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—A(x, |ul0) div(a([VulP?) VulPY 2V u)

()
=f(x, u)|Vu|‘Z‘;<XX)) +g(x, u)|Vu|Z’S(x)

on a bounded domain € in RY (N > 1) with C? boundary, with a Dirichlet boundary
condition is considered. Using the sub-supersolution method, the existence of at
least one positive weak solution is proved. As an application, the existence of at least
one solution of a generalized version of the logistic equation and a sublinear
equation are shown.
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1 Introduction

Partial differential equations involving the p(x)-Laplacian arise, for instance, in nonlinear
elasticity, fluid mechanics, non-Newtonian fluids and image processing. Because of the
broad set of applications, several studies related to the p-Laplacian, or in general the p(x)-
Laplacian, operator have been reported (see for instance [4, 6, 16—18, 20-27, 29, 31, 32]
and the references therein). One of the approaches to study the existence of solutions
of elliptic partial differential equations is the sub-supersolution method. Some problems

such as
—Apu = |u|z;’(2) in Q,
u=0 on 0€2,

_“(fsz lu|")Au=f,(x,u) in,
u=0 on 3%,

and
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—a(fq |ul?) Au = hy(x, u)f ([, 1ulP) + ha(x, u)g([o lul”)  in Q,
u=0 on 02,

have been studied via the sub-supersolution method (see [1, 11, 33]). Also, one may refer
to [5,7, 8, 10, 12—-14, 28] for other similar model problems.
Recently, the existence of solutions for nonlocal problems involving the p(x)-Laplacian

operator

_.A(x; |M|Lr(x)) le(| Vu|l7(x)—2 VM)

= [ w)| Vuli) + gl w)| Vull()  inQ, (1.1)
u=0 on 0<2,
where —A,yu = —div(|Vu |P®-2v4), has been studied [14, 15] via a new sub-supersolution

method. In [14], the problem (1.1) for p(x) = 2 (i.e., —=Apx) = —A) is considered. They study
the existence of a weak solution for three problems (the sublinear problem, the concave—
convex problem and the logistic equation). Their arguments are mainly based on the ex-
istence of the first eigenvalue of the Laplacian operator (—A, H}(£2)). The p(x)-Laplacian
operator, in general, has no first eigenvalue, that is, the infimum of the eigenvalues equals
0 (see [19]).

The lack of the existence of the first eigenvalue implies a considerable difficulty when
dealing with boundary value problems involving the p(x)-Laplacian by using the sub-
supersolution method. Papers that consider such problems by using the mentioned
method are rare in the literature. Among such works we mention papers such as [2, 3,
24, 34].

In this paper, we are interested in the nonlocal problem

— A, 1l ) div(@a(| VulP®) | VP -2V )
= £ 6, 10) | Vuul25) + g, 10) | Vul 1) in Q, (1.2)
u=0 on 0€2,

where Q is a bounded domain in RY (N > 1) with C? boundary, |.|pm(y) is the norm of the
space L"™(Q), r,q,s,a,y : @ — [0,00) are measurable functions and A,f,g: Q2 x R —
R are continuous functions satisfying certain conditions. To be more specific about the
structure of the operator in (1.2), we deal with function a : R* — R* of class C! satisfying
the following conditions:

(al) There exist constants ki, k3, k3, k4 > 0, 1 < p <[ < N such that

kit? + kot' < a(t")tp <kst? + kot', forall £> 0.
(a2) The function

t+ A(#) s strictly convex,

where A(f) = fot a(s) ds.
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(a3) The function
t—> a(tp)tp’2 is increasing.

Various operators occurring in applications are included as models for the boundary
value problem (1.2), as one can see from the next examples.

