · ,BN , (1,
1
2
)

C1, · · · , CN ,D1, · · · ,DN , (0,
1
2
), (0, 1

2
)

]
2 ln(2)

∏N
j=1 αjΓ(µj)Γ(mj)/z2j

. (3.13)

3.1.3.4 Average AUC

The average AUC, Ā, is given by [53, Eq. (36)]

Ā =

∫ ∞

0

A(γ)fΓ(γ)dγ, (3.14)

in which A(γ) denotes the instantaneous AUC [53, Eq. (35)] given by

A(γ) = 1−
u−1∑
k=0

k∑
l=0

(
k + u− 1

k − l

)
γl exp (−γ/2)

2k+l+ul!
, (3.15)
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where u denotes the time-bandwidth product under the energy detection technique and
(
a
b

)
is

the binomial coefficient. Replacing (3.5) and (3.15) in (3.14), using the integral representation

of the H-function, [37, Eq. (3.381.4)] and [39, Eq. (1.2)] in sequence, one obtains

Ā = 1−
u−1∑
k=0

k∑
l=0

(
k + u− 1

k − l

)
1

2k+u+1l!

H2N,N+1
2N+1,2N

[√
2Ξ

∣∣∣∣ (1− l,1/2),A1, · · · ,AN ,B1, · · · ,BN

C1, · · · , CN ,D1, · · · ,DN

]
∏N

j=1 αjΓ(µj)Γ(mj)/z2j
.

(3.16)

3.1.4 Asymptotic Analysis

3.1.4.1 Bit Error Probability and Outage Probability

Considering the approach presented in [49], it follows that the asymptotic BEP and OP can

be written as

P∞
b =

1

Bβ

[
N∏
j=1

z2j
αjΓ(µj)Γ(mj)

]
ϕΓ
(
U
2

)
Γ
(
U+1
2

) (
Ξ√
ρ

)U
4
√
πΓ
(
U
2
+ 1
) (3.17)

and

P∞
out =

1

Bβ

[
N∏
j=1

z2j
αjΓ(µj)Γ(mj)

]
ϕΓ(U)

(
γ

1
2
thΞ
)U

Γ(1 + U)
, (3.18)

respectively, where U = min {µ1α1, · · · , µNαN , z
2
1 , · · · , z2N}, β = arg min U , and ϕ is given

by (3.19). It should be mentioned that Bβ is the residual term in the Fox H-function considered

by removing the respective Gamma function from the condition µj ̸= U
αj

or z2j ̸= U in (3.19).

ϕ =

N∏
j=1

µj ̸= U
αj

Γ

(
µj −

U

αj

) N∏
j=1
z2j ̸=U

Γ

(
z2j − U

αj

) N∏
j=1

Γ

(
mj +

U

αj

)

N∏
j=1

Γ

(
z2j
αj

+ 1− U

αj

) (3.19)

From (3.17) and (3.18), the diversity order of the considered system can be found as

Gd = min(α1µ1/2, · · · , αNµN/2, z
2
1/2, · · · , z2N/2). (3.20)

That is, the diversity order depends on the fading and pointing error parameters.



3.2 – Sum of Cascaded α-F Fading with Pointing Error Channels 27

3.1.4.2 Ergodic Channel Capacity

The asymptotic ergodic capacity at high SNR values is given by [42]

C∞
erg = log2(γ̄) + log2(e)

∂

∂n

E[γn]
γ̄n

∣∣∣∣
n=0

, (3.21)

in which ∂/∂n is the first derivative operator and

E[γn] =

∏N
j=1 z

2
jΓ
(
µj +

2n
αj

)
Γ
(

z2j+2n

αj

)
Γ
(
mj − 2n

αj

)
Ξ2n

∏N
j=1 αjΓ(µj)Γ(mj)Γ

(
z2j
αj

+ 1 + 2n
αj

) . (3.22)

Replacing (3.22) into (3.21) and proceeding with simplifications,

C∞
erg = log2

(
1

Ξ2

)
+ log2(e)

[
N∑
j=1

2

αj

(
ψ(µj) + ψ

(
z2j
αj

)
− ψ(mj)− ψ

(
z2j
αj

+ 1

))]
, (3.23)

with ψ(x) = Γ′(x)/Γ(x) denoting the digamma function [37, Eq. (8.36)].

