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Abstract
In this paper, a nonhomogeneous elliptic equation of the form

–A(x, |u|Lr(x))div(a(|∇u|p(x))|∇u|p(x)–2∇u)

= f (x,u)|∇u|α(x)
Lq(x)

+ g(x,u)|∇u|γ (x)
Ls(x)

on a bounded domain � in R
N (N > 1) with C2 boundary, with a Dirichlet boundary

condition is considered. Using the sub-supersolution method, the existence of at
least one positive weak solution is proved. As an application, the existence of at least
one solution of a generalized version of the logistic equation and a sublinear
equation are shown.
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1 Introduction
Partial differential equations involving the p(x)-Laplacian arise, for instance, in nonlinear
elasticity, fluid mechanics, non-Newtonian fluids and image processing. Because of the
broad set of applications, several studies related to the p-Laplacian, or in general the p(x)-
Laplacian, operator have been reported (see for instance [4, 6, 16–18, 20–27, 29, 31, 32]
and the references therein). One of the approaches to study the existence of solutions
of elliptic partial differential equations is the sub-supersolution method. Some problems
such as

⎧
⎨

⎩

–�pu = |u|α(x)
Lq(x) in �,

u = 0 on ∂�,
⎧
⎨

⎩

–a(
∫

�
|u|γ )�u = fλ(x, u) in �,

u = 0 on ∂�,
and
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⎧
⎨

⎩

–a(
∫

�
|u|q)�u = h1(x, u)f (

∫

�
|u|p) + h2(x, u)g(

∫

�
|u|r) in �,

u = 0 on ∂�,

have been studied via the sub-supersolution method (see [1, 11, 33]). Also, one may refer
to [5, 7, 8, 10, 12–14, 28] for other similar model problems.

Recently, the existence of solutions for nonlocal problems involving the p(x)-Laplacian
operator

⎧
⎪⎪⎨

⎪⎪⎩

–A(x, |u|Lr(x) ) div(|∇u|p(x)–2∇u)

= f (x, u)|∇u|α(x)
Lq(x) + g(x, u)|∇u|γ (x)

Ls(x) in �,

u = 0 on ∂�,

(1.1)

where –�p(x)u := – div(|∇u|p(x)–2∇u), has been studied [14, 15] via a new sub-supersolution
method. In [14], the problem (1.1) for p(x) ≡ 2 (i.e., –�p(x) = –�) is considered. They study
the existence of a weak solution for three problems (the sublinear problem, the concave–
convex problem and the logistic equation). Their arguments are mainly based on the ex-
istence of the first eigenvalue of the Laplacian operator (–�, H1

0 (�)). The p(x)-Laplacian
operator, in general, has no first eigenvalue, that is, the infimum of the eigenvalues equals
0 (see [19]).

The lack of the existence of the first eigenvalue implies a considerable difficulty when
dealing with boundary value problems involving the p(x)-Laplacian by using the sub-
supersolution method. Papers that consider such problems by using the mentioned
method are rare in the literature. Among such works we mention papers such as [2, 3,
24, 34].

In this paper, we are interested in the nonlocal problem

⎧
⎪⎪⎨

⎪⎪⎩

–A(x, |u|Lr(x) ) div(a(|∇u|p(x))|∇u|p(x)–2∇u)

= f (x, u)|∇u|α(x)
Lq(x) + g(x, u)|∇u|γ (x)

Ls(x) in �,

u = 0 on ∂�,

(1.2)

where � is a bounded domain in R
N (N > 1) with C2 boundary, |.|Lm(x) is the norm of the

space Lm(x)(�), r, q, s,α,γ : � → [0,∞) are measurable functions and A, f , g : � × R →
R are continuous functions satisfying certain conditions. To be more specific about the
structure of the operator in (1.2), we deal with function a : R+ →R

+ of class C1 satisfying
the following conditions:

(a1) There exist constants k1, k2, k3, k4 ≥ 0, 1 < p ≤ l < N such that

k1tp + k2tl ≤ a
(
tp)tp ≤ k3tp + k4tl, for all t ≥ 0.

(a2) The function

t �→ A
(
tp) is strictly convex,

where A(t) =
∫ t

0 a(s) ds.
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(a3) The function

t �→ a
(
tp)tp–2 is increasing.

Various operators occurring in applications are included as models for the boundary
value problem (1.2), as one can see from the next examples.

Example 1.1 The following operators satisfying (a1)–(a3):
(i) If a(t) = 1, we obtain the p-Laplacian that is

⎧
⎨

⎩

–A(x, |u|Lr(x) )�p(x)u = f (x, u)|∇u|α(x)
Lq(x) + g(x, u)|∇u|γ (x)

Ls(x) in �,

u = 0 on ∂�,

where k1 = k2 = k3 = k4 = 1.
(ii) If a(t) = 1 + t

l–p
p we obtain the (p, l)-Laplacian or p&l-Laplacian with 1 < p ≤ l < ∞,

that is

⎧
⎪⎪⎨

⎪⎪⎩

–A(x, |u|Lr(x) )(�p(x)u + �l(x)u)

= f (x, u)|∇u|α(x)
Lq(x) + g(x, u)|∇u|γ (x)

Ls(x) in �,

u = 0 on ∂�.

