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Resumo

Titulo: Um estudo detalhado em ACh-unificacdo com limitantes

Esta dissertacdo trata do problema de unificagdo considerando a teoria equacional
ACh, que consiste da teoria com um simbolo de fun¢do # que é homomorfismo sobre
um operador associativo-comutativo. O problema de unificagdo médulo ACh busca em
resolver equacdes do tipo s ;ACh t, para termos de primeira ordem s e ¢, encontrando uma
substituicdo 6 que faz com que ambos os termos quando instanciados por esta substitui¢do
sejam iguais modulo ACh, i.e., tal que s6 =4¢;, t0. Em geral, o problema de unificacdo
modulo ACh € indecidivel. Recentemente, Eeralla e Lynch definiram uma variagao do
problema chamada ACh-unificacdo com limitante que d4 como entrada um limite na
quantidade de simbolos de fun¢do de homomorfismo que sdo aplicados repetidamente,
permitindo apenas solugdes que nao ultrapassem esse limite. Nosso objetivo é fornecer
um estudo detalhado em ACh-unificacdo com limitantes, examinando cuidadosamente o
algoritmo proposto para resolver o problema e verificando a prova de terminagao, correcao
e completude.






Abstract

This master’s thesis deals with the unification problem regarding the equational theory
ACh, which consists of the theory with a function symbol £ that is an homomorphism over
an associative-commutative operator. The Unification problem modulo ACh seeks to solve
equations of the type s 2 Ach t, for first-order terms s and ¢, finding a substitution 6 that
makes both terms, when instantiated by this substitution, equal modulo ACh, i.e., such that
50 =4cp, 1. In general, the problem of ACh Unification is undecidable. Recently, Eeralla
and Lynch defined a variation of the problem called Bounded ACh Unification, which gives
as an input a bound on the number of homomorphism function symbols that are applied
repeatedly, allowing only solutions that do not surpass such bound. Our goal is to provide a
detailed study of Bounded ACh Unification by carefully examining the algorithm designed
to solve the problem and validating the proof of termination, soundness and completeness.
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Introduction

In 1965, Robinson [Rob65] introduced the Unification concept as a fundamental
operation within his resolution principle. Years later, in 1970, Knuth and Bendix [KB&3]
reinvented this concept and utilized it as a tool to test confluence in term rewriting systems
through the computation of critical pairs [BN98]. Since then, the study of E-unification
problems has become an expansive field of research.

Unification is a procedure designed to find solutions for a given set of equations
involving terms. For example, consider the terms r = f(a,X) and s = f(Y,b), where f is
a binary function symbol, and a, b are constants, while X and Y are variables. The goal
is to substitute the variables X and Y in ¢ and s with terms in a way that makes the two
resulting terms identical. In this example, it is evident that a sufficient substitution involves
replacing X with b and Y with a, resulting in both terms becoming syntactically equal to
fla,b).

Equational unification (or simply E-unification), on the other hand, is concerned with
making terms equivalent while taking a congruence induced by an equational theory E
into consideration. For example, let E = {f(X,Y) ~ f(Y,X)}, that is f has the property
of commutativity, then the problem {f(X,Y) L f(a,b)} have two possible solutions: One
of them being X — b, Y — a and the other being X — a, Y — b.

Diophantine equations and Hilbert’s tenth problem. A Diophantine equation is a
polynomial equation with integer coefficients that only allows integer solutions. For

example, the Pythagorean equation
x2+y2 = 22, X, 9,2€Z

is a classic example of Diophantine equation.

A set S is said to be a Diophantine set if:
e SCN":= {(al,...,an) ‘a,’ GN}

* there exists a polynomial p with integer coefficients in n + k variables such that x € S
iff there exists y € N¥, such that p(x,y)
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In 1900, Hilbert [Hil0OO] proposed 23 mathematical problems, the tenth problem of
this list concerns the existence of an algorithm that can determine whether a Diophantine
has integer solutions or not. In 1970, Matiyasevich [Mat70], managed to prove that every
computably enumerable set is Diophantine. This and the fact that there exists a computably

enumerable set that is not decidable is a proof that Hilbert’s tenth problem is undecidable.

AC unification. One of the most important equational theories in mathematical formal-
ism is the Associative-Commutative (AC) theory, since AC operations such as addition
(+) and multiplication (x) are very present in fundamental mathematics. In 1975, Stickel
[Sti75] was the first to develop an algorithm to solve AC-unification problems. The tech-
nique consists in converting the AC-unification problem into a linear Diophantine equation,
then taking a basis of solutions of said equation to obtain the complete set of AC-unifiers
of the given problem.

His proof of termination, however, could not be applied to the general case. It was
later on that Fages [Fag87] was able to fix the proof for this case. Recently, Ayala-Rincén
et al. [AFSS22], using the PVS proof-assistant, provided a formalisation of termination,

soundness and completeness of the Stickel’s AC-unification algorithm.

ACh-unification. The addition of an homomorphism 4 acting over a binary function sym-
bol that is associative and commutative (ACh) makes the unification problem intractable.
In 1996, Narendran [Nar96] managed to prove that ACh-unification is an undecidable
problem via a reduction from a modified version of Hilbert’s tenth problem. To illustrate

the idea, Narendran associated the polynomial
x—1)Y=Z-1 (1)
with the unification problem modulo ACh:
h(y)+a=achy+2 (2)
Notice that

* {z+> a} is not a solution to (2). In fact, we would have h(y) +a = y+ a which
would require A(y) < Ach Y, and this equality has no solution in ACh. Notice that it
has a solution in AC1h, where there exists an extra identity #(0) = 0.

* {z+> h(a),y > a} is a solution to (2). In fact, applying the solution, we have

h(a)+a=a+h(a).
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Since we are in ACh theory, the equality holds.

* More generally, the solutions for (2) have the form
{z—=h(a),y—h " a)+h"(a)+...+a}.

Narendran proved that the solutions to the polynomial (1) have the form
(Z=xy=xX"14 24 +1]k>1).

Then, he used the similarities between the solutions to establish a reduction from one
problem to the other, proving the undecidability result.

But, since such theory has many applications in cryptographic analysis, Eeralla and
Lynch [EL20] provided an approximation of ACh-unification and investigated its decid-
ability. We define the h-height of a term as the number of /& symbols applied repeatedly
on the term. Then, choosing a natural number to be our bound, we search only for the
ACh-unifiers with a bounded A-height. To successfully accomplish that, it is required to
define the i-depth of a variable as the number of 4 symbols on the top of a variable. With
these concepts, they managed to create a set of inference rules for an ACh-unification

algorithm and prove its correctness.

Goal. The primary objective of this dissertation is to investigate the ACh-unification
algorithm presented in Eeralla and Lynch’s article [EL20]. This involves a thorough
exploration of its functionality through illustrative examples, coupled with a rigorous
validation of its proof of correctness. In light of verifying such proof, our aim is to look
meticulously into crucial moments and provide more details for easier comprehension. In
short, this work proposes an accessible material for studying Bounded ACh-unification,

providing a more complete resource for its study.

Contributions. The contributions on this work consist in the detailed presentation of
the concepts and results regarding Bounded ACh-unification that has been previously
established by [EL20]. Furthermore, we presented some original contributions listed
below:

1. We defined the concept of AC-solved variable (Definition 3.2), to fix an inaccuracy

on the proof of Lemma 3.2 that is used in the proof of termination.

2. We improved the termination measure that was initially given in [EL20], obtaining
Definition 3.3 and Proposition 3.1, which are used to prove the termination of
Algorithm 1 (Corollary 3.1);
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3. We fixed the proof of Lemma 3.3 on the case of application of the rule Variable
Elimination (VE) and provided more details to the other cases;

4. We provided the complete inductive proof of Theorem 3.2 that is required to prove
the soundness of the Algorithm 1 (Corollary 3.2);

5. We provided the complete construction in Theorem 3.3 required to prove the com-
pleteness of the Algorithm 1 (Corollary 3.3);

The proofs in items 4 and 5 were not available in [EL20].

Organisation. This dissertation is organized as follows:

Chapter 1. Preliminary Notions. We presented the main definitions and properties about
ACh-unification that are essential for the comprehension of this work. In Section 1.1,
we presented the syntax of first-order terms, as well as the definitions regarding sub-
stitution. In Section 1.2, we presented the definitions of multisets, order of multisets
and lexicographic orders, concepts that will be fundamental to prove the correctness
of our algorithm. In Section 1.3, we presented the definitions of equational theory
and unification modulo equational theories. Finally, in Section 1.4, we defined the
core concepts of ACh-theory, as well as the i#-depth and A-height of a variable, which
will be necessary to solve a bounded ACh-unification problem.

Chapter 2. J4¢;: A rule-based algorithm for bounded ACh-unification. We presented
a pseudo-algorithm to solve a bounded ACh-unification problem. In Section 2.1,
we presented all the inference rules that will be used in the algorithm with some
illustrative examples. In Section 2.2, we presented the pseudo-algorithm (Unifyac, )

which uses these rules, in addition to an example.

Chapter 3. Correctness of the Algorithm. We presented some definitions and results
regarding the correctness of the algorithm Unifyac, . In Section 3.1, we provided the
notation that will be used alongside the chapter. In Section 3.2, we presented the
proof that the algorithm always terminates. In Section 3.3, we presented the proof
that the algorithm is truth-preserving. Finally, in Section 3.4, we studied the proof
of completeness.

Conclusion. We conclude this work by summarizing the main results obtained in its

scope and we also propose some directions for future research.
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Remark. We draw the reader’s attention to our decision not to present the proofs of
already established results, especially those related to AC-unification. Our goal is to
prioritize the proof of results related to bounded ACh-unification or those that have been

reworked in a different manner.






Chapter 1
Preliminary Notions

The purpose of this chapter is to give the definitions required to understand our problem.
It starts by defining the basic syntax, such as terms, substitutions and identities, etc. Then,
it continues by defining equational theories and unification modulo an equational theory
with some examples. Finally, it presents the important definitions to understand the theory
of our interest — the ACh theory.

1.1 Terms and substitutions

In this section we will provide some basic notions regarding of what consists of a
unification problem, these definitions can be found in [BN98] and [BSO1].

Definition 1.1 (Signature). A signature F is a set of function symbols, where each f € F
is associated with an non negative integer n, called the arity of f. For n > 0, we denote by

F) the set of all n-ary functions. The elements of F () are also called constant symbols.

Definition 1.2 (Terms). Let F be a signature and V = {X,Y,Z,...} be a set of variables
such as F NV = 0. The set of F-terms over V), denoted by 7 (F,V) is inductively defined

as
* VCT(F,V),ie. avariable is always a term;

« Foralln>0, fe€ F™ andt,--- ,t, € T(F,V), we have f(t1,--- ,t,) € T(F,V)

Example 1.1. Let 7 = {i, f, e}, where f is a binary symbol, i is unary and e is O-ary. Then
the following are examples of terms with the respective signature:

L f(i(X),e)
2. f(f(eY),2)
3. i(f(X,i(e)))
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Remark.
(i) Notice that, since e is a constant, we can write it simply as e, instead of ().

(1i1) Some binary function symbols, such as + or -, can be written in infix form, that is,
instead of writing +(X,Y) or -(X,Y), we simply write itas X +Y or X -Y.

Definition 1.3 (Position). Let F be a signature, ) be a set of variables disjoint from F
and s, € T(F,V).

1. The set of positions of the term s is a set Pos(s) of strings over the alphabet of

positive integers. which is inductively defined as

o If s=X €V, then Pos(s) := {e}, where € denotes the empty string;
o If s= f(s1,...,8,), then

Pos(s) :={e}U|J{ip | p € Pos(si)}.

i=1
Notice that, if we have s = a, where a € F(©, then Pos(s) = {¢e}.

2. Let p,q € Pos(t). Then, the prefix order is defined as
p < q iff there exists p’ such that pp’ = ¢

and is a partial order on position. We say that the positions p, g are parallel (p || q)

iff p and ¢ are incomparable with respect to <. The position p is above g iff p < g.