Example 1.1 The following operators satisfying (a;)—(as):
(i) Ifa(t) = 1, we obtain the p-Laplacian that is

— A, |18 0) Aot = f (5, 0) | V|50 + g (o, 1) Vel 7S5 in 2,
u=0 on 0%2,

where kj = kzl: ks =ky=1.
(ii) fa(®) =1+ tTP we obtain the (p,/)-Laplacian or p&l-Laplacian with 1 < p << o0,
that is

— A, ] ) (Apy it + Ay tt)
= f 6 w)| Vuul2) + gl )| Vul$)  inQ,

u=0 on 0%2.

(iii) Ifa(t) =1+ tz T we obtain the p-Laplacian with 1 < p < 00, that is
(1+¢2)2

_A(x’ |M|Lr(x))diV((1 + M)lvuw—zvu)

(1+\Vu\21’)%
= £, 10) |Vl 255 + g, 10) Vul 1) inQ,

u=0 on 0€2,

withl=p, ki +ky =2 and k3 + ky = 1.

(iv) Ifa(t) = (1 + ig)l%z with p > 2 we obtain the generalized p-mean curvature
tD
operator, that is

— A, |1l ) div((d + [Va?) 2 ) Vi)
=f(x, u)IVuIZ;’(‘,Z) +g(x, u)IVuPL’S((’fC)) in Q,
u=0 on 0%2.

W) Ifa(t)=1+ % with p > 2 we obtain
(1+t) 7

2
—A(x, || rw) div(|VulP2Vu + %)
(1+|Vulp) 7

= f(x, u)IVu|Z;’(2) +g(ox, u)IWIZf(Z)) in Q,
u=0 on 0€2,

withl=p, k1 +ky =1 and k3 + kg = 2.
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-
i) fa(t)=1+¢7 + —1 withp>2

r=2
+0) P

— A, [l ) (At + Agus + div( VL2V )
(1+|Vup) 7~

=f(x, M)IVMI%’(C,Z) +g(x, u)|Vu|)L’S((’fc)) in Q,
u=0 on 082,

where k1 =ky = kg =1 and k3 = 2.

The main aim of this paper is to prove the existence of a weak positive solution for (1.2)
via the sub-supersolution method.
In the next section we present some preliminaries to construct a function space where

the solution of (1.2) makes sense.

2 Function spaces
To study the solution of problem (1.2), we need to introduce a suitable function space,
where the solution makes sense. To do this, we recall some facts about the known spaces
LP9(Q), WPW(Q) and Wol’p(x)(Q) (see [18, 30] and the references therein for more de-
tails).

Let Q@ C IRN (N > 1) be a bounded domain and

S(R):={u: Q2 — R:uis measurable}.

For p € L°(Q2), the generalized Lebesgue space and its norm are defined by

9(Q) = {u eS(Q) :/ ()| dix < oo}, and
Q

4] p() 2= inf{k > O;/
Q

respectively. It is easy to see that the space (7™ (), |.| »t) is a Banach space.
Set

u(x) p(x)

dx < 1},

m* :=esssupm(x) and m := essigfm(x),
Q

where m € L*®(2).

Proposition 2.1 Let p(u) := fQ |ulP® dx. For all u,u, € [’ (Q), n € N, the following as-
sertions hold.:
(i) Letu #0 in IP¥)(RQ), then |ulpm = A & p(3)=1
(i) If |ulpw < 1(=1;> 1), then p(u) < 1(=1;> 1).
p+
§iZ0N
o
)
V) |tnlpp — 0 6 p(uy) — 0, and |uy| pw — 00 & p(u,) — o0.

(iid) If ul o) > 1, then |ull ., < p(u) < |u|

)
(V) If et pio < 1, then |ul?y, < p(u) < ul
)
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Theorem 2.2 Let p,q € L(2). The following statements hold:

(i) Ifp~ > landﬁ +ﬁ =1la.e. in Q, then

1 1
qudx < ;+q—_ 4] o V] g -

(ii) Ifq(x) < p(x), a.e.in Q and |Q| < o0, then [P (Q) — LI9(Q).