(iii) If a(t) = 1 + t

(1+t2)
1
2

we obtain the p-Laplacian with 1 < p < ∞, that is

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

–A(x, |u|Lr(x) ) div((1 + |∇u|p
(1+|∇u|2p)

1
2

)|∇u|p–2∇u)

= f (x, u)|∇u|α(x)
Lq(x) + g(x, u)|∇u|γ (x)

Ls(x) in �,

u = 0 on ∂�,

with l = p, k1 + k2 = 2 and k3 + k4 = 1.
(iv) If a(t) = (1 + 1

t
2
p

)
p–2

2 with p ≥ 2 we obtain the generalized p-mean curvature

operator, that is

⎧
⎪⎪⎨

⎪⎪⎩

–A(x, |u|Lr(x) ) div((1 + |∇u|2)
p–2

2 )∇u)

= f (x, u)|∇u|α(x)
Lq(x) + g(x, u)|∇u|γ (x)

Ls(x) in �,

u = 0 on ∂�.

(v) If a(t) = 1 + 1

(1+t)
p–2

p
with p ≥ 2 we obtain

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

–A(x, |u|Lr(x) ) div(|∇u|p–2∇u + |∇u|p–2∇u

(1+|∇u|p)
p–2

p
)

= f (x, u)|∇u|α(x)
Lq(x) + g(x, u)|∇u|γ (x)

Ls(x) in �,

u = 0 on ∂�,

with l = p, k1 + k2 = 1 and k3 + k4 = 2.
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(vi) If a(t) = 1 + t
l–p
p + 1

(1+t)
p–2

p
with p ≥ 2

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

–A(x, |u|Lr(x) )(�pu + �lu + div( |∇u|p–2∇u

(1+|∇u|p)
p–2

p
))

= f (x, u)|∇u|α(x)
Lq(x) + g(x, u)|∇u|γ (x)

Ls(x) in �,

u = 0 on ∂�,

where k1 = k2 = k4 = 1 and k3 = 2.

The main aim of this paper is to prove the existence of a weak positive solution for (1.2)
via the sub-supersolution method.

In the next section we present some preliminaries to construct a function space where
the solution of (1.2) makes sense.

2 Function spaces
To study the solution of problem (1.2), we need to introduce a suitable function space,
where the solution makes sense. To do this, we recall some facts about the known spaces
Lp(x)(�), W 1,p(x)(�) and W 1,p(x)

0 (�) (see [18, 30] and the references therein for more de-
tails).

Let � ⊂ IRN (N ≥ 1) be a bounded domain and

S(�) := {u : � →R : u is measurable}.

For p ∈ L∞
+ (�), the generalized Lebesgue space and its norm are defined by

Lp(x)(�) =:
{

u ∈ S(�) :
∫

�

∣
∣u(x)

∣
∣p(x) dx < ∞

}

, and

|u|p(x) := inf

{

λ > 0;
∫

�

∣
∣
∣
∣
u(x)
λ

∣
∣
∣
∣

p(x)

dx ≤ 1
}

,

respectively. It is easy to see that the space (Lp(x)(�), |.|Lp(x) ) is a Banach space.
Set

m+ := ess sup
�

m(x) and m– := ess inf
�

m(x),

where m ∈ L∞(�).

Proposition 2.1 Let ρ(u) :=
∫

�
|u|p(x) dx. For all u, un ∈ Lp(x)(�), n ∈ N, the following as-

sertions hold:
(i) Let u �= 0 in Lp(x)(�), then |u|Lp(x) = λ ⇔ ρ( u

λ
) = 1.

(ii) If |u|Lp(x) < 1(= 1; > 1), then ρ(u) < 1(= 1; > 1).
(iii) If |u|Lp(x) > 1, then |u|p–

Lp(x) ≤ ρ(u) ≤ |u|p+

Lp(x) .
(iv) If |u|Lp(x) < 1, then |u|p+

Lp(x) ≤ ρ(u) ≤ |u|p–

Lp(x) .
(v) |un|Lp(x) → 0 ⇔ ρ(un) → 0, and |un|Lp(x) → ∞ ⇔ ρ(un) → ∞.
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Theorem 2.2 Let p, q ∈ L∞
+ (�). The following statements hold:

(i) If p– > 1 and 1
q(x) + 1

p(x) = 1 a.e. in �, then

∣
∣
∣
∣

∫

�

uv dx
∣
∣
∣
∣ ≤

(
1

p– +
1

q–

)

|u|Lp(x) |v|Lq(x) .

(ii) If q(x) ≤ p(x), a.e. in � and |�| < ∞, then Lp(x)(�) ↪→ Lq(x)(�).

One can define the generalized Sobolev space

W 1,p(x)(�) :=
{

u ∈ Lp(x)(�) :
∂u
∂xj

∈ Lp(x)(�), j = 1, . . . , N
}

,

with the norm ‖u‖∗ = |u|Lp(x) +
∑N

j=1 | ∂u
∂xj

|Lp(x) , u ∈ W 1,p(x)(�). The space W 1,p(x)
0 (�) is de-

fined as the closure of C∞
0 (�) with respect to the norm ‖.‖∗.