3.1.4.3 AUC

The asymptotic AUC is given by

Ā∞ = 1−
u−1∑
k=0

k∑
l=0

(
k + u− 1

k − l

)
ϕΓ
(
l + U

2

)
2k+u+1l!Bβ

(
√
2Ξ)U∏N

j=1 αjΓ(µj)Γ(mj)/z2j
, (3.24)

that is derived from (3.16) using the approach presented in [49].

3.2 SUM OF CASCADED α-F FADING WITH POINTING ERROR CHANNELS

3.2.1 System Model

Let S be the sum of products of N α-F RVs with pointing errors, i.e.,

S =
L∑
i=1

Hi1Hi2 · · ·HiN =
L∑
i=1

N∏
j=1

Hij, L ≥ 1, N ≥ 1. (3.25)

The received signal, under the aforementioned model, can be written as

Y =
L∑
i=1

Hi1Hi2 · · ·HiN︸ ︷︷ ︸
S

X +W. (3.26)
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3.2.2 First Order Statistics

Proposition 3.2.1. Consider αij, µij, γ̄ij, zij, A0ij , hlij , s, γ ∈ R+, and mij > 1, with

j = 1,2, . . . , N and i = 1,2, . . . , L. The PDF, the CDF, and the MGF of the instantaneous

SNR Γ, considering the sum of independent and non-identically distributed cascaded α-F RVs

with pointing errors, are given by

fΓ(γ) =
γ−1

2

[
L∏
i=1

N∏
j=1

z2ij
αijΓ(µij)Γ(mij)

]

× H
0,0:[2N,N+1]i=1:L

0,1:[2N+1,2N ]i=1:L

 Ξ1γ
1
2

...
ΞLγ

1
2

−
(1, {1}i=1:L)

[(1,1) ,Ai1, · · · ,AiN ,Bi1, · · · ,BiN ]i=1:L

[Ci1, · · · , CiN ,Di1, · · · ,DiN ]i=1:L

 , (3.27)

FΓ(γ) =
1

2

 L∏
i=1

N∏
j=1

z2ij
αijΓ(µij)Γ(mij)



×H
0,1:[2N,N+1]i=1:L

1,2:[2N+1,2N ]i=1:L

 Ξ1γ
1
2

...
ΞLγ

1
2

(
1,
{
1
2

}
i=1:L

)
(1, {1}i=1:L) ,

(
0,
{
1
2

}
i=1:L

) [(1,1) ,Ai1, · · · ,AiN ,Bi1, · · · ,BiN ]i=1:L

[Ci1, · · · , CiN ,Di1, · · · ,DiN ]i=1:L


(3.28)

and

MΓ(s) =
1

2

[
L∏
i=1

N∏
j=1

z2ij
αijΓ(µij)Γ(mij)

]

× H
0,1:[2N,N+1]i=1:L

1,1:[2N+1,2N ]i=1:L

 Ξ1s
− 1

2

...
ΞLs

− 1
2

(
1,
{

1
2

}
i=1:L

)
(1, {1}i=1:L)

[(1,1) ,Ai1, · · · ,AiN ,Bi1, · · · ,BiN ]i=1:L

[Ci1, · · · , CiN ,Di1, · · · ,DiN ]i=1:L

 ,
(3.29)

respectively, where H[·| · |·] is the multivariate Fox H-function [39].

Proof. Let be S = Z1 + Z2 + · · · + ZL, in which fZi
(z) is given by (3.8). The MGF of S is

given by MS(s) = MZ1(s)MZ2(s) · · ·MZL
(s), with each MZi

(s) being obtained by making the

Laplace transform of fZi
(z). Using [39, Eq. (A.13)], the product of the individual MGFs,

MS(s), can be derived in terms of the multivariate Fox H-function. Furthermore, using the

Laplace inverse transform of MS(s) and writing the multivariate Fox H-function in its integral

form [39, Eq. A.1], the Laplace inverse transform integral can be internalized. Then, making

the variable change −t = sz and solving the inner integral, it is possible to use the fact that
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1
Γ(x)

= w
2π

∫
C
(−t)−xe−tdt to write the envelope PDF fS(s) in terms of another multivariate Fox

H-function. After simplifications,

fS(s) =
1

s

[
L∏
i=1

N∏
j=1

z2ij
αijΓ (µij) Γ (mij)

]

× H
0,0:[2N,N+1]i=1:L

0,1:[2N+1,2N ]i=1:L

 Ω1s
...

