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ABSTRACT. Bifurcation is a very useful method to prove the existence
of positive solutions for nonlinear elliptic equations. The existence of
an unbounded continuum of positive solutions emanating from zero or
from infinity can be deduced in many problems. In this paper, we show
the applicability of this method in some problems where the classical
bifurcation results can not be directly applied.
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1. Introduction

Consider a nonlinear elliptic problem

—Au=u+b(z)g(u) in Q, (1)
u=>0 on 0,

where Q C RY, N > 1, is a bounded and regular domain, g : R + [0,00) is a
continuous map, b € C(2) and ) is a real parameter.

The bifurcation method is one of the most well-known tools in order to study
(nonnegative and nontrivial) solutions of (1). In fact, the bifurcation method
provides the existence of an unbounded continuum Cy C R x C}(€2) of solutions
of (1) emanating from the trivial solution at A\ = Ay, where A; stands for the
principal eigenvalue of the Laplacian under homogeneous Dirichlet boundary
conditions, under the condition

see for instance [25] and [19].
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In a similar way, if g verifies

. g
Jm =2 =0 (Hoo)
then an unbounded continuum Co, of solutions of (1) emanates from infinity at
A = Aq, [26]. In both cases, the results are similar if the limits are finite and
not necessarily zero, see [4]. We point out that when (Hy) and (H.) are both
satisfied, Cp and Co do not have necessarily to coincide, see for instance [6].
We assume now that g verifies only (Hp) and not (Hs). Then, the global
behaviour of the continuum Cy depends strongly on g and the sign of b. Let us
summarize the main results in this case. For that, we need to introduce some
notation. Define the sets

By i={x € Q:b(z) >0},
B_:={x € Q:b(z) <0},
By =int(Q\ (B4 UB-)),

for which we will assume for simplicity that they are regular sets and that By
is also connected.

Given a subdomain D C €, we denote by AP the principal eigenvalue of the
Laplacian under homogeneous Dirichlet boundary conditions. Moreover, given
(A, u) € Cyp we define Projg (A, u) = A.

Finally, assume that there exists p > 1 such that

_og(s) _
sBIJPoo Pl go > 0. (Seo)
Hence, when g verifies only (Hy) and not (Hs), the main results can be sum-
marized as follows:

1. Ifb(x) < by < 0for all z € Q for some by € R, then Projg (Co) = (A1, +00)
and as consequence there exists at least a positive solution for A > ;.

2. 1fb<0,b#0in Qand By # 0, then Projg(Co) = (A1, AP°). In this
case, a bifurcation to infinity appears at A = )\f; °. Moreover, there exists
at least a positive solution for A € (A, \7?).

3. Assume that b changes sign, (Sw) and that p < p*, for some p* < (N +
2)/(N —2). Then, (—o0, A1) C Projg(Co) C (—o0,A), for some A < oo.
In this case, there exists at least a positive solution for A < A;.

There is a large literature on the above problem. Let us focus on those papers
that mainly use the bifurcation technique to get the results. Thanks to the a
priori bounds and the non-existence of positive solutions for A < Ay, the case
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b(x) < by < 0 1is the simplest one. For the case b < 0 and By # @) we refer to [21]
as a general reference, see also [3, 14, 15, 16, 23] and the references therein.
For the case b changing sign, see for instance [2, 8, 22].

A similar study could be done if g verifies (Hy) and not (Hp). However,
in this case, the behaviour of C is less known in general. Let us focus on the
particular case g(u) = u?, 0 < ¢ < 1. Hence, we have the following results:

1. If b < by < 0 for all x € Q for some b; € R, then Projg (Coo) = (A1, +00).

2. If b(x) > by > 0 for all x € Q for some by € R, then Projg(Cos) =
(—OO, )\1)

See for instance [7, 12, 13, 24, 26].

In this paper, our main goal is to study the set of nonnegative and nontrivial
solutions of (1) when conditions (Hy) and (Hs) are not fullfilled. For that, we
are going to study the following specific equation

—Au = Au+ b(z)(u? +uP) in Q, @)
u=20 on 0,

where
0<g<l<p

although most of the results obtained here are also true for more general set of
functions.
Problem (2) can be included in a more general problem

—Au = u+ a(z)u? + b(x)u? in , (3)
u=20 on 0},

for a and b verifying several structural assumptions. Problem (3) has been
analyzed in [1] when b(z) = v > 0 under homogeneous Neumann boundary
conditions. In [10] the author studied (3) when b changes sign and some further
conditions on a and b. The author proved the existence of two nonnegative and
nontrivial solutions when A < A\* for some \* € R. First, the sub-supersolution
method is used to prove the existence of a solution, which is a local minimum
of the associated functional. Finally, using mainly the mountain pass theorem
the existence of the second solution is shown. The case A = 0 and a(x) = vye(x),
regarding now ~ as a real parameter, has been studied for many authors from
the pioneering work [5], see for instance [9, 11, 18] and references therein.

We will study (2) for different conditions on b using bifurcation methods.
In the first results, we deal with the case b changing sign and b negative,
respectively. In both cases, we can not apply directly the bifurcation method,
but we can consider a truncated problem where the bifurcation method can be
applied and then use a compactness method. Our main results can be stated
as follows (see Figure 1):
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Figure 1: Minimal bifurcation diagrams of (2) in the cases b changing sign and
b negative, respectively.

THEOREM 1.1. Assume that 0 < ¢ <1 < p.

1. Assume that b changes sign and that for x close 0B,
bt (x) = [dist(z,0B4)], v >0,

and
1<p<min{(N+2)/(N-2),(N+1+7v)/(N-1)} (4)

Then, there exists \* € R such that for (2) possesses at least two non-
negative and nontrivial solutions for X < \*.

2. Assume that b(x) < by < 0 for all x € Q and for some by € R. Then,
there exists A\« € R such that for (2) possesses at least two nonnegative
and nontrivial solutions for A > A,.

Surprisingly, in the case b < 0 and By # ), we obtain the existence of two
continua bifurcating from the trivial solution and from infinity at the same
point A = AP°. The main result is (see Figure 2):

THEOREM 1.2. Assume that b <0, b# 0 in Q and By # 0. If A < A1, (2) does
not possess nonnegative and nontrivial solutions. Moreover:

1. From the trivial solution emanates at X = \P° an unbounded continuum
Co C RXL>*(Q) of nonnegative and nontrivial solutions of (2). Moreover,
)\{30 18 the unique bifurcation point from the trivial solution.

2. A= )\{30 s a bifurcation point from infinity of nonnegative and nontrivial
solutions, and it is the only one. Moreover, there exists an unbounded
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Figure 2: Minimal bifurcation diagrams of (2) when b < 0 and By # 0. In
the first case both continua Cy and C., are different; in the second one both
coincide.

continuum Cso of nonnegative and nontrivial solutions of (2) such that

Do = {()\,u) w0, (A”;"go) € coo} U{(\P,0)}

1s connected and unbounded.

In this case, we are not able to ascertain the global behaviour of these
continua, mainly to the lack of the strong maximum principle in (2).

An outline of this work is as follows: Section 2 contains some properties of
the principal eigenvalue of an elliptic problem. Section 3 is devoted to show
the relative position between a family of supersolutions and a continuum of
solutions of a nonlinear elliptic problem. In Section 3 we study in detail the
truncated problems using the bifurcation method. In Sections 4 and 5 the main
results are proved.

2. Eigenvalue problems

In this section we recall some useful properties of elliptic eigenvalue problems.
Given a subdomain D C €2 we consider

—Au+m(z)u=Au in D, (5)
u =20 on 0D,

where m € L*°(Q). The following result is well-known (see [20], where a
detailed study of (5) and more general eigenvalue problems can be found)
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LEMMA 2.1. There exists a principal eigenvalue of (5), denoted by AP (—A+m).
It is simple and isolated, and it is the only one whose eigenfunction associated
can be chosen to be positive in D. If we denote by 1 a positive eigenfunction
associated to AP (—A 4+m), then o1 € C1*(D), a € (0,1) and dp;,/On < 0 on
0D where n is the outward unit vector normal to 0D.

Moreover, the following properties hold:

1. Asume that m changes sing. Then t — AP (—A + tm) is continuous,
concave and

lim AP(—A +tm) = —c0.
t—+oo
2. Assume that m(z) < mg <0 for all x € D. Then, t — AP (—A +tm) is
continuous, decreasing and
. D/ _
tilgloo AL (A +tm) = Foo.

When D = Q, we omit the superscript and we denote A\i(—A +m) =
A (—A +m). Moreover, when m = 0 we simply write AP instead of AP (—A).

3. Relative position between a subcontinuum of solutions
and a continuous family of supersolution

The main goal of this section is to generalize some results of [15]. Consider the
general elliptic problem

—Au = f(z,u) in{,
{ u=0 on 0, (6)

where f : @ x R — R is a continuous function and locally Lipschitz in the
second variable. B
We define the positive cone in C1(€2)

Q:={uecCQ):u(x) >0 forall z € Q},
whose interior and exterior are
int(Q) = {u € C*(Q) : u(x) > 0 for all x € O},

and
ext(Q) = CH(Q)\ Q.
We have the following result
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LEMMA 3.1. Let w € C'(Q) be a supersolution of (6) with @ > 0 on 9Q and
u € C3(Q) a solution of (6). Then,

u—u ¢ 0Q.
Proof. By contradiction assume that 7 —u € 9Q = Q \ int(Q). Then,
w(z) =u(z) — u(x)
verifies that w(x) > 0 for all z € Q and w(xzg) = 0 for some zo € Q. Observe

that,

—Aw+ Mw > f(z,u) + Mu — (f(z,u) + Mu) >0 in Q,
w >0 on 01},

for some M > 0 large enough. The strong maximum principle asserts that
w(x) > 0 for all z € Q. This is a contradiction. O

The main result of this section reads as follows:

THEOREM 3.2. Let C be a subcontinuum of solutions C C I x Cg() of (6),
where I C R is a real interval. Let U : I — CY(Q) a continuous family
of supersolutions of (6) with U(X) > 0 on 0Q. If for some (Aog,up) € C,
ug < U(Xo), then w < U(X) for all (\,u) € C.
Proof. Consider the continuous map T : I x C*(Q) — C1(Q2) given by

T\ u) :=U(N) —u. (7)
Since T is continuous, then T'(C) is connected. By Lemma 3.1 we conclude that

T(C) N OQ = . Then, either T'(C) is completely inside int(Q) or completely
outside. Since T'(Ag,uo) € int(Q), we deduce that T'(C) C int(Q). O

In fact, from the proof of Theorem 3.2, we obtain:

COROLLARY 3.3. Let C C I x C}(2) a subcontinuum of solutions of (6) and T
the map defined in (7). Then, either

1. T(C) C int(Q), and therefore, w < U(X), or

2. T(C) C ext(Q).
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4. Study of the truncated problems

For § > 0 we define
[ 0rts if s €0,4],
fs(s) = { s if s> 4.

Let us consider now the truncated problem

[ymrsonn s

We point out that the nonlinear term is locally Lipschitz continuous in the
second variable, and then by the strong maximum principle, any nonnegative
and nontrivial solution of (8) is positive in all €.

4.1. b changes sign
First, we prove a non-existence result.

LEMMA 4.1. Consider (A, u) a positive solution of (8). Then
A< A for some X\ < .

Moreover, if By # 0, then
A< AP,

Proof. Take a ball B C By such that b(z) > by > 0 for x € B. Let o be a
positive eigenfunction associated to AP and consider

_ [ ¢l mB,
Y710 mQ\B.
Since ¢ € H}(2), then on multiplying (8) by ¢ and using that d¢P /On < 0 on
0B, we deduce that

p
02/ ()\_)\113+50JW)—~_7“L> “90)137
B u

which is a contradiction for \ large, for instance, for A > .
Assume now that By # (. Let cpf ° be a positive eigenfunction associated
to AP° and consider

_ [ e inBy,
710  inQ\B,.
Now, we can follow the previous argument and conclude that

A< ABo,
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In the following theorem we show a priori bounds for the solutions of (8).
In the first part, we obtain a priori bounds with respect to the parameter A,
and then, for a fix A, with respect to . These results will be crucial in order
to pass to the limit as ¢ — 0. For its proof, we will closely follow [2].

THEOREM 4.2. Assume that for x close 0B,
bt (z) ~ [dist(z,0B.)]", v >0,

and
l<p<min{(N+2)/(N—-2),(N+1+~)/(N-1)}. (9)

1. Then, for every bounded interval A C R there exists a positive constant
M such that

[ufloo < M

for any positive solution (A, u) of (8), with A € A.

2. Fix A € R and consider a sequence 6, — 0. Denote by u, a positive
solution of (8). Then, there exists a positive constant C > 0 such that

[unlloo < C.

Proof. 1. This paragraph follows by Theorem 4.3 in [2].

2. In this case we can follow again the proof of Theorem 4.3 in [2], using a
Gidas-Spruck argument [17] taking into account that

fs(u) <wuf.

We are ready to show the main result in this case (see Figure 3):

THEOREM 4.3. Assume that b changes sign, 0 < ¢ < 1 < p and p verifying
(9). Then, there exists an unbounded continuum Cs in R x C}(Q) of positive
solutions of (8) emanating from u =0 at

A= A(8) := A (—A —b(x)d97 ).
For any 6 < 1.

1. There exists A () < M\1(0) such that (8) does not possess positive solution
(A, u) for X < AF(8) with |Jul|e < 6.
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Figure 3: Minimal bifurcation diagram of (8) when b changes sign.

2. There exist a real value \* € R and two continuous families of su-
persolutions Uy, Uy : (—o0,\*) = CYQ), all independent of §, with
Uy (N) > 0,U4(N) >0 on 9. Moreover, Ty () < Uy (N) for A < \* and
Uy (A\*) = UL (X*). Furthermore,

Uy (\) =0 and Ui(N\) — +oo in L®() as A — —oo0.

3. For any A € (\(8),\*) there exist at least two solutions uj and U of
(8) with (A, uf), (\,U5") € Cs such that

Upr(N) —uf € int(Q) and Ui(N) — Uy € ext(Q).

Proof. Since

lim f5(s) =571
s—0t S
it follows the existence of an unbounded continuum Cs in R x C (2) of positive
solutions of (8) emanating from the trivial solution at A = A\; (—=A—b(z)§4 1) =
A1(0).
Thanks to Lemma 4.1 and the first paragraph of Theorem 4.2, we conclude
the existence of AT € R such that

(=00, AT) C Projg(Cs) C (—o0, \). (10)

For any 0 < § < 1 consider a positive solution u of (8) such that ||u]|e <
0 < 1. Observe that u? < u because p > 1. Then,

—Au = du+b(z)(fs(u) +uP) = Mu+b(x) (07 u+uP) < u(X+bp (67714 1)),
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where by = max_ g b(7), and hence
A> N (=A = by (8974 1)) = Ay — b (0971 +1).

It suffices to take
A(0) == M = bar (671 + 1),
We now build the families of supersolutions. Notice that K > 0 is a super-
solution of (8) if
0> MK +b(z)(fs(K) + KP).

Observe that
b(@)(f5(K)+K?) < bar(67 " Kxyr<sy + KX (k>5) + K7) < bar(69+ K9+ KP).
Using now that § < 1, we have that K is supersolution of (8) if

by (K™ + K74 KPh)y <

The function
h(z) == bpr(z™t + 297 4 2P

attains a minimum at @, > 0, A(Zmin) = ho > 0 and A/ (2) < 0 if 2 < Zyin
while that h/(z) > 0 if x > T p,. Then, taking \* = —hg for any A < A\* there
exist two positive constants K;, ¢ = 1,2, such that h(K;) = =\, with K; < K»
and Kj(A) — 0 and Ka2(\) — +00 as A — —oo. Then, it suffices to take

uy(A) = Ki(A), Ui(N) = Ka(N).

Now, we apply Theorem 3.2 with I = (—o0, Ax]. By (10), the nonexistence of
positive solutions with [u||. < for A < A (), that Cs bifurcates at A = A1 (0)
and U4 (A1(8)) > 0, it follows the existence of a positive solution u; of (8) for
any A € (A1(8), \*] with (A, uf) € Cs such that

Up(A) —uf € int(Q).

Moreover, we can conclude the existence of a positive solution of (8) for some
A > A"
Now, we claim that there exists a subcontinuum Ds C Cs such that

U\ —Uf eext(Q)  (AUS) €D, e (—o0, A, (11)

It is already known the existence of positive solutions (A, u) € Cs of (8) for
all A\ € (—oo, A*]. Moreover, it is not posible that Ty (A) — u € int(Q) for all
(A, u) € Cs. Hence, there exists (Ao, ug) € Cs such that Ty (Ag) — up € ext(Q).
Thus, from Corollary 3.3, there exists a subcontinuum Dy such that w4 (A)—u €
ext(Q) for all (A, u) € Ds. Again, by Corollary 3.3, this subcontinuum has two
possibilities, either
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L. Us(N\) —u € ext(Q) for all (A, u) € Ds, or
2. Uy(N) —u € int(Q) for all (\,u) € D;.

We show that the second possibility is not possible, proving the claim (11).
Indeed, if U4 (A) —u € int(Q) for all (A, u) € Dy, since U4 () — u € ext(Q) for
all (A, u) € Dy, then we have for A = \* that

U, (X)) —uy- € int(Q), Up(N") — upn- € ext(Q),

which is impossible because U (A\*) = 4 (A\*). This completes the proof. [

4.2. b(x) <b; <0 for all z € Q

First, we show a necessary condition on A for the existence of positive solution
of (8).

LEMMA 4.4. Assume b(z) < by < 0 for all x € Q for some by € R and consider
(A, u) a positive solution of (8). Then,
A >\

Proof. In this case, we have that —Au < Au in €, whence we deduce the
result. O

With respect to the a priori bounds, we have:

LEMMA 4.5. Assume b(z) < by < 0 for all x € Q for some by € R and consider
(A, u) a positive solution of (8). Then, there exists C'(\) > 0 such that

[ulloo < max{d, C(A)}. (12)

Proof. Let xpr €  be such that uy = u(wy) = max, g u(r). Assume that
ups > 0. Then,
Aunr + b(xar) (ul, +uhy,) >0,

and hence
—bp(ufy !t +uhr ) <A

b(x). This finishes the result. O

where by, = min g
Our main result is the following (see Figure 4):

THEOREM 4.6. Assume that b(z) < by < 0 for all x € ﬁjor some by € R.
Then, there exists an unbounded continuum Cs in R x C3(Q) of positive solu-
tions of (8) emanating from u =0 at

A= X1(6) := A (—A = b(x)d97 ).

Moreover, there exists §g such that for 0 < § < dg, we have:
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Figure 4: Minimal bifurcation diagram of (8) when b is negative.

1. The existence of Ay (6) > A1(0) such that (8) does not possess positive
solution (A, u) for X > A7 (0) with ||ul|e < 6.

2. There exist a real value A\x € R, independent of 6, and two continuous
families of supersolutions u_,U_ : [\, A(6)] = CH(Q) withu_,U_ > 0
on 9, where A(§) = 691 + 6P~L. Such families satisfy

U-(N) <U_(N) for X € A, A(9)] and u— () = U_(\),u—(A(8)) = 6.
Furthermore, U_(A(8)) — +oo and u_(A(5)) — 0 in L>®(Q) as § — 0.

3. For A € (A, A1(0)) there exist at least two solutions us and Ug of (8)
such that

U_(\) —u; € int(Q) and Uy —U; € ext(Q).

Proof. The proof is rather similar to the one of Theorem 4.3. We point out
only the main differences.
Assume that [Jul|ec < J, then

—Au = Mu+ b(x)(09 w4+ uP) > A+ b(z) (677 + 1)u.
Therefore
A< AT(0) := M (A = b(z) (6771 +1)).
Taking K > 0, we have that K is a supersolution of (8) provided that
A

hs(K) == (67 'Xqre<sy + KT X qxssy + KP71) > o
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Observe that hs(K) can be rewritten as

5l KPS K <6,
hs(K) = { Ko+ K1 K > 4.

A detailed study of hs(K) leads to the result. Indeed, since the infimum of the
map x +— h(z) := z971 4 2P~ is attained in T, = ((p —1)/(1 — ¢)/ =9
and its value is h(Zin) = ho > 0, then, for 6 small, x,,;, is also the minimum
of hs(K). Then, for § small, we have that the function hs has the following
properties:

1. 2 €[0,8] = hs(z) € [§971, 6971 4+ §P~1] is increasing.
2. @ € [, Tpmin] = hs(x) € [ho, 0971 + 6P71] is decreasing.
3. T € [Tmin, +00) = hs(x) € [hg, +00) is increasing.
Hence, taking A(§) = 6771 + 6P~ 1, for

€ ho, O]

there exist K71(A) < Ka(\) such that hs(K;(N\)) = ﬁ with 0 < K1(\) <
K3(\). In fact, observe that in this region, hs(x) = 297! 4+ 2P~! and therefore
K;()\) does not depend on §. Moreover,

Ki(\) =38 as —A/by — A(6).

5. Proof Theorem 1.1

1. Let us fix A < A*. By Lemma 2.1, \{(§) — —oo as 6 — 0. Hence,
there exists dp such that for § < §y we have that A1(d) < A. Then,
A € (A1(0),A*)) and by Theorem 4.3 there exist two positive solutions,
uf < U of (8) for § < &.

On the other hand, thanks to the a priori bound given by the second
paragraph of Theorem 4.2, we get that ||U6+HOO < M for a constant M
that does not depend on d. Observe that

fs(UH) < (UFH),

and then {U;"} is bounded in W27 () for any r > 1. Hence, we can pass
to the limit and conclude that U;” — Uy in C1(Q) as § — 0, with Uy
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a nonnegative solution of (2). Moreover, since U (\) — U € ext(Q) for
all § < 4, it follows the existence of zg € 2 such that

U (20) > U (W) (o) > 0. (13)

Hence, U is a nonnegative and nontrivial solution of (2).

On the other hand, since u} < %4 ()) we can conclude that uj — ug >0
in C1(Q) as § — 0. We will prove that uj # 0. Assume by contradiction
that uf — 0 in C*(Q). Take a ball B C B such that b(z) > by > 0
in B. Since X is fixed, let us take M large enough such that

AB X< boM.
For this M, let us take § small such that ug > Mus and

AB X\ < bymin{s97 L, M}.
On multiplying (8) by ¥ and integrating in B, we obtain

—/ Aug oy :A/ u;@?+/ b(x)(fs(uf) + (ui)P)e?.
B B B
Then,
/\{3/ u}'g@f%—/ P Jonu} > /\/ uf ¥
B OB B
by /B (5705 X g <) + M Xt o) 97

Using that dpP /On < 0 on 09, we conclude that
AP > A+ bymin{6?97t, M},

a contradiction. Hence, u is a nontrivial and nonnegative solution of (2).
Moreover, since
ug <L) < UL (),

and (13), it follows that ug # Uy . Thus, there exist at least two positive
solutions of (2).

. Assume that b(z) < by < 0 for all z € Q for some b; € R. Let us fix
A > A,.. Let us take dg > 0 small such that

A < min{A\1(d),A(5)} for any & < do.
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Observe that this is possible thanks to the expression of A(d) and Lem-
ma 2.1.

Then, by Theorem 4.6 there exist two positive solutions uy < U; of (8).
With a similar argument to the one used in the first paragraph, we can
show that U; — U in C1(Q) as § — 0, where U is a nonnegative
solution of (2) and U, # 0 in (.

On the other hand, we have that uy — ug > 0 in C'(Q) as § — 0 and
uy # 0. Indeed, arguing by contradiction, assume that uy — 0 in Ccl(Q).
Then, for M > 0 we have that for 0 < § close to zero that (uz)? > Muj .
Hence,

—Aug < Aug + by (5q_1“§X{ug§6} + (u5) X qur ~51)
= (A + by min{6? ", M})uy,

whence
A < A+ by min{6?1, M},

again a contradiction for M large and ¢ sufficiently close to zero.

6. The case with bifurcation

Finally, we deal with the case b < 0, b # 0 in Q and By # 0. For that, we
will prove directly that from the trivial solution and from infinity emanate
unbounded continua of nonnegative and nontrivial solutions of (2).

We will use the Leray-Schauder degree of K in B, := {u € C(Q) : ||Ju] s <
p}, with respect to zero, denoted by deg(Ky, B,). The isolated index of u of
K, is denoted by (K, u). Let us define the map

Ky : Co(Q) — Co(Q); Ky\(u) :==u—T(\u)

where
T(Au) = (=A) " a4+ b(x)((w)? + (u)P)),

ut = max{u,0}, Co(Q) :={u € C(Q) : u=0 on dN} and (—A)~! denotes
the inverse of the laplacian-operator under homogeneous Dirichlet boundary
conditions.

It is easy to show that u is nonnegative solution of (2) if and only if w is
zero of the map K. Moreover, by the standard regularization properties of T,
T is a compact operator on Cy(Q).
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6.1. Bifurcation from zero
LEMMA 6.1. If A < AP0 then i(Ky,0) = 1.
Proof. Define the map H; : [0,1] x Co(Q2) — Co(Q) by
Ha(t,u) = (=A)7 (O™ + b(@)((uh)? + (uF)P))).

We show now that H; is an admisible homotopy, for which it is sufficient to
show that there exists v > 0 such that

uw#Hi(t,u) Vu€ B,,u#0andte|01]

Assume that there exist u,, € Co(Q)\{0} with ||u,|/s — 0 and t,, € [0,1], such
that
Up = H1(tn, un).

This is,
—Au, = t, (At +b(@) ()4 (wh)P) inQ, u,=0 ondQ.

On multiplying the above equality by w, := min{u,,0} and integrating in €,
we infer that u, > 0 in Q.

Let us define
U

Zn = .
[l |2
Then, z, verifies
—Azp =ty (Azp + b)) (lun |2 29 + lun |51 22)) in Q, 2z, = 0on 9Q. (14)

Since b < 0, on multiplying the above equality by z, and integrating in €2, we
obtain that
lznllm < C for some C > 0,

and hence, up a subsequence,

zn — 2z in HY(Q),
zn — 2z in L?(Q),

for some z € H}(Q), z > 0 and ||z[]2 = 1.
Next, we show that
tollunl|d" — oo (15)

Assume that for a subsequence t, |lu,||2™" — * € [0,00). In such case, since
|lunll2 = 0 and ¢ < 1 we obtain that ¢, — 0. Then, passing to the limit in (14),
we obtain that

—Az =7*b(x)2z? in Q, z2=0 on 09,
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whence we deduce that z = 0, a contradiction.
We have that z =0 in Q\ By. Indeed, assume that z(z) > 0in D C Q\ By.
Take ¢ € C°(D), then

Y R — (A [ e g™ [ otwzto+ ™ [ b(x)sozz).
D D D D

Since 2, — z in L?(2), we deduce that

/ b(a:)z%ap—)/ b(z)zlp <0,
D D
whence using (15)

- / Zn A — —00,
D
a contradiction.

For any ¢ € H{(By), prolongating this function by zero, and passing to the

limit in (14), we get that
/ VZ-VLp:t*)\/ 2,
By By

where ¢, — t* € [0,1], and then
tx = AP,

Hence, \ > /\f)“7 a contradiction.
Take € € (0, d], we have

i(K)\,O) = deg(K)\vBe):deg(I_Hl(L')aBe)

= deg(-[ - Hl(()? '), Be) = deg(Iv Be) ]-7

where I denotes the identity map. The proof is complete.

LEMMA 6.2. If A > AP0, then i(K),0) = 0.

Proof. Let us take a positive and regular function ¢ > 0 in . Let us define
the map Hs : [0,1] x Co(€2) — Co(2) by

Ha(t,u) = (=A) 7 ( +b(@) ((uh)? + (uF)) + tp).

We show now that Hs is an admisible homotopy, for which it is sufficient to
prove that there exists v > 0 such that

u# Ha(t,u) Vu€ B,,u#0andte|01]
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Assume that there exist u,, € Co(Q)\{0} with ||u,|/cc — 0 and ¢, € [0, 1], such
that
Up, = Ha(tn, Un)-

This is,
—Au, = At +b(2) (w9 + (wh)P) +te nQ, u,=0 on .

Again, it can be shown that u,, > 0 in . Let us define
Un

Zp = ——.

[[un]|2

Hence, z, verifies that

tn

p inQ, z,=0 onJdQ.
l[n 2

(16)
Now, on multiplying (16) by ¢ € C°(Bjy), the formula of integration by parts
gives

—Az, = )\zn+b(:v)(||un||g_1zg+\|un||§_lz£)+

t—/ sow:fx/ TS NS
HunH2 Bo Bo Bo

Since ||z, |l2 = 1 it follows that

b o (17)

lunll2

and then, for a subsequence, t,/||unll2 = t* > 0.
Since ||zn|l2 =1 and b < 0, it follows from (16) and (17) that

”Zn”Hé <C.

Arguing as in Lemma 6.1 we deduce that z = 0 in Q \ By. Moreover, passing
to the limit in By we conclude that

—Az=Xz+t"p inBy, z=0 on dBy.

Since t* > 0, we get that \ < )\Jl‘Eg ° and a contradiction arises immediately.
Take € € (0,7], we have that

Z(KA,O) = deg(KAaBe) = deg(I - HQ(Oa ')aBE)
= deg(! —Ha(1,-),Bec) = 0.

This last equality holds because we have proved that the equation
—Au=u+b(z)(u? +uP) + ¢

has not solution in B..
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6.2. Bifurcation from infinity

LEMMA 6.3. Assume that A < )\{30. Then, there exists R > 0 such that for any
u € Co(R) with ||u|lc > R and for any t € [0, 1],

u# (—=A8) 7 (Ot +b(@) (W) + (uh)P))).

Proof. Assume by contradiction that there exist two sequences |up||cc — 00
and t,, € [0, 1] such that

—Au, = t,(Aut +b(@) ()4 (wh)P) inQ, u,=0 on dQ.

Using elliptic regularity results, it is not hard to show that ||u,|2 — co. Now,
the proof follows exactly as in Lemma 6.1, arguing now with ¢, ||u,||25 ! instead
of tn|lunl|45t. O

LEMMA 6.4. Assume that \ > A2 and let ¢ € C§(2), ¢ > 0 in Q. Then, there
exists R > 0 such that for any u € Co(Q) with ||ullec > R and for any t € [0,1],

u# (=A)7 Ot +b() (W) + (uh)P) + tp).
Proof. In this case, the proof is rather similar to the proof of Lemma 6.2. [

Proof of Theorem 1.2. From Lemmas 6.1 and Lemma 6.2, it follows the exis-
tence of a continuum Cy of nonnegative and nontrivial solution of (2) emanating
from the trivial solution at A = A®°. Moreover, it can be shown that this is
the unique point of bifurcation form zero, and hence we can conclude that Cg
is unbounded.

For the existence of Cy, we perform the change of variable z = /| ul%,
(u # 0). See, for instance [26] and [6]. Now, thanks to Lemmas 6.3 and 6.4,
the existence of C, can be deduced. We omit the details. O
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