Theorem 2.3 If p– > 1, then W 1,p(x)(�) is a Banach, separable and reflexive space.

Proposition 2.4 Let � ⊂ R
N be a bounded domain and consider p, q ∈ C(�). Define the

function p∗(x) = Np(x)
N–p(x) if p(x) < N and p∗(x) = ∞ if N ≥ p(x). The following statements

hold:
(i) (Poincaré inequality) If p– > 1, then there is a constant C > 0 such that

|u|Lp(x) ≤ C|∇u|Lp(x) for all u ∈ W 1,p(x)
0 (�).

(ii) If p–, q– > 1 and q(x) < p∗(x) for all x ∈ �, the embedding W 1,p(x)(�) ↪→ Lq(x)(�) is
continuous and compact.

Note that ‖u‖ := |∇u|Lp(x) defines a norm in W 1,p(x)
0 (�) that is equivalent to the norm

‖.‖∗ (by (i) of Proposition 2.4).

Definition 2.5 Consider u, v ∈ W 1,p(x)(�). It is called

–�p(x)u ≤ –�p(x)v,

if
∫

�

|∇u|p(x)–2∇u∇ϕ ≤
∫

�

|∇v|p(x)–2∇v∇ϕ,

for all ϕ ∈ W 1,p(x)
0 (�) with ϕ ≥ 0.

The following result is contained in [21, Lemma 2.2] and [16, Proposition 2.3].

Proposition 2.6 Consider u, v ∈ W 1,p(x)(�). If –�p(x)u ≤ –�p(x)v and u ≤ v on ∂�, (i.e.,
(u – v)+ ∈ W 1,p(x)

0 (�)), then u ≤ v in �. If u, v ∈ C(�) and S = {x ∈ � : u(x) = v(x)} is a
compact set of �, then S = ∅.

Lemma 2.7 ([16, Lemma 2.1]) Let λ > 0 be the unique solution of problem
⎧
⎨

⎩

–�p(x)zλ = λ in �,

u = 0 on ∂�.
(2.1)
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Define ρ0 = p–

2|�| 1
N C0

. If λ ≥ ρ0, then |zλ|L∞ ≤ C∗M
1

p––1 and |zλ|L∞ ≤ C∗M
1

p+–1 if λ < ρ0.

Here, C∗ and C∗ are positive constants dependent only on p+, p–, N , |�| and C0, where C0

is the best constant of the embedding W 1,1
0 (�) ↪→ L

N
N–1 (�).

Regarding the function zλ of the previous result, it follows from [17, Theorem 1.2] and
[21, Theorem 1] that zλ ∈ C1(�) with zλ > 0 in �.

3 Weak positive solution
In this section we prove the existence of a weak positive solution of problem (1.2), via the
sub-supersolution method. In fact, we prove there exists u ∈ [u, u] as the weak solution of
(1.2), where u and u are subsolution and supersolution, respectively. To do this, we state
the definition of a solution of the problem (1.2).

Definition 3.1 We say that u ∈ W 1,p(x)
0 (�) ∩ L∞(�) is a (weak) solution of (1.2) if

∫

�

a
(|∇u|p(x))|∇u|p(x)–2∇u∇ϕ =

∫

�

( f (x, u)|u|α(x)
Lq(x)

A(x, |u|Lr(x) )
+

g(x, u)|u|γ (x)
Ls(x)

A(x, |u|Lr(x) )

)

ϕ,

for all ϕ ∈ W 1,p(x)
0 (�).

For u, v ∈ S(�), we write u ≤ v if u(x) ≤ v(x) a.e. in � and

[u, v] :=
{

w ∈ S(�) : u(x) ≤ w(x) ≤ v(x) a.e. in �
}

.

Definition 3.2 We say that (u, u) is a sub-supersolution pair for (1.2) if u ∈ W 1,p(x)
0 (�) ∩

L∞(�), u ∈ W 1,p(x)(�) ∩ L∞(�) are such that u ≤ u, u ≤ 0 ≤ u on ∂� and if, for all ϕ ∈
W 1,p(x)

0 (�) with ϕ ≥ 0, the following inequalities hold

∫

�

a
(|∇u|p(x))|∇u|p(x)–2∇u∇ϕ ≤

∫

�

( f (x, u)|u|α(x)
Lq(x)

A(x, |w|Lr(x) )
+

g(x, u)|u|γ (x)
Ls(x)

A(x, |w|Lr(x) )

)

ϕ (3.1)

and

∫

�

a
(|∇u|p(x))|∇u|p(x)–2∇u∇ϕ ≥

∫

�

( f (x, u)|u|α(x)
Lq(x)

A(x, |w|Lr(x) )
+

g(x, u)|u|γ (x)
Ls(x)

A(x, |w|Lr(x) )

)

ϕ, (3.2)

for all w ∈ [u, u].

We will assume that the functions r, p, q, s, α and γ satisfy the following hypotheses:
(H0) p ∈ C1(�), r, q, s ∈ L∞

+ (�), where

L∞
+ (�) =

{
m ∈ L∞(�) with ess inf m(x) ≥ 1

}
,

and α,γ ∈ L∞(�) satisfy

1 < p– := inf
�

p(x) ≤ p+ := sup
�

p(x) < N and α(x),γ (x) ≥ 0 a.e. in �.
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The main result of this section is to prove the existence of at least one solution of (1.2).