3. For any p € Pos(t), t|, is the subterm of t in the position p and is defined by
induction on the length of p:

tle: =t

ft,..t0)lig :==tilg
4. For p € Pos(t), t[s], is the term ¢ in which 7|, is replaced by s, i.e.

tlsle :==s

ft,-tn)slig = f(t1,.. . tilslg, - - ta).
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Example 1.2. Let f be a binary function symbol and r = f(f(X,Y),Z). Then, we have
t=f(t1,Z), wheret; = f(X,Y) and
Pos(t;) ={e}U{lp|p € Pos(X)}U{2p|p € Pos(Y)}
={e, 1,2}

Therefore,
Pos(t) ={e}U{lp|p € Pos(t;)} U{2p | p € Pos(Z)}

= {e}u{1,11,12} U{2}
= {e,1,2,11,12}.

Notice that, for example, 1 < 12. We also have that, t|;o = f(¢1,2)|12 =t1]2 =Y.

Definition 1.4 (Substitution). Let F be a signature and V be a countably infinite set of
variables. A T (F,V)-substitution (or simply substitution) is a function 6: V — T (F,V)
such that 6(X) # X for a finite number of X’s.

We can extend the substitution o to a mapping 6: 7 (F,V) — T (F,V) defined as:
* 6(X):=0(X),if X €V and
o ift = f(t1,...,tn), then 6(¢) := f(6(11),...,6(tn))

Definition 1.5 (Domain, Range and Variable Range). The set of variables which ¢ does
not map to themselves is called the domain of ¢ and is denoted by Dom(c) :={x € V|
o(X)#X}. If Dom(o) ={Xi,...,X, }, then we write ¢ as

oc={X1~o(Xy),...X, = o(X,)}

The range of 6 is Ran(c) := {o(X) | X € Dom(o)}, and the variable range of G consists

of the variables occurring in Ran(o), i.e.

VRan(o) = U Var(o(X))

When we apply a substitution ¢ to a term, we simultaneously replace all the

occurrences of variables by their respective image.

Remark. To simplify notation, sometimes we will simply write 7o instead of o(¢) to
indicate the application of o to the term ¢.
If s,¢ are terms and there exists a substitution ¢ such that s¢ =¢, then ¢ is called an

instance of s.
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Example 1.3. Let F be the same signature as defined in Example 1.1 and let ¢ := {X; —
f(i(Y),e), X, — Y}. Then, we have

M DOWL(G) = {Xl,Xz}

* Ran(o) = {f(i(Y),e), Y}
* VRan(o) ={Y}
Notice that, for instance, f(X1,X2)o = f(f(i(Y),e),Y).

Definition 1.6 (Composition of substitutions). Let 8 and o be substitutions. Then, the
composition ¢ of substitutions is defined as X060 := 6(0(X))

Definition 1.7 (More general substitution). Let o and 0 be substitutions. We say that &
is more general than 0 if there exists a substitution 1 such that 6 = on. We denote it by
o < 6.

Example 1.4. Let f be an unary function symbol and a be a constant. Define 6 = {X —
f(Y)} and 8 = {X ~ f(a),Y +>a}. Then 6 < 0. In fact, 8 = 66, where 6’ = {Y + a}
because X0 = f(a) = X006, YO =a=Yoo' and Z0 = Z = Zoo'.

1.2 Multisets and Lexicographic orders

To prove termination of any reduction system (A, — ), it suffices to find another reduc-
tion system (B, >), which we know it terminates, and a mapping ¢ : A — B such that, for
every x,y € A, if x — y, then ¢ (x) > ¢(y). Such mapping is called a measure function. In
this work we will use a measure function that requires some basic knowledge of multiset

and lexicographic orders. The purpose of this section is to define these concepts.

Definition 1.8 (Multiset). A multiset M over a set A is a function M : A — N. Intuitively
M (x) is the number of copies of x € A in M.

Example 1.5. Let A = {a,b,c}. Then, a multiset over A wouldbe M = {a+> 1,b+—2,c—
3}. We can also use a standard set notation to represent M, such as M = {a,b,b,c,c,c}

Definition 1.9 (Multiset order). Let > be a strict order on a set A. Then, the corresponding

multiset order >,,,; is defined as

M >, N iff there exists C, D such that
0 #CCM and
N=(M-C)uUD and
for all y € D, there exists x € C such that x > y.
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Intuitively, what this definition is stating is that M >,,,; N iff we can get from M to
N by removing elements of M and adding elements that are “smaller” than the greatest

element we removed from M.

Example 1.6. Let M = {6,4,2,2} and N = {5,4,4,2}. Consider > as the usual or-
der in N. Then, if we have X = {6,2} and Y = {5,4}, we obtain that {5,4,4,2} =
——

N
({6,4,2,2} —{6,2})U{5,4}. Therefore, M >,,,; N.
—— S N~

M X Y

Definition 1.10 (Lexicographic order). Let (A, >4) and (B, >p) be two strict orders. The
lexicographic order >4 (or >,.) is defined as

(x,y) >axp (z,w) iff (x >4 2) V(x=zAy >pw)

Notice that, by iteration, we can form lexicographic products of any number of

orders (A;,>;). In this case, we have

(X1, 5%n) >tex (V15 - -5 Yn) iff 3k < (Vi < k(= yi) Ax > i)

1.3 Identities, Equational theories and E-unification

In this section, we will present the notion of equational theories and define a unification

problem modulo an equational theory.

Definition 1.11 (Identity). Let F be a signature and V' a countably infinite set of variables
such that VN F = 0. An F-identity (or simply identity) is a pair (s,7) € T (F,V) x T (F,V)
and is denoted by s ~ 1.

Identities can be used to transform terms into another ones by replacing instances of
the left side with the corresponding instances of the right side and vice-versa.

Example 1.7. Take F = {f,i,e} the signature defined in Example 1.1 and define the iden-
tity f(f(X,Y),Z) = f(X, f(Y,Z)). Then we can transform f(f(i(e),e),e) into f(i(e), (e,e)).

Definition 1.12 (Equational Theory). Let E be a set of identities. An equational theory

=g is the least equivalence relation that is closed under substitutions and contains E.

Example 1.8. Again, using F = {f,i,e}. We can define G as

G:={f(f(X,Y),2) = f(X,f(Y,Z)), f(e,X) = X, f(i(X),X) ~ e}.
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Thus, the equational theory of groups =¢ is defined as the least equivalence relation

that is closed under substitutions and contains the identities in G.

Definition 1.13 (E-unification). Let F be a signature and =g be an equational theory.
An E-unification problem over F is a finite set of equations I = {s ;E HyeooySn ;E th}

between terms.

Definition 1.14 (E-unifier). Let I be an E-unification problem. An E-unifier or E-solution
of I is a substitution o such that s;0c =g t;0 for all i € {1,...,n}. The set of all E-unifiers
is denoted by Ug ().

Definition 1.15 (Satisfability modulo E).

1. Let O be a substitution and I" be an E-unification problem. We say that 0 satisfies I"
in the equational theory E if 0 is an E-unifier of I" and we denote it by 6 Fg I'.

2. Leto ={X;—1y,...,X, —t,} and O be substitutions. We say that 8 satisfies © in
the equational theory E, and denote as 0 Fg o, if X;0 =g 1,0 foralli € {1,...,n}.

Definition 1.16. Let E be an equational theory and X" be a set of variables. The substitution
o is more general modulo E on X than 0 if there exists a substitution ¢’ such that
X0 =g Xoo' forall X € X. We denote it by 6 <3 6.

Definition 1.17 (Complete Set of E-unifiers). Let I' be an E-unification problem over F
and Var(T") be the set of variables occurring in I'. A complete set of E-unifiers of T is a set
S of substitutions such that each element of S is an E-unifier of ', i.e. S C Ug(T"), and for
each 6 € Ug(T'), there exists a 6 € S such that & ggam 0.

. ? ? P
Notice that, when E =0, our I' = {s; =1y,...,s, =1,} becomes a syntactic unification
problem. In this case, solving this problem would be to simply find a substitution ¢ such

that 5,0 = t;0, that is, s;0 and t;0 are syntactically identical.
Example 1.9. Let f be a unary function symbol and ¢ be a term. Then,
e f(X) =~ f(¢) has exactly one unifier, which is {X > ¢}
e X< f(Y) has infinitely many unifiers, such as {X — Y },{X — f(#;),Y > t;}, where

t; is any term in our substitution. Notice that {X + Y} is the most general unifier for
this equation, since {X — f(#;),Y = t;} ={X — f(¥),Y = Y H{Y — 1;}.

1.4 Notions for Unification modulo ACh-Theory

In the previous section, we discussed about unification modulo a given theory E. The
purpose of this section is to present the theory we are interested in this study, which is the

ACh-theory, and give some definitions that will be important over the course of this work.
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What is ACh Theory? Let F = {+,h} be our signature, where + and / are a binary
and unary function symbols, respectively. Then we have the following identities for ACh:

* X+ (Y+Z)=~ (X+Y)+Z (associativity)
* X +Y ~Y + X (commutativity)
* h(X+Y) =~ h(X)+h(Y) (homomorphism)

For instance, h((X +Y) 4+ Z) =ach h(X +Y) + h(Z).

We can also add other uninterpreted function symbols with fixed arity to our signa-

ture, but as it suggests, they do not have any influence in the theory itself.

A brief example for AC-unification. Since we will use the Stickel’s algorithm [Sti75]
to unify the AC part of our problem, we might as well illustrate how such algorithm works.

Let + be our AC function symbol. Let us unify the set {X +Y Zw +Z}. First, we
associate problem with a Diophantine equation where each argument on the function is
abstracted by one variable in the equation and the coefficients are the number of occurrences

of the argument. Hence, we obtain:
X1+Xo=Y1+0

Here, X| is associated with X, X, is associated with Y, Y] is associated with W and Y,
is associated with Z. Now, we search for a base of solutions to the equation and associate a

new variable V; to each solution, as you can see on table below

X; | X2 || Y1 | Y || New Variables
110 110 Vi
11010711 Vo
0|1 0|1 Vi3
01 110 Vy

Now, we relate the “old” variables with the “new” variables, obtaining

e X1 =Vi+W,
c Xo=V3+V4
e YI=Vi+V,4

*Hh=V+V
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The next step is to decide if we will include or not the new variables in our unification
problem, with the restriction that all the new variables must be different than zero (for
example, if we exclude V1, then we must include V;, because otherwise X; would be 0).

For instance, let us include Vi, V3, V4 and exclude V;. In this case, we obtain
? ? ? ?
{Xi =V, =V5+Va, Y1 =V +Va, Yo = V3}
Finally, we replace the “old” variables by the original terms they were associated in the
beginning, obtaining the following AC-unifiers:

0 ={X—=>V,Y =5 Va+Vy,Z=> Vi +Vy, W V3}

We execute the same procedure to solve the other cases, obtaining:

0 ={X = V5,Y = V34+V4,V = Vi, W Vo + 3}
03 ={X—=>Vi+WY—=WVV-=V.,L—V,+Vi}
O ={X—>Vi+WVY >V, V=V +Vy WV}
0s={X—VY—W}
O ={X—WY—V}

0 ={X—=>Vi+W Y= V3+ VY =5V + VW= Vo4 V3}

We will repeat this example throughout this work.

h-depth set. Now we shall define the h-depth of a variable occurring in our problem.
Intuitively, it is the number of 4 symbols appearing on the top of said variable. Such
concept would be of great importance to this work, since our main goal is to show that our
problem has always a solution if we introduce a bound on .

Definition 1.18. Let I" be an ACh-unification problem, we say that I is in flattened form if

every equation in I is in one of the following forms:
9
e X=Y
?
* X =h(Y)
?
c X=Xi+...+Xn

« X2 f(Y1,....Y)
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where X and Y are variables, X;s and Y;s are pairwise distinct variables and f is a free
function symbol with arity n > 0. The first kind is called VarVar equations, the second is

called h-equations, the third 4--equations and the fourth free equations.

For convenience, through this section, we will assume that our problem is always in

flattened form unless we state the opposite.

Definition 1.19 (Graph of I'). Let I" be a unification problem. We define the graph G(I")
of I as a digraph where each node represents a variable I" and each edge represents the
function symbol that relates two variables in I'. To be more precise, if we have f as a
function symbol with arity n > 0 and X 2 f(Xy,--+,X,) €T, then the graph contains the
edges X L Xi,...,X i> X,,. If ¢ is a constant symbol, and X Lee I', then the graph
contains a vertex X. If X 2 Y €T, where X,Y are variables, the the graph contains two

disconnected vertices X and Y.