ΩLs

−
(1, {1}i=1:L)

[(1,1),Ai1, · · · ,AiN ,Bi1, · · · ,BiN ]i=1:L

[Ci1, · · · , CiN ,Di1, · · · ,DiN ]i=1:L


(3.30)

is deduced with Ωi =
∏N

j=1Ψ
1/αij

ij /(r̂ijhlijA0ij) and Ψij = µij/(mij − 1).

The PDF of the instantaneous SNR Γ = S2 can be deduced by making fΓ(γ) = fS(
√
γ)/(2

√
γ),

which results in (3.27). By integrating (3.27) and by using similar steps presented in Appendix

A, the CDF in (3.28) is obtained. The MGF of Γ shown in (3.29) is obtained by making

the Laplace transform of (3.27) with some algebraic manipulations. Hence, the proof is con-

cluded.

3.2.3 Performance Metrics

3.2.3.1 Outage Probability

The OP is given by (3.31).

Pout =
1

2

 L∏
i=1

N∏
j=1

z2ij
αijΓ(µij)Γ(mij)



×H
0,1:[2N,N+1]i=1:L

1,2:[2N+1,2N ]i=1:L


Ξ1γ

1
2
th

...

ΞLγ
1
2
th

(
1,
{
1
2

}
i=1:L

)
(1, {1}i=1:L) ,

(
0,
{
1
2

}
i=1:L

) [(1,1) ,Ai1, · · · ,AiN ,Bi1, · · · ,BiN ]i=1:L

[Ci1, · · · , CiN ,Di1, · · · ,DiN ]i=1:L

 .

(3.31)

3.2.3.2 Asymptotic Outage Probability

Considering the approach presented in [49], it follows that the asymptotic OP can be written

as
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P∞
out =

1

2
∏L

i=1Bβi

[
L∏
i=1

N∏
j=1

z2ij
αijΓ(µij)Γ(mij)

]
Ψ(U1, · · · ,UL)

[
L∏
i=1

ϕ
(
Ξiγ

1/2
th

)Ui

Γ (Ui)

]
, (3.32)

with Ui = min {µi1αi1, · · · , µiNi
αiNi

, z2i1, · · · , z2iN}, βi = arg min Ui,

Ψ(U1, · · · ,UL) =
Γ
(∑L

i=1
Ui

2

)
Γ
(∑L

i=1 Ui

)
Γ
(
1 +

∑L
i=1

Ui

2

) , (3.33)

and ϕ given by (3.35). Note that Bβi
is the residual term in the Fox H-function considered by

removing the respective Gamma function from the condition µij ̸= Ui

αij
or z2ij ̸= Ui in (3.35).

From (3.32), the diversity order is

Gd =
L∑
i=1

min(αi1µi1/2, · · · , αiNµiN/2, z
2
i1/2, · · · , z2iN/2), (3.34)

that depends on the fading and pointing error parameters.

ϕ =

N∏
j=1

µij ̸=
Ui
αij

Γ

(
µij −

Ui

αij

) N∏
j=1

z2ij ̸=Ui

Γ

(
z2ij − Ui

αij

) N∏
j=1

Γ

(
mij +

Ui

αij

)

N∏
j=1

Γ

(
z2ij
αij

+ 1− Ui

αij

) (3.35)

3.3 NUMERICAL RESULTS

In Fig. 3.1, the performance of a relaying (N = 2) THz wireless communication system

is investigated. Theoretical OP curves, from (3.11), and their asymptotics, from (3.18), as a

function of average SNR γ̄ = γ̄1 = γ̄2 are shown, considering strong (z1 = 0.7 and z2 = 0.8),

moderate (z1 = 1 and z2 = 1.1), and weak (z1 = 1.5 and z2 = 1.6) pointing error scenarios.