One can define the generalized Sobolev space

3
W) () .= {u € !9(Q): 8—” e IP(Q),j = 1,...,N},
x;

. N L )
with the norm |lull, = |u]pw + o1 Ig—ZILp(x), u € W@ (Q). The space W, p(x)(Q) is de-

fined as the closure of C;°(2) with respect to the norm |. ||
Theorem 2.3 Ifp~ > 1, then W'"P")(Q) is a Banach, separable and reflexive space.

Proposition 2.4 Let Q@ C RN be a bounded domain and consider p,q € C(Q). Define the
function p*(x) = 1\]1\?159(2) if p(x) < N and p*(x) = o0 if N > p(x). The following statements
hold:
(i) (Poincaré inequality) If p~ > 1, then there is a constant C > 0 such that
lte] oy < CIVUl i) forall u e W&’p(x)(Q).
(ii) Ifp~,q > 1 and q(x) < p*(x) for all x € Q, the embedding W' (Q) — L1%)(Q) is

continuous and compact.

Note that ||| := |Vul|;pw defines a norm in Wol’p (x)(Q) that is equivalent to the norm
Il (by (i) of Proposition 2.4).

Definition 2.5 Consider u,v € WY®(Q). It is called
—Apwt = =Bpw Vs

if
/Q |VulP®2vuve < fQ |VyPO-2y Vg,

forall ¢ € Wol’p(x)(Q) with ¢ > 0.

The following result is contained in [21, Lemma 2.2] and [16, Proposition 2.3].
Proposition 2.6 Consider u,v € W"®(Q). If ~Apwu < —Apwv and u < v on 3L, (i.e.,
(u-v)te Wol’p(x)(Q)), then u <vin Q. If u,ve C(Q) and S = {x € Q: u(x) = v(x)} is a

compact set of Q, then S = ().

Lemma 2.7 ([16, Lemma 2.1]) Let A > 0 be the unique solution of problem

—“Apwz.=A inL,
u=0 on 082,

(2.1)

Page 5of 16
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_ 1 1

Define pg = —L1—. If & > po, then |z;|c < C*MP 1 and |z;|0c < C.MP -1 if L < po.
2IQIN G

Here, C* and C, are positive constants dependent only on p*, p~, N, |Q2| and Cy, where C,

is the best constant of the embedding Wol’l (Q) — LN (€2).

Regarding the function z; of the previous result, it follows from [17, Theorem 1.2] and
[21, Theorem 1] that z; € C(Q) with z, > 0in .

3 Weak positive solution

In this section we prove the existence of a weak positive solution of problem (1.2), via the
sub-supersolution method. In fact, we prove there exists u € [y, u] as the weak solution of
(1.2), where u and % are subsolution and supersolution, respectively. To do this, we state
the definition of a solution of the problem (1.2).

Definition 3.1 We say that u € Wol’p(x)(Q) N L*(R) is a (weak) solution of (1.2) if

o(x) y(x)
/ a(|Vu|P(x))|Vu|p(x)"2VuV<p _ / <f(x; M)|u|Lq(x) + g(x, u)|u|Ls(x) )w’
Q oA lulpw) Al |ulrw)

forall ¢ € Wol’p(x)(Q).
For u,v € S(2), we write u < v if u(x) < v(x) a.e. in Q and
(u,v] := {w € S(RQ) : ulx) <wx) <v(x)a.e. in Q}
Definition 3.2 We say that (&, %) is a sub-supersolution pair for (1.2) if u € Wol @ Q)N

L®(RQ), u € WWPW(Q) N L>®(R) are such that u <%, u < 0 <% on 92 and if, for all ¢ €
Wol ?0(Q) with ¢ > 0, the following inequalities hold

a(x) ()
/ﬂ(|VZ|p(x))|Vﬂ|p(x)_2VMV¢J < / (f(x»ﬂ)|Z|Lq(x) +g(xvﬂ)|E|Ls(x)> (31)
Q o VA [Wprw) Al (W)
and
Fos i, gl mlal
fa(|vﬁ|P(x))|Vﬁ|P(x)ZVMV(pzf( ’ L2%) + ’ LS(x)) ) (3.2)
Q o VA Wrw) Al (W)

for all w € [u,ul.