Example 1.10. Let
?

? ? ? ? ?
I'= {Vl = h(Vz),Vl = /’Z(V3),V2 =V4a+Xo,V3=Y14+V5,Vy = h(Xl),V5 = h(Yz)}

Then, the graph of I" is showed in Figure 1.1.

Wi

Fig. 1.1 Example of a graph of an ACh-unification Problem

Definition 1.20 (h-depth). Let I" be a unification problem and let X € Var(T'). Let h be a
unary symbol and f # h be a n-ary symbol, with n > 1 and occurring in I". We define the
h-depth of X, denoted by h;(X,I'), as the maximum number of 4-symbols along in a path
to X in G(I'). That is,

hqa(X,T) := max{hgp(X,T'),hqr(X,T),0},

where
han(X,T) :=max{1+hy(Y,T) | Y 2 X is an edge in G(I') },
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and
hap(X,T') := max{hy(Y,I") | there exists f # h such that¥ L X isin GI)}

Intuitively, what the definitions above are stating is that we can always represent the
problem visually through a graph and count the number of /2 symbols in a path to the said

variable to verify how "deep" it is into 4 symbols.

Example 1.11. Let us recall Example 1.10. As we can see by Figure 1.1,
- hg(V1,T)=0
— hy(Va,T) =hy(V3,T) = hy(Vy,T) = hy(Vs,T) = hy(Xp,T) = hy(Y1,I) =1
— he(X,,T) = hy(V,T) =2

Definition 1.21 (h-height). Let I" be a unification problem and ¢ be a term in I'. We define
the h-height of t as it follows:

hp(f)+1 ift = h(t')
hy(t) = § max{hy(t1),..., b (t))} ift = f(t1,...,t0),f #h
0 ift=Xort=c

where f is a function symbol with arity n > 1.

Example 1.12. Let = h(h(X; + h(X3)). Then, we have

hi(t) = hu(h(h(X1 +h(X2))))

Definition 1.22 (4-depth set). Let I" be a set of equations. The i-depth set of I" is defined
as A:= {(X,hy(X,T)) | X € Var(T')}. That is, the elements of A are pairs on the form
(X,c), where X is a variable occurring in I" and c is its respective h-depth. With that, we

can also define the maximum value of A as the maximum value of all ¢ values, that is
MaxVal(A) := max{c | (X,c) € A}.

Example 1.13. Again, recalling Example 1.10, the h-depth set of I would be.

A= {(X172)7(X2’ 1)(Y17 1)7(Y272)7 (Vl;0)7(v27 1)7(V37 1)7(V471)7(V57 1)}
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Definition 1.23 (ACh-unification problem). Let F be a signature. An ACh-unification
problem over F is a finite set of equations I' = {s ;ACh HyeooySn ;ACh tnh}, with s;,1; €
T (F,V) and ACh is the theory defined above.

Definition 1.24 (Bounded ACh unifier). Let I' = {s; —ach 11, .., 5% —ach n} be an ACh-
unification problem. A k bounded ACh unifier/solution of I is a substitution o such that
10 =4cn 50 and hh(SiG),hh(liG) < kforallie {1, oo ,n}.

In the next chapter we will present an algorithm to find bounded ACh-unifiers to

ACh-unification problems.






Chapter 2

Jacks A rule-based algorithm for
bounded ACh-unification

The purpose of this chapter is to present the inference system J¢j, to solve bounded
ACh-unification problems. We will start this chapter by introducing the Flattening rules,
which are the rules that put a problem in flattened form as we defined in the previous chapter.
Then, we will provide some standard rules that are often used in syntactic unification theory
and, finally, we present the specific rules for bounded ACh-unification.

2.1 The rules for J,¢,

For our inference system, denoted by J ¢, we will use a set triple I || A || o, where
I' is the unification problem modulo the ACh theory, A is an h-depth set of ' and o is a
substitution. We say that a substitution 6 satisfies the triple I' || A || c when we have that
0 =T, 6 F o (cf. Definition 1.15) and MaxVal(A) < k, where k € N is a bound on the
h-depth set of the variables. We denote itby 6 ET" || A|| ©.

Definition 2.1. Let I' || A || o be a set triple and k € N be a bound on the A-depth set of
variables, then I" || A || o is said to be in solved form if I' = 0 and MaxVal(A) < k.

2.1.1 Flattening rules

. ) . ?2 . .
These rules are responsible for putting all the equations s = ¢ in I in flattened form.
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(FBS) Flatten Both Sides

{h=n}UT | Al o
(FBS)— > IF 11,1 ¢V
{V=1,V=n}uT|AU{(V,0)}| o

(FL) Flatten Left +

{tZH+6}UT||A| o
(FL) - ; IFf ¢V
{tZV+16,VZ4}UT |AU{(V,0)} | o

(FR) Flatten Right +

{tZH+n}UT| Al o

(FR) ; IF ) ¢V

{(tZH+V,VZR}UT | AU{(V,0)} || o

(FU) Flatten under /

{t Zh(n)}UT | Al o
(FU)— - IFt1 ¢V
{t Zh(V),V =6}UT | AU{(V,1)} | &

If we have f as an uninterpreted n-ary function symbol in our problem, we also have

the following rule:

(FLFUN) Flatten under f

FLRON) 12 fn,e UL A 0

? 2 ?
{t=fV1,....V),Vi=t1,....,Vu =, } UT" | AU{(V1,0),...,(V4,,0)} || o

Intuitively, (FBS) abstracts both sides of the equation with the same variable, (FL/R)

abstracts the left/right argument of + with a fresh variable and (FU) abstracts the argument

of the homomorphism / with a new variable. Such new variables can be any variable in V

that did not occur in the set of equations in the previous step. Let’s see in our example the

applicability of these rules.
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Notice that (FU) has been improved, compared to [EL20], to simultaneously update
the h-depth of the new variable V, since it has a & symbol on top of it. In the original
paper, we had

{t Zh(n)}UT | Al o
{t Zh(V),V =6} UT | AU{(V,0)} | &

(FU) IFE t1 ¢V

Example 2.1. LetI' = {A(t;) + 1, P +1t4}, where t; ¢ V, forall i € {1,2,3,4}. Then, we
have

?
{h(t))+tr=6+u}||A|oc
= (FBS)
(X Zh(t)+0,X Zt5+1} || {(X,00UA | 0
== (FL+)

? ? ?

(X 2V +0,X Zt3+1,7 = h(1)} || {(X,0),(¥1.0)}UA || 0
== (FL+)

9 9 9 9
{X=Y1+0,X=Ys+1,Y1=h(t),s =} {(X,0),(¥1,0),(¥3.0)fUA| 0
:>%FR+)

? ? ?
X =Y+, X =Y;3+Yy,Y1 = h(t),
, ; ; [ {(X,0),(¥1,0),(¥3,0),(¥2,0), (Y4,0)} UA || O
B=nY,=nY1=1
= (FU)
? ? ?
{X LYy +Ya,X 2 Y3+ Ye, Yy = h(V),

9 N 9 N H {(X,O),(Yl,O),(Y3,0),(Y2,0),(Y4,0),(V1)}UA”0
B=nY=0nYs=1u,V=1

L. 9 9 9 9 9 9 9
Every equation in {X =YV+hHhX=Y3+Y4,Y| = h(V),Y3 =K, =0,Y1=1,V = tl}
is in flattened form.

2.1.2 Update /-depth set rules

These rules are defined to update A, that is, to compute the A-depths of all the variables

occurring in I'.
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(uh) Update h

{X = h(¥)}UT [ {(X,k),(¥,))}UA | o
(Uh)— IF [ <k+1
{X=hY)}UT || {(X,k),(Y,k+1)}UA| o

Update +

1. (uL) Update Left +

(X 2Y1 + BYUT || {(X,k),(11,1), (Y2,m)} UA || &
(UL)— IF [ <k
{X=Y1+X}ul'| {(X,k),(Y1,k), Yo,m)} UA || o

2. (UR) Update Right +

(X ¥ + 1,3 UT || {(X,k), (¥1,1), (Y2,m)} UA || 0
(UR) p IF m<k
(X LY, + B} UT || {(X,k), (¥1,1), (Y2,k)}UA || &

Intuitively, (Uh) is applied when we have an equation of the form X =z h(Y) €T. In this
case, it’s clear that iy(Y,I') = hy(X,T") + 1, since Y has an i symbol on top of it. Update
+ is applied when we have X 2 X1 + X». Notice that in this case, since X; and X, do not
have an & symbol on top of them, 4,(X;,T") = hy(X,T).

Example 2.2. LetI' = {X L Y+ZW L h(h(X))}, where X,Y,Z,W € V. Then, we have

(X Y +ZW = h(h(X))} || {(X,0),(¥,0),(Z,0),(W,0)} | 0

= (FU)

(X ZY+ZW Zh(V),Vi = h(X)} || {(X,0),(¥,0),(Z,0),(W,0), (V1. 1)} || @
= (Uh)

(X =Y +ZW =h(V1),Vi = h(X)} | {(X,2),(¥,0),(Z,0),(W,0),(vs, )} || @
= (UL)

(X ZY+ZW = h(Vi), Vi = h(X)} || {(X,2),(,2),(Z.0),(W,0),(Vi,1)} || 0
= (UR)

X =Y +Z,W =h(Vi),Vi = h(X)} | {(X,2),(¥,2),(Z,2),(W,0), (s, )} || 0

Notice that, if we look at the graph of our problem (see Figure 2.1), all the correspond-

ing h-depths match with the ones given by our inference rule.
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Z

) 9 ? 2
Fig. 2.1 Graphof {X =Y +Z,W =h(V}),Vi = h(X)}

2.1.3 Variable Elimination rules

These are the rules to find a unifier for the problem. They are responsible to transform

the equations into assignments.

(VE1) Variable Elimination 1

(xZyjur|aloe
(VEIL) IFX#AY
M{X—Y}|[|A]|o{X—Y}U{X—Y}

(VE2)Variable Elimination 2

{xZiur|a|e
(VE2) IF X ¢ Var(t)
T{X 1} A 6{X =t} U{X —1}

Example 2.3. Let I' = {X L Y. X Zvi+ V,}. Then, we have

(X ZY,X ZVi+ V) | {(X,0),(Y,0),(V1,0),(V5,0)} || @
== (VEI)
(Y 2Vi + W} | {(X,0),(Y,0), (V1,0), (V2,0)} || {X Y}

= (VE2)
0 H {(X,O),(Y,O),(VI,O),(VZ,O)} H {X =V +V27Y = Vi +Vz}

2.1.4 Basic rules

The following rules are the standard Martelli-Montanari unification rules found in

[BN98]. The first rule is to remove trivial equations from our problem.
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(TR1V) Trivial

{tZ)UT||A| o
ClA]lo

(TRIV)

This rule swaps the left side of the equation with the right side and is applied when the
left side is not a variable but the right side is.

(OR) Orient

{t=x}ur| Ao
(OR) . IF ¢V
{XZur|Al e

The following rule decomposes an equation into sub-equations if the function symbols
on both sides of the equation are equal, except if it’s a +. For this case, we apply a different
rule which we shall present later.

(DEC) Decomposition

? ?
{X=7rX1,.,Xn),X=f(N1,...,Y0)}UT ||A|| O
(DEC)— 5 - IF f#+
(X2 F(X1, %), X1 = Y1, Xy = Y, UT A o

Example 2.4. Let I" = {h(h(X) =z h(h(Y))}, where X,Y € V. Then, we have

{h(h(X)) = h(A(Y))} || {(X,0),(¥,0)} || 0

= (FBS)

{V = n(h(X)),V = n(h(¥)} | {(X,0),(¥,0),(V,0)} | 0
= (FU)

VL),V L h(v2),vi L 00, Vo £ 1)} [{(X,0),(Y,0),(V,0), (V1. 1), (Va, 1)} ]| 0

:>%Uh>

{V h( ) V= h(Vz) h(X)7V2 ;h(Y)} H {(X,Z),(Y,2),(V,0),(V1, ) (V27 )} H 0

= (DEC)

{V = h(Vi),Vi = Vo, Vi 2 h(X),Va = h(V)} [ {(X,2), (¥,2), (V,0), (Vi, 1), (V2, 1)} || 0

-~

A
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= (VE1)

(VL h(Va), Vo = h(X),Va Zh(Y)} | A {Vi >V}
= (DEc)

(VL h(Va),Va Z h(X), X ZY} || Al {Vi — Va}

= (VEI)

{V Zh(Va),Va = h()} [ A {Vi = V2, X 15 ¥}
== (VE2)
(Va2V} | A {Vi = Vo, X =Y,V = h(V2)}
= (VE2)

O Al {Vi s h(Y),X 5 Y,V s h(h(Y)),V o h(Y)}

Notice that {X — Y} is the mgu of {h(h(X) = h(h(Y))}.