Curves without misalignment, i.e. under non-pointing errors, are also presented as benchmarks,

obtained when {z1,z2} → ∞. For comparison purposes, the OP performance of a single (N = 1)

THz link is also presented. The correctness of the derived expressions is unequivocally confirmed

by the excellent correspondence between the theoretical expressions and Monte-Carlo simulation

curves. Fig. 3.1 shows that (i) for a fixed SNR, the OP increases as the parameter that

characterizes the pointing error (z) decreases, and (ii) the impact of the z on the OP is smaller
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Figure 3.1. OP curves and their asymptotics as a function of SNR γ̄, under different values of z1, z2 and
number of channels N .

as N increases. Considering that the channel parameters are equal, the OP of the two-hop

relaying THz system is higher than that of the single THz link. Furthermore, the results

show that the asymptotic curves coincide with the analytical curves at high SNR values, again

corroborating the correctness of the analytical results. As attested in theoretical findings, the

diversity order, which is represented by the slope of asymptotic curves, depended only on the

channel non-linearity and the pointing error parameter. For example, when the diversity gain

equals Gd = z22/2 = 1.125, z1 = 1.5 and z2 = 1.6, the curves for N = 1 and N = 2 have the

same slope at high transmitted power.

BEP and asymptotic BEP curves as a function of average SNR γ̄ are presented in Fig. 3.2,

under strong, moderate, and weak pointing error conditions with N = 2. In all cases, for

µ = µ1 = µ2 = 1, the cascaded shadowed Weibull fading model with pointing errors is obtained

as a particular case of the study proposed in this work. To the best of the author knowledge,

results for the cascaded shadowed Weibull model with the aforementioned effect have not been

presented in the literature. The non-pointing errors (obtained when {z1,z2} → ∞) and no-

shadowing (obtained when m1 = m2 = m −→ ∞) cases are included in Figs. 3.2(a) and 3.2(b)

as benchmarks, respectively. In Fig. 3.2(b), the purpose is to provide evidence of the impact of

parameter m in the system performance. It can be seen in both figures that the performance
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degrades as {z1,z2} decreases. Furthermore, as shown in Fig. 3.2(b) for lower values of {z1,z2},

almost no impact has the shadowing intensity m in the BEP curves. In addition, the asymptotic

curves have the same slope regardless of the value of m.

(a)

(b)

Figure 3.2. BEP and asymptotic BEP curves as a function of SNR γ̄, under different values of (a) z; (b) m
and z.

The performance of amplify-and-forward relaying THz systems in terms of the channel

capacity is investigated in Fig. 3.3, for different values of α1 = α2 = α and pointing error
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Figure 3.3. Channel capacity and asymptotic channel capacity curves as a function of SNR γ̄ for different α
and pointing error conditions.

conditions. The capacity improves as α and/or z1 = z2 increases since lower is the effect of the

non-linearity and pointing errors in the system. Note that the best capacity curves are for the

case in which non-pointing errors are considered. For α = 2, the channel capacity corresponding

to the cascaded Fisher-Snedecor F with pointing errors is presented as a benchmark.

AUC and asymptotic AUC curves are presented in Fig. 3.4, under different number of

channels and considering particular cases of the study. It should be mentioned that the AUC

metric assumes values between 0.5 and 1 and is used to evaluate the performance of the energy

detection schemes. In Fig. 3.4, AUC curves for the Fisher Snedecor F and Weibull-F with

pointing errors channels are presented. The mentioned cases are not analyzed in the literature,

according to the best authors’ knowledge. As the SNR increases, the detection performance

gets better. It is noted in Fig. 3.4 that the energy detector performance depends on the

fading parameters. As µ1 = µ2 = µ increases, the capability detection is improved. This

occurs because of the advantages of the multipath effect. As benchmarks, AUC curves without

pointing errors are also presented.

OP and asymptotic OP curves are presented in Fig. 3.5, under RIS-assisted scenarios con-

sidering α-F fading with pointing errors, for different numbers of the elements L present in the

RIS and {z1, z2} values. In the study, the non-pointing error condition is also considered. It
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(a)

(b)

Figure 3.4. AUC and asymptotic AUC curves as a function of SNR γ̄ for different fading models and number
and channels.

should be mentioned that the scenario analyzed in this case corresponds to the sum of the prod-

uct of two random variables. Note from Fig. 3.5 that the RIS improves the OP performance.

In fact, as L increases, the OP values are lower.
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Figure 3.5. OP and asymptotic OP curves as a function of SNR γ̄, under RIS-assisted scenarios considering
α-F fading with and without pointing error condition.



CHAPTER 4

ON THE PERFORMANCE OF NOMA SYSTEMS OVER
α-F FADING CHANNELS WITH POINTING ERROR

IMPAIRMENT

Outline

This chapter presents the performance of NOMA under multipath, shadowing, non-linearity

and pointing error impairment. Based on the existing literature, to the best of the author

knowledge, none of the reports have studied the joint impact of the mentioned effects on the

PEP performance of NOMA systems. Statistics are derived in this chapter, as well as closed-

form and asymptotic expressions for the PEP under arbitrary NOMA users. The achievable

theoretical diversity gains and the BER union bound are also analyzed. All the expressions

presented in this work are unpublished.