Theorem 3.3 Suppose that r, p, q, s, α and γ satisfy (H0), a : R+ → R
+ is a C1 func-

tion satisfying (a1)–(a3), (u, u) is a pair of sub-supersolution for (1.2) with u > 0 a.e. in �,
f (x, t), g(x, t) ≥ 0 in �× [0, |u|L∞ ] are continuous functions and A : �× (0,∞) →R is con-
tinuous with A(x, t) > 0 in � × [|u|Lr(x) , |u|Lr(x) ]. Then, (1.2) has at least one weak positive
solution u ∈ [u, u].

To prove this theorem, we need to prove some facts in the series of lemmas.
First, we study the existence and uniqueness of the solution

⎧
⎨

⎩

– div
(
a
(|∇u|p(x))|∇u|p(x)–2∇u

)
= G(v) in �,

u = 0 on ∂�.
(3.3)

Lemma 3.4 Let � ⊂ R
N , N ≥ 2, be a smooth bounded domain and a : R+ −→ R

+ be a C1

function satisfying (a1), (a2) and (a3). Assume G : Lp(x)(�) → Lp′(x)(�) is continuous and
there exists K0 > 0 such that |G(v)| ≤ K0, for all v ∈ Lp(x)(�), where p′(x) = p(x)

p(x)–1 . Then,
problem (3.3) has a unique solution u ∈ W 1,l(x)

0 (�).

Proof Consider the functional I : W 1,l(x)
0 (�) −→R given by

I(u) =
1
p

∫

�

A
(|∇u|p(x))dx –

∫

�

G(v)u dx. (3.4)

From (a1) the functional (3.4) is well defined and thus I ∈ C1(W 1,q
0 (�),R). Also, I is strictly

convex and weakly lower semicontinuous by (a2). Note that (a1), |G(v)| ≤ K0 and Hölder’s
inequality imply

I(u) ≥ k1

p– ‖u‖p(x)
W 1,p(x)

0 (�)
+

k2

l– ‖u‖l(x)
W 1,l(x)

0 (�)
– K0C‖u‖W 1,l(x)

0 (�)

for some constant C > 0 and all u ∈ W 1,l(x)
0 (�) with ρ(|∇u|) ≥ 1, which shows that I is

coercive. Hence, I has a unique critical point (a global minimizer), which is the unique
solution to (3.3). �

Lemma 3.5 Under the hypotheses of Theorem 3.3, define the operator T : Lp(x)(�) →
L∞(�) by

(Tu)(x) =

⎧
⎪⎪⎨

⎪⎪⎩

u(x) if u(x) ≤ u(x),

u(x) if u(x) ≤ u(x) ≤ u(x),

u(x) if u(x) ≥ u(x).

where u, u ∈ L∞(�) and Tu ∈ [u, u]. Moreover, let the operator H : [u, u] → Lp′(x)(�) be
defined by

H(v)(x) =
f (x, v(x))|v|α(x)

Lq(x)

A(x, |v|Lr(x) )
+

g(x, v(x))|v|γ (x)
Ls(x)

A(x, |v|Lr(x) )
,
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where p′(x) = p(x)
p(x)–1 and |.|Lm(x) denotes the norm of Lm(x)(�). Then, the operators T , H and

u �→ HoT(u) are well defined and u �→ HoT(u) is continuous.

Proof Similar to [14] one can show the operators H and u �→ HoT(u) are well defined and
u �→ HoT(u) is continuous. �

Lemma 3.6 Fix v ∈ Lp(x)(�) and define the operator S : Lp(x)(�) → Lp(x)(�), given by S(v) =
u, where u ∈ W 1,p(x)

0 (�) is the unique solution of (3.3). Then, S is compact and continuous.

Proof Assume (vn) is a bounded sequence in Lp(x)(�) and define un := S(vn), n ∈N. Then,

∫

�

a
(|∇un|p(x))|∇un|p(x)–2∇un∇ϕ =

∫

�

H(Tvn)ϕ,

for all n ∈ N and ϕ ∈ W 1,p(x)
0 (�). Consider the test function ϕ = un, by the inclusion Tvn ∈

[u, u], one can obtain

∫

�

a
(|∇un|p(x))|∇un|p(x) ≤ K0

∫

�

|un|,

for all n ∈N, where K0 is an upper bound for HoT .
The embedding Lp(x)(�) ↪→ L1(�) and Poincaré’s inequality show that

∫

�

a
(|∇un|p(x))|∇un|p(x) ≤ C‖un‖,

for all n ∈N, where C is a constant that does not depend on n ∈N.
If ‖un‖ > 1, by Proposition 2.1 we have

‖un‖p– ≤ C‖un‖,

for all n ∈ N, where the constant C does not depend on n ∈ N. Therefore, the sequence
(un) is bounded in W 1,p(x)

0 (�). Thus, up to a subsequence, we have un ⇀ u in W 1,p(x)
0 (�)

for some u ∈ W 1,p(x)
0 (�). Since the embedding W 1,p(x)

0 (�) ↪→ Lp(x)(�) is compact, we have
un → u in Lp(x)(�). Therefore, S is a compact operator.