2.1.5 Checking rules

These rules are set to identify failure cases for an ACh unification problem.

(OC) Occur Check

(0C) =1, ""t”j}ur Ialle IF X € Var(f(t1,....1,)0)

(CLASH) Clash

(CLASH) X = f1) i), X ii(”"“”")}ur 410 IF £ ¢ {h,+} OR g ¢ {h,+}

. J

Notice that the two above are also the standard (OC) and (CLASH) rules found in
[BNO8]. Intuitively, if we have a variable on the left side of an equation occurring also on
the right side, it never terminates. So, to avoid that, we indicate failure.

Also, as we know, it is not possible to solve an equation with different function symbols
on the top of both sides of an equation, unless one of them is + and the other is 4 — we
will present a rule for this case later. Hence, we indicate failure if this happens as well.
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Example 2.5.

1. Occur Check
LetI'={X Zyy< h(Z+X)}, where X,Y,Z € V. Then, we have

(X2Y,Y Zh(Z+X)} || {(X,0),(Y,0),(Z,0)} || 0

= (FU)

(X2 Y Zn(V),V=Z+X} [ {(X,0),(¥,0),(Z,0),(V.1)} || 0
= (UL/R)

(XZY,Y Zh(V),V ZZ+X} || {(X,1),(Y,0),(Z,1),(V,1)} || 0
= (VE1)

(Y Zh(V),V £ Z+7} | {(X,1),(Y,0),(Z,1),(V,1)} || {X — V}
= (VE2)

V2 Z4h(V)HHX, 1), (1,0),(Z, 1), (VDY X = h(V),Y =5 h(V)}
= (0C)

1

2. Clash
Let f be a binary function symbol, g be a unary function symbol and I' = { f(X,h(Y)) <
g(Z)}. Then, we have

{F(X,Y) £ ¢(2)} || {(X,0)(,0)(Z,0)} || 0
= (FBS)
(VE£(X,Y),V = g(Z)} || {X,0)(Y,0)(Z,0),(V,0)} || @

== (CLASH)
1L

The following rule determines if a solution exists within the given bound k. It is one
of the most important rules for J4¢p, since our main goal is to show that, putting a bound

in the h-depth, our problem becomes decidable.

' )

(BC) Bound Check

L|Ale
(BC)———— IF MaxVal(A) > k
1
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The intuition behind this rule is straightforward, after computing the A-depths of all
the variables in T, if there is at least one variable X such that 4;(X,T") > k. Our problem

cannot be solved. Let’s see how this works in practice.

Example 2.6. Let k¥ = 2 be our bound and I" = {Y Z h(h(h(X)))}, where X,Y € V. Then,

we have

{¥ L h(h(h(x))} | {(X,0),(x,0)} || 0

= {ru)

(¥ 2 h(V)), Vi = h(V2), Vs = h(X)} || {(X,0),(Y,0), (V,0), (V5.0)} || 0

:>?Uh>

(Y £ h(V1),Vi = h(V2),Va = (X))} || {(X.3),(Y,0),(Vi,1)(V2,2)} || 0
= (BC)
1

2.1.6 Splitting rule

The following rule takes the homomorphism theory in consideration,

(SPLIT) Splitting

(XZh(Y),XZXi+..+X,}UT|A| o
(X Zh(Y),Y ZVi+ .4V X = h(V1), .. X = B(V,)YUT || A || &

(SPLIT)

where n > 1, X #Y and X # X; forall i, A' = {(V,1),...,(V,, 1) }UA and V..., V,
are fresh variables.

. . ? )
Summarizing, we cannot solve an equation 2(Y) = X; + ...+ X,, unless Y is also a
sum. Hence, we create new variables Vi,...,V,, which did not occur anywhere in the
problem, such that Y is the sum of these new variables and, recalling the definition of

homomorphism, we must have that X; = h(V;) fori € {1,...,n}.
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Example 2.7. LetI' = {h(X) =Y +Y»} and k¥ = 2. Then, we have
{h(X) £ V1 + 1} || {(X,0),(¥1,0), (¥2,0)} || 0

== (FBS)

(VEh(X),VE1 + 1} | {(X,0),(¥1,0),(%2,0),(V,0)} || 0

== (Uh)

(VL h(X),V Y +%} | {(X,1),(%1,0), (¥2,0),(V,0)} || 0

==>(SpLIT)

{V ;I’Z<X),X :) V] +V2,Y1 :) h(V]),Yz :7 /’l(Vz)} ” {(X, 1)7(Y170)7(Y270)7(V70)7(V1/ ])/ (Vz 1)} || 0
A

== (VE2)

X2Vt Z ), v L) LAY = 50}
= (VE2)

(Y1 2 h(V),Ys = h(Va)} | A || {V = h(Vi +V5),X = Vi + V5 }
:>%VE2)

DA {V—h(Vi4+V2),X = Vi+Vo, Y1 = h(V}),Y2— h(Va)}

2.1.7 AC-Unification rule

This rule uses an established AC-unification algorithm to solve the AC part of the
problem (as we discussed before, we are using the algorithm formalized by Gabriel Silva
in [AFSS22]). Consider ¥ as the set of all the equations with the + symbol on the right
side and I" as the set containing the other types of equations. Then,

AC-Unification

WU | A| o

(AC)
GetEgs(0;)UT || Ay || oV ...V GetEgs(6,) UT || A, || o

where Unify(¥) = {6y, ...,6,}

.

where Unify is a function which returns a complete set of AC-unifiers given by an AC-
unification algorithm and GetEgs is a function that takes a substitution 6 = {X| —
f,..., Xy — t,} and returns its equational form, i.e., GetEgs(0) = {X, L ..., Xn L tn}.
Also, notice that, since the AC Unification algorithm introduces new variables to our
problem, we must add such variables to our /4-depth set.

For the next example, we will use the method to find solutions presented in [Sti75] and
formalized by [AFSS22].
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Example 2.8. LetI' = {X; + X, 2y, +Y,X Z h(Y)}. Then, we have

? ?

Xi+X =Y+ L U{X =hY)} || {(X1,0)(X2,0)(Y1,0)(Y2,0)} || 0

= (FBS)

(VEX +X,V EV+ B U{X Zh1)} [ A0

= (AC)

VEVIA V4 V34V Xt Vi Vo, Xo = Va+Va Y 2 Vi +Va Yo = Vo +V3)
?

U{X=h)} Al 0OV

VIV 2V 4V + Ve X 2V, X0 = Vs + Vi Yy = Vi + Vi, la = V3 U{X 2 h(Y)} || A ]| @

VAV EViA Va4V, X S ViV, Xo S Vi Vi = Vi + Ve, Yo = Vol U{X S h(Y)} || A ]| 0
? ? ? ? ? ?

\/{V=V1+V2+V3,X1=V1+V2,X2=V3,Y1=V1,Y2=V2+V3}U{X=h(y)}HAHV)

v{V§V2+V3+V4,X1 V2,X2 V3+V4,Y1 LV Y VoAV U{X ZR(Y)} [ A0
?

VIV 2 X 4+ X0, X1 Y1, X0 = Y U{X = h(Y)} || A0
)

\/{Vixl—i-Xz,X]in,Xzin}U{Xih(Y)}HAH@
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2.2 Pseudo Algorithms for Flattening and ACh-Unification

In this section, we will present the pseudo algorithm to solve a given ACh-Unification

Problem. First, let us recap all the Js¢y, rules:

”
{ =n}UT | Al o

(FBS) IF t1, ¢V

(VEu,VEn}ul | AU{(V,0)} | &

{tZ6+n}UT Ao
(FR)

> q IF h ¢V
{t=n+V,V=0}UT||AU{(V,0)} || o

{t=f(n,...)}UT A o

{tZ6+n}UT Ao

(FL) IF §é %

{t £V 46,V 40T |AU{(V,0)} || o

{tZhn)}UT A o
(FU)

5 S IF 11 ¢V
{t=h(V),V=n}ul|Au{(V,1)} | o

{X Zh(Y)}UT || {(X,k),(¥,))}UA | o

(2 FVi, . V) Vi 200,V 20, UT | AU{(V1,0),..., (Va,0)} || &

(X £V + BYUT || {(X,k),(11.1), (Y2,m)} UA ||
(uL)

(X £Y, + 1} UT || {(X.K), (Y1,k), (Y2,m)} UA || @
ifl <k

(VEI) x=rjurjaje

IF X#Y
I'{X—Y}|Al|o{X—Y}U{X—Y}

(XL f(X1,... X)X = f(V1,...Y,)}UT | A o

? 2 2
X=X, Xn) X1 =11, . Xy =Y} UL Al 0

(X Zh(Y),X <X +..+X,}UT|A] o
(SpLIT)

IF f#+

(X L)} UT | {(X.A).(V.k+ 1)} UA | 0
ifl <k-+1

(X ZY + X} UT | {(X.k),(11,0), (2, m)}UA || &

(UR) .
{(X =" +N} Ul [[{(X,k),(Y1,]),("2,k)}UA || o
ifm<k
(VE2) X=nurjaje IF X ¢ Var(t)

I{X—t}||A]o{X =t} U{X —1}

)

{r=13ul|[A] o

(TRIV) ———M8M8@™
Ao

(t£X}ur Ao
OR IFt ¢V

?

? 9 ?
XZh¥),Y =Vi+.. 4V Xi = (V). X, = h(V)YUT | A || &

(XZ1Ur|A|o

YUT||Alo

(AC)

GetEqs(01)UT || Al || oV ...V GetEgs(60,) UT || A, || ©

(XL f(t,.ts)}UT||A | &

IF X € Var(f(t,...,
1

Ao
c)

IF MaxVal(A) > x
1

(XL f(s1,5m).X Z gt1,.sta) JUT || A &

(CLASH)

€

IF f ¢ {h,+} OR g & {h,+}

Fig. 2.2 jACh rules.
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Algorithm 1: Unifyac,
Input: An equation set I', an empty h-depth set A, an empty set ¢ and a bound
KkeN
Output: A complete set of k-bounded ACh-unifiers {0y, ...,0,} or L indicating

that the problem has no solution.
Begin
0. Compute A by adding all the variables in Var(I') with initial ~-depth zero;
1. Apply Algorithm 2 (Flattening) on I'

2. Repeat
(Apply (VET1) exhaustively after each of the following rule applications)
(a) Apply (TRIV) exhaustively to eliminate equations of the form ¢ 2 t;
(b) Apply the (OC), i.e., If any variable on the left side occurs on the right then
return 1 ;
(c) Apply the (BC), i.e., If MaxVal(A) > x then return L;

(d) If at least one of the h-depth update rules ((U#k), (UL) or (UR)) is applicable
then apply the rule and go to (c) else go to next step;

(e) Apply (OR) exhaustively;

(f) If (SPLIT) is applicable then apply the rule and go to (a);

(g) Apply (CLASH), i.e., If the top symbols of the left and right sides of an
equation do not match then return L;

(h) If (DEC) is applicable then apply the rule and go to (a);

(i) If there is at least one variable X occurring left side in at least two equations
of the form X 2 Yi+..Y,and X 2 Z1 + ...+ Z,, then apply the (AC) rule
and go to (d) else go to next step;

(G) Apply (VE2) exhaustively and return the output;

End
We shall explain how the algorithm works. First, we read all the variables X € Var(I')
and add them to A initially as (X,0). Then, we call the Flattening algorithm (which is

presented next) to put all the equations in flattened form. Then, we apply the other rules of

Jach following a specific strategy:

1. We can start by removing all the trivial equations, so we apply (TRIV).

2. Then, we apply (OC) and (BC) to see if it has an immediate failure.
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. Now, we update the h-depths of all the variables occurring in our problem. Then, we

check if it has a variable with an s-depth greater than the given bound. If not, then

we can move to the next procedure.