4.1 SYSTEM MODEL

NOMA is a new and important technology used to improve the system spectral efficiency

of the emergent and future communications wireless generations [26]. NOMA is a promising

multiple access scheme in which many users are supported and multiplexed in the power domain,

sharing the same time-frequency resources. In the before-mentioned technology, users adopt

SIC to mitigate interference and enable proper signal detection.

The adopted downlink NOMA system is illustrated in Fig. 4.1 and consists of a single-

antenna base station that transmits signals to L users using the same time-frequency resources.

The transmitted signal s can be expressed as

s =
L∑
l=1

√
βlγ̄xl, (4.1)

in which γ̄ is the average transmitted SNR, xl is the information symbol intended to the l-

th user, l = 1,2, . . . , L, and βl is the corresponding power allocation coefficient, such that
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∑L
l=1 βl = 1. The received signal at l-th user yl is given by [19, Eq. (2)]

yl = hls+ wl, (4.2)

where hl is the corresponding complex channel gain and wl is the normalized complex additive

white Gaussian noise with zero mean and unit variance. The system indexes users and allo-

cates power according to the intensity of their channel gains. Therefore, the power allocation

coefficients must satisfy β1 > β2 > · · · > βL for channels ordered as |h1|2 < |h2|2 < · · · < |hL|2.

User 1

User 

User 

(...)

(...)
Detect 

SIC Detect 

SIC Detect 

Figure 4.1. L-user NOMA system.

Since a given user receives a signal affected by the interference corresponding to the remain-

ing L − 1 users, the SIC process must be adopted to enable proper symbol detection. In this

process, the l-th user detects and subtracts the symbols of the previous l−1 users. Without loss

of generality, the l-th user detects his own symbol by applying a maximum likelihood detection

based on

x̂l = argmin
x̃∈C

∣∣∣y′l −√βlγ̄hlx̃
∣∣∣2, (4.3)

in which C is an arbitrary signal constellation and y′l is the output of the (l−1)-th SIC iteration,

expressed by

y′l =


√
βlγ̄xl +

l−1∑
j=1

√
βj γ̄δj︸ ︷︷ ︸

SIC

+
L∑

k=l+1

√
βkγ̄xk︸ ︷︷ ︸

Interference

hl + wl. (4.4)

In (4.4), δj = xj − x̂j, with 1 ≤ j ≤ l − 1. It can be seen from (4.4) that the first user (l = 1)

does not perform SIC, resulting in y′l = yl. In contrast, the L-th user employs L − 1 SIC

iterations.
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4.2 PDF OF THE l-TH USER

As aforementioned, the NOMA system indexes users in ascending order concerning channel

intensity. Therefore, the instantaneous SNR is a user-dependent statistic. The PDF for the

l-th user, l = 1,2, . . . , L, is given by [20, Eq. (10)]

fl(γ) =
L!fγ(γ)[Fγ(γ)]

l−1[1− Fγ(γ)]
L−l

(l − 1)!(L− l)!
. (4.5)

Plugging (2.6) and (2.7) into (4.5) with simplifications, the PDF of the instantaneous SNR for

the l-th user is written as

fl(γ) =
L!α1−l

2γ(l − 1)!(L− l)!

(
z2

Γ(µ)Γ(m)

)l

G2,1
2,2

[
Ξ

∣∣∣∣ 1−m,z2/α + 1
µ,z2/α

]
×
[
G2,2

3,3

[
Ξ

∣∣∣∣ 1−m, 1, z2/α + 1
µ,z2/α, 0

]]l−1

×
[
1− z2α−1

Γ(µ)Γ(m)
G2,2

3,3

[
Ξ

∣∣∣∣ 1−m, 1, z2/α + 1
µ,z2/α, 0

]]L−l

. (4.6)

In addition, using the binomial expansion to the term raised to the power L− l and proceeding

with some simplifications, (4.6) can be rewritten as

fl(γ) =
L!α

2γ(l − 1)!(L− l)!
G2,1

2,2

[
Ξ

∣∣∣∣ 1−m,z2/α + 1
µ, z2/α

]
×

L−l∑
k=0

(
L− l

k

)
(−1)k

(
z2

αΓ(µ)Γ(m)

)l+k [
G2,2

3,3

[
Ξ

∣∣∣∣ 1−m, 1, z2/α + 1
µ,z2/α, 0

]]l+k−1

. (4.7)

From (4.6) or (4.7), for α = 2, the Fisher-Snedecor model with pointing errors is obtained as a

particular case of the study proposed in this work. To the best of the author knowledge, results

for the Fisher-Snedecor model have not been presented in the literature concerning NOMA

systems.