Now, we show that S is continuous. Assume (vn) is a sequence in Lp(x)(�) with vn → v
in Lp(x)(�) for v ∈ Lp(x)(�). Define un := S(vn) and u := S(v). Note that

∫

�

a
(|∇un|p(x))|∇un|p(x)|∇un|p(x)–2∇un∇ϕ =

∫

�

H(Tvn)ϕ

and
∫

�

a
(|∇u|p(x))|∇u|p(x)–2∇u∇ϕ =

∫

�

H(Tv)ϕ,

for all ϕ ∈ W 1,p(x)
0 (�). Such equations with ϕ = un – u provide

∫

�

〈
a
(|∇un|p(x))|∇un|p(x)–2∇un – a

(|∇u|p(x))|∇u|p(x)–2∇u,∇(un – u)
〉
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=
∫

�

[
H(Tvn) – H(Tv)

]
(un – u).

Thus, the sequence (un) is bounded in Lp(x)(�) and by Hölder’s inequality, we have

∣
∣
∣
∣

∫

�

[
H(Tvn) – H(Tv)

]
(un – u)

∣
∣
∣
∣ ≤ C

∣
∣(HoT)(vn) – (HoT)(v)

∣
∣
Lp′(x) ,

where the constant C does not depend on n ∈N. The continuity of HoT shows

∫

�

〈
a
(|∇un|p(x))|∇un|p(x)–2∇un – a

(|∇u|p(x))|∇u|p(x)–2∇u,∇(un – u)
〉 → 0,

which implies the continuity of S. �

We recall a special case of the far-reaching Leray–Schauder theorem called Schaefer’s
Fixed Point Theorem.

Theorem 3.7 Let S be a continuous and compact mapping of a Banach space X into itself,
such that the set

{x ∈ X : x = �Sx for some 0 ≤ � ≤ 1}

is bounded. Then, S has a fixed point.

Lemma 3.8 S has a fixed point in Lp(x)(�), i.e., there exists u ∈ Lp(x)(�) such that S(u) = u.

Proof Since we can apply Theorem 3.7, we need to show that there exists R > 0 such that
if u = �S(u) with � ∈ [0, 1], then |u|Lp(x) < R. In fact, if � = 0, then u = 0. Suppose that � �= 0.
In this case, we have S(u) = u

�
and such an equality implies the identity

∫

�

a
(∣

∣
∣
∣

(
u
�

)∣
∣
∣
∣

p(x))∣
∣
∣
∣∇

(
u
�

)∣
∣
∣
∣

p(x)–2

∇
(

u
�

)

∇ϕ =
∫

�

H(Tu)ϕ,

for all ϕ ∈ W 1,p(x)
0 (�). Using the test function ϕ = u

�
and by the embedding Lp(x)(�) ↪→

L1(�), we obtain

∫

�

a
(∣

∣
∣
∣

(
u
�

)∣
∣
∣
∣

p(x))∣
∣
∣
∣∇

(
u
�

)∣
∣
∣
∣

p(x)

≤ K0

∫

�

|u|
�

≤ C
�

|u|Lp(x) ,

where C > 0 is a constant that does not depend on u and �. If |∇u|Lp(x) > 1, by Poincaré’s in-
equality and Proposition 2.1, |u|p––1

Lp(x) ≤ �p––1C, where C is a constant that does not depend
on u and �. �

Now, we can prove Theorem 3.3.

Proof Lemma 3.5 shows the operators H and u �→ HoT(u) are well defined and u �→
HoT(u) is continuous.
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Fix v ∈ Lp(x)(�). Since (HoT)(v) ∈ L∞(�), by Lemma 3.4 problem (3.3) has a unique so-
lution. Note that by Lemma 3.6 the operator S : Lp(x)(�) → Lp(x)(�) is compact and con-
tinuous. Also, Lemma 3.8 shows that there exists a u ∈ Lp(x)(�) such that u = S(u), then

∫

�

a
(|∇u|p(x))|∇u|p(x)–2∇u∇ϕ

=
∫

�

( f (x, Tu)|Tu|α(x)
Lq(x)

A(x, |Tu|Lr(x) )
+

g(x, Tu)|Tu|γ (x)
Ls(x)

A(x, |Tu|Lr(x) )

)

ϕ,

(3.5)

for all ϕ ∈ W 1,p(x)
0 (�).

We claim that u ∈ [u, u]. Considering w = Tu in (3.1) and subtracting from (3.5), we
obtain

∫

�

〈
a
(|∇u|p(x))|∇u|p(x)–2∇u – a

(|∇u|p(x))|∇u|p(x)–2∇u,∇ϕ
〉

≤
∫

�

( f (x, u)|u|α(x)
Lq(x) – f (x, Tu)|Tu|α(x)

Lq(x)

A(x, |Tu|Lr(x) )

)

ϕ

+
∫

�

(g(x, u)|u|γ (x)
Ls(x) – g(x, Tu)|Tu|γ (x)

Ls(x)

A(x, |Tu|Lr(x) )

)

ϕ,

for all ϕ ∈ W 1,p(x)
0 (�) with ϕ ≥ 0.