. We orient all the equations. Then, we start looking for rules that might be applicable.

. If we have X = hY),X =~ X1+ ...+ X, in our problem, we apply (SPLIT), since

this rule creates new variables and new equations, we go back to the beginning to
eliminate trivial equations, check failures and update the depths of the new variables.

We repeat that until (SPLIT) is not applicable anymore.

. Now we check if (CLASH) is applicable to see ultimately if it fails. If not, then we

can apply (AC) to solve all the +--equations, if they exist. Since this rule creates new
variables, we must update their s-depths, check if one of them surpasses the given
bound and apply (OR), (SPLIT) and (CLASH) if necessary. If not, we continue this

procedure until (AC) is not applicable anymore.

. Finally, we apply (VE2) exhaustively to find a unifier to the problem.

Now, we shall present the Flattening algorithm, the intuition is very straightforward

since a specific strategy to apply the Flattening rules is not required.

Algorithm 2: Flattening

—

Input: An equation set I'
Output: An equation set I where all of the equations are in flattened form.

while any of the flattening rules can be applied do

Apply (FBS)
Apply (FL)
Apply (FR)
Apply (FU)
Apply (FLFUN)
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Now let’s see how the algorithm works in practice with an example:
Example 2.9. Let ' = {h(h(X;) + X>) L h(Y1+h(Y2))},A=0,0 =0and x = 3.
0. We add all the variables in I', with initial depth equal zero, obtaining A = {(X1,0), (X2,0)}.
1. Now, we apply Flattening.
* Applying (FBS), we obtain:
T ={Vi Zh(h(X))+X),Vi = h(Y) +h(¥2))}
A= {(X170)7 (X270)7 (Ylao)v (Y27O)7 (V],O)}
c=0
* Applying (FU) on each of the sub-terms highlighted before, we obtain:
? ? ? ?
I'= {V1 = /’l(Vz),Vl =h(V3),Vo =h(X|)+ X3,V =Y —}—h(Yz)}
A= {(X170)7 (X270)7 (Yl70)a (Y270)7 (V170)7 (VZa 1)7 <V37 1)}
c=20
* Applying (FL) on the sub-term highlighted before, we obtain
? ? ? ? ?
C={Vi=h(W),Vi=h(V3),Vo =V4+ X5, V3 =Y+ h(Y>),Vs =h(X1)}
A ={(X1,0),(X2,0),(¥1,0),(¥2,0), (V1,0),(V2,1),(V3,1),(V4,0)}
c=0
* Finally, applying (FR) on the sub-term highlighted before, we obtain
? ? ? ? ? ?
C={Vi=h(V),Vi=h(V3),Va=V4+Xo,V3=Y1+V5,Va=h(X1),Vs =h(Y2)}
A= {(Xl 70)7 (X270)7 (Ylao)v (Y27O)7 (Vl 70)7 (V27 1)7 (V?n 1)7 (V47O); (V570)}
c=0
Now that I' is in flattened form, we can move on to the next step:

2. (a) (TRrIV) is not applicable;
(b) (OC) is not applicable;
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(¢) For now, we have

A= {(X170)7 (X270); (Yl70)7 (Y270)7 (Vl70)7 (V27 1)7 (V37 1)7 (V470)7 (V5;0)}
Hence, MaxVal(A) = 1 < 3 = k. Therefore, (BC) is not applicable;
(d) We have
I'= {Vl ;h(VZ),Vl ;h(V3),V2 ;V4+X2,V3 :?Y1+V5,V4 2 h(X]),V5 2 h(Yz)}
A= {(X170)7(X270)a(Yla())v(Y270)7(Vl70)7(v271)7(‘/3’1)7(‘/470)’(‘/5;0)}
c=10
* Applying (Uh), we obtain:

? ? ? ? ? ?
I={Vi=h(V2),Vi=h(V3),V2=Vs+Xa,V3=Y1+V5,Va=h(X1),V5 =h(Y2)}
A= {(X17 1); (X27O)7 (Y],O), (YZ; 1)7 (V],O), (V27 1)7 (Vg ])7 (V470)7 (V570)}

c=0

* Applying (UL) twice, we obtain:

?

9 9 9 9 9
C={Vi=h(V2),Vi =h(V3),Vo =V4+X>,V3=Y1+V5,Va =h(X;),Vs =h(Y2)}

A= {(le 1)7 (X270)7(Y17 1)7(Y27 1)7(V170)7 (VL ])7(‘/37 1),(V4, 1)7(‘/5:0)}
o=0

* Applying (UR) twice, we obtain:
? ? ? ? ? ?
I={Vi=h(V2),Vi=h(V3),Va=Va+Xp,V3 =Y1+V5,Vs = h(X;),V5 = h(Y2)}

A= {(le l)a (X27 1)7(Y17 1)> (YZa 1)7<V170)a (V2> 1)7(V37 1)>(V47 1)7(‘/57 1)}
o=0

* Applying (Uh) twice, we obtain:
? ? ? ? ? ?
I'= {Vl = h(Vz),Vl = h(V3),V2 =V4+Xo, V3 =Y14V5, V4= h(Xl),V5 = h(Yz)}

A={(X1,2),(X2,1),(Y1,1),(Y2,2),(V1,0),(Va,1),(V3,1),(V4, 1), (V5,1) }

c=0
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(c) Now, we have MaxVal(A) =2 < 3 = k. Therefore, (BC) is not applicable;
(d) Ais already updated;

(e) All the equations are oriented. Therefore, (OR) is not applicable;

(f) (SPLIT) is not applicable;

(g) (CLASH) is not applicable;

(h) We have

? ? ? ? ? ?
I'= {Vl = /1(V2),V1 = /1(V3),V2 =V4+Xp,V3=Y1+V;5,V4 :h(Xl),V5 = h(Yz)}

A= {<X172)7(X27 l)a(Yla 1)7(Y272)7(Vl70)7(v27 1)7(‘/3; 1)7(‘/47 l)a (VSa 1)}
c=0

So, we can apply (DEC) on the highlighted equations in I', obtaining
? ? ? ? ? ?
C={Vi=h(V),Vo =V3,Vo =Va+Xp,V3 =Y+ Vs5,Va = h(X;),Vs = h(Y2)}

A= {(X172)7(X2’ 1)7(Y171)7(Y272)7(V170)7(V27 1)7(‘/3; 1)7(V4> 1)7 (V5, 1)}
c=0

(VE1) is applicable (V> — V3). Hence, we have
? ? ? ? ?
C={Vi=h(W),V3=V4+Xo,V3 =Y+ V5,Vu = h(X;),Vs = h(Y2)}

A= {(X172)7(X27 1)7(Yla 1)7(Y272)?(V170)7(V27 1)7(‘/3: 1)7(‘/47 1): (V57 1)}

o = {Vzl—>V3}

Notice that no rules invoked by steps (a) to (h) is applicable anymore.

Thus, we can move on to the next step.

(i) We have

9 2

9 ) ? ?
L={Vi=h(V3),V3=Vi+Xo,V3 =Y+ V5,Va=h(X;),Vs =h(Y2)}

A= {<X172)7(X27 l)a(Yla 1)7(Y272)7(V170)7(V27 1)7(‘/3; 1)7(‘/47 l)a (VSa 1)}
c={Va—V3}

Applying (AC), we obtain 7 different possibilities for I', one of them is:

? ? ? ? ? ?
Ci={Wz="+V5,Vu=Y1,X = V5,V =h(V3),Va = h(X1),Vs = h(Y2)}
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It is important to remind that we chose this specific possibility just for
simplicity of the example. However, the algorithm itself continues to

solve all the other problems in the disjunction simultaneously.

In this case,
AI = {(Xhz)? (Xza 1)7 (Ylv 1)7 (Y272)7 (Vho)? (VZJ 1)7 (V37 1)7 (V4—7 1)7 (V5> 1)}

So, A; is already updated and MaxVal(A) =2 <3 =K.
Notice that (VE1) is applicable (X, — V5). Hence, we obtain

? ? ? ? ?
I ={Wz=01+V5,Vy =1,Vi = h(V3),Vs = h(X1),Vs = h(Y2) }

A ={(X1,2),(X2,1),(11,1),(Y2,2),(V1,0), (V2,1),(V3,1), (Va, 1), (V5,1) }
O] = {V2 — V3,X2 —> V5}

We can apply (VE1) one more time (V4 — Y7), obtaining
? ? ? ?
I = {V3 =1+Vs, VI = /1(V3),Y1 = h(Xl),VS = h(Yz)}
Al = {(X172)7(X271)7(Yl71);(Y272)7(V170)7(V2;1)7(‘/371);(‘/4’1)7(‘/571)}
o1 ={Va—V3,X,— V5, V4= Y1}

(j) Now, we can apply (VE2) exhaustively
* Applying Vi — h(V3), we obtain:

? ? ?
I' = {V3 =Y1+Vs5,Y| = /1(X1),V5 = h(Yz)}

A ={(X1,2),(X2,1),(11,1),(¥2,2),(V1,0),(V2,1),(V3,1),(Va, 1),(Vs, 1)}
O] = {Vz — V3,X2 — V5,V4 — Y],V] — ]’l(V3)}

 Applying Y; — h(X)), we obtain:
? ?
I'={V3=hn(X1)+Vs,Vs =h(¥>)}

A ={(X1,2),(X2,1),(11,1),(¥2,2),(V1,0), (V2,1),(V3,1), (Va, 1), (V5,1) }

O] = {Vz — V3,X2 —> V57V4 — h(X1)7V1 — h(V3),Y1 — h(Xl)}
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 Applying V5 — h(Y;), we obtain:
?
I={Vs=h(X))+h(Y2)}

Ar={(X1,2),(X2,1), (Y1, 1), (¥2,2),(V1,0),(V2,1),(V3,1),(Va, 1), (V5,1) }
O] = {Vzr—>V3,X2r—>h<Y2),V4r—>h(X1),V1 l—)h(V3),Y1 r—)h(Xl),V5 l—>h(Y2)}

* Applying V3 — h(X;) + h(Y2), we obtain:
=0

A= {(X172)7(X27 1)>(Y171)7(Y272)7(V170)7(V27 1)7(V371)7(V47 1)7(V5> 1)}

O] :{Vz — l’l(X]) +h(Y2),X2 — h(Yz),V4 — h(X]),V] — h(h(X]) —l—]’l(Yz)),
Yi = h(X1),Vs = h(Y2)}






Chapter 3
Correctness of the Algorithm

In this chapter, we will prove termination (Corollary 3.1) and correctness of the
Algorithm Unifyac, given in Chapter 2. Proving correctness consists in proving soundness
(Corollary 3.2) and completeness (Corollary 3.3) of Unifyac, . These results guarantee that
the algorithm Unifyac, always terminates, it is truth-preserving and does not leave any

solution behind, respectively.

3.1 Auxiliary Notions

Before presenting those proofs, we shall introduce some notations that will be used
alongside this chapter. For two triples " || A|| o and T || A’ || o,

~T||A]|0=7,,T"||A|| o' means that T" || A" || 0’ is obtained from I' || A || o after
applying a rule from J4¢y, once. We call it one step.

—~T||A|| 6 =Fu T || A || 6/ means that I” || A" || o’ is obtained after applying a
Flattening rule from J¢, once

- T|A]lo=5,, Tl A" o' means that T || A’ || 6" is obtained from T || A || & by

zero or more steps.

~T||A|lo=4 T'||A| o' meansthatT’ || A’ || 0’ is obtained from I" | A || o by
Jach

one or more steps.

Notice that, since the AC unification rule divides our unification problem I' || A|| ¢ in
[y || Ay || o1,-..,T0 || An || 04, We have that, after applying some inference rules, the result

is a disjunction of set triples \/(F i || Ai || 0;). Hence, we present the following notation

1
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-T|A|lo=3,, \/(Fi | Ai || 0;) means that \/(Fi | Ai || o;) is obtained from T" ||
i€l i€l
A || o after applying a rule from Jc¢y, one time.