4.3 PERFORMANCE ANALYSIS FOR NOMA SYSTEMS UNDER α-F FADING WITH

BEAM MISALIGNMENT

4.3.1 On the Exact PEP Analysis

The PEP for the l-th user, corresponding to a given transmitted and detected symbols pair

(xl,x̂l), is expressed by [19]

PEPl =

∫ ∞

0

Q(Θl
√
γ)fl(γ)dγ, (4.8)
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in which Q(·) is the Gaussian Q-function [37] and

Θl =

√
βlγ̄

2
|δl|+

2

|δl|

√
γ̄

2
ℜ

{
δl

(
l−1∑
i=1

√
βiδ

∗
i +

L∑
j=l+1

√
βjx

∗
j

)}
, (4.9)

with δl = xl − x̂l, ℜ{·} representing the real part operator, and (·)∗ denoting the complex

conjugate.

Using the fact that [39]

Q(Θl
√
γ) =

1

2
√
π
H2,0

1,2

[
Θ2

l

2
γ

∣∣∣∣ (1,1)
(0,1), (1

2
,1)

]
, (4.10)

writing each Meijer G-function in (4.7) in terms of the Mellin-Barnes integral and replacing the

resulting expressions in (4.8), it is possible to write the PEP as

PEPl =
L!α

4
√
π(l − 1)!(L− l)!

L−l∑
k=0

(
L− l

k

)
(−1)k

(
z2

αΓ(µ)Γ(m)

)l+k
1

(2πj)l+k

×
∫
L1

· · ·
∫
Ll+k

l+k∏
i=1

ϕi(τi)

(
Ψzα

(γ̄(z2 + 2))α/2

)−τi

×
∫ ∞

0

γ−1−α
2

∑l+k
i=1 τiH2,0

1,2

[
Θ2

l

2
γ

∣∣∣∣ (1,1)
(0,1), (1

2
,1)

]
dγ︸ ︷︷ ︸

I

dτ1 · · · dτl+k, (4.11)

with

ϕi(τi) =
Γ(µ+ τi)Γ(z

2/α + τi)Γ(m− τi)Γ(−τi)
Γ(z2/α + 1 + τi)Γ(1− τi)

(4.12)

for 1 ≤ i ≤ l + k − 1 and

ϕi(τi) =
Γ(µ+ τk+l)Γ(z

2/α + τk+l)Γ(m− τk+l)

Γ(z2/α + 1 + τk+l)
(4.13)

for i = l+ k. Solving the inner integral I by means of [39, Eq. (2.8)] and using [39, Eq. (A.1)],
it is possible to write the PEP in terms of the multivariate Fox H-function [39] as

PEPl =
L!α

4
√
π(l − 1)!(L− l)!

L−l∑
k=0

(
L− l

k

)
(−1)k

(
z2

αΓ(µ)Γ(m)

)l+k

×H
0,2:2,1:[2,2]i=1:l+k−1

2,1:2,2:[3,3]i=1:l+k−1

 Ω1

...
Ωl+k

ε1,ε2
ε3

(1−m,1), ( z
2

α + 1,1)

(µ, 1), ( z
2

α ,1)

[
(1−m,1), (1,1), ( z

2

α + 1,1)
]
i=1:l+k−1[

(µ,1), ( z
2

α , 1), (0,1)
]
i=1:l+k−1


(4.14)

with

Ωi =
Ψ(

√
2z)α

(Θ2
l (z

2 + 2))α/2
, (4.15)

ε1 =
(
1;
{

α
2

}
i=1:k+l

)
, ε2 =

(
1
2
;
{

α
2

}
i=1:k+l

)
, and ε3 =

(
0;
{

α
2

}
i=1:k+l

)
.
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4.3.2 On the Asymptotic PEP Analysis

The asymptotic PEP for the l-th user, derived following [49] and considering the dominant

term, is given by

PEP∞
l =

L!Γ
(
1
2
+ αµ

2
l
)

2l
√
π(l − 1)!(L− l)!