Using the test function ϕ := (u – u)+ = max{u – u, 0}, and using that f , g ≥ 0 in [0, |u|L∞ ],
Tu = u in {u ≥ u} := {x ∈ � : u(x) ≥ u(x)}, we obtain

∫

{u≥u}

〈
a
(|∇u|p(x))|∇u|p(x)–2∇u – a

(|∇u|p(x))|∇u|p(x)–2∇u,∇(u – u)
〉

≤
∫

{u≥u}

f (x, u)(|u|α(x)
Lq(x) – |Tu|α(x)

Lq(x) )
A(x, |Tu|Lr(x) )

ϕ +
∫

{u≥u}

g(x, u)(|u|γ (x)
Ls(x) – |Tu|γ (x)

Ls(x) )
A(x, |Tu|Lr(x) )

ϕ

≤ 0,

which imply that u ≤ u. A similar reasoning provides the inequality u ≤ u and the proof
is complete. �

4 Applications
The main goal of this section is to apply Theorem 3.3 to some classes of nonlocal problems.

4.1 A generalization of the logistic equation
Here, we study a generalization of the classic logistic equation as follows:

⎧
⎨

⎩

–A(x, |u|Lr(x) ) div(a(|∇u|p(x))|∇u|p(x)–2∇u) = λf (u)|u|α(x)
Lq(x) in �,

u = 0 on ∂�.
(4.1)

where the function A(x, t) satisfies

A(x, 0) ≥ 0, lim
t→0+

A(x, t) = ∞ and lim
t→+∞A(x, t) = ±∞.
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We suppose that there exists a number θ > 0 such that the function f : [0,∞) → R satisfies
the conditions:

(f1) f ∈ C0([0, θ ],R),
(f2) f (0) = f (θ ) = 0, f (t) > 0 in (0, θ ).

Problem (4.1) is a generalization of the problems studied in [9, 14]. The next result gener-
alizes [14, Theorem 5].

Theorem 4.1 Suppose that r, p, q, α satisfy (H0). Assume a : R+ → R
+ is a C1 function

satisfying (a1)–(a3), f satisfies (f1), (f2) and A(x, t) > 0 in � × (0, |θ |Lr(x) ]. Then, there exists
λ0 > 0 such that λ ≥ λ0, (4.1) has a positive solution uλ ∈ [0, θ ].

Proof Consider the function f̃ (t) = f (t) for t ∈ [0,�], and f̃ (t) = 0, for t ∈ R \ [0, θ ]. The
functional

Jλ(u) =
∫

�

1
p(x)

A
(|∇u|p(x))dx – λ

∫

�

F̃(u) dx, u ∈ W 1,p(x)
0 (�),

where A(t) =
∫ t

0 a(s) ds and F̃(t) =
∫ t

0 f̃ (s) ds is of class C1(W 1,p(x)
0 (�),R). Since |̃f (t)| ≤ C for

t ∈ R, we have that J is coercive. Thus, J has a minimum zλ, which is a weak solution of
the problem

⎧
⎨

⎩

– div(a(|∇z|p(x))|∇z|p(x)–2∇z) = λ̃f (z) in �,

z = 0 on ∂�.

Consider a function ϕ0 ∈ W 1,p(x)
0 (�) such that F̃(ϕ0) > 0. Define z0 := z̃λ0 , where λ̃0 > 0

satisfies
∫

�

1
p(x)

A
(|∇ϕ0|p(x))dx < λ̃0

∫

�

F̃(ϕ0) dx.

Thus, J̃λ0 (z0) ≤ J̃λ0 (ϕ0) < 0. Since J̃λ0 (0) = 0, we have z0 �= 0. By [20, Theorem 4.1], we have
z0 ∈ W 1,p(x)

0 (�) ∩ L∞(�), and using [17, Theorem 1.2], we obtain that z0 ∈ C1,α(�). Con-
sidering the test function ϕ = z–

0 := min{z0, 0}, we obtain z0 = z+
0 ≥ 0. By Proposition 2.6,

we have z0 > 0.
Considering the test function ϕ = (z0 – θ )+ ∈ W 1,p(x)

0 (�), we have

∫

�

a
(|∇z0|p(x))|∇z0|p(x)–2∇z0∇(z0 – θ )+ dx

= λ̃0

∫

{z0>θ}
f̃ (z0)(z0 – θ ) dx

= 0.

Therefore
∫

{z0>θ}

〈
a
(|∇z0|p(x))|∇z0|p(x)–2∇z0 – a

(|∇θ |p(x))|∇θ |p(x)–2∇θ ,∇(z0 – θ )
〉
dx = 0,

which implies (z0 – θ )+ = 0 in �. Thus, 0 < z0 ≤ θ .
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Note that there is a constant C > 0 such that |z0|α(x)
Lq(x) ≥ C. Define

⎧
⎨

⎩

A0 := max{A(x, t) : (x, t) ∈ � × [|z0|Lr(x) , |θ |Lr(x) ]} and

μ0 := A0
C .

Then,

– div
(
a
(|∇z0|p(x))|∇z0|p(x)–2∇z0

)
= λ̃0f (z0)

=
1
A0

λ̃0μ0f (z0)|z0|α(x)
Lq(x)

A0

μ0|z0|α(x)
Lq(x)

≤ 1
A0

λ̃0μ0f (z0)|z0|α(x)
Lq(x) .