-TfAlo=3,, \/(Ti || A; || 6;) means that \/(I'; || A; || o;) is obtained from I ||
icl icl
A || o after applying a rule from Jycy, zero or more times.

-T|A|lo :;Ach \/(Fi | Aj || 0;) means that \/(Fi || A; || o;) is obtained from T" ||
icl icl
A || o after applying a rule from Jcy, one or more times.

3.2 Termination

As we discussed before (Section 1.2), proving termination of J¢j, consists in finding a
measure function and prove that it decreases after each step =, . Since our algorithm is
divided into two parts (Flattening and Unifyac, ), we will also split the termination proof

into two parts as well.

3.2.1 Termination of Flattening

First, consider a multiset M (I"), whose the elements are the number of function
symbols on each equation in I'. For example, take

? 9 9
F={Xi+X=hY1+12),Xi+h(V1) =Zo+Z3, f(Zi + h(Zr + Z3)) = W1 + WL}

9

Notice that X; +X> = h(Y; +Y3), X1 + h(Y1) = Zo + Zs and f(Z, +h(Zo + Z3)) =
W1 + W, have 3, 3 and 5 function symbols, respectively, then M(T") = {3,3,5}.

We define a measure on I || A || o as the multiset ordering >,,,; on M(T"). Below we
write = ;. to denote one step of application of one of the flattening rules.

Lemma 3.1. LetT'||A|| o and I || A’ || 6’ be two set triples such that ' || A || 6 = Fjur
' | A || 6'. Then, M(T) >,y M(T).

Proof. We will prove that, in each application of a flattening rule in I', >,,,; decreases,
that is, M(T) >,,.; M(T"). We proceed by analysing each rule:

(Flatten Both Sides) In this case, I' = {1, 2 1} UL, with t1,6, & V.

Applying (FBS), we obtain
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2 —
{l‘l :tz}UFHAH o

(FBS)— > -
VZ4a,vIn}uT | AU{(V,0)} ] o

Define I’ = {V 2 f,V 2 12} UT and let n; be the number of function symbols in #;,
with i = 1,2. Since 11,1, ¢ V, we have that n; # 0 and ny # 0. Then, we have that

M(T) = {n1 +n} UM(D)
>l {n1 ,nz} UM(F)
- M(T)

Notice that the result also holds if #,#, are constants since constants are
function symbols with arity zero. In this case, we would have

M() = {2uM(T)
> mul {171}UM(f)
= M(T")

(Flatten Left/Right +) We will prove only for the left case since the argument for the
right case is similar.
Here, I' = {¢ L t1 +1n}, withf; ¢ V. Applying (FL), we obtain

{tZn+n}uT|Allo
{t ZV+0,V Z0}UT [ AU{(V,0)} || o

(FL)

Define I = {¢ v+ h,V L4 }UT and let n be the number of function symbols
in ¢ and n; be the number of function symbols in #;, with i = 1,2. We have that
ny > 1, since t; ¢ V. Notice that there is an + symbol on top of #; and #,.Then
M(T) = {n+n;+ny+1}UM(T)

M) ={n+n+n+1}UM()
>t {n+n2+1,nm }UM(T)
= M(I")
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Flatten Under /: In this case, I' = {z 2 h(t1)}, with t; € V. Applying (FU), we obtain

{t =h(n)}UT|[A] o
(2 h(V),V 26 UT |AU{(V,)} | o ift ¢V

(FU)

Define I = {t L h(V),V L t1} UT and let n be the number of function symbols in ¢
and n; be the number of function symbols in #;. Notice that there is an & symbol on
top of t1, then M(T) = {n+n; +1} UM(T) and

M) ={n+n +1}UM(T)
>l {n—|— 1,n1}UM(l:)
= M(T")

Flatten Under f: In this case, I' = {r 2 h(t)}, with t; € V. Applying (FLFUN), we
obtain

{tZf(t1,....tn)}UT | Al o

(FLFUN)—; 5 7
{t:'f(Vl,...,Vm),Vl :'tl,...,Vmil‘m}UFH AU{(VI,O),...,(Vn,O)} || o

ift;,....t, ¢V

Define I = {¢ 2 FVi,o V),V 2 sV 2 tm} UT and let n be the number
of function symbols in ¢ and n; be the number of function symbols in #;, for all
i =1,...,m. Notice that there is an f symbol on top all ;’s, then M(T") = {n+n; +
ooy +13UM(T) and

M) ={n+n;+...+n,+1}UM(T)
> An+ 1,01, .. nn F UM(T)
= M(T")

From this point forward, for convenience, we will assume that our set of equations
I' is always in flattened form, unless we explicitly say otherwise. That assumption

is possible because Unifyac, invokes Flattening on its first step.
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3.2.2 Termination of Unifyac,

Now, we prove that Unifyac, terminates. Before giving the measure for termination,
we will define some necessary concepts.

Definition 3.1 (Isolated Variable). Let I" be a unification problem and X € Var(I'). We
say that X is an isolated variable if X Lt el withX ¢ Var(t).

In order to verify statements that will follow, we had to define what is a variable
that is “solved for the AC theory”. Intuitively, it would be a variable that does not
invoke an application of the (AC) rule. Notice that this rule is invoked when we have a
variable that occurs on the left side of +-equations more than once, that is, for example,
X =~ Xi+...+X,and X 2 Y1 +...+Y, occurs on the same problem. Hence, we obtained

the following definition:

Definition 3.2 (AC-solved variable). Let I" be a unification problem and X € Var(T"). We
say that X 1s AC-solved if X 1is isolated and, after applying Orient (OR) exhaustively in I,

X does not occur in +-equations with X on the left side more than once.

Example 3.1. Let'={X =Y, +Y,,X =V, +V,}. Then X is not AC-solved, whereas for
['={X=Y,+Y,Y =V;+V,}, both X and Y are AC-solved.

It is obvious that, after applying the (AC) rule, all the variables that are not AC-solved
in our problem become AC-solved. More than that, since this rule recalls an established
AC-Unification algorithm (which is terminating, sound and complete), it is guaranteed that,
after applying the rule, no AC-solved variable becomes non-solved.

It is also important to notice that, if X is AC-solved, there is no other rule in Jycy,
except for (VE) (see example below), that makes X not AC-solved again. It is very simple
to verify this affirmation, it just requires to check rule by rule — except (VE) and (OR) since

we assume that all the equations are already oriented by definition.

? ? 9
Example 3.2. LetI' ={X =Y, +Y»,Y = h(X),Y = h(Y3+Ys)}. We have

X2V + V.Y Zh(X),Y = h(Ys +Ys)}
= (FU)
(XZV+0,Y Zh(X),Y Zh(V),V 213 +Y,}
= (DEcC)
? ? ? ?
(XZYV45,Y Zh(X),X 2V,VZV3+Y) (*)
= (VE1)

VEN+0,V 2111,y Z0(V))
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Notice that in (), both X and V are AC-solved, according to our definition. But, after
applying (VE1), V becomes non-solved.

Proposition 3.1. Let I" be an ACh-unification problem and X € Var(I') an AC-solved
variable. Then, for all I" || A" || ¢' such that T' || A || 6 =3, , _(veror) I | A" || &', if
X € Var(T") then X is AC-solved.

Proof. The proof follows by analysing the rule applied in I | A || o, with A and ©
arbitrary. For (AC), it is obvious, as we discussed previously. As for the checking rules (cf.
Section 2.1.5), if we have an AC-solved variable, after applying one of these rules, despite
indicating immediate failure, we did not make the variable non-solved, so we will skip
their demonstrations as well.

Let X € V be an AC-solved variable occurring in .

(Trivial) In this case, we have I' = {X L t}U{s L s} UT. Then, applying (TRIV), we
obtain
? ? = ? =
{X=1}U{s=s}UT'||A| 0 =3,, {(X=t}UL'||A] o.

Notice that X remains isolated and still does not occur in +-equations more than
once. Therefore, X remains AC-solved.

(Splitting) In this case, we have I' = {X L t}U{Y L h(Z),Y ZXi+... + X, } UT. After
applying (SPLIT), we obtain

{X;[}U{Y;h(Z),Y;X1+---+Xn}UFH Allo
UjACh

(XU 2h(2),ZZ2Vi+.. .4V Xi = h(V1),.... Xy = h(V,)}UT || A | o,

where A" = {(V1,1),...,(Vy,1)} UA. Notice that X still does not occur on the left
side of 4+-equations more than once. Hence, it is still AC-solved.

(Decomposition) In this case, we have
T={XZ1}U{Y = f(Xp,....Xn),Y = f(¥p,...,Y,) Y UT.

After applying (DEC), we obtain
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(XZ00{Y Z (X . X0),Y = f(Yp,....Y¥,)YUT | Al o
lljACh

? ? ? ? =
X200 2 Xy X)) X1 = Y0, X = Y, ) UT || A | o,

Notice that X still does not occur on the left side of +-equations more than once.

Therefore, it remains AC-solved.

]

Now, we shall define the following lexicographic measure for I' || A || o to prove
termination of Unifyac, .

Definition 3.3 (Measure). Let ' || A || o be a triple. Consider the following measure for
r'|Ale:

I\\'/JIjACh (F7A7 o, K) = (K-Cl,nx, |Sym(r)|7m7p7 |F’7E(A)>7 where

1. Let Sym(I") be a multiset of non-variable symbols occurring in I'. Then |Sym(I")| is
the standard ordering on the size of I" based on the natural numbers.

2. Let k be a given bound. Define the multiset

ha(A) = {(k+1) = ha(X,T) | (X, ha(X,T)) € A}.

Then we use the corresponding multiset order >,,,; for h_d(A).
3. ais be the number of applications of the (AC) rule.
4. p is the number of isolated variables in I".
5. m is be the number of equations on the form ¢ LXer , witht & V.

6. Let X € Var(T'). Then ny is the number of occurrences of +-equations with the
fixed X on the left side, that is, equations of the form X 2 X +...+X,.

The measure above is different than the the measure in [EL20] in four ways:

1) We introduced the parameter k in the measure, since it depends on k as well;

i1) We swapped the positions of m and p in order to guarantee that the measure always

decreases (see );
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iii) We clarified that the entry ny depends on a fixed variable X occurring in the problem;

iv) We changed the notation of the last parameter to /,(A). In the original work it was

E(F), however, I" is not altered when we change the depth of the variables.

Considering this measure, we can define a lexicographic order >, on My, ., (I',A, 0, k)
induced by the product of orderings >y over N and >,,,,;.
We have to guarantee that the first entry is always greater than zero, i.e. that the number

of times we apply (AC) does not exceed the given bound.

Example 3.3. Let’s recall Example 2.9. Before applying (AC), our triple consisted of the
following sets

T={Vi = h(V3),V3 = Va+ X, V3 = ¥} + V5, Va = h(X)),Vs = h(Y2)}
A= {(sz)a (X27 1)7(Y17 1),(Y2,2),(V1,0), (VZa 1)7(‘/37 1),(‘/4, 1)7(V57 1)}
o ={V,— V3}

Notice that V; is the variable with the lowest depth that is not AC-solved. After applying
(AC), we obtained

9

? ? ? ? ?
i ={Vz=01+Vs5, V4 =Y1,X = V5,V = h(V3),Va = h(X1),Vs = h(Y2) }

A= {(X172)7(X27 1>7(Y17 1)?(Y272)7 (V170)7(V27 1)7(V37 1)’(V471)7(V57 1)}
o1 = {V2 — V3, X — Vs}

as one of the solutions, notice that now V3 becomes AC-solved. Then, we move to the
variables with greater A-depth.

Hence, we have the following lemma.

Lemma 3.2. Let I' || A || o be a set triple and kK € N be a bound given as an input to
Unifyac, . The maximum number of times that the AC Unification is applied is k.

Proof. Notice that we only apply (AC) if there is at least one variable that is not AC-solved
in the problem. On each application of (AC), all the variables with the lowest h-depth
becomes AC-solved. By Proposition 3.1, there is no other rule in J4¢y, that makes these

variables not AC-solved again. Therefore, we do not surpass the given bound. [

Now, we prove that My, . (I',A, 0, k) is always decreasing. The proof follows by
analysing the rule applied in Jcy,
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Theorem 3.1. Let ' || A|| o and I || A" || 6’ be two set triples that are already in flattened
formand ' [|A| 6 =5, " | A" || 6’. Then M3, (T',A,0,%) > M;, ., (I",A',6’, k).