[
Ψµz2Γ(m+ µ)(

z2

α
− µ

)
αµΓ(µ)Γ(m)

(
z
√
2√

Θ2
l (z

2 + 2)

)αµ]l
(4.16)

for αµ < z2 and by

PEP∞
l =

L!Γ
(

1
2
+ z2

2
l
)

2l
√
π(l − 1)!(L− l)!

Ψ z2

α Γ(µ− z2

α
)Γ(m+ z2

α
)

Γ(µ)Γ(m)

(
z
√
2√

Θ2
l (z

2 + 2)

)z2
l

(4.17)

for αµ > z2.

4.3.3 Diversity Gain Analysis

The diversity gain for the l-th user, defined as the slope of the PEP, when the SNR tends

to infinity, can be calculated as

Gd = lim
γ̄→∞

− log(PEPl)

log(γ̄)
= − log(PEP∞

l )

log(γ̄)
. (4.18)

Using (4.16) and (4.17) in (4.18), it follows that

Gd =

{
z2l, if αµ > z2,

αµl, if αµ < z2.
(4.19)

4.3.4 BER Union Bound

Evaluating system performance by error rate using the union bound is an effective approach

in cases where the derivation of an analytical expression is overly complex. The BER union

bound can be written as a function of the individual PEPs as [19, Eq. (27)]

Pb ≤ 1

k

∑
xl∈C

Pr(xl)
∑
x̂l∈C
x̂l ̸=xl

q(xl,x̂l)PEPl, (4.20)

in which k is the number of bits per symbol, Pr(xl) is the probability of transmitting symbol

xl, q(xl,x̂l) is the number of bit errors when detecting x̂l instead xl, and PEPl is the PEP

conditioned to the symbol pair (xl,x̂l), expressed analytically by (4.14).
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4.4 NUMERICAL RESULTS AND REMARKS

This section presents the analytical and numerical results related to the PEP expressions

derived in this study. The diversity gain and the BER union bound are also evaluated. In

addition, numerical results of Monte Carlo simulations are shown. By analyzing (4.8), one can

observe that the PEP for a given transmitted and detected symbol pair (xl,x̂l) can be expressed

as the expected value of Q(Θl
√
γ). The Monte Carlo simulations for the PEPs compute the

sample mean of Q(Θl
√
γ), using the numerical inverse polynomial method to generate samples

of γ to each user according to the PDF in (2.6). The samples are then ordered according to

the user index to obtain the l-th user statistic as in (4.6). The average SNR γ̄, the system

parameters, and the iterations of the imperfect SICs are encapsulated in the term Θl. It should

be noted that the PEP is dependent upon the chosen symbol pair (xl,x̂l). Without loss of

generality, it is assumed as xl = −1−j and x̂l = −1+j for any l = 1,2, . . . , L, corresponding to

symbols in the normalized quadrature phase shift keying constellation (QPSK). The following

results consider L = 3 users and a power allocation such that β1 = 0.7, β2 = 0.2, and β3 = 0.1.

Different combinations of the α-F distribution parameters are exercised to assess the impact

of the channel behavior.

Fig. 4.2 presents the exact and asymptotic curves for the PEPs of the L = 3 users as a

function of the average SNR for fixed α = 3.5, µ = 1.5, and m = 3. Two contrasting scenarios

are analyzed: one with a strong impact of the pointing error (z = 0.7) and another in the

absence of pointing errors (z → ∞). It can be observed that performance improves for users

who perform more SIC steps, and the third user experiences the best PEP for a given average

SNR. Furthermore, one can notice the strong impact of the pointing error on the PEPs. For

example, the system affected by the pointing error requires an average SNR of approximately

19 dB to guarantee a PEP equal to 10−3 for the third user. In contrast, this user achieves

the same PEP level with an average SNR of −1.6 dB in a scenario without pointing errors. It

should be noted that the curves of the exact expressions correspond with excellent precision to

the results of the numerical simulations, confirming the correctness of the derived expressions.

In addition, the analytical curves tend to the limits established by the asymptotic expressions

in a high SNR regime.

PEP curves as a function of z are presented in Fig. 4.3 for α = 2 (Fisher-Snedecor) and
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Figure 4.2. Analytical, asymptotic, and simulated PEPs as a function of the average SNR, considering different
values for the parameter z.