We will assume that the functions 7, p, g, s, @ and y satisfy the following hypotheses:
(Ho) p e CHRQ),1,q,5s € L(RQ), where

L(Q) = {m € L®(Q) with essinfm(x) > 1},
and o, y € L*(2) satisfy

l<p := igfp(x) <p'i=suppx)<N and ax),yx)>0 ae. inQ.
Q
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The main result of this section is to prove the existence of at least one solution of (1.2).

Theorem 3.3 Suppose that r, p, q, s, @ and y satisfy (Hy), a: R* — R* is a C* func-
tion satisfying (al)—(a3), (u, u) is a pair of sub-supersolution for (1.2) with u >0 a.e. in Q,
f(x,2),8(x, ) > 0in Q x [0, |[#|1~] are continuous functions and A : Q x (0,00) — R is con-
tinuous with A(x,t) > 0 in Q X [|t|;rw, [#|;rw]. Then, (1.2) has at least one weak positive

solution u € [u, ul.

To prove this theorem, we need to prove some facts in the series of lemmas.
First, we study the existence and uniqueness of the solution

—div(a(|Vul®) | VuP®2Vy) = G(v) in,
u=0 on 0%2.

(3.3)

Lemma 3.4 Let Q C RN, N > 2, be a smooth bounded domain and a : R* — R* be a C!
function satisfying (a,), (as) and (a3). Assume G : [PP(Q) — LP'9(Q) is continuous and
there exists Ky > 0 such that |G(v)| < Ko, for all v € [P (Q), where p/(x) = 1%. Then,
problem (3.3) has a unique solution u € Wol ’l(x)(Q).

Proof Consider the functional J: Wol Q) — R given by
1 ®
J(u) = - A(IVulp ) dx - | GW)udx. (3.4)
pJa Q

From (a,) the functional (3.4) is well defined and thus J € C* (WO1 “1(Q),R). Also, J is strictly
convex and weakly lower semicontinuous by (a5). Note that (a,), |G(v)| < Ko and Holder’s

inequality imply

p(x)

/(1
J(w) > —Null” "},
p w,”

ka i
@ l—_||M||W5,z(x)(Q) —K0C||u||W3J<x>(Q)

for some constant C > 0 and all # € Wol’l(x)(Q) with p(]Vu|) > 1, which shows that J is
coercive. Hence, J has a unique critical point (a global minimizer), which is the unique
solution to (3.3). O

Lemma 3.5 Under the hypotheses of Theorem 3.3, define the operator T : [P®(Q) —
L>(82) by

u(x)  ifulx) < u),
(Tu)(x) = § ulx)  if ulx) < ulx) < ux),

u(x) if ulx) > u(x).

where u,u € L*(2) and Tu € [u,u]. Moreover, let the operator H : [u,u] — LP'9(Q) be
defined by

S vV g v)v/

H — )
V) = o) A W)




Figueiredo and Razani Boundary Value Problems (2021) 2021:105 Page 8 of 16

where p'(x) = pﬁ(;‘_)l and |.| mw denotes the norm of L"W(Q). Then, the operators T, H and

u +— HoT (u) are well defined and u — HoT (u) is continuous.

Proof Similar to [14] one can show the operators H and u — HoT (u) are well defined and

u +— HoT (u) is continuous. (|

Lemma 3.6 Fixv e [’“)(Q) and define the operator S : [P¥)(Q) — LFW(RQ), given by S(v) =
u, where u € Wol’p(x)(Q) is the unique solution of (3.3). Then, S is compact and continuous.