Proof. We have to prove that the measure decreases after each application of the inference

rules.

(Trivial) In this case, I' = {r = 1} UT. The reduction is as

9 — —
(2UT A 65 TlAl 0
Notice that |{t = ¢} UT| > |T| = |{t =t} UT| — 1. Hence, we have that

? ? YT
My, ({t =1} UT, A, 0, k) = (kK —a,nx, [Sym({t =t} UT)|,m, p,[{t =t} UT|, hy(A))
>lex (K_aanX7 ‘Sym(f)’7m7pa |f|7E(A))
:MJACh(f7A7G7K)

(Orient) In this case, I = {r Lx }UT. The reduction is as

? = ? =
{{ZXJUT Al 624, (X Z3UT A 0.

We have that

? = ? = 7
MjACh<{t :X}UF,A,G, K) = (K_aanX7|Sym({t :X}UF)’,m,p,|F|,hd(A))
9 _ _
>lex (K_aan7|Sym<{X :t}UF)|,m— lapa|r|7hd(A))
= MjAch({X ; t}UT7A7G7K)

ariable Elimination) In both cases o an ,I'= ;t UT. The reduc-
(Variable El ) In both f(VE1l) and (VE2), I’ ={X

tion is as
? p— —
{X=t}UT'||A||oc =T 4cn I{X—t}||A] o{X—t}

Hence, we have

? ? ? NS
MjACh({X :t}UF’Avav K) = (K*aanX’|Sym({X :t}UF)|,m,p,|{X :l‘}UF|,hd(A))
>lex (K'—Cl,l’lx, |Sym(f{x Ht})|amapf la |T{X = t}|aE(A))
=My, ., (T{X —t},A,0{X —1},K)
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(Decomposition) In this case, I' = {X L fXy,.. ., X,),X L f(Y1,....Y,)}UT. The re-
duction is as

(X2 F(X1,.... X)X = f(Y1,....Y,)YUT |A| o
UjACh

? ? ? =
X=71Xy,.... %), X1 =1,.... X, =Y, }Ul'|A|| 0.
Notice that the number of function symbols is decreased by 1, that is

ISym(I)| = [Sym({X = F(t1,. . 1a)sS1 = 1,y 50 = tn} UT)]

= X = f(s1,0 e 80), X = f(t1,enstn) JUT] — 1
= |Sym(I")| — 1.

Hence, we have that

MjACh (F7A7 o, K) = (K—a,nx, ‘Sym(r)|,m,p, |F|ah_d(A))
>ex (K—a,ny,|Sym(I)| — 1,m, p, ]F|,E(A))
=M;,.,(I",A,0,K)

(Update h-depth Set) In this case, I remains unaltered, but we have A = {(X,d)} UA
and the reduction is as

L[ {(X,d)}UA| 6 =5, T | {(X,d)}UA | o,
where d’ > d. Which implies that (k+1) —d > (k+1) —d’. Then, it follows that
ha({(X,d)} UA) >y ha({(X,d')} UA).
Hence, we have

My, (T {(X,d)} UA,0,x) = (k —a,nx, |Sym(T)|,m, p,|T|,hg({ (X ,d) } UA))
>1ex (6 = a,nx, [Sym(T)|,m, p, [T], ha ({(X,d") } UA))
= MjACh(F7 {(X7d/)} UZ»"» K)

(AC Unification) In this case, ' = WUT. The reduction is as

YUI'||A] o =1, \/(GetEqs(Oi)Ul_“ A |o)=T"||A"| o

1
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And, we have that

MjACh(‘PUF’A7 0,k) =(k—a,nx,|Sym(I')|,m, p, |F|7E(A))
>lex (K_ (a+ l)ana |Sym(rl)’,m,p, |Fl|7%(A/))
=M;,., (I", A, 0, k)

(Splitting) In this case, I' = {X < h(Y),X LXi+... + X, } UT. The reduction is as

(XZh(),XZX+...+X}UT| A o
UjACh
(XZhY),Y ZVi+.. .+ N Xi = h(VY),... . Xu = h(V)YUT | A || &

T

Notice that, after reduction ny decreases by 1. Hence, we have that

MjACh (1—" A’ 67 K) = (K_ Cl,l’lX, |Sym(r)‘=m7p7 ’FL%(A))
>lex (K—Cl,l”lX - 17 |Sym<r,)|7map7 |F,|7E(A/))
= MjACh(FI,A/,G, K')

Corollary 3.1 (Termination). For any set triple I" || A || o, there is a disjunction of triples
\/(F,- | Ai || ;) such that T || A || o =3 \/(F,- || Ai | 0;) and none of the rules J¢), can

Jach
icl ) icl
be applied.
Proof. The measure My, ., (I',A, 0, k) strictly decreases at each step. So, it follows imme-

diately by the definition of termination. [

3.3 Soundness

This section is to prove that our inference system is truth preserving. Essentially, we
want to prove that after applying exhaustively the rules from J4¢y, every solution is indeed

a solution to our initial problem.

For the following results, we recall the definition of satisfiabilty of a triple stated in
Section 2.1, thatis, if 0 F "' || A || oiff 6 E T, 6 F ¢ and MaxVal(A) < k, where
K is the given bound on the /-depth set of variables.
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Lemma 3.3. LetI' || A|| o and I || A’ || o’ be two set triples such that T' || A || 0 =, ,
[ || A’ || o' via all the rules in Jacy, except for rule (AC). Let 0 be a substitution such that
OFET || A || 6. Then, 6 FT | A| 0.

Proof. The proof is by analysing each application of a rule of J4c, onT' || A || ©.

(Trivial) In this case, I' = {t 2 t} UT. Applying the rule, we obtain

{tZ3UT||A| o
T|Alo

(TRIV)
Let 6 be a substitution such that 8 T || A || o. Since 18 =4¢}, 10, we have that
0F {t=1}UT | Al o holds trivially.

(Splitting) In this case, I' = {X L h(Y),X LX+ ...X,, } UT. Applying the rule, we obtain:

(Serr) (XEh(Y),X <X+ ...+ X}UT A o

(X Zh(Y),Y ZVi+ .4V, X = h(V1), ... Xp = h(V,)YUT | A || &
Consider a substitution 6 such that
OF {XZh(Y),Y ZVi+ .4V X =h(V1), ... Xs = h(V,)}UT || A || o.

Then,

OF{X Zh(Y),Y ZVi+ .4V, X1 = h(V1), ..., Xn = h(V,)}. @
By definition of satisfiabilty (Definition 1.15), this means that

(i) X6 =acp h(Y)6
(1) YO =4y, (V] + ... +Vn)9
(i) X10 =acn h(V10),....X,0 = h(V,0)
We want to prove that 6 F {X L h(Y),X LXi+... +X,}UT || A" || 0. For that, we

need to prove that 6 F {X =z h(Y),X ZX+... +X,}UT, 6 F 6 and MaxVal(A) < k.
By hypothesis (I), we have that 8 F ¢ and, since A C A’, then

MaxVal(A) < MaxVal(A) < k.

It remains to show that 8 F {X = h(Y),X = X; +...+ X, } UT. That is, that 0 £ X =
h(Y) and X Z X| + ...+ X,,. The first follows by (i). Now we will verify the latter.
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Notice that
(Xl + ... —|—Xn)9 =asch X160+ ...+ X,,0

=ach h(V10) + ...+ h(V,0)
=ACh h(V16 + ... +Vn9)
=ach (Vi +...4+V,)0)

ay

From (i) we have X6 = h(Y 0), in addition to (II) we obtain

X0 =4cy h((Vl + ...Vn)e) =ACh (X1 4+ ... -|-X,,)9
(Variable Elimination) There are two rules to consider:

* VEI: In this case, [’ = {X Ly }UT with X # Y. Applying the rule, we obtain:

{X<yjuT| Ao
I{X—=Y}|A|o{X—=Y}U{X—Y}

(VEI)

Let O be a substitution such that 0 FT{X — Y} || A|| 0 F 6{X — Y} U{X —
Y}. Now we have to prove that 6 F {X L YIul||A| o

Notice that, by definition, 8 F {X — Y}, then X0 = Y 6 (x), which implies
OF{X <Y}

It remains to prove that @ F T.

Let 5; — sj[X]p €T. Since 0 ET{X + Y}, we have 0 F s; Z sj[Y],. Then,

5i0 =acn $j[Y]p0 =acn (5;0)[Y 0],

Thus, by (x), 5;0 =acn (s;0)[X 6], =acn s;[X],6. Hence 6 ET.
Now, we are going to prove that 6 F ¢. Let W — s[X], be an assignment in ©.
Since 6 F 6{X — Y}, we have

WO =aci (s0)[Y 6]

Then, by (x),
we =ACh (S@)[Xe]p —ACh S[X]pe.

Hence, 6 = {W — s[X],}. Therefore, 6 F o
* VE2: LetI'={X L t}UT, with X € Var(t). Applying the rule, we obtain
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(X =1juT||A| o
T{X—=t}|A]|o{X —t}U{X 1t}

(VE2

Let 0 be a substitution such that 0 FT{X ¢} [|A]| O F o{X —t}U{X —t}.
Now we have to prove that 8 F {X =t} UT || A ¢

Notice that, by definition, 6 F {X + ¢}, then X0 =10 (xx), which implies
OF (X <1}

It remains to prove that 6 E T.

Let s; = 5;[X], € L. Since 6 F T{X — t}, we have 6 F 5; = 5[] ,. Then,

$;0 =ach Sj[t]pe =ACh (Sje)[te]P'

Thus, by (%), 5;:0 =acp, (5;6)[X0], =acn 5,[X],0. Hence 6 FT.
Now, we are going to prove that 6 F 6. Let W +— s[X|, be an assignment in ©.
Since 6 F o{X + 1}, we have

WO =acp (s0)[16],.

Then, by (xx),
weo =ACh (sG)[XG]p =ACh S[X]pe.

Hence, 0 F {W — s[X], }. Therefore, 6 F ©.

(Decomposition) Let T = {X = f(X1,....Xx),X = f(¥1,....¥,) Y UT, with f # +. Apply-
ing the rule, we obtain

(X2 (X1, X)X = f(%1,..X,)}UT Al o

(DEC)— ; > -
(X = f(X1,... %), X1 =Y1,...X, =Y, )UT | A|| &

Let 0 be a substitution such that

? ? ? =
0E{X=/f(X,....X,), X1 =V1,.... X, =Y, }UT | Al ©.

We want to prove that

0F (X< f(Xi,.... X)X = f(Y1,....Y¥,)}UT | A|| o
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Since 6 F X = f(Xi,...,Xy), it suffices to show that 6 F X =~ f(r1,....Y,). From
X;0 =Y,0,foralli=1,...,n, we have

X0 =xcn f(X1,...X,)0
=ach f(X10,...X,0)
=ach f(119,....Y,0)
=ACh f(Yh )

(Update /-depth Set) In this case I' || A|| o =T || {(X,d)} UA || 6. When we apply one
of the update rules, we have

T{(x.d)}UA]|lo
L[ {(x,d)}uAllc

(UPDATE h-DEPTH SET)

where d’ > d. Let 6 be a substitution such that 8 ET" || {(X,d")} UA || 6. Then
MaxVal({(X,d")} UA) < k, which means that d’ < k. Since d < d’, we also have
d < k. Thus, MaxVal({(X,d)} UA) < k. Hence 0T || A || o.

O

Lemma 3.4. LetI' || A || o and \/(Fi | Aj || ;) be two ACh Unification problems such
icl
thatT" | A || 0 =3, \/(Fi | A || 0;) via an application (AC). Let 0 be a substitution such
icl
that O F T || A; || o; forsomei€l. Then 6 F T ||A|| o.