Thus, for each λ ≥ λ̃0μ0 and w ∈ [ϕ, θ ], we obtain

– div
(
a
(|∇z0|p(x))|∇z0|p(x)–2∇z0

) ≤ 1
A(x, |w|Lr(x) )

λf (z0)|z0|α(x)
Lq(x) .

Since f (θ ) = 0, it follows that (z0, θ ) is the sub-supersolution pair for (4.1) and the result is
proved. �

4.2 A sublinear problem
Here, we use Theorem 3.3 to study the nonlocal problem

⎧
⎨

⎩

–A(x, |u|Lr(x) )(�p(x)u + �u) = uβ(x)|u|α(x)
Lq(x) in �,

u = 0 on ∂�.
(4.2)

The above problem in the case p(x) ≡ 2, was considered recently in [14]. The result of this
section generalizes [14, Theorem 3] and [15, Theorem 4.1].

Theorem 4.2 Suppose that r, p, q, α satisfy (H0), β ∈ L∞(�) is a nonnegative function,
α+ + β+ < p– – 1 and a0 > 0 is a positive constant. Assume one of the conditions holds:

(A1) A(x, t) ≥ a0 in � × [0,∞),
(A2) 0 < A(x, t) ≤ a0 in � × (0,∞), and limt→+∞ A(x, t) = a∞ > 0 uniformly in �.

Then, (4.2) has a positive solution.

Proof Suppose (A1) holds, that is, A(x, t) ≥ a0 in � × [0, +∞). We will start by construct-
ing u. Let λ > 0 and zλ ∈ W 1,p(x)

0 (�) ∩ L∞(�) be the unique solution of (2.1), where λ will
be chosen later.

For λ > 0 sufficiently large, by Lemma 2.7 there is a constant K > 1 that does not depend
on λ such that

0 < zλ(x) ≤ Kλ
1

p––1 in �. (4.3)

Since α+ + β+ < p– – 1, we can choose λ > 1 such that (4.3) occurs and

1
a0

Kβ+
λ

α++β+
p––1 max

{|K |α–

Lq(x) , |K |α+

Lq(x)

} ≤ λ. (4.4)
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From (4.3) and (4.4), we obtain

1
a0

zβ(x)
λ |zλ|α(x)

Lq(x) ≤ λ.

Therefore,
⎧
⎨

⎩

–(�p(x)zλ + �zλ) ≥ 1
A(x,|w|Lr(x) ) zβ(x)

λ |zλ|α(x)
Lq(x) in �,

zλ = 0 on ∂�,

for all w ∈ L∞(�).
Define Aλ := max{A(x, t) : (x, t) ∈ � × [0, |zλ|Lr(x) ]}. We have

a0 ≤A
(
x, |w|Lr(x)

) ≤Aλ in �,

for all w ∈ [0, zλ].
Now, we construct u. Since ∂� is C2, there is a constant δ > 0 such that d ∈ C2(�3δ) and

|∇d(x)| ≡ 1, where d(x) := dist(x, ∂�) and �3δ := {x ∈ �; d(x) ≤ 3δ}. From [24, page 12], we
have, for σ ∈ (0, δ) sufficiently small, the function φ = φ(k,σ ) defined by

φ(x) =

⎧
⎪⎪⎨

⎪⎪⎩

ekd(x) – 1 if d(x) < σ ,

ekσ – 1 +
∫ d(x)
σ

kekσ ( 2δ–t
2δ–σ

)
2

p––1 dt if σ ≤ d(x) < 2δ,

ekσ – 1 +
∫ 2δ

σ
kekσ ( 2δ–t

2δ–σ
)

2
p––1 dt if 2δ ≤ d(x),

belongs to C1
0(�), where k > 0 is an arbitrary number, and

–�p(x)(μφ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

–k(kμekd(x))p(x)–1[(p(x) – 1) + (d(x)

+ ln kμ

k )∇p(x)∇d(x) + �d(x)
k ] if d(x) < σ ,

{ 1
2δ–σ

2(p(x)–1)
p––1 – ( 2δ–d(x)

2δ–σ
)[ln kμekσ

× ( 2δ–d(x)
2δ–σ

)
2

p––1 ∇p(x)∇d(x) + �d(x)]}
× (kμekσ )p(x)–1( 2δ–d(x)

2δ–σ
)

2(p(x)–1)
p––1 –1 if σ < d(x) < 2δ,

0 if 2δ < d(x),

for all μ > 0.
From the above, one can write

–�(μφ) =

⎧
⎪⎪⎨

⎪⎪⎩

–k(kμekd(x))[1 + �d(x)
k ] if d(x) < σ ,

{ 1
2δ–σ

2 – ( 2δ–d(x)
2δ–σ

)�d(x)}(kμekσ )( 2δ–d(x)
2δ–σ

) if σ < d(x) < 2δ,

0 if 2δ < d(x),

for all μ > 0.
Let σ = 1

k ln 2
1

p+ and μ = e–ak , where a = p––1
max

�
|∇p|+1 . Then, ekσ = 2

1
p+ and kμ ≤ 1 if k > 0

is sufficiently large. From [24, page 12], for d(x) < σ or 2δ < d(x) we obtain

–�p(x)(μφ) – �(μφ) ≤ 0 <
1
Aλ

(μφ)β(x)|μφ|α(x)
Lq(x)
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and for σ < d(x) < 2δ we obtain

–�p(x)(μφ) – �(μφ) ≤ C̃(kμ)p––1| ln kμ| + C̃(kμ)| ln kμ|. (4.5)

Since α+ + β+ < p– – 1, an application of L’Hospital’s rule implies that

lim
k→+∞

C̃kp––1 + C̃k
eak(p––1–(α++β+))

∣
∣
∣
∣ln

k
eak

∣
∣
∣
∣ = 0. (4.6)

If σ ≤ d(x) < 2δ, we have φ(x) ≥ 2
1

p+ – 1 for all k > 0, because ekσ = 2
1

p+ . Thus, there is a
constant C0 > 0 that does not depend on k such that |φ|α(x)

Lq(x) ≥ C0 if σ ≤ d(x) < 2δ. By (4.6),
we can choose k > 0 large enough such that

C1kp––1 + C̃k
eak[(p––1)–(α++β+)]

∣
∣
∣
∣ln

k
eak

∣
∣
∣
∣ ≤ C0

Aλ

(
2

1
p+ – 1

)β+
. (4.7)

It is possible to choose k > 0 large such that μφ(x) ≤ 1 for all x ∈ � satisfying σ < d(x) < δ.
Therefore, from (4.5) and (4.7), we have

–�p(x)(μφ) – �(μφ) ≤ 1
Aλ

(μφ)β(x)|μφ|α(x)
Lq(x) if σ < d(x) < 2δ,

for k > 0 large enough. Fix k > 0 satisfying the above property, and the inequality

–�p(x)(μφ) – �(μφ) ≤ 1.

For λ > 1, we have

–�p(x)(μφ) – �(μφ) ≤ –�p(x)(zλ) – �(zλ).

Therefore, μφ ≤ zλ. The first part of the result is proved.
Now, suppose that 0 < A(x, t) ≤ a0 in � × (0,∞). Let δ, σ , μ, a, λ, zλ and φ be as before.

From the previous arguments, there exist k > 0 large enough and μ > 0 sufficiently small
such that

–�p(x)(μφ) – �(μφ) ≤ 1 and

–�p(x)(μφ) – �(μφ)∇ ≤ 1
a0

(μφ)β(x)|μφ|α(x)
Lq(x) in �.

In particular, for w ∈ L∞(�) with μφ ≤ w, we have

–�p(x)(μφ) – �(μφ) ≤ 1
A(x, |w|Lr(x) )

(μφ)β(x)|μφ|α(x)
Lq(x) in �. (4.8)

Since limt→∞ A(x, t) = a∞ > 0 uniformly in �, there is a constant a1 > 0 such that A(x, t) ≥
a∞

2 in � × (a1,∞). Define

⎧
⎨

⎩

mk := min{A(x, t) : � × [|μφ|Lr(x) , a1]} > 0 and

Ak := min{mk , a∞
2 }.

Then, A(x, t) ≥Ak in � × [|μφ|Lr(x) ,∞).
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Fix k > 0 satisfying (4.8). Let λ > 1 such that (4.3) occurs and

1
Ak

Kβ+
λ

α++β+
p––1 max

{|K |α–

Lq(x) , |K |α+

Lq(x)

} ≤ λ,

where K > 1 is a constant that does not depend on k and λ (see Lemma 2.7). Thus, for all
w ∈ [μφ, zλ], we have

–�p(x)(zλ) – �(zλ) ≤ 1
A(x, |w|Lr(x) )

zβ(x)
λ |zλ|α(x)

Lq(x) in �.

From the weak comparison principle, we have μφ ≤ zλ. Therefore, (μφ, zλ) is a sub-
supersolution pair for (4.2). �
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30. Rădulescu, V.D., Repovs̆, D.: Partial Differential Equations with Variable Exponents. Variational Methods and Qualitative

Analysis. Monographs and Research Notes in Mathematics. CRC Press, Boca Raton (2015)
31. Ragusa, M.A., Razani, A., Safari, F.: Existence of radial solutions for a p(x)-Laplacian Dirichlet problem. Adv. Differ. Equ.

2021, 215 (2021)
32. Ragusa, M.A., Tachikawa, A.: Regularity for minimizers for functionals of double phase with variable exponents. Adv.

Nonlinear Anal. 9(1), 710–728 (2020)
33. Yan, B., Wang, C.: The multiplicity of positive solutions for a class of nonlocal elliptic problem. J. Math. Anal. Appl.

442(1), 72–102 (2016)
34. Yin, H., Yang, Z.: Existence and asymptotic behavior of positive solutions for a class of (p(x),q(x))-Laplacian systems.

Differ. Equ. Appl. 6(3), 403–415 (2014)


	The sub-supersolution method for a nonhomogeneous elliptic equation involving Lebesgue generalized spaces
	Abstract
	MSC
	Keywords

	Introduction
	Function spaces
	Weak positive solution
	Applications
	A generalization of the logistic equation
	A sublinear problem

	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