Proof Assume (v,) is a bounded sequence in L*™)(R2) and define u, := S(v,), n € N. Then,
/ a(IVun[PP) Vit [P V10, Vo = / H(Tv,)g,
Q Q

forallme Nand ¢ € Wol ? (x)(Q). Consider the test function ¢ = u,, by the inclusion 7v, €

[u, %], one can obtain

f (V1 P) Vit P < Ky / anl,
Q

Q

for all n € N, where K| is an upper bound for HoT'.
The embedding L7 ($2) < L'(2) and Poincaré’s inequality show that

/ (V) [Vt P < Cllt]
Q

for all n € N, where C is a constant that does not depend on # € N.

If ||u,]| > 1, by Proposition 2.1 we have
luall? < Cllual,
for all # € N, where the constant C does not depend on n € N. Therefore, the sequence
(#,) is bounded in Wol’p(x)(Q). Thus, up to a subsequence, we have u,, — u in Wol’p(x)(Q)
for some u € W&’p (x)(Q). Since the embedding Wol i (x)(Q) — [PW(Q) is compact, we have
u, — uin [P (Q). Therefore, S is a compact operator.

Now, we show that S is continuous. Assume (v,,) is a sequence in L’™¥(Q) with v,, — v
in IPW(Q) for v € LF® (). Define u,, := S(v,,) and u := S(v). Note that

fQ a(1Vun ") Vit POVt POV 1, Vip = /Q H(Tv,)¢
and
f a(|VulP®)|Vul®2vuve = / H(Tv)gp,
Q Q
forall p € WO1 P (x)(Q). Such equations with ¢ = u, — u provide

/ <a(|Vun |"(x)) [Vu, |”(x)_2Vun - a(|Vu|P(”))|Vu|p(x)_2Vu, V(u, — u))
Q
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= /Q[H(Tvn) — H(Tv) | (1, — w).
Thus, the sequence (u,) is bounded in L**)(2) and by Hélder’s inequality, we have
VQ[H(TW) — H(TV) (s = )| < C|(HOT)(v,s) = (HOT)(W)] 5
where the constant C does not depend on # € N. The continuity of HoT shows
/Q<a(|Vun PO | Vi, [P 2V, — a(|Vu|p("))|Vu|p(x)_2Vu, V(1 — 1)) = 0,

which implies the continuity of S. O

We recall a special case of the far-reaching Leray—Schauder theorem called Schaefer’s

Fixed Point Theorem.

Theorem 3.7 Let S be a continuous and compact mapping of a Banach space X into itself,
such that the set

{x € X:x=0Sx for some 0 <o <1}
is bounded. Then, S has a fixed point.
Lemma 3.8 S has a fixed point in [P (), i.e., there exists u € L™ (Q) such that S(u) = u.
Proof Since we can apply Theorem 3.7, we need to show that there exists R > 0 such that

if u = 0S(u) with o € [0,1], then |u|,»x) < R. In fact, if o = 0, then u = 0. Suppose that o # 0.
In this case, we have S(u) = % and such an equality implies the identity

LA ) ()

for all ¢ € Wol i (x)(Q). Using the test function ¢ = g and by the embedding L7¥(Q) —

LY(2), we obtain
p(x) ' u
)¥(;)
Q

J(IC)

where C > 0 is a constant that does not depend on # and ¢. If | V| pv) > 1, by Poincaré’s in-

px) |M| C
<Ko | — = —|ulpw,
Q 0 Q

equality and Proposition 2.1, |u|l;(;)l < o” ~1C, where C is a constant that does not depend

on u and p. O
Now, we can prove Theorem 3.3.

Proof Lemma 3.5 shows the operators H and u + HoT (u) are well defined and u —

HoT (u) is continuous.
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Fix v € I#®(Q). Since (HoT)(v) € L*(S2), by Lemma 3.4 problem (3.3) has a unique so-
lution. Note that by Lemma 3.6 the operator S : L/*(Q) — L#®)(Q) is compact and con-
tinuous. Also, Lemma 3.8 shows that there exists a € L#® () such that u = S(z), then

/ a(|VulP®)|VuP¥2vuve
Q
(3.5)

. / <f(x, Tu)| Tulyy g To)| Tul )
o\ A, [ Tulpw) Al Tulpw) )7

forall p € Wol’p(x)(Q).
We claim that u € [u,u]. Considering w = Ty in (3.1) and subtracting from (3.5), we

obtain

/ (a(IVl @) VulP 2V~ a(|Vul®) Va2V, Vo)
Q

- / (f (1) 2|50 — f (v, T)| Tual ) )(p
“Ja A, | Tul )

/ <g(x, w)ul? %) ~ g, Tu) | Tul! ) )
+ ()
Q Alx, | TM|Lr(x))

forall ¢ € Wol‘p(x)(Q) with ¢ > 0.
Using the test function ¢ := (4 — ), = max{u — 1,0}, and using that f,g > 0 in [0, %] 1],

Tu=uin {u > u} := {x € Q: u(x) > u(x)}, we obtain

[ {alvur ) 9 29— a9l ) 9225,V - )
{uzu}

_ Sl 1Tl / glo,w)(|l? %) — | Tul?$)
B {u=u)

{u=u) A, | Tu i) A, | Tul )

IA

0,

which imply that ¥ < u. A similar reasoning provides the inequality # < % and the proof

is complete. 0

4 Applications
The main goal of this section is to apply Theorem 3.3 to some classes of nonlocal problems.

4.1 A generalization of the logistic equation
Here, we study a generalization of the classic logistic equation as follows:

— A, |1l ) div(@(| VulP@) | VulPP-2Va) = 0f u)|ul’G)  in Q,
u=0 on 0€2.

(4.1)

where the function A(x, t) satisfies

A(x,0) >0, lim A(x,t) =oo and lim A(x,t) = +o0.
t—0t t—>+00

Page 10 of 16



Figueiredo and Razani Boundary Value Problems (2021) 2021:105 Page 11 0of 16

We suppose that there exists a number 6 > 0 such that the function f : [0, c0) — R satisfies
the conditions:

() f € C([0,6],R),

() £(0)=/(6) =0, /() > 0in (0,6).
Problem (4.1) is a generalization of the problems studied in [9, 14]. The next result gener-
alizes [14, Theorem 5].

Theorem 4.1 Suppose that r, p, q, a satisfy (Hy). Assume a : R* — R* is a C! function
satisfying (al)—(a3), f satisfies (f,), (f2) and A(x,t) > 0 in Q x (0,10, ]. Then, there exists
Ao > 0 such that A > Ly, (4.1) has a positive solution u;, € [0,0].

Proof Consider the functionf(t) =f(¢) for ¢ € [0, 0], and f(t) =0, for t € R\ [0,0]. The
functional

1 = X
]A(u)=/;2MA(WMW("))dx—A/QF(u)dx, ue WP (Q),

where A(t) = fot a(s) ds and IN-"(t) = fotf(S) ds is of class Cl(WOl‘p(x)(Q),R). Since [7(t)| < C for
t € R, we have that J is coercive. Thus, / has a minimum z;, which is a weak solution of
the problem

—div(a(|Vz[t®)|VzlP®-2Vz) = 4f(z) inQ,
z=0 on d%2.

Consider a function ¢, € Wg’f’(’c)(sz) such that F(go) > 0. Define zg := 23, Where >0
satisfies

/ LA(|V<p0|”(")) dx<X0/ E(po) dx.
o px) Q
Thus, f5,(20) < J;,(¢0) < 0. Since J;,(0) = 0, we have zy # 0. By [20, Theorem 4.1], we have
Zp € Wol’p(x)(Q) N L>®(R), and using [17, Theorem 1.2], we obtain that zy € C"**(Q). Con-
sidering the test function ¢ = zj := min{zy, 0}, we obtain z, = z§ > 0. By Proposition 2.6,
we have zp > 0.

Considering the test function ¢ = (zo — 0)* € Wol 2 (R2), we have

/ a(IVzo |”(x)) |Vzo|"(x)_2VzoV(zo —0) dx
Q

=% | flzo)(zo-0)dx

{z0>0}

I
e

Therefore

/ (a(IV2o[P™) V2o P92V 29 — a(| VO™ VO P2V, V(2o - 0)) dx = 0,
{z0>0}

which implies (zp — 8), =0 in Q. Thus, 0 < zy < 6.
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Note that there is a constant C > 0 such that |ZO|Z:(2) > C. Define

Ap = max{A(x,2) : (x,£) € Q x [|z0lr0, 0] :0]} and

A
Mo = 70

Then,

—div(a(|Vzol'®) V2o [P¥ 2V z0) = Rof (20)
Ao

1~
= —)\OMQf(Zo)|ZO|i;2) e
Molzo |Lq(x)

Ao
< —Topof @)lzol"%),
Ay L1
Thus, for each A > 3:0;1,0 and w € [, 0], we obtain

—div(a(|V20["™)| V2o P2V zp) < M (201201050

1
A(x! |W|Lr(x))

Since f(0) = 0, it follows that (zg, 0) is the sub-supersolution pair for (4.1) and the result is
proved. g

4.2 A sublinear problem
Here, we use Theorem 3.3 to study the nonlocal problem

~ A [t ) (D e + M) = D ul*%) in @,

u=0 on 0L2.

(4.2)

The above problem in the case p(x) = 2, was considered recently in [14]. The result of this
section generalizes [14, Theorem 3] and [15, Theorem 4.1].

Theorem 4.2 Suppose that r, p, q, o satisfy (Hy), B € L*°(2) is a nonnegative function,
a’ + Bt <p~ —1and ay >0 is a positive constant. Assume one of the conditions holds:
(A1) A(x,t) > ag in Q x [0,00),
(A3) 0< A(x,t) <agin Q x (0,00), and lim;_, o0 A(x, t) = aso > 0 uniformly in Q.
Then, (4.2) has a positive solution.

Proof Suppose (A1) holds, that is, A(x, £) > ag in Q x [0, +00). We will start by construct-
ingu. Let A>0and z, € Wol’p(x)(Q) N L*®(£2) be the unique solution of (2.1), where A will
be chosen later.

For X > 0 sufficiently large, by Lemma 2.7 there is a constant K > 1 that does not depend
on A such that

1
0<z(x) <KAF-T inQ. (4.3)
Since a* + B* < p~ — 1, we can choose A > 1 such that (4.3) occurs and

1 4 atept +
—KP 07T max{|K|% ), K%} <A (4.4)
ag

o
La)? L&)
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From (4.3) and (4.4), we obtain

1
Bx)),, jelx)
% 2y |ZA|Lq(x) <A

Therefore,
—(Apwz + Azy) > —(Ml,l =y 2@ Izkl"‘(’“ in €,
2.=0 on 0%,
for all w € L>*(2).

Define A, := max{A(x, ) : (x,£) € Q x [0,|z3];]}. We have
ap < Alx, [wlpw) < A inQ,

for all w € [0, zy].

Now, we construct . Since dQ is C2, there is a constant § > 0 such that d € C*(Q3;) and
|Vd(x)| = 1, where d(x) := dist(x, Q) and Q35 := {x € Q;d(x) < 35}. From [24, page 12], we
have, for o € (0, §) sufficiently small, the function ¢ = ¢(k, o) defined by

ek _ 1 ifdx) <o,
P)= 1 k7 — 1+ [ keko (2L)T T dr if o < d(x) < 25,
ek -1+ fa% kek"(zzf—:é)% dt  if28 <d(x),

belongs to C§(Q), where k > 0 is an arbitrary number, and

—k(kpue @Y1 (p(x) - 1) + (d(x)

+ %)w(x)w(x) + 2] if d(x) < o,
{ 2Ap(x)-1) (25 d(x)
—Ap(x)(,l»b(,b) _ 26—0 21; ;(lx 26—0

)[In k ek

x (5522 )7 Vp(x)Vd( ) + Ad(x)]}
)-1)
x (kpeko o1 (B=d)) B if o <d(x) <28,
0 if 28 < d(x),
for all 1 > 0.
From the above, one can write
—k(kpekd@)[1 + 242 if d(x) <o,
—Ag) = | {52 - (2529) Add(w)} (kpeek” ) (Z42) if o < d(x) < 28,
0 if 28 < d(x),
for all > 0. .
Leto = %IHZF and u = e, where a = W Then, &% = 27* and kpu <1ifk>0

is sufficiently large. From [24, page 12], for d(x) <o or 28 < d(x) we obtain

1
=Dy () — Alug) <0< A_x( 1)PD | "5'%’(2)

Page 13 0of 16
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and for o < d(x) < 26 we obtain

~Apw(ne) — Alug) < Clkp)? M Inkp| + Clkp)| Inkpel. (4.5)
Since a* + B* < p~ — 1, an application of L'Hospital’s rule implies that

k

. Ckr-=1 + Ck
lim n—-
eﬂ

ks +00 eak(p‘—l—(oz*ﬂﬂ*)) 1

= 0. (4.6)

1 Bl
If o < d(x) < 28, we have ¢(x) > 277 — 1 for all k > 0, because €*” = 277 . Thus, there is a
constant Cj > 0 that does not depend on & such that |¢>|z;2) > Cpif o <d(x) <25.By (4.6),
we can choose k > 0 large enough such that

Cik? ! + Ck
eakl(p==1)—(a*+p)]

k

Hﬁ

Co

1 +
N A
< 4, (27 -1)". (4.7)

It is possible to choose k > 0 large such that pu¢(x) <1 for all x € Q satisfying o < d(x) < 8.
Therefore, from (4.5) and (4.7), we have

i) - A1) = -V ) ifor <d) <25

for k > 0 large enough. Fix k > 0 satisfying the above property, and the inequality
—Apw(ng) — Alug) < 1.

For A > 1, we have
—Ap)(1P) — Alud) < —Apw)(22) — Alzs).

Therefore, ¢ < z;. The first part of the result is proved.

Now, suppose that 0 < A(x, ) < ap in Q x (0,00). Let 8, o, i, a, A, z; and ¢ be as before.
From the previous arguments, there exist k > 0 large enough and u > 0 sufficiently small
such that

—Ap(1ng) — A(np) <1 and

1 .
~ 8 (19) = DAY = — (Y IgliSy) in <
0

In particular, for w € L*°(Q2) with u¢ < w, we have

—Api (1) — Alug) < (1)’ @ gy in Q. (4.8)

1
A, W)

Since lim;— » A(x, t) = a > 0 uniformly in €, there is a constant a; > 0 such that A(x, £) >

< in Q x (a1,00). Define

my = min{A(x, 1) : Q X [|4|;r,a1]} >0  and

Ag := min{my, %}

Then, A(x,£) > Ay in Q@ x [|u@| ), 00).
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Fix k > 0 satisfying (4.8). Let A > 1 such that (4.3) occurs and

1 . atspt _ .
EK,S s max{|K|Zq(x), |1<|jq(x>} <A,

where K > 1 is a constant that does not depend on k and A (see Lemma 2.7). Thus, for all

w

€ [ue,z,], we have

By (@) = M) < £z inq.

(% W] )

From the weak comparison principle, we have u¢ < z;. Therefore, (u¢,z;) is a sub-

supersolution pair for (4.2). d
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