α = 8, fixed m = µ = 2, and γ̄ = 5 dB. The results in Fig. 4.3 indicate that the impact

of pointing errors on the PEP experienced by users vanishes for moderately high values of z.

Specifically, at approximately z = 5, the pointing error no longer affects the PEP. Conversely, it

is observed that the effect of channel nonlinearity, represented by a decrease in the α parameter,

can significantly degrade system performance.

Figure 4.3. PEP curves as a function of z under different values of α.

An analysis of the diversity gain is presented in Fig. 4.4 under fixed values of m = 3,

α = 2, and µ = 2. Two scenarios for the pointing error are evaluated, with z = 2 (left) and
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z = 3 (right), corresponding to the cases in which αµ > z2 and αµ < z2, respectively. As

expected, the numerical curves converge to the limit imposed by the diversity gain at high

SNR, confirming the behavior proportional to the user index established in Section 4.3.3.

Figure 4.4. User diversity gains for αµ > z2 (left) and αµ < z2 (right).

Fig. 4.5 presents exact BER curves, generated by simulations, alongside the corresponding

BER union bound, from (4.20), for a network with L = 2 users and fixed α = 3 and µ = 2.

Two scenarios are examined: one with strong shadowing and pointing errors, characterized by

parameters z = 1 and m = 2, and another without impact from these effects, where z → ∞

and m→ ∞. The network configuration employs a power allocation scheme with β1 = 0.8 and

β2 = 0.2, using equiprobable symbols from a binary phase shift keying (BPSK) constellation.

It is crucial to note that deriving the union bounds from (4.20) requires considering all possible

combinations of transmitted and detected symbols for all users, followed by calculating the

average of these outcomes, given that the l-th user’s PEP depend on different combinations

of xl and δj, with j ∈ [1,l − 1]. In turn, the BER Monte Carlo simulations are performed

reproducing the system structure as presented in Section 4.1.

From the results presented in Fig. 4.5, it can be noted that the union bound follows the

same trend as the BER with a relatively low overestimation of the error rate, which indicates

that this metric is a suitable approach to evaluate system performance. Additionally, it can be

observed that, in the scenario without shadowing and pointing errors, there are SNR regimes in
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which the second user does not outperform the first. Only when the SNR exceeds approximately

10 dB does the BER of the second user become better than that of the first. This behavior

occurs because, for SIC to be effective, the second user requires a sufficiently high SNR to

accurately detect the first user’s symbol. If this condition is unmet, the additional SIC process

can adversely affect higher-order users’ performance. Additionally, severe fading significantly

degrades system performance, increasing BER levels.

Figure 4.5. Simulated BER and BER union bound curves.



CHAPTER 5

CONCLUSIONS

This dissertation has advanced the knowledge of the α-F fading model by considering the

pointing errors impairment. Important statistics, such as the PDFs and the CDFs, higher-order

moments, and moment generating functions of the instantaneous SNR, were derived, as well as

the outage probability, symbol error probability, and ergodic channel capacity metrics. Curves

have been presented for the mentioned metrics and validated using Monte-Carlo simulations. A

strong adherence between the theoretical and simulated curves has been noticed in all scenarios

studied, which validates the analysis. In addition, an application of the α-F distribution with

pointing errors has been performed in reconfigurable intelligent surfaces, multihop and NOMA

wireless emerging systems, thus evidencing the usefulness of the model in practical scenarios.

As future works:

• The overall expressions have been written in terms of a single Fox H-function when dealing

with the proposed cascaded of α-F RVs with pointing errors. However, when dealing with

the sum of cascaded, over the application on the channel characterization of RIS systems,

the mathematical complexity has led to intricate expressions. So far, if it is possible, a

simpler expression has not been found under this comprehensive scenario. Based on some

simplifications available elsewhere in the literature, there may be ways to find simpler

expressions under not-so-restrictive assumptions. For instance, using discrete values for

the number of multipath clusters, i.e., for the corresponding µ parameter, may simplify

the expressions. However, this can be a trick task provided that even some already

reported particular cases in the literature have been given in terms of the multivariate

Fox H-function. But this requires further investigation.

• Assess the performance of a conventional wireless system jointly subject to short-term

fading, long-term fading, path loss, non-linearity and mobility through analytical formu-

lations.
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