Proof. The rule for AC unification is

) YUur||A| o
GetEqs(0))UT ||A|| o V...V GetEgs(6,)UT' || A o

(AC

which each of the 6;’s is the unifier given by an AC unification algorithm. For this
work, we are using Stickel’s algorithm [Sti75], which the soundness is already proven (cf.
[AFSS22]). So, given that 6 F GetEgs(6,)UTL || A|| oV ...V GetEgs(6,)UT | A || o, we
have that 0 F GetEqs(6;) UT" || A || o for all i = 1,...,n, which implies that 6 = V. O

Combining the two previous Lemmas, we have immediately:
Lemma 3.5. LetI' || Ao and I || A’ || 6’ = \/(T'i || A; || 6;) be two ACh Unification
icl
problems such that I" || A || 0 =3, \/(Fi Il Ai || o). Let 6 be a substitution such that

iel
OFET; || Al o, forsomeicl. Then O FT ||A| o.
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Theorem 3.2. LetI' | A || o and I || A" || 6" = \/(T; | Ai || 6;) be two ACh Unification
icl

problems such thatI' | A || 6 =7 [ | A’ || o'. If O is a substitution such that 6 F T ||

A;|| ojforsomeiel, then 0 FT ||A] o.

Proof. The proof is by induction on the number n of steps in ' | A || 6 ==, T" || A" &
(Base Case) (n = 1) The base case follows by Lemma 3.5.

(Inductive Step) Suppose thatfor ' ||A || o =% T'| A" | o’, follows for n, i.e. if 0 is

Jacn
a substitution such that O E T || A; || o; fori € I, then O F T || A || o.

Now, will show that the result hold for derivations with n+ 1 steps.

LetT" || A" || 6" beatriple such that T [| A || 6 =5  T'[|A"|| 6" =45, T" | A" | 6"
and O be a substitution such that 8 T || A” || 6”. Again, by Lemma 3.5, we have

that 8 T || A" || o’. Then, by the induction hypothesis, we have that 0 ET" || A || o.

]

Corollary 3.2 (Soundness). Let I" be a set of equations. Suppose that we get \/(F,- I

icl
A; || 0;) after exhaustively applying the rules from Jycp to I' || A || o, that is, T || A ||
0 =3 \/ (T || Ai || 6;), where for each i, there are no applicable rules to I'; || A; || 6;. Let
icl
S ={0; | I'; = 0}. Then any element of S is an ACh Unifier of I".
Proof. Obviously, for all 0; € S, we have that o; ET; || A; || 0;. Hence, by Theorem 3.2,
o;FI'|| A|| o. Therefore, o; is an ACh unifier of I N

3.4 Completeness

In this section we shall prove that our system never leaves any solution behind. That
is, after applying all the rules from J4¢;, exhaustively, for every possible solution to our
initial problem, there exists an solution given by our inference system that is more general
modulo ACh.

Lemma 3.6. LetI" || A || o be a set triple which is not in solved form (check Definition 2.1),

and 6 be a substitution such that 8 ET" || A || 6. Then, there exists an inference

r H A H O =30 \/(Fi H A; H Gi)v

icl

an i and 6y such that Dom(6y) C Var(I;)\ Var(I') and 66y =T || A; || 0.
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Proof. We want to consider all the possible forms of I" and show that there is an inference
rule in J4¢y, that can be applied such that solution 6 can be extended.

1. {t=1uT | A o.

In this case, we apply the rule (TRIV), which gives us the inference

’_) J— p—
123U A 6 =5, T[Allo.

Notice that Var(T) \ Var({t < t}UT) = 0. Then, take 6y = id and we obtain
Qid =T || A || o trivially.

2. {t =X UT| A o.
In this case, we apply the rule (OR), which gives us the inference

? = ? =
{t=X}UT'[[A] 0 =3,,{X=t}Ul'||A|loc

Notice that Var({X L t}UD) \ Var({t L X}UT) = 0. Then, take 6y = id and the

result follows.
3. {XZYIUT|A| .
In this case, we apply the rule (VE1), which gives us
(X ZY UT|A| 0=5,,, [{IX=YHA|lo{X —»YIU{X—Y}

: = ? = :
Again, we have that Var(I'{X — Y })\ Var({X =Y} UI') = 0. Taking 6y = id, the
result follows.

9 —
4. {X=t}UT'|A] o.
In this case, we apply the rule (VE2) which gives us the inference

(X ZJUT[|A] 0 =0, T{X 1} | A]| 6{X = 1} U{X 1},

Notice that, Var(T{X + t})\ Var({X L t}UT) = 0. Taking 6y = id, the result
follows.
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5. {X = f(X1,.... X)X = f(¥1,....Y,) }UT | A|| o, where f # +.

In this case, we apply the rule (DEC) to get

7, X) X L P B UT A 0

-~

r

UjACh
? ? ? —
\{X = f(X1,... X)), X1 =01,....X, = Yn}Ulj |A |l o

T

Notice that Var(I') = Var(I'). Hence, we can take 6y = id and the result follows.

X ER(Y),XEX +..+X,}UT A .

For simplicity, suppose n =2 and I' = {X =z h(Y),X Z X1+ X2} UT, the general

case can be verified similarly.

In this case, we apply the rule (SPLIT)

(XZh(r),X2X +X}UT | Ao

(SPLIT) > 5 7 > —
{X = /’l(Y),Y =Vi+V, X1 = /’l(V]),X2 = ]’l(Vz)} ur H A H (o]

Let 6 be a substitution such that 6 = {X L h(Y),X X +X,}UT || Al 0. Then,
we have that

(1) X6 =4cn h(Y0)
(i) X0 =4cp X160 + X260, which implies
(iii) (Y 0) =ach X10 +X>6.

Since we are in ACh theory, we must have
X160 =acy h(t1) and X208 =4cp, h(12) (3.1
for some terms ¢ and #,. Therefore,

h(Y@):AChh(tl) —l—]’l(l‘z):ACh/’l(tl —l—l‘z) which implies YO =¢p, t1 + 12 (3.2)
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Applying (SPLIT), we obtain

(X Lh(r),x LX+X}UT A o
UjACh

(X Zh(Y),Y ZVi+ Vo, X1 = h(V1),Xo = h(V2)}UT || A' || o

Where V},V; are fresh variables. Define 6y = {V; +— 11,V, + 1, }. Now, notice that

(i) X060 =acn (X160 +X20)6
=acn (h(t1) + h(t2))6o (by 3.1)
=acn h(t1) + h(t2) (Dom(6y) = {Vi,V,} which are new)
(i) 7(Y0)80 =ach (X10 +X26)6p
=acn (h(t1) +h(t2)) 6o (by 3.1)
=acn h(t1) +h(t2)
(iii) Y06 =acn (11 +12)60 (by 3.2)
=Achi +12
=ach V160 + V26, (by definition of 6))
=ach (V1 +V»)06, since V|,V, ¢ Dom(0)
(iv) Notice that X106y =acy, h(t1)6p =acn h(t1). But, by definition of 6y, we have

X1060 =acn h(V160) =acn h(V1)0 6.

Similarly, X2 0 9() =ACh h(Vz) 0 9().

Combining (i) and (ii), we have X060y =acy, h(Y)66y. Hence,

060 F {X = h(Y),Y =V, +V5,X; = h(V}),X, = h(V,)}UT | A || &

T AX Z X+ + X X =¥ +...+ Y, JUT | A | 0.
In this case, we apply the (AC) rule to obtain the inference

UjACh
n —
\/ (GetEqs(6,)UT || A || o)
~—_——

i=1 N
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As for the existence of the substitution 6y such that Dom(6y) C Var(I';) \ Var(I')
and 06y ET; || A; || o, the proof can be found in [AFSS22].

O
Remark. For the next theorem, we removed the affirmation in [EL20] that Dom(6y) =

Var(I';) \ Var(T'). Such affirmation is true for one step, but, for more steps, the domain of

6y depends on all the previous steps taken before.

Theorem 3.3. LetI' || A || o be a triple which is not in solved form, and 6 be a substitution

such that ® ET" || A || 6. Then, there exists a sequence of inferences

ClAlo=3 , VTl o),
iel

and an i and 6 such that 06y E I || A; || ;.

Proof. The proof is by construction. Let I || A || o be a triple which is not in solved form

and 6 be a substitution such that O ET" || A || o. By Lemma 3.6, there exists an inference

LAl =3, VTl 4l o))
J
and j and 60; such that 06, FI'; || A; || 0j) Assuming that I'; || A; || o; is not in solved

form, we have, again by Lemma 3.6, an inference

T A1l 0j =30 V(T || A || o)
k

an k and 6, such that 60,6, = I'; || Ay || ox By termination (Corollary 3.1), we repeat the

same procedure a finite number of times, say m, to obtain
06,6,...0,ET; || A || o
for some index i. Define 6y := 6 ... 6,,. Notice that we have the following sequence
ClAllo=5,6TillAlloj=7,, TillAilo
Collecting all the branches, we have.

LAl =3, VTl 4] 6)-

1



3.4 Completeness 59

As a consequence, differently from [EL20], we obtain that set of computed solutions S
which contains substitutions that are more general than the extension 66, of any solution
0 of a problem I || A || 0. Here, 6y = 6 ... 6,,, where each 6; is computed in the proof of
Theorem 3.3.

Corollary 3.3 (Completeness). LetI' || A || o be a triple. Suppose that

ClAllo=35,, VTl Al o),
iel
where, for each i, there are no rules left to be applied. Let S = {o; | I'; = 0}. Then, for
each ACh Unifier 0 of I, there exists a 0; € S, and 6 such that 0 SXgZ(F) 0.

Proof. Let 6 be an ACh Unifier of I, then, by Theorem 3.3 we have that there exist
inferences such that
Clallo=35,, VTl o,
iel
and there exists j € 1, and 6 such that 06y =T'; || A; || o and I'; = 0.
We want to prove that o; SJXZZ(F) 0, that is, there exists p such that X0 = X0p, for all
X € Var(I') (Definition 1.16). For any X € Dom(o;) N Var(I'), consider that X — tx € o,

that is, X0, = tx (). Since 66, F o}, by Definition 1.15, we have
X060y =4ch tx606).
By (*), we obtain
X@Qo =ACh XGJ'QQ().

But notice that Dom(6)) consists on the new variables introduced by (SPLIT) or (AC)
and, since they are brand new, 6y does not affect the variables occurring in X 0, in other
words, Dom(6y) NIm(6) = 0. Therefore,

X0 =X00)=sc,X0; 06
~—
0
which proves that o; ngz(r) 0

Therefore, we have verified that the termination and correctness results follow.






Conclusion

In this dissertation, we studied the algorithm for bounded ACh-unification proposed
by Lynch and Eeralla [EL20]. The general problem of ACh-unification was known to be
undecidable, as proven by Narendran [Nar96]. However, Eeralla and Lynch presented a
method to solve a decidable variant of this difficult unification problem by setting a bound
K to the number of nested occurrences of a homomorphic operator. While our primary
objective was to verify the correctness of the algorithm, we discovered inaccuracies in
some of the proofs and definitions that required more precision, fixes and polishing during

the verification process. The table below summarizes our contribution:

Chapter 3 Results Contribution
Definition 3.2 for AC-solved variables created in order
Lemma 3.2
o to prove the lemma.
Termination — - :
Definition 3.3 | Positions of m and p swapped and notation of ny fixed.
Theorem 3.1 | Detailed and expanded proof.
Lemma 3.3 | Detailed and expanded proof.
Soundness

Theorem 3.2 | Provided a complete proof; it was omitted in the paper.

Lemma 3.6 | Detailed and expanded proof.

Provided a complete proof using a finite construction
Completeness | Theorem 3.3 i ) i
from the Lemma 3.6; it was omitted in the paper.

Corollary 3.3 | Provided a complete proof; it was omitted in the paper.

After conducting this study, we have gained a better understanding of the problem
and the method used to solve it through approximations. Moving forward, it would be
worthwhile to explore what are the implications if we have multiple AC function symbols
on our signature. Is it necessary to have a different homomorphism acting on each AC
function symbol in this case? If so, is it possible solve a problem with multiple ACh
identities?

It is also interesting to investigate whether this method is applicable to other equational
theories or if it functions effectively with a combination of equational theories that possess
the finite variant property [EEMR19]. This property allows for the reduction of an "E-
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unification problem" to syntactic unification by computing a finite number of variants of
the unification problem.

Finally, it would be worth exploring the potential of using bounds in combining
matching algorithms. One method, called the hierarchical combination [EMR22], creates
combined matching algorithms for the union of regular theories that share a common
constructor sub-theory